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PREFACE

This manual contains answers to all exercises in Chapters 9 through 19 of the
text, Calculus: The Classic Edition, by Earl W. Swokowski. For most problems, a
reasonably detailed solution is included. We have tried to correlate the length of the
solutions with their difficulty. It is our hope that by merely browsing through the
solutions, the instructor will save time in determining appropriate assignments for their

particular class,

All figures are new for this edition. Most function values have been plotted using
computer software, and we are very happy with the high precision provided by this
method. We would appreciate any feedback concerning errors, solution correctness,
solution style, or manual style. These and any other comments may be sent directly to

us or in care of the publisher.

We would like to thank: Editor Dave Geggis, for entrusting us with this project
and continued support; Earl Swokowski, for his assistance; Sally Lifland and Gail Magin
of Lifland, et al.,, Bookmakers, for assembling the final manuscript; and George and
Bryan Morris, for preparing the new figures. We dedicate this book to our wives, Joan

and Wendy, and thank them for their support and understanding.

Jeffery A. Cole Gary K. Rockswold

Anoka-Ramsey Community College Minnesota State University, Mankato
11200 Mississippi Blvd. NW P.O. Box 41

Coon Rapids, MN 55433 Mankato, MN 56002



To the Instructor

In the review sections, the solutions are abbreviated since more detailed solutions
were given in sections. In easier groups of exercises, representative solutions are shown.
When appropriate, only the answer is listed. When possible, we tried to make each piece
of art with the same scale to show a realistic and consistent gfaph. This manual was

done using EXP: The Scientific Word Processor.
The following notations are used in the manual.

Note: Notes to the instructor pertaining to hints on instruction or conventions to follow.

{} { comments to the reader are in braces}

LHS, RHS {Left Hand Side, Right Hand Side — used for identities }

= {implies, next equation, logically follows }

= {if and only if, is equivalent to}

. {bullet, used to separate problem statement from solution or explanation }
* { used to identify the answer to the problem } '

§ { section references }

v {For all, i.e., Yz means “for all z*. }

R — {a}  {The set of all real numbers except a.}
{ therefore }

(continued on next page)



The following notations are defined in the manual, and also listed here for convenience.

DNE {Does Not Exist }

L,LS { the original limit, integral, or series }

T, S { the result is obtained from using the trapezoidal rule or Simpson’s rule }
A

£ {integration by parts has been applied—
the parts are defined following the solution }
{8}, {8} {L'Hopital's rule is applied when this symbol appears }

C, D { converges or convergent, diverges or divergent }

AC, CC { absolutely convergent, conditionally convergent }

DERIV { see notes in §11.8 and §11.9 for this notation }

V., F, 1| { vertex, focus, and directrix of a parabola }

C, V, F, M {center, vertices, foci, and end points of the minor axis of an ellipse }

C, V, F, W { center, vertices, foci, and end points of the conjugate axis of a hyperbola }

D { discriminant value (B?> — 4AC) in §12.4}
VT, HT { vertical tangent, horizontal tangent }

T, 1 { increasing, decreasing }

CcN { critical number(s) }

PI { point(s) of inflection }

CU, CD  {concave up, concave down }

MAX, MIN {absolute maximum or minimum }

Sp {saddle point }

[=] { equation number n}

S { surface area }

J {Jacobian }

A {the value of F- < —fz, —f,, 1>}

IF {integrating factor }

LMAX, LMIN {local maximum or minimum }

VA, HA, OA { vertical, horizontal, or oblique asymptote }
QL QII, QIIL, QIV { quadrants 1, I, 11, IV }

NTH, INT, BCT, LCT, RAT, ROT, AST {various series tests: nth-term, integral,
basic comparison, limit comparison, ratio,

root, the alternating series }
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Chapter 9: Techniques of Integration

Note: The symbol A indicates that integration by parts has taken place using

o

substitution A. The substitutions for u, du, dv, and v are listed at the end of the
problem.

| g [—eFdt=—1e" ="+ C==(z+1)e " +C
A u=gdu=dndv= e dr,s = —e™%
12 —zcosz— [—coszds =-—zcosz +sinz+ C

K T el W= e, o
121205 — 3] 2e** dz = }z2e% — gB:cs"--‘ itz |=
172¢%% — 327 + ;’,_;3’ + C=5(97"-6z2+2)+ C
A u=22 du= szr;, Idv =%dr,v= écs’
B. =g du=dz dv= ¢ dz; v =
14 —3r%cosdz + 1[4 cosdzdz & —1s% cosdz + %Bz'sinttr = Hsin‘ird::l =
—4z?cosdz + jzsindz + Fycosdz + C
A. w= 7" du = 2zds, dv = sindzdz, v = —}cosdz
B. © = 1, du = dr, dv ="'éos4z"'dz,.’v = }sindz
I 2 }zsinbz — {[sinSsde = §zsinbz i 4 cosbz + C
A. v =1z, du= dz, dv = cos5zdzs, v = isin5z
12 —jze? 4 [ de = —%e"’(2r +0)+C
A w=z du=1dz dv=cds 0= 2}
T2 zsecs — [seczds = zsecz — lnfsecz + tanz| + C
A t=1, du. = dz, dv = secz tanzdz, v'=secz
I = —Jzcot3z + §fcotdzdz = —}zcot3z + }lnlsin3z| + C
A u =z, du = dz, dv = csc’3zds, v = —4cot3z
12 2sinz — 2[zsinzdz. By Exercise 2,1 = s*sinz + 2z cosz — 2sinz + C.

A =2 du=2zds dv = coszdz, v = sinz

>

-2 + 3P dr B 2% 4 3[—z’e" + 2[ze® dz]
= —%¢ " _ 352" + 6] ze™" dz.
By Exercise 1, I = —e™*(z* + 32% + 62 4 6) + C.
A u=1% du = 3:%dr, dv = e dr, v = —-e"v

B. v =2 du=2zds, dv= ¢~ "dz, v = —¢"



2 EXERCISES 9.1

D1 2 ztan'z — I#dx: ztan™'z — }ln(1 +2%) + C

A. u=tan'1:.,du=#dz,du= dr, v= 12
@Iézain"z—I z 2dc=::ain.“z+~]1—:’+C’

l—1zx
A, u=ain"’:,du=_]11_—::dz,du=dz,u=z
@Iégzanlnz—ij'zl/zdz=gzs/2(3lnz—2)+0
A u=lnz,du:-lrdz,dvzzuzdz,u=§:sn
012 i Inz— [ dz = L (Blnz — 1) + C
A, u=lnz,du=%.—dz,du=z’d:,v=%za
@12 —zcotz + Ic;)tzdz = —zcotz + Inlsinz| + C

A. u =z, du = dz, dv = csc’zdz, v = —cotz

@12 4 m—lx_;j%,a:;a ™tz — [ (1 - —L)d =
%zz tan~z — iz + ita:n"‘z +C
& wie tan™lz, du = H—lzﬁd:, dv = zdz, v = §2°
I71 2 —esinz + [ €= coszds & — % sinz + [—e" cosz — [ " sinzds | =
2l = —¢"sinz — ¢ " cosz = [ = —3¢ " (sinz + cosz) + C
A. w=sinz, du = coszdr, dv = " dz, v = —¢™*
B. u=cosz, du = —sinzdr, dv= e "ds, v = —e*
@I 2 1> cos2z + 3[ 3 sin2zdz B 33 cos2z + §[§c3‘ sin2z — 3[ e** coe2zdz:|
= 3¢°% c082z + 3¢°% sin2z — §[ €% cos23dz = K1 = 36°% cos2z + 3¢% sin2z
= 1= 4¢%° (3cos2z + 2sin2z) + C
A. u = cos2z du = —2sin2zdr, dv = ¢ dz, v = }3°
B. ¥ = sin2z, du = 2cos2zdz, dv = 3" dz, v = e
[19) Let y = cosz. Then dy = —sinzdz.
By Example 3,1 = —[lnydy = —yhny+y+ C= gyl —lny) + C

Zor1 & [—iz’c"z]: + J':zc",’ dr = [—%r’e”’]; - [—%e"’z]; =

= =0+ (=Pt -1 =i -t 013

A u=2 du=2cds, dv = ze""% Uz, v = __%e_,z



EXERCISES 9.1 3

I £ —csczcotz — Jesczcot?zdr = —cscz cotr — [escz(esc’z — 1)dz

= —csczcotz — [ese®rdr + [esczdz = 21 = —csczcotz + Infescz — cotz]
= 1= —}csczcotz + jInfescr — cotz| + C
A. u = cscz, du = —cscz cotzdz, dv = csc’rdr, v = —cotz
221 £ tanzsec®s — 3[sec®s tan’zdr = tanz sec’z — 3[ sec®z(sec?z — 1) dz
= tanzsec®z — 3[sec’zdz + 3[sec®zdz,
By Example 6, 41 = tanzsec®z + Jtanzsecz + §In|sec z + tanz|.
Thus, I = jtanz sec®s + J(tanzsecz + In|secz + tanz|) + C.
A. u = sec®s, du = 3sec’s tanzdz, dv = sec’zdz, v = tanz
B0 AT o 275 1 [ L [+ 97 -
. (13— 0) — 3243 — 1) = §(2 — 2) =~ 0.20
A. v=1 du = 2zdz, dy = —Z dz,v:ﬁ
| 71
241 2 zsinlnz — [coslnzdr B zsinlnz — [zcoslnz + Jsinlnzdz] =
2l = zsinlnz — zcoslnz = I = }z(sinlnz — coslnz) + C
A. u =sinlnz, du =£%l£3dz, dv=dr,v=12
B. u = coslnz, du = —ﬂfm—’d:z, dv=dsv=z
251 & [—%z canzJ;n + %J':ncoshdr = [—ér cos2..~::|:;/2 + [%ginZ::];/’ =

—3(-3—-0)+300-0)=F=079
A. 4=z, du = dr, dv = sin2zdz, v = —icoe;'h:

(8112 {2 tan5z — [}tan5zds = iz tanbz + 2 In|cos5z| + C
A. u =gz, du = dz, dv = sec’5rdz, v = ltan5z
bl

1>

I = g557(22 + 3)1%° — L[ (22 + 3)'%0dz

= 555722 + 3)'° — gpder=s(22 + 3 + C
= qlimo(27 + 3)'°°[2022 — (22 + 3)] + C = (22 + 3)1°°(200z — 3) + C
A u=r du=dz, dv= (2 + 3)" dz, v = 715(2z + 3)°
@81 & —gzam + 2‘[':21[1——33dz= —%zsm -3 - 33)3/2 +C
—gﬁ—_z"[sz’ +2(1 — ::3):] +C= _gm(zs +2)+C

A u=7° du=32%ds dv = ]Ladz, v=—§w|1—1:3
Tyl —x%



4 EXERCISES 9.1
28]1 = —¢** cosbz + §[ e** cosbrdr

>

LY
—3e*® cosbz + él}c" sin5z — §[e'* sin.'):dr]
= —}¢** cosbz + fe'* sinbz — 35[ ¢ sinbzdz =
781 = —}e** cosbz + Ke'® sinbz = I = Le**(4sinbz — 5cosbz) + C

A w= €' du = 4% dz, dv = sinbzdz, v = —}cos5z

B. u= ', du = 4¢%% dz, dv = cosbrdz, v = }sinbz
BUI £ 12 sin(z?) — [zsin(s*) dz = }=? sin(c?) + Jcos(s?) + C
A. v =2, du = 2zdz, dv = z cos(?) dz, v = }sin(z?)
Bo1a .:(ln:)’ — 2[Inzdz. By Example 3,] = z(Inz)’ — 2zlnz + 2z + C.

