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E Wolfram[Alpha Step-by-Step Solution

Wolfram|Alpha Input:

STEP 1

it)

1
Solve +4 y(t) = cos(a t), such that y(0) = 5 and y'(0) = 0:

STEP 2

The general solution will be the sum of the complementary solution and particular
solution.

(14]
dt?

Find the complementary solution by solving +4 yit) = 0:

STEP 3

Assume a solution will be proportional to ¢'f for some constant A.

Substitute y(t) = " into the differential equation:

AL AL
— " )+4e =0
dtz{

STEP 4

d*

Substitute —z{e“} =%
dt

ARt i4dt =0

STEP 5

Factor out ¢*f:
(A2 +4)ett =0

STEP 6

Since ¢! # 0 for any finite A, the zeros must come from the polynomial:
412 +4 =0

STEP 7

Solve for A:

A=2iord=-2i
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STEP 8

The roots A = + 2i give yq(t) =cq e='", ¥a(t) = ¢z &2

are arbitrary constants.

' as solutions, where ¢; and ¢

The general solution is the sum of the above solutions:

2ir =2ir
&£

¥ty = yit)+ y2ity=cr1 " +ca

STEP 9

Apply Euler's identity € ¥ = ¢* cos() + i ® sin{g):
yity=cqyicosiZt)+isin(2 ) +¢; (cos(2t) —isin(2 t))

STEP 10

Regroup terms:
Yit) =(c, +ca)cosi2t) +ilcy —Cp)sin(2 t)

STEP 11

Redefine ¢, +¢; as ¢y and i(cy —¢g) as ¢, since these are arbitrary constants:
¥it) =c, cos(2t)+co sin(2 )

STEP 12

. . . 2 .
Determine the particular solution to ‘i—dr-“—zn +4 y(t) = cos(a t) by variation of

parameters:
List the basis solutions in ye(t)y
¥p, (£} = cos(2 t) and Vi, (t)= sini2 t)

STEP 13

Compute the Wronskian of yp, (t) and yp, (£):

cos(2 t) sin(2 t) cos(2 t) sin(2 t)

rH.l'{t} =

Leos2ty Lein2tn| | —2sin@ty 2cos2t) |

STEP 14

Let f(t) = cos(a t):
* L) vy ()
Let vy(t) = —j il R

W)
The particular solution will be given by:
Yplt) =vyl(t) ¥, (£} +vall) ¥p, ()

* fmyhl i

dt and v () =
2(6) j WiE)
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STEP 15

Compute viit)
cos(tia -2y cositia+2)
+
4ia-2) dia+2)

-1
)= —j 5 cosia tysin(2 tydt = -

STEP 16

Compute vait):

-1 1 ysin(t (@ -2y  sin(t @+ 2n
Vaith = j —cos(2tycosiatydt = - ( + ]
2 2 2ia-2) 2ia+2)

STEP 17

The particular solution is thus:

Yplt) = va(t) yb, (£) +Va(t) yp, (t) =

cosifa —2)ty  cosfa+2vt)y 1 gsinia —2)t)  sinfa + 2ty y |
cos(2 t}(— + ]+— ( + ]5111[2 t)
4ia-2) 4ia +2) 2 2ia-2) 2ia+2)

STEP 18
Simplify:

cosia t)
J"rp[t} = ﬂz 4
STEP 19

The general solution is given by:
cos(a t)

a’-4

¥(t) = Yelt) + yp(t) =cq cos(2£) +c5 sin(2 ) -

STEP 20

Solve for the unknown constants using the initial conditions:
dyit
Compute —f:

dyit) _ d {_‘3‘3;‘_1:’ +cq cos(2t) +cp sin(2 t}}
[

il dt

= ":'2"—‘_2” -2cysini2t)+2¢; cos(2t)

STEP 21
, 1, cosia i) ,
Substiture yi0) = 5 into yit) = - 2 +cos(2t)cy +sin(2 tycy:
ﬂ —_—

1 1

- +C = —
a? -4 '
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STEP 22

dy(ty asin(at)

a’ -4

Substitute ¥'(0) = 0 into —2sin(2t)cy +2cos(2 t)ca:

2:32 =0
STEP 23

Solve the system:
a?-2
2(a%-4)

1 =

Cqp = 0
STEP 24

az-2 , cos(a t
3 andez = 0 into yit) = - ;

+cos(2 tyey +sini2 tyca:
2(a” -4 a< -4

Substitute ¢ =

Answer:
~2 cos(a t) + (a* - 2) cos(2 t)
2(a’ -4)

yit) =
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