A v=(n2)% du=2P2ds dv=dr,v =1

_A- 4 s = 2’ T _2’ 1
B AEE - [ = - hn+ o= (e ) +
A, u=z,du=dr,dv=2’dz,u=1%—’i
B3I 2 2% coshz — 3[ 7 coshzdz’g‘ z coshz—SEz’ sinh:—2_[zsinh:dz:|

£ 2° coshz — 34 sinh z + 6(z cosh z — [ cosh zds)

= 1° coshz — 32” sinhz + 6z coshz — 6sinh z + C
A uw=12 du=37%ds, dv = sinhzdz, v = coshz
B. u =2, du = 2zdz, dv = coshzdz, v = sinhz
C. v =1z, du = dz, dv = sinhzdz, v = coshz
B41 £ L(z + 4)sinh4z — 1[sinh4zdz = (z + 4)sinhdz — &coshdz + C
A. u=z+ 4, duv = dr, dv = coshdzds, v = 4sinh4z

@I:Iﬁ-%ﬁdzéﬂidnﬁ—J%@dz=2ﬁsinﬁ+2cosﬁ+0
A u=Edi=ghodn o=V 2aings

—-Salzzdl“.: ztan;l3:—éln(1 +92%) + C

12 ztan? —I
[36) ztan"'3z TS

A. u=tan'13x,du=l+%5dz,dv= dr,v =1
@Iézcos"‘z-{-J.]z—zzdz:zcos'lr—Jl—z’+ (o]
i

A u=cos'z dy = — 1 dz, dv = dz, v = z
Jl—z’



EXERCISES 9.1 5
(z+ 2+ ) = &[(z + )dz

1>
=

BEIT =4
e+ e+ ) -+ )P+ C

=hE+ D12z +2) = (z+ )]+ C= gz + D1z + 23) + C
Al =z +2,du=dsdv=(z+ 1)%d5, v =Lz + 1)

B2 2™ — mfz™ e dr A u=1z2" du=mz" tdr, dv = " dz, v = ¢
[40]1 A _ ;™ cosz + m[ 2™} coszdz

A u=2z" du = mz™ ' dz, dv = sinzdz, v = —cosz
@12 z(nn)™ — m[ (oo™ dz

K5 e T, s PR L8 e i

I 7 sec™ %z tanz — (m — 2)!5&:”‘—2: tan®zdz

v

m=2 m=2

=sec" ‘ztanz — (m — 2)[sec
= sec™ %z tanz — (m — Q)I'sec';' dz + (m — 2)_[sec'""2: dz =

(m—1)I =sec™ *ztanz + (m — 2)[ sec™ 2z dz =

z(sec’z — 1) dz

-2
1= sec":n _ztlanz + ; = %jsec’"'zzdzfor m# 1.

A. u = sec™ 2z, du = (m — 2)sec™ 2

[3]1 = z5%¢* —‘-sz‘c’dz

=1%" = 5[1'¢" = 4[2%e" dz:]

r tanzdr, dv = sec’zdz, v = tanz

= 1%c® — 5z'c” + 20[::3«:’ - 3[z%* d:]

= 2%" — 5z'e® + 202%° — 60[:23’ — 2 ze® dzj

2°e” — 5a'e” + 202°¢" — 602%¢” + 120[ze” — [ 7 dz]
e*(z° — 52* + 202° ~ 607 + 120z — 120) + C
z(lnz)* — 4 (In2)%dz

= 2(ln2)* — 4[z(In2)* — 3] (lnz)? dz ]

(441

= z(n9)' - 4z(ln)® + 12[z(ln7)® - 2[nzdr]
= z(lnz)* — 42(Inz)* + 12z(Inz)? — 24(zlnz — z) + C {by Example 3}
= z[ (In2)* — 4(ln2)® + 12(Inz)* — 24Inz + 24|+ C
@4 = E’smﬁ dh= J:zﬁ-s’i—j?@dz A [_zﬁ eos ﬁ];'z i J:’E%E i
- [_243 cooilE % 2sinﬁ];’ = (27 +0)— (0 —0) = 2r
A u=1E du=zhdn o= s'“‘fdz, b Hcos s



6 EXERCISES 9.1
=/2 /2

(46] Using disks, V = w[ 6 (z4sinz)?dr = wJ % z? sinzdz
0 0

1>

x/2 .
w [—— 7% cos z]:/z - 21rJ‘ zcoszdz
. 0

‘v /2
w[—zz cosz + 2zsinz Rl 21‘[ sin z dz
o 0

o

= 1'r|:—:r.'2 cosz + 2z sinz + 2cosz :/2 = n(r — 2) = 3.59.

A. u=1? du = 2zdr, dv = sinzdr, v = —cosz '
B. v = z, du = dz, dv = coszdz, v = sinz

e A e e

[47] Using shells, V = ZwJ. zlnzdz = 2«[%:2 In :;:Il = 21J lzdz =
1 1
27r|:§22 Inz - %r’:l: = ;[x’(ﬂnz - l):': = §(e® + 1) ~ 13.18.

A. t=Inz du = %—dr, dv = zdz, v = 37

1 1 1 1
W = J' f(z) dz = f Sl® + 1ds A I:gzs(zs it 1)3/2 - gJ. 2(s° + 1)3/2(12:
0 0 0
3/2 s/2 |1 3/2 5/2
=16 + 07 - & + 0] =307 - @7 + &) =
[32 - 3802 + &] = A2 + 1) = 0.21
A. w=72% du = 3z dz, dv = 22413 + ldz, v = 3(° + 1)3/2

In3
[49] Let f(z) = &%, 9(z) = 0, and p = 1in (6.25). m = Jn e®dz = 2.
0
" fIna In3
M:Z%Jn (c’)zd:=2. Myzjn re’dré[xe'—c’]::s:3]113-—2,
0 )

_ M, = O ¢
=== qpsamdg==2=1
A u=gz du=dz, dv=e"ds, v = ¢ )
(ol s(t) = [u(t)dt = [t~ dt 2 =3t 4 e Mdt = 3t — L7 4 C
s(0)=0= -3+ C=0= C=1}ands(t) = —§te™® — 172 +
A u=1du=dl dv=e?dt,v= —Je ¥
(51] Substituting (v + C) for vin (9.1) yields [udv = w(v + C) — [(v + C)du =
ww + uC — [vdu — Cu = uv — [ vdu, which is (9.1).
(52] Since f' is only positive or only negative, g = f~* exists on [a, B).

Wi

Using Figure 52a and disks, V = 1rJ‘b|:f(:r):|2 dr & 7 [z[f(r)]’]: - 2rr zf(z) f'(z) dz

= nbd® — rac® — 21Jb zf(z) f'(z) dz. (cont.)



EXERCISES 9.2 T

z d
Using Figure 52b and shells, V = volume of cylinder + 27rJ‘ y[b - g(y):l dy =
[
d d
26— ) + 2 [B02”]] — 25 )"yt . Since v = 12, ov) = ) = 5, an
)
dy = f'(z) dz. Thus, V = wc’b — 7c%a + 7bd®> — wbe® — 27rJ f(z) z- fi(z) dz =

xbd® — wac? — 21rJ.: z f(z) f'(z) d=

A w=[f@], & = 2/(2) () ds, dv = d5, v = =
Ly o4

.
M
T

n
4

a x b

Figure 52a Figure 52b

B3 4dz=1+[Ltdrshez+C=14+he+C=>0-0=1
Note that indefinite integrals represent a class of functions which differ by a constant.

[54] Suppose F is an antiderivative of the indefinite integral [ vdu. By (9.1), wv — F
represents an antiderivative of [udv. Thus, by the fundamental theorem of calculus,

[} do = [on — 7L} = [u]s = [) = )] = o] [* vt
|

@ I=[(1— sin’)coszdz; u = sinz, du = coszds =
I=[l-w)du=u—-}d +C
@ I=[3(1 - cosdzr)dz = iz — Lsindz + C
Bl I= /31— cos2z)(1 + cos2z)dr = J3(1 — cos®22) dz =
Jli-3+ cos4z):|dz = [(§ — gcosda)dzs = §z — Hsindz + C
[ I= [ - sin’2)%coszds; u = sinz, du = coszdz =
I=J0—-w")du=[1-3+3u! —aHdu=u—-®+3* -4 +C
I = [(1 — cos?s)cos’zsinzds; u = cosz, —du = sinzdz =
' I=—[( — a*)du= -3’ + }® + C
I = [sin®z(1 — sin’z)coszdzs; u = sinz, du = coszdr =
I=[(a® = u")du = }u® -3 +C



8 EXERCISES 9.2
I= Jl(l;%“—h)sdz = 3[(1 — 3cos2z + 3cos’ 2z — cos® 21) dz

M) I:l — 3co82z + $(1 + cosdz) — (1 — sin®2z) cos2z |dz

3] 3 — 4cos2z + Jcosdz + sin® 2z cos2z) dz

I

3Gz — 2sin2z + Isindz + }sin®2z) + C

I= I(l = ?32’)2(1 + °°82z)dz =3[ (1 — cos2z — cos® 2z + cos® 2z) dr

2

%j'[:l — c0s2z — J(1 + cosdz) + (1 — sin®2z)cos 2z |dz
= 3] (3 — jcos4z — sin® 2z cos22) dz = }(3z — Isindz — }sin®2z) + C
I = [tan®z(1 + tan’z)sec’zdr; u = tanz, du = sec’zdz =
1= I(ua + us)du = %u‘ + %ue + C
[0 = [(1 + tan’z)’sec’zdr; u = tanz, du = sec’zdz =
I=[1+ @) de=[Q+2 + e )du=u+ 3+ +C
i1 = I(secaz— l)sec’z sect tan zdz; v = secz, du = secz tanzdr =>
I=[('-)du=3" -3+ C
[2)1 = [(sec’z — 1)?secz tanzdz; u = secz, du = secz tanzdz =
I=[(-1)2due=[(e* -2 + D)du=1’ —3® +u+ C
@311 = [tan*z(sec’s — 1) dz = _[[tan‘z sec’z — tan’z(sec’s — 1)] dz |
= [(tan‘z sec’s — tan?z secz + sec’z — 1) dz
= ltan®s — ltan®z + tanz — z + C
[41 = jcot’z(csc’z —1)dz = ”:cotzz esc’z — (csczz - 1)] dz =
—lcot’z +cotz+ z+ C
[B]1 = [ (sinz)'/?(1 — sin’z)coszdz; u = sinz, du = coszds =
I's .[(*ul/2 - = guall - ;u"g +C
[16]I = _]'(sinz)'l/z(l — sin’z)coszdz; v = sinz, du = coszdz =
I(u—lﬂ - ua/z) du = 2% — %us/z + C
@71 = [(tan’z + 2 + cot’z) dz = j'[(tan’z: +1)+(1+ cot’:r)] dr =
[ (sec®z + csc®z) dz = tanz — cotz + C
3l = J'(csczz - l)csc’zcscrcotzdz; % = ¢scz, —du = cscz cotzdr =

I==f@* =)du=5l =+ C

x/4
@91 = Jo (1 — cos’z)sinzdz = [—cosz + 1cos’z :“ =3- ?‘2 ~ 0.08

20]1 = [:[mz (3:) - Isz = [,irtan (Er) - ]:7 =4%_1~027
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Note: Exercises 21-24 use the trigonometric product-to-sum formulas.

211 = [ (cos2z — cos8z) dz = }(3sin2z — sin8z) + C

~/4
221 = %L [cos 6z + cos(—4a)]dz = %[ésinh + %sin4z:|;“ =-%

/2 x
231 = %J: [sin5z + sinz |dz = }| —1cos5z — cosz oﬁ = %[0 - (-—g):' =3

241 = }[[sin7z + sinz |dz = —}(3cosTz + cosz) + C
251 = [cotz(1 + cot’z)csc’zdx; « = cotz, —du = csc’zdz =
=—[(u*+ du= -} -7+ C
26]I = f[l + 2((:03::)1/2 + cosr]sinzdz; u = cosz, —du = sinzdz =
I=—-[(1+ 24'% + uw)du = —u — %usfz — %uz +C
BT u =2 — sinz, —du = coszdz = [ = —j'—,—lrdu =—lnu+ Cu>0.
281 = [(sin*z — cos?t) dz = [ —cos2zdz = —}sin2z + C
29 u =1 + tanz, du = sec’zdz = [ = Iu_zdu = —% + C
[BOlI = [tan®zseczdz = [(sec’z — 1)?secz tanzdz; u = secz, du = secz tanzdr =
I= ]'(‘u2 -1)’du= j’(u1 — 242 + 1)du = éus _—§u3+u+ (&4
3 /2 /2
Using symmetry and disks, V = 4r 7(cos’z)? dz = 41rJ' B(l'-{- cos 2:)]2 dz =
0 0
x/2
‘ 1 = x[3 ; 1gi /2
rjo I:l + 2cos2z + 2(1 + cos4z):’ dz = 1[21 + sin 2z + 831114:]0 =

3x2 _,
322 5 7.40.

3 2 x/4 /4 3
[32] Using disks, V = J' w(tan’z)? dz = WJ tan?z(sec’z — 1) dz =
Jo 0 -

/4
ﬂ[a [ta.nﬂ: seclz — (sec"'z == 1)] Fies w[%ta.nsr. T ;/4 -
(3 — %) ~ 0.37.

[33] Since v(t) = cos® 7t > 0, the di;tance traveled in any 5-second interval is given by
s(z + 8) — 5(z) = I:+sﬂ(t) dt = J.:”, cos’xidt = IHS 31 + cos2mi) dt =
[%1 i ﬁ!ﬁn?w{l?s _ [%(z + 5) + il'sin[%(z + S)J] — Bz + z=sin (21rz):| -
5 + &[sin(@rz + 107) — sin (21:)] = £, since sin (27z + 107) = sin (272).
(34) a() = sin®t cost = o) = [sin’t costdt = sin’t + C. w(0) = 10 = C = 10.
s() = [(3sin®t + 10) dt = §[ (1 — cos™)sintdt + [10dt =

—%cost+$cosat+101+D. 5(0)=0=>—%+%+D=0aD=§.
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[35] Using the trigonometric product-to-sum formulas, we have the following:

(a) 1 = [sinmz sinnzdz = 3[[cos(m — n)z — cos(m + n)z | dz.

_sin(m = n)z  sin(m + a)z
T st ] = 2(m—mn)  2(m+ n)

+ C.

Ifm = n,thenl = %J‘(l — cos2mz) dz = g - 'ﬁnm’ W
(b) I; = [sinmz cosnzdz = }[[sin(m + n)z + sin(m — n)z]dz.

_ cos(m+ n)z cos(m — n)z
Ifm # n, then ], = At n) — Hm—n) + C.

If m = n,then I, = %J.sin.2m:dr = _C_Oignm +C

I, = [cosmz cosnzdz = }[[cos(m + n)z + cos(m — n)z | dx.

If m # n, then I, = 81121((::: :))z + si;((;‘n_— :))z + C

If m = n, then I, = %I(coszm;.l. 1)ds = % K| mnﬁnmr H il

[36] (a) Ifm=mthenI=IT

-r

sinmz sinnzdz = [g — Si‘;%]_' = .

_[sin(m —n)z  sin(m+ m)z|" _
Ifm;én,thenl—[2(m_ﬂ) — 2(m+n):] =0

since (m — n) and (m + n) are integers.
(b) Using Exercise 35(b), we have the following:

(i) f m = n, then ], =I

—

sin mz cos nz dz = [—m‘fg”ﬂ]r = 0.

-

Y —_—— _’=0.

L3
If m # a,thenl, = [_‘ﬂ(m‘"_")’ _ cos(m — ,,)I:I

Note: Since sin mz is odd and cos nz is even,

we have an odd integrand on a symmetric interval. Hence, I = 0.
x

(i) f m = n, then I, = J' €0s Mz cos nz dz = [% + s_.in2mz]'

=7,
- 4m | .

o, el [sin (m + n)z | sin(m — n)z:lr i

2(m + n) 2(m—m) | _
Note: In (9.4), the resulting expressions are acosd, asecd, and atan 8, respectively.
We use l&hese results without mention.

See Figure 1. z = 2sinf, dz = 2cosfdf = [ = J(Qsin&)@cos@ 2cosf df =

%Jcscﬂ df = %lnlcscﬂ —cotd| + C = %ln

2
$-L5ilsc
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2 V= + 9
X X
) = A [
4 —x 3
Figure 1 Figure 3

2] See Figure I. z = 2sind, dz = 2cosfdf = 1 = JZﬁ%%2cos€a'ﬂ = Icot’ﬁdﬂ =

J(m’a—l)da=_cow-o+c= —“I’j-sm'l(ﬁ)*c

; = = 2 = [—8sec®d 0 _
@] See Figure 3, z = 3tan®, dz = 3sec®8df = 1 = _[(3tan0)(3sec0)d9 =

+C

%J.cscﬁ = %lnl@ca —cotf| + C = %lnl__j_li’-'z“ - %

[4 See Figura 3. r = 3tanf, dz = 3sec’d df =

= 3sec?d 1J 1 2+ 9
I= df = = g = - = -
j‘(—i__Qtan 9)(350) g cse cot 8 df 9csc0 + C P—— c

Note: The trigonometric functions for ¢ in Exercises 5-22 can be determined using a
right triangle as in Figure 1 and Figure 3 above, and in Examples 1-4 in the text.
z = Hsecd, dr = 5secHtanf df =

T 5secd tand 470 ] o _ N —25
1_J(——%m,g)(sme)da_gﬂmado_ﬁsma+c_—2sz 4ie

= 5secl, dz = Ssecftanfdf = [ = |DdsecOtand _ =LJ 29 4o =
- - =1 J(l?.Ssccﬂ)(StanG‘)M s [ cos0 do
33/ 3(1 + c0s20) d8 = ;15(0 + J6in20) + C = 5k5(0 + sin8 cosf) + C =
= 2 — 25 T 2 —
<) + B 4]+ 0= () + 7B
1l=4—z2,—%du=zdzél=—%Iu-lndu=—ﬁ+C,'
u=x7+9,‘du:zdz:}l:%f%du:ilnu+C,'u>0

z = secl, dr = secftanf df =

g tan @ -
I= =, - — -—— z
ILT( ) dg Jcotﬂ esc B df eseh + C T=—._1 4+ C

B EE

3secd tand
[10] 2z = 5secd or z = §secd, dz = 3sechtanfdd = 1= Ji Stand =

25_,+J4z’5—25|+ c

%fsecada = %mlma + tand| + C = ,_}ln
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z = Btanf, dz = 6sec’d df =

Bsec’0 g — L [cos?dp = -k (6 + sinfcosf) + C {see Exercise 6}
(36sec’d)’ 216 a3

_-ﬁ[m () + mm:|+c_—ﬁ tan™ (g)+m]+c

(12 z = 4sind, dz = 4cos0df =

. J( doonl ap %6[“&9 d = zﬁj(l + tan?0) see?0 df

S | Lo o z S
= st + Y]+ 0= g i + 5+ ©

hg 1_ = dz = Jﬁz 1_ zzdz =gin~" (%) + G, by (8.9)(i). Note: In the first

printing, the radicand was 9 — 4z°. The answer is then %sin'1 (32 + C

J L dz= J?Ti dz = 3 tan™! (g) + C, by (8.9)(ii)-

49 + 7
[Bu=16 — 2 — du—zdz::»l-——-]'u'zdu-———+c
u—z—9‘du*-:vd:::>l—ij'ul/2 =§u + C
7m037 29
3:=7ta.n00rr=§ta.n0,drzgsec20d0=>I=J(5—7;c(§;_ec_)dg

s Ul il wes a0 e I | (ol = Doscd b tid
= gz sec? tan 34 (sec )sec tan
73 0 +49)°%  [oa? + 40
592 + 49)>7 — 89 + 49 + C
[i8] 5z = 4tanf or z = Ztand dz=5sec29d0:I=J ESCC,G —
| itk il (Gtan0)(dsecd) .

1 =1 s 16 4
chschi& = glnlescd — cotf] + C = Zln‘—sz -+ c

[19] z = 3secd, dz = {3secftand db =

{3secd tan 1J‘ 3 -1I &
. 0 = 2| cos®fdf = 2 e
J(ssec*a)( 3ta.n0)d 9 0 = g5| (1 —sin®f)cosf df

3 2 _ 377
%(smﬂ——smsﬂ)-}-(]—g[ 12—3_(3 323) }4_0

l:szz(zz _ g _ (2~ 3)3/2] oo (3 + 2 { — 3 Lo

3z’ 272°

Ol
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(20] 3z = sinf or z = sind, dz = Jcosfdf =

1 gt 912(1
e f_—_,‘_(ss‘“ 7 Geosd) 4o %J‘“’m = %J(m’a —1)df =

(cos6)
2 (tan0 — 8) + C'= — i — Fesin~'3z 4 C
27 i 2
941 — 927

2 4
201 = Jﬁ%ﬁda.: J(lﬁz"s + 827 4+ 3)dr = —1 + 8zt + 42* + €

B2z = sinf, ds = cosfdf = [ = [3808 =58 o0p4p = 3sin0—5)da=
cos @
—3c050—50+0=—3‘Il—x2—5sin'lz+0
2

5 5
[23] Using shells V=J 2 === dz:ZIJ z dr. T = 5tand =
’ o] + 2 0y + 95

*/4 (25 tan28) (5 sec?d)

0 53«?

dr = 5sec%0d8. 2= 0,5 = 6 = 0, L. Thus,V:21rI a0

x/4 x/4 :
= 501J tan?f secd df = SOWI (sec®d — secd) df { Example 6, §9.1}
0 0

x/4
= 501[(%9&:0 tand + jln|secd + tand|) — In|secd + tanﬂl:'o

x/4
= 251[3&:0 tanf — In|secd + tand| ]o = 25x[\2 - m({2 + 1)] ~ 41.85

Figure 23 Figure 24
24)z = {10sin0 = dz = {10cos0dd. z=10,1= 0 = 0, sin™"(ghs) {call this o }.
Thus, A =J1 2 “"':J (JT0sin 8)({T0 cos§) .
(]

g ]10 -z ﬁcosy
10410 J‘“(1 — cos®8)sinf df = 1041—0[-cosa g, %mae]:
3 3 1 e ~
10»1_[ Tlt-)+ 1))‘(‘1'*3):'{31119—3‘1—5:@3.9_32_0}
lor( ]_02110 + ) Jl_o — 21 = 0.08.
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EBlzdy — {2 — 16dz = dy = fi(z) = 2 — 16 16 _, 5z = Iiﬁd,_

z = 4secl, dz = 4secOtanf df —

1) = [Eemlllterct taag) ,, b = 4[tan’0do = 4 (sec’0 — 1) d0 =

4(£an9—ﬂ) + C = 4[ ,I: — 16 _Bec—lz 4+ G
f(4) =0= C=0,and f(z) = y= {2 — 16 — 4sec™

.h.IH

dz.

[26] Zdy = %d ' o
1-Fiy=ras P == J__.::'»f() Iz—z’
z=sinf, dz = cos0df = f(z) = J(s“‘”c)“_f%_‘”_”)da » J(1 — cos?8)sin8 df =

—cosd +§eos® + C= —1 - 2 + §(1 -2+ C. f(0) =0 =
~1+}+4+C=0=C=3 Thus, f@ =y= -V -2 +31 - +}=
Il -F[-3+0-P))+2)= - +2 1-2)
27 « = atand, du = asec?0 df = [a® + v’ du = [ (asect)(asec’d) db =
o*[sec®0 df = a®(secd tan @ + In|secd + tanf|) + C {see Example 6, §9.1}

Jaz + u? &

a

—%(“2:"‘ 24k ) +a

2
=% a2+uz+%az[ln| @+ +u|—la|+C

2
= %-sz + 4?4+ a-i-lnlu + _Jaz + uzl + C, where C = C; — %dnlnd

28] v = atan¥, du = asec?0 df =
J 1 asec?d 8 = %jcsc@dﬁ = —%—-lnlcscﬂ —cotll + C =

5 Iai gl = (atan #)(asec )

2 2
a
—.!-Inﬁ,—m-%Jrc__%rln ¥ |+cC=
]a?-i-‘.u—a
P) 9 2z 2
Y ~ﬂ+u+¢|+c_ [ e TH o

,llln

I ol +d +a

29 u = asing, du = acos#df = [4?a® — u’du = [(asinf)*(acosb)(acosf)df =
o' [5in?6 cos’d df = a*(30 — Lsind6) + C {see Exercise 3, §9.2} =
a*[ 36 — &(2sin26 cosze)] + C = a*[16 — }5(2sin0 cosf)(1 - 2sin%) | + €

( )( z)(l 2¢ ) +C (cont.)

a1y 4
—-g-sm E—-S—
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= %sin‘“&‘ + %(21:’ - d?) N P A,

= asind, du = acosd df - =J__&gs_9—de=
[30] ¥ = asinf, du = acos = J.m u (a5in 6) (acos0)

Jaz —?

1 2 - -
a—ilcsc 6d6 = a—,cow-}-C T+C

U

7T 3
[BI] u = asecd, du = asech tanfdf = Il—_-'—‘-'—du = l‘;mg asecf tanf df =

aftan’0 df = af(sec’d — 1)df = qtanfd — ab + C = {4 = a? — asec™ B
(asecB)?(asecd tanﬂ)dg__

2
BZIu=asec9,du=asec9tan9d9=>J. L] ,du: I

Ju i atand
a’[sec®@ df = }a’ (secf tan@ + In|secd + tand|) + G, {see Example 6, §9.1} =
I 2 2 2 2
ia’(%-—"—[—“iﬂn%-{-%—)-}- G =
%Juz - a® + g;lnlu + u? = a’l + C, where C = C, — }a’ Ina.

Note: In this section, K denotes the constant of integration.

0 SE=12-44 B 5: 12=A(z—4)4Bz z=0=A=3

z — 4)

anda=4=s B=12, Thua,I:J[%-{- 2|z = 3lnjzt + 2Inlz — 4] + £.

z+ 34 A- B — _
@(,_6)(”_2) Togtrza T +t3M=4A@=+2) + Bz —6)

z=6=>A=5andz=—-2=B= —4.

Thus,I:JI 56+ ]dz_5ln|z—61—4lnlz 2| + K.

37 — 11z A B
s ks e e

37 — 11z = A(z — 2)(z — 3) + B(z + 1)(z — 3) + C(z + 1)(z — 2).
t=-1=2A=4,1=2=B= —5andz=3 = C=1 Thus,

I—I[r+1+ z_2+ 3]dz=41n|::+ 1] —5hnlz — 2| + In|z — 3| + K.

42 + 54z + 134 A B c
| (z—=1)(z+35)(z+3) ~ s s e g

42" + 54z + 134 = A(z + 5)(z + 3) + B(z — 1)(z + 3) + C(z — 1)(z + 5).
z=1=12=2dA = A=8,z= —5 = —36 = 128 =
B=—3,andz=—-3=8=-8C= €= —1 Thus,

1=J zEI+z+35+ +3 dz = 8ln|z — 1| — 3ln|z 4 5| — In|z + 3| + K.
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6z — 11 _ _A B _ = 6zx—11=A(z—1)+ B.
B G =1)? ,_.1"'(:_1)2 % ( )
z=1= B = —5. Equating z terms: 6 = A.

Thus,]:J'[zE1+—i2:|dt= 61n|z—1|+;—%—1+x

(z—1)
—19 +50z—25 _ A, B o i —
& Z(B:-5  fTAt®m-37 1927 + 50z — 25 =
Az(3=-5)+3(3z-5)+cz’ 1=0=B=5andz=§=

= G(%) = C = 2. Equatingz’ terms: —19 =34 + C= A = —

'I‘hus,l—J-I:‘ +1+32 ]dx_—ﬂmu —§—+21n|3z—5|+1{

o 416 __ z+416 i
22 +22—-8 (z—2)(z+4) —3-12

4+ 16=A(z+4)+B(z—2). z=2=>A=3andzr=—4=> B=—2.

Thus,I:J[z§2+ +4 dz = 3Inlz — 2| — 2In|z + 4| + K.

11z +2 _ 11z + 2 B
222 —5z—3 (22+1)(z—3) 2:+1+ = e
1z 4+2=A(z—3)+B2z+1). z=-j=>A=1landz=3= B=35.

Thus, I = ”:22+ s :|dr— 1lu|2,-.-+ 1| 4+ 5lnjz — 3| + K.
5 522 — 102 —8 _ 5z — 10z — 8 =4 B c
o = 41 1‘(2—2)(31—2) + I+g=7
Szz—10::—8=A(z—Z)(z+2)+B=(z+2)+Cz(z—Z).
z=0=2>A=2z2=2=B=—l,andz=-2= C=4

e o

Thus.I:J 4 z—_12 +ﬁ2:|dz=21nlz| —Inlz— 2| + 4ln]z + 2| + K.
4° —5:—15 4:—5:—15__,4 B (&
U1l S oot - o s e s g

4z% —5:—15=A(z—5)(z+1)+B::(z+1)+Cz(z—5_).
s=0=2A=3z=5=>B=2andz=—-1= C=—1.

Thu,I:vJ‘[%-}-%-}-x*_ll PR Sy R o O R (S

c

272 — 95z — 33 A B
Q1) E—pE—e = R

(= +1)( z — 5) z+1+(z+1)
23% — 25z — 33 = A(z.+ 1)(z — 5) + B(z — 5) + C(z + 1)~
t=—1=B=1landz=5= —108=36C= C=—
Equating z° terms: 2 = A + C = A = 5. Thus,

= 5 =8 ____ 3
I_JI:’+1+(2+1)2+ ]d:—5h|z+l|— 3lnlz — 5| + K.
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2z—l2z+4 2z—l2z+4 A .. B C
oz - + =
— 47 2 (z — 4) TtpatI—3

2z’ —12=+4=Az(z—-4)+B(z—4)+Cz. z=0= B= —1and
z=4= —12 = 16C= C= —}. Equating 7 terms: 2 =A + C= A =14

u _3 1
Thus, T = J[% ¥4 - “4]d = “lnlzl+-————ln|z—-4l+K
= =

-Qz+17: +3:—8:+3:é+§2+6;+ i A =

£i(z + 3) z T+3
9z + 177° + 32 — 8z + 3 =
A (z + 3) + B (z + 3) + Cz(z + 3) + D(z + 3) + Ez'.
z=0=3=3D=D=1landz= —3 = 324 =8lE = E = 4.

By equating coefficients of like powers we have: z*: 0 = A + E = A = 5;
2 1T=34+B=>B=21:3=3B+C= C= -3.

Y e -
Thus,]:”:T+?+F+;q+z—_%—3:|dr_
Slnizl — % + 35 — 15 +dlnjz + 3| + K.
2z 3z°

5z° + 30z + 43 A B c
= + + =
= (z+3)° z+3 (z+3)"  (+3)°
50 + 30z +43 = A(z+ 3)* + B(z+3)+ C. 2= -3 = C= -2
Equating z” terms: 5 = A, and z terms: 30 = 64 + B = B = 0.

Thus, I = I 5 =2 iz = shals + 3| + —L5 + K.
= ([l + g3y =sulk+ o+ lm +
Since the degree of the numerator is greater than or equal to the degree of the

denominator, we must first use long division to change the form of the integrand.

22 4 622 + 3z + 16 _ 6:—:+166x2—z+16 Bz+C
3 =L ;
z° + 4z 20 + 4z z(z® + 4) +4

62’ — 1+ 16 = A(" +4) + (Bz+ C)z. 2=0=> 16 =44 = A4 = 4.
Equating z terms: —1 = C, and z° terms: 6 = A + B = B = 2.

—44BrC

Ae 4 L 2r—1
Thus,I—I[l+ S 2=z +4lnjz + In(z + 4) — Stan™ (§)+K.

2% + Tz —5z—18 ., —5z—18 _ A
16] —————— =2 + z z
-’-‘2+6=+9 B+0z+0 (z+ 3% =+3+(z+3)2

=5z — 18 = A(z + 3) + B. £ = —3 = —3 = B. Equating z terms: —5 = A.

s 5 e = e 3
Th“SiI—.”:z ( +3) dz = 2z 51nlz+3|+m+K.
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[I7) Since z* + 5z + 4z + 20 = z°(z + 5) + 4(z + 5) = (2° + 4)(z + 5), we have

522 + 11z + 17 _ Az + B C -
= = 527 + 11 17 =
(Z+4)z+5 L+4 T+5 W

(Az+ B)(z+5)+ O(z +4). z=-5=87T=2C=C=3.
Equating z* terms: 5 = A + C=> A = 2, and rterms: 11 = B+ 54 = B = 1.

Thus,I=J'[2?le+ﬂ]dz (s + ) + Jtan~(F) + 8hnls + 5 + K.

me ‘;(’:,1‘;’)‘27 é+f,+%i—f=>4z3_3=3+sz—27=

Az(z* +9) + B(z’ + 9) + (Cz + D). t=0= —27 = 9B = B = —3.
Equating coefficients we have: 2% —3 = B+ D = D = (;
z:8=9A$A=§;z:4=A+C='>C=L9.

2 10
Thus,l:J[T+ 223 tz+9:|dz=31nlz|+—g—+ In(z® + 9) + K.

Wty - 4+ 5
2+ 32+ 1= (Az+ B)(z* + 1) + (Cz + D)(=* + 4).
Equating coefficients { z° is used for constants } we have:

P 0=A+Candz3=A+4C=>C=1land 4 = —
#21=B+Dandz1=B+4D = D =0and B = 1. Thus,

I=J[:zf——ﬂ+: e 1:|dz— —3ln(2* + 4) + Jtan” (§)+éln(:2 +1) + K
Bllu=72+12du=drdr =1 =2[u>du= .7+K_

B2% + 10z _Az+ B Cr+ D
F+1)? " 2+1 " (Z+1)

22° 4 10z = (Az + B)(z* + 1) + Cz + (B + D). Equating coefficients we have:
£2:2=4720=8B:20=B+D=3D=0z10=A+C= C=8.

_ 2z 8z _ _ i
Thua,I-J[ . (rz_,_l)z:ldz_ln(z’-i-l) Fi K

4 2
(2= +(i’z ++131:+1 e (ffl’fiﬂ (?:1“)‘9 i

£ 4+ 227 + 42 4+ 1 = (Az + B)(z® + 1)* + (Cx + D)(z* + 1) + (Ez + F).

Equating coefficients we have: z%: 0 = A4;2%: 1 = B; 2> 0 =24+ C= C = 0; 2%

2=2B+D=D=0zn4=A+E=>E=41"1=B+D+F=F=0.

Thus, I = 1 4z ldz =t~z — 1
us, J[, (z+1)]z tan™ 'z @ +1)2+K

3
@r_;';%:z+1+:::f. Thus, I = [(z + 1)dz + 2]3;—:$u=

=

+ 5 =

\
122 + 2z + 21n|z2 —zl+ K= %::2 + z+ 2Ilniz| + 2Injz — 1| + K.
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4 4+922 43 _ L 624+362+3_ 4 B C
B~ =%t s =¥ s gteli™

6 +3=A(z—2)(z+2) + Br(z+2) + Cr(z —2). 1=0=> A= =3,
z=2=22T=8B=>B=%¥ andz=-2=2T=8C=> C=%.
Th I=J’ 2. ZE}=
us, i ey e f
12 — 3lnjsl + Linle — 2| + Yinjz + 2| + K.

£ -2 41 E —z% + 8122 + 1
T Dl i i
@ 2 L 95 P ' 49

=2+ 8122 +1 _A, B, Cc+D
=F =
22 +9) ztat T

—2° + 8127 + 1 = Az(z* + 9) + B(z* + 9) + (Cz + D)z*. Equating coefficients
wehave:z°:1=9.B'=>B=%;=:0=9A=»A=0;12:81=B+D=>D=1%§;

12 - 92— gk — §ln(e +9) + Blean'(z/3) + K.
Pl s 2 . _ _ 82 +16z
@](z’-p--t)’_z“-;-Sz’-+-1s"z z* + 8% + 16’
8+ 16z _Az+ B, Ci+D _,
(@ +4°  Z2+4  (F+4)°
8z° + 16z ='(4z + B)(z" + 4) + (Cz + D).

Equating coefficients we have:
8 =A;0=B;r16=4A+C=>C=-16;2:0=4B+ D=> D =0.

Thua‘,l:[[z—;%ﬁ(;,Lj:’?)]dz=%=2—4m(z’+4)—?ﬁ+m
2 ‘ ;
@2=(:—+5f);&4_6z3;; o8 ,ﬁ 4+(.—. f4)’ + ,E 5+
2z° — 522 4 46z + 98 =
A(z + 4)(z — 3)* + B(z — 3)* + C(z + 4)*(z — 3) + D(z + 4)*.
T=—4=>—294 =498 => B= —6andz =3 = 245 = 49D = D = 5.
Equating z° terms: 2 = A + G, and z° terms: 98 = 364 + 9B —48C + 16D =
72 = 36A — 48C = 6 = 3A — 4C. Solving yields A = 2 and C = 0. Thus,

_ [z -6 5 = . 5B
I_I[z+4+(z+4)2+(z—3)= de =2z 44|+ g —;2g + K

D
-3
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—92z% — 325 — 8.2 £ 3z 4+ 1 A B C D E
B 2+ 1) A S e A P L

-2z -3 32 +3z+1 =
Az(z + 1)® + B(z + 1)* + C(z + 1)* + Dz*(z + 1) + Ez*.
z=0=>B=landz=—-1= F= —

Equating coefficients we have: 23 = A + 3B = A = 0(;
—2=A+C=>C=-2,2:-3=34+3B4+C+D+E=D=0.

. =4 . 2
Thus’I_Jl:?+z+1+(+1)3:|dz_ - 21n|z‘+1l+(—ﬁ)-§+K

by HZ)(;fzx)—sls Farhit ey teey
42° + 22 — 52— 18 =
Az + 1) + Bz —4)(z + 1)* + C(z — 4)(z + 1) + D(z — 4).
1=—-1= —-15==5D=>D=3andz =4 => 250 = 1254 = A = 2.
Equating coefficients we have: z°:4 = A + B= B = 2;
2% —18=A—4B—4C—4D = C=0. Thus,I =

2 2 3 - = e
J[z—4+z+1+(z+1)3:|d’_21nl” §I+2ln|z+1| 2(=+1),+K

1022 4 9z 4+ 1 + = ;=

;(::+1)(2:+1 ”' I 7

1022 + 9z + 1 = A(z + 1)(2z + 1)+B:(2:+ 1) + Cz(z + 1).
z=0=>A=1,z=—1=>B=2,andz=—§:—1=——:C=? C = 4.

T, ¥ J[% St +ﬁ]dz = Injzl + 2lajz + 1] + 2I0]2z + 1| + K.

z° + 32 + 3z + 63 A B & D y
3 @-3@+37 -3 TG_sptrestyap”

22 +32° + 3z + 63 =

_ A(z — 3)(z + 3)* + B(z + 3)2 + Cz — 3)*(z + 3) + D(z — 3)%
z=3=126=38=B=]andz=—-3=54=3D= D=3
Equating z° terms: 1 = A + C, and '.'.D terms: 63 = —274 + 9B + 27C + 9D =
7=-34+B+3C+ D= 34 —-3C= —2. Solving yields 4 =} and C =}

1 4 5 3
Thus, I = 6 . 8 . (. =
us I[z =0 + (z = 3)2 + z + § + (r e 3)2} dz

1 i gl
6lnlz 3|

o B il .
=3 + glnlz + 3| 2(:+3)+K‘
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@:5—:‘—2z3+4z’—15=+5_Az+B Ci+D , Ez+ F

& + 1)%(z* +4) Z+1 F+1)2 P +4
2 —z' — 22 4 4727 — 152+ 5 =
(Az + B)(z* + 1)(z* + 4) + (Cz + D)(z* + 4) + (Br + F)(z* + 1)’ =
(A + E)z* + (B+ F)z* + (54 + C + 2E)z® + (5B + D + 2F)z” +
(4A +4C + E)z + (4B + 4D + F).
Equating coefficients and solving yields A = 0, B =2, C= —4,D =0, F = 1, and

= =4 2 —4z z— 3 st
Fom: 8, Thoa T'= =
e II::’+1 (z+1)’+z’+4:|z

2tan” 2+P— ln(z: +4)—-ta.n"'l(§) + K.

=

Bl =i +cEa=1=406 -+ B+

a? — o?
u=—a=:>,4'=%la.ndu=a=>3=2—1¢. Thus, I =

%J[#ﬁ%‘ du=tlnfo+ul—lnje —u) + K= L[5 + K.

(34 =é+a—+§—n=>1=fi(a+bu)+8u.

u(a + bu)
u=0=>A=—%—andu=—%=$B=—%. Thus,

[ = %—J[—,l,- + ——5-1; du = ——(lnlul Inje + bul) + K = —%—lnl——nl + K.

@’(44-6:4) 4+ +W=>1—Au(ﬂ+bu)+3(a+bu)+cu

u=0=>B=—£—andu=—g=>C=%. Equating u terms: 0 = Aa + Bb =
a

—b/a®  1/a b/a)?
Aa+(%)b=>A= ——bi. Thus,I:J’l:—i‘/—-+:/,—+H—)&-‘:|du=

—hinit — gy + Blnle + bl + K=~y + bln|“";b"|+1(.

1 _A._B c
@u(a+bu)i_"+ﬂ+ﬁl+(a+b'u)2=>

1 = A(a + bu)® + Bu(a + bu) + Cu. u=0=>A=-17a.ndu=—§:-
a
C= —-3. Equating u” terms: 0 = A4 + Bb = B = -——63.
a

2 2 3
Thus, 1 = ”:I/T“ + 2 :_/:u_’_ = +b/b¢:‘)z:|a‘u =

Jln il = lnla + bl + - ;151“|"+ub"| +K

1 - 1
a(a + bu) TR a(a + bu)
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B = a s = t=ier ~ et e et

t=A(z+1) ¥+ Bz—3). =33 A=3andz=-1= B=}

Stace f{z) < O on [0, 2], 4 = —I:f(z) o _rl:z_i.’i & z_’:‘_ 1]" -

~[$1alz — 31 + 31afz + 1) :': = —[(3In3) — 31 3)] = }la3 ~ 0.55.

-
T ke B ] 'I_f" Lo

s
L S

Y —x-3 T
Figura 37 Figurs 38

. 3 .
[38] Using shells, V=2'L(:—1)=(4—z)dz' (z—'l)z(4—z) =z—ﬁ—I+T£L==>
r=A4-2)+Bz=1). s=1=>A=}andz=4=B=4}

1

Thus, V = 2 a[ 3 g]d—2 Linjz — 1] — 41n| 1P =
us, V= er-f-‘i_z = 13 :—1—% 4—:]2— |

R 2r[(31n2) - (~§ln2)] = §¥In2 ~ 7.26.

. . = 3
[38] Using disks, V-— 'L(z— PE—5 dz.

P s s R

l=A(z—1)(4 —2)* + B4 — 2" + Oz — 1)*(4d — 2) + D(z — 1)%
s=1=>B=3andz=4=> D=} Equatingz®terms:0 = 4 — C= A = C,
and 2° terms: 1 = —164 + 168 + 4C + D. Solving yields A = C = 2.

2 1 3,
Thus, V = = | —20- s 7 3 =
' us, ‘l'.[:[:z_1+(=_1)2+4_z+(4_z)2]d3

2 1 2 1 %=
r[ﬁlnlz -1 - m - ﬁlll|4 - z| 4 5'(4_—1,)]2 =
,[(%hg + &) — (—&In2 - 148)] = Z(41n2 + 3) ~ 0.67.
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() = A
f( B — f(1)
t)]g(t) f(ij f(i) = f(, = f() = D[B — f(1)] + Ef(t).
(t)-0=>f:(t)—pg - D=f(t) J)=B=f()=EB=E=

_ . P T PO _
i B = f(1)] ~ = Bf(Y) B[B £ T TE-10 o

Integrating, In f(#) — In [B - f('!)] = h[ﬂ_f-—(?l;j] = ABt + k=

[40] We assume A, f(?) and B — f(1) are positive, and write

f'()
=

B_{-(Q(j = KeAP* where K = ¢*. f(0) = C = BTCC =
Hence {8 ABt B — f(3) o (B — C')e—AB‘
"B—f() _0' 1) T

—ABt _ (),~ABt
}}(3; 4 B C)er _C+(B CG)e B

411 = J(az + bz 1/ 1/2:) Jaj-.i:/zb/:

=

BC )
G4 (B~ )2

=

L X
G+ — b Td“-?dz=>1__TJ du ——T1n|u|+K

J(‘?J.'._b} 1/1:) L +1/b;pn—1 dz; ©t = d + zﬁ’
g mdu_-—,,dz:l_ (—HJT‘”— il + K.

By(9s),f_(=5 R AN
An(z —
(z - cg)g((’; I,Sz_ & L % 2’52_ = B it & W it ’;_.(f_ nc,) s

: N (z — ¢) f(z) f(2)
k=12 .., n 4 = =13'"3;.[_7k)_} ,E,“:k[ 72 — o) ]

(since g(c,) = 0) = %—5 fork=1,2,.

Note that 9_'(61:) = (6 — ¢)(ex — ¢3)-(cp — cx—y)(6x — Cxp1)"(cx — ¢n) and
g'(cz) # 0 since each ¢ is unique.
[Eg(z) = :l:(::4 - 5;:2 + 4) = z(zz - 1)(:.'z —4) = z{z — 1)(z + 1)(z — 2)(z + 2).
g(z) = 52* — 152 + dand f(z) = 2z* = 2° = 327 + 52 + 7 =>
f0) _ (1) 10 f(=1) _ 2 f(2) _ 29 f(=2) _
70 = 4 90) = ~0 91 = =6 () = 0 4 g7 =

T 2 25
i

fz) _ 24
Thus,—j —f+=_l+z+1+ 2+z+2.




24 EXERCISES 9.5
Note: {PF} indicates that the partial fractions method was used.
et =t o -1u
m ‘l—I+1,dﬂ—d$:}J‘mljm J-,—l—piu im + C.
[2] t==—3,du=dz=}J‘ h:[%du:sin' + C.
16 — (z — 3)* 4% _ o? 1
2?44 8=(z—-22+4. u=z—2 du=dr=>
1 - _5_1_’ = stan™! C.
L’—4z+sd’ J(: T as J du = Jtan'§ +
2?—242=(z-1)2+1. u=z—1 de=dc=>
1 = 1 = 1 du = tan™! C.
J?-2=+2d’ J(z-l)’-u-ld’ Ju’+1” e
B 4z—z2=—(z’——4z)=—(z’—4z+4)+4=4—(z—2)’.u=:—2,
du=dz=>J' 1 I ;—h_l_du=ain'1“+c.
4z — 22 Ja=( z—z) 2% = o ¢
T+6z—2"=T— (2 —62)=7— (> —6z+9)+9=16—(z— 3)°.
t=z=3 du = dz =>
d'z=J‘ dz=J' 1 =du =sin™'§ + C.
J.:I7 + 6z —2 J6—(z—3y £ _v A
9—82—2"=9—(z+82+16) + 16 = 25 — (z+ 4)% w =z + 4, du = dz,
md::u—4=>I=J2(u_4)+3du=J. 24 dquI]—l—du=
425 — of \25 — 42 25 — u?
~2{25 — o — Bsin~'(Ju) + C= —2{9 - 8z — 2 — 5~ EEE 4 C.
927 + 6z + 17 = (92 + 6z 4+ 1) + 16 = (3z + 1) + 16. u = 3z + 1, §du = dz,
1
e [ =1)+5 _J' J i e
a.ndz_s(u l)ﬁl—gj—w-du—&—rj—— +% +16
B +16) + 3D tan " (§) + C =
(92 + 6z + 17) + frant32 1 4 ¢
P rdz+5=(z4+2)7+1. u==242,.du=dzr=

=J du. Let v = tanf and du = sec?@ df. Thm‘l:J‘ sec’d do =

jcos’oda 3/ (1 + cos20)dd = 40 + 4sin20 + C =10 + }sinf cosd + C =

I+2 c

(tan“lu-l-l—m +C' EI:‘“I("*”"' +4+5
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25

[0z —6z+ 34 = (z — 3)* + 25. u==—3.du=-dz=>1=1m)-md“-

. * :
Let u = 5tand and du = 5sec?d df. Thus,l:I Ssec@ gy — Q%Icosﬂda =

(5sec )’
%sme+c=215(1u2_1?5)+0= z_3

@ +6z+13=(z+3) + 4 u=z+3,du=d==>1=f(,+—l4)s/i‘"-

2
Let u = 2tan® and du = 2sec?d df. Thus, I = f(gm_(g,m— l[cosﬂdﬂ =
sec

D 1 u z+ 3
=sinf + C= = + C= o
* i ‘u2+4) 47 + 62+ 13

0216 —2) = 9 — (z — 3)°. u=z—3,du=d£$l=]’»]9—u’du. Let

+
25]:’—6x+34

C.

C.

u = 3sind, du = 3cosf df.. Thus, I = [(3cosf)(3cosf)dd = §[ (1 + cos26)df =

30 + 3sin20 + C = 30 + Jsinf cosf + C =

a4 ) E) + o= g 4+ fe - D +

@2"2—3‘+9=2(=’-%=+1%)+9—§=2[(z-§)’+%g

u=z-%du=dzr=>

i %Iu’ Flm = W) () + ﬂz’im-l%ﬂ e

[z +22+5=(z+1)2+4 uv=z+ 1, du=dz>

g ooy e T @ a8 S T % o
- [Fshe=[tpe- ety vh-[ets

For the last integral, let v = 2tan#, du.= 2sec?d df. Hence, J‘m du =

21—39%_7(‘128; ’:) 0 = %Jcoe’ﬂdﬁ = %Ju + cos20)df = }(6 + §sin26) + C'=

Lo+ sinf cos6) + C = é(m-‘g + ]u_;':.]??n) +-c.

Thus, I = — 1 a1zl 2Az+ 1) -

B Z 4245 g[m L F | kg
_ltan—lz'#'l_ 2+5
8 2 4(z* + 2z + 5)

. |
G GES j(u EE

”:ﬁ - u—h:ldu {PF} = lnlhill +C= ln(i;—-’_:_-:—;) +

@u:e’,du:e’dgslé[

0

C.
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{6z +10z=(z+5)2—25 u=1z+5, du = dz=>IA=j' u? — 52 du.
Let v = 5secf and du = 5secd tanf df. Thus, I = [(5tanf)(5secd tan6) df
= 25 [[sect (sec?0 — 1)]d8 = 25 [ (sec® — sec8) db { by Example 6, §9.1}
= 25[ §sect tan + jIn|sect + tan6| — In|sect + tand[] + G
= %[ secf tanf — ln|secd + tand| |+ G

=2_25[§.1|u’-25_ln§+4u’—25:|+01 ‘
= e+ 5)7 + 102 — Plnfr + 5 + {7 + 102| + ¢, where C= ; + Fln5

(:’-4:+5)+1 : L P "
- = % —4 - -2 1.
T —4z+5 i i~ oo ehimle=al

1
u=:—2.du=dz=:»l=] |:1+T]— du=|:u+ta.n'1u:|1=1+§ﬁ1-79-
0 w + 1 o
A +z+1=(z+}"+3=

- [ ten [ Tty

+5H' +3 oz + 5 +3 o(z+ 5" +3
=L — 3L L = [l +)* + [ =Bl + =+ 1[], = 3.

3/2 3/2
= +‘.d=a==>1=[ —5_—— -12“
= i 2 1/2u7+( 3/2)3 [T 1/3

Ftan {3 — tan &) = £ — P = . Thus, T =3 — B* ~ —036.
@)z +4:4+29=(z+2)?+25. u=z+2, du=dz= A=

Ez = +27+ % I 14—5“" = [5“"—”] {q =)= gymus

IE‘
1oz
mml -
l 9 —
¥ +ar+ TE T +10
Figure 19 Figure 20
2 2
V= I | S - I L = du = dr =
e [ Frarey L T L
3
V= mdm u = 3tand and du = 3sec’@ df {let @ = tan"'}} =

(cont.)
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s x/A 35&1:29 . o w/4 -3 _ '[ s ]T/ o
V-—I‘J mdﬂ—ﬁw Cﬂda—n 0+sm0coe€a —

ﬂ[(""i) '11+qL q—oj GG +3—tan™)) ~0.04

Note: {IP} indicates that integration by parts was used.

iy

u=(z+9)!/3,z=ua—g,mddz=3u’d‘u=>
I=[(a" —9)(w)(3u")du = [(3u° — 27e®)du = 3u" — Lu* + C.
= (2z + 1)1/2,z=§(u’—i), and dz = udu =
1= [3(u? = 1)%(u)(x) du = §[ (u® - 244 ) du = Fu' - Fu® + Ed’ + C
= 3z+2"5 = 3(+° — 2), and dz = {utdu =
5 — 2)(5u* ’
I =J ( )3u )d — gJ'(H8 - 2143) du = fiug - %u‘ + G
1= (243 z=14" -3, and dz = 3u? du =
3 2
) 2 J'5(1‘+u3)(3u—)-du = 15[(1&’ = 3)du = 12514‘ — 454 + C.
u=4z +4,z=(v—4)? and dr = 2(u — 4) du =

7 7
= u—4 5 _4 = o L )
1= 2L = zL (1-4)d =2[u—dlp]] = 21 + 41n$) ~ 0.767.

=4+ z, z = (s — 4)? and dz = 2(u — 4) du =

9
1= I:Z“T/-l_z—s du = J“ (21:‘/2 _1/3) du = [%ua/z 164 Vz] -;.
1/8

v=1"",z= 1% and dz = 6u’du =

J.(us)(sus)du = 6[ du = 6.[(11 —wt+ -1+ ——1—5) du {long

dwxsmn}:.—,u _S“ + 2¢® — 6u + Gtan"tu + C.

e A2 93 ki 1 | 124! s
U=17 y I =1 ,mddr——12" du:t’l—J;s?dﬁ—12J1+

12J(u7—u°+u"'—u‘+u3-u2+u—l+1—_|l_—u)d‘u

12(36° — 307 + 36® — b® + dut — 1® +§u -—u+ln|1+u|)+6‘
=30 T | g1 33 g s S _ 191

12In(1 + /%) + ¢

Il

1

* + 62

A2

u=+z— 2, z=1’ 42 and dr = 2ude =

Ifu_-i-%mdu ZIT—du = 32-

‘—ic
0
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Mu=A1+2z,z= é(u2 — 1), and dzr = udu =

f:ﬁ"’—'ﬂwua = I:(u’ +2)du = [§u9 +2u]: =3

[Mu=(z+4)" c=1>—4 and dz = 3u’ du =

3 2
1= J(_ﬁ—" =Ll . 3J(u“ =3t -+ C
2 3 2
[2]u= zlfs,zz us,_a.nd dz = 3du=1= J'(u':;_)(fu)du = 3[”—&;‘—@ =
3[(1" +2u+ 2+ ;25 )du =14 + 3 + 6u + Blnfu — 1 + C.

Blu=1+¢, ¢ =u—l,andcdz=du == fe”Jl + 7 (%) dz =
Ju =12 du = [(u™? = 26*? 4+ o )du = 0" = 7 + 27 + C

u=(i+c’)1/3,c’=u3—1.andc’dz—3u du = 8

1= J P P J(——"s _f)(s“z)du = 3](1:‘ —h=h -3l +C

!|1+‘=‘
[(Fu=¢ +4, =u—4,and e dzr = du::»lzl"—rf‘idu=u—41nlul+01=

e +4—4ln|e® + 4| + €, = ¢® — 4In(e® + 4) + C, where C = C; + 4.
[[8lu =1+ sinz, sinz = u — 1, and coszdz = du =

u=Jz+_4,z'=u —4,a.nddz=2udu=>

I= Jsinu(Qu) du = 2fusinudu = 2sinu — 2u cosu + C{IP}
[8u = 4z, z = v*, and dz = 2udu =

I = [ue®(2u)du = 2[v®e" du = 2u%e” — due® + 4¢* + C {IP}.
Bu=z—1,dz = du =

2 2 2
I=J.u+1d=l -5 ‘5d=[—1 =5
1 u % l(u el 4u 1 b

i .
3(u ?'u + 16)%“ 2
u

A =2 ( -t = 4 4 0

[E]u=3z+4,z=%(u—4),a.n_ddz=§du=>I=J

1 -8 _ o -9 -10 =l 4 1l _ 16
ﬁI(u 8u™ + 16u )d'u_f.-{.( ;—:;-[-us m)+a

@u:cos:,—du?.sinzdz:}l:—J'u(u—l_l—)d “:T"’ du{PF}=

J(_ b s g )‘i“ = Injul — lﬂll —ul+ C= lnlcoszl In(1 —cosz) + C.
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2] « = sinz, du = coszdz =

1 1 ;
SN [ S e 1 = 3 3 =
I_L L= Ic—-———ju_2)(u+ldu._J[——2u_ +—Iu+:ldu{PF}_
ilnlu =2/ =4y + 1|+ C=4ln(2 — sinz) — jIn(sinz + 1) + C.
B3 u= ¢ du=e"dz =

- [ot Jemmern - [l s e -

lnlu— 1 —ilnfu + 1| + C=ilnle® — 1] — jln(e” + 1) + C.

24 u = €%, du:c’dz::.‘rI:J#.%"=Iu,{bldu=tan"lu+ C.

25 v« = sinz, du = cosz =
2 1
= 2sinz cosz o 2u d =2[[ 3 3 ]d PFY =
. Ism’z—zﬁnz-s’ Ju2—2u—8u |a—=a* v {FF]

$lnlu — 4| + glnli +2+ C=4n(4d —sinz) + 3In(sinz + 2) + C.

1 _1
[26] 4 = cosz, —du = sinzdz = I = —Ju(—s—l-_*_—-':jdu = —J{—% + Bﬁ]d‘u {PF} =
—élnlul‘ + éln[S + uI + 6= %ln(S + cosz) — Llnjcosz| + C.

- o 1 2 - . 5 —
@1:[24_ = -1+uzdu_J‘mdu{seel,mlﬂxercmel&w.ﬁ}—

14+« 1
2 1ap-12(e +9) = 24g-12ten(z/2) 41
™ F L™ =k
B1 = 1 2 =J 1 -
I .[3+2.1—u: 1+u,d‘u 2 md‘u
Lo tan(z:/2)
tanlu+ :2 =t + C.
B M
=J‘ 3" 2,dﬂ=fmdu;
g Infu + 1| + € = Injtan(z/2) + 1| + C.
=J_<‘ﬁ__d,_I Q—e)/Q+e?) 3
sinz + sinzcosz 2u . _2u 1 — s 1+ ud
T4t e L4eP
- 1—u = il w=11EL - =
_Ju(1+u2)+u(1-u)d"“.[_2_u dﬂ_QJ‘(—f v)du =
jlnjul — v’ + C = }In|tan(z/2)| — §tan’(z/2) + C.
= 1 o
J‘4<:oa=—331.|1zdz J4_1—u’__3. 2u 1+u2du
1-}-u2 1+u’

= 1 =-1 -
ilnfe + 2|+ C= -11n|2aan(z/2) — 1| + }Inftan(z/2) + 2| + C.
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P 1 o 2 d:J‘ 2 du
R ,l?u _G.leei+a o Ba- )

1+ u? 1+ w?

2 1 o ,

ﬁju +ﬁu-1d"‘]§l(u—ql.a)(u+]3)d

2 [| 43/4 _ 3/4 _1

J[ —ﬁ.:ldu{PF}_iln

u—ﬁl—%ln|u+ﬁl+ Cc=

{3l |u— f's x+ 3
$1n]ten (=/2) ~ ﬁ' — 3in|tan (z/2) + 13| + C.

e (1 s - [L+s* o _J’ 2 =
BE1= [ahte= [LE85. 2= oFoE=o"

1[4 + L] d PPy =Talt + ol —lall — ol + C =

14+
1
1+uI » 1 + tanjz
m|1——_u+c_1n-—l_m%=+c.
o el [0, 3 g " :
I_Jsinz _J- 24 1+u’du_f“ du =Injul + C lnltanizl-i—c
i1
1| =228 — [L—-cosx — Infl=_—cosz)/2 s o
|tan§zl—cos%‘|— l‘cosz;"[—l“(1+¢°s,) +C=
1 1 — cosz
7‘“(1 + cosz) +C
| 2
m‘U=3z,z=§u,andd:=%du=>l=f4;‘f~udu.

"
Using Formula 23 with ¢ = 2,1 = J4 + v’ —2In 2_"'_3& + C.

B v=43zz= u,anddr:‘du::»l:[ 1 du.
q‘; LE u12+u2

[ 2
Using Formula 27 with a = 42, [ = —ﬁln"mﬂ_i-_‘ﬁ’ + C.

B Using Formula 37 with ¢ = 4,1 = —Z(2® — 80) {16 — z° + 96sin™'Z + C.
8 : 4
@ v=25z=3uanddr=Ldu =1 =1 u’-ju’ — 16 du. Using Formula 40 with
2 2 8

a=4 -1 =%[g(zu’-w)lu’—16—321n|u+mqarc
=56 - 29)az? — 16 ~ 4Inf2z + Y4z* — 16| + C.

[6] Using Formula 54 with 2 = 2and b = —3,
I=Z(—92—4)2 -3 + 0= =&z + 42 — 39** + C.
[6] Using Formula 60 with a = 5, b = 2, and n = 2,
1= 2[#6 + 29" - 10[2{5 + 2z ds .

Using Formula 54 for the last integral yields (cont.)
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I =35 + 22°7 — 18 (62 — 10)5 + 297 ] + C

(5 + 20 *[42* — 4(6z = 10)| + C
= 1(5 + 22)°° (32 — 62+ 10) + C.
4 = 3z %d"u =dr=1= %J’s’mcu du, Using Formula 73 three times,

._.
It

%[—%sin"‘u cosu + %Isin‘udu:l
i > RO 5 ) PR | 3 = 2 d i
= —ggsin ucosu+;§[—,—,sm ucosu + 3[sin"u -u:l

5 3

= —ﬁ,sin uUCosu — .—,"‘;sin uCcosu + ;53 —-;sinu cosu + %u] + C
= —sin®ucosu — Fsin’u cosu — Ssinucosu + Fu + C.
1=, jdu=sdz=>1= 3J cos®udu. Using Formula 74 twice,
I = %[ﬁcos‘u sinu 4 g_[cosaudu] = I!Ocos‘u sinu + g':%coezu sinu + gj'cosudu:'

2

= s 2 . 4
= {g¢0s uSsInu + jgcos usSinu + 158111!‘ + C.

[0 Using Formula 78, I = —%cotz csc’z + %J'csczzdz = —%cotzmc’z — %cotz + C.
(0] Using Formula 81 with a = 5 and b = 3,1 = —0822 _ cos8zy

2 {
Using Formula 90, I = g”q—_lsin'l: + “T_zz + C.

3
[12] Using Formula 95 with n = 2,1 = %l:zs tan"'z — I z 5 d:c] =
1+ =

%33 tan™lz — %J.l: =% _:31] dz = %za tan~!z — %z’ + %ln(l +2%) + C
Using Formula 98 with a = —3 and b = 2,1 = 1—135-3‘(—3sin22 — 2cos2z) + C.
(14] Using Formula 101 with n = 5,1 = As°(6lnz — 1) + C.

PR 2
=l il e R s T J————Ja"u" du. Using Formula 115 with

5 _
s Y= l%u -+ %coa:‘l(a—§ u) + C = {5z — 9z% + gr.ms“1 5—_518’ + C.

‘u=‘ﬁr,1:=1u,anddz:'du=>I=J 1 du.
€ i u:(B/E)usu’
I _ ez
Using Formula 120 with ¢ = #’i,l = —m +C= -M+a

= I 3
TEN i =
17w = 2 Loy = =
1‘ ﬁz,mdﬂ—ldﬁﬁl—mjuz—:;!ﬁl.

onen

6=

Negating both sides of Formula 19 and using this formula with @ = {3 gives us

u— |3 — 1 . [{522 — |3
0 3:|+C—4‘!.1=51n4_5z2+43+0.

1=2%[ﬁ31n
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(8¢ =sinz, du = coszdz = | = jmdu.

Using Formula 39 with a = §,1 = %[ — 1 — Lin|u + #-1+c
[Qu=c"de=e"dr=1= [e"cos™ e" (") dz = [ucos'udu.

Using Formula 91, I = %(2142 -1) R S %(Wll =i ,u,z) +C

[20] Using Formula 86 (second form), I = (sin®z cos?z) + }[sin’z coszdz =
%(Sinsz cos’z) + %(é sin®z) + C = t%sina:z cos’z + ﬁsinaz + C.
[21] Using Formula 60 three times, I = %[:3(2 + 0 6P {2+ = d:]
=3}22 + 9™ - 3{3[21(2 +2* —4f{2+z dz:]} -

= 523(2 + ,,)3/2 _ %33(2 + z)a/z i %—5{5[2(2 + z)a” —2f P zdz]}
= §z3(2 s z)a/z ey %22(2 + z)ﬁ/? e 1_50%:(2 e 1‘)3,2 - g_rl,_g(z 0 z)a/z 3 c
= 535(352° — 602% + 06z — 128)(2 + 2)*/° + C. ,

N Py
[22] Using Formula 61, I = 7[% - 1—27J‘ ﬁ d::l. Using Formula 56,

I=-2V2—2+12[ (32 +37 + 82—z |+ C
=-2{2 -z — 8(32 + 32 + 82 —z + C.

- X _' 2sinzcosz 5, _ u
@u-smz,du-cos:dzﬁI_I4+gsinzdz—2j‘4+9udu.
Using Formula 47,1 = Z(4 + 9u — 4In|4 + 93]) + C.

234 u = secz, du = secztanzdz{%! = tanza!z} =

. 4+ 3u —2
u4+3uu' sing Formula 57, 2n~4+3u+2+

[25] Using Formula 58,I=2,9+2:+9‘[ 91 - .
N9 + 2z

|2

Using Formula 57, 1 = 2{0 + 2z + 3In N9+ 2z — 3 P

942z +3
[26] Note: 82% — 322> 0 & r>g>0,mm=zm.
Using Formula 54 with s = —3and b = 8,1 = [z2{—3 + 8zdz =
33524z + 6)(8z — 3)°/* + C = &4z + )8z = 3)*/* + C.

e & . —_ 2 = 3
Eu==z'",2= 4% and dr = 3u du:a»I_J-ﬂ(4+u)du.

i ith a = =11 = $in]H_
Using Formula 49 with e = 4and b = 1,1 = 4]n|4 T “l + C.
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= 2= - = |2 d=2I L__q
B8lu==z"% z= v? and dr = 2udu = [ JW" mu.

+

Using Formula 50, 1 = 2(—.L + $m[255) + 0= 4 + Juf % 4 ¢

[29] u = secz, du =sec:tan:dz{d7" = tan:d:} =

[30] u = cscz, du = —csczcotzd:{—T =cot:dz} =

4+w|16—u‘+c.

I 2
I= J.l‘;i__“. du. Using Formula 32,1 = {16 — 4 — 4In

du

2
(o J.‘f"‘ +C

1
2 B ——I du. Using Formula 35, I = ln
u:|4 -

[ 9.8 Raview Exercises |

m

- P r— dz. In the last integral, I;, z = sinf, dz = cosf df =
3 5]1— gral, I,
7

-2
I, = I sinf cosfdf = J'sinzﬂ 0 = lja — c0s26)df = (8 — sind cos8) + C
: ]coszﬂ z 2
= %(sin"lz — le - zz) + €. Thus, I = %zz sin™lz — -:-sin"lz + %:-jl o

A, u=sin" z,du=rdz,dv—zdz, v =}z

I £ ltan3zsec3z — [tan’3z sec3zdz = 1tan3z sec3z — [ (sec’ 3z — 1)sec3zdz =

21 = jtan3zsec3z + jIn|sec3z + tan3z| + C =
I = ltan3zsec3z + }ln(sec3z + tandz| + C.
= sec3z, du = 3sec3z tandzdz, dv = sec’3zdz, v = 3ta.n3z

é[ +=):| Jl+zdz—l:zlnl+z):| I[1—1+]dz—

[::ln(l T I R z)] —2In2 — 1 ~ 0.39.
0

A. u=ln(l+z‘),d’u=1
z=ﬁ,zz=z,and2zdz= dz =

1 A 1 1 1
I=2 * d =2[ ":' - J Fdz = ¥ =2,
Joze 2 ze i 2 oe £ 2[:: e]o 2

Al v=zdu=dsdv=edsyv=¢"

1 - -
+Idr, dv=dr,v=1x

u =sin2z jdu = cos2zdr = I = }[(1 — )P du=}u® — u® + C.
I= IB(I + cos ?,z)]2 dz = 1[(1 + 2c0s2z + cos?2z) dz =
AI[2 + 2cos2z + §(1 + cosdz) |dz = §z + Lsin2z + Fsindz + C.

I = [sec*z(secs tanz) dz = }sec’z + C.
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I = [sec®z(secz tanz)dr = lsecz + C.
3
9] z=5tanf, dr = 5sec?0 df =

=f5s“29 R | I N A W
(5sech)® 2 2 25 {2 + 25
T = 4sinf, dz = 4cosf df =

= dcosf — 2 — | . _416 -z’
= [(4sin0) (4cosa)” & i"b‘Im 0l = —ootl + O= =g+ G

[l z = 2sin ¥, dz = 2cosf df =

B J@_wwdo - 2] — sin’0 4o — 2J‘(csc8 — sinf) df

2sind sin

2 | 2
= 2[Inlcscf — cotbl + cosf | + C = 21n|# +{4-2+0C
=1 4 l,idu =zdz=I=3[v du= _2_11; + C.

2 +1 _4A B : e D
B =ttt eyt ey ™

2> + 1= A(z—1)* 4+ Bx(z — 1)> 4 Cx(z — 1) + D=.
z=1=>D=2andz=0= A= —1. Equatingz®terms:1 = A + B =
B =2,and z’ terms: 0 = —3A — 2B + G = C = 1. Thus,

. =J[:Il+z31+(=-11)2+(z—21)3]d’
=—1n|:l+2ln|z—l|—zil—ﬁ+}'{=
2m1:—1|—ln|z|—ﬁi+K.
m=%+%:i=u1+z’)+(m+6)z. z=0=1=A

Equating z terms: 0 = C, and 7% terms: 0 = A +B= B= -1

Thus, [= J[% + 1—1—’;{' dz = In|z| — %In(l -+ z’) + C.

3 2
1—20: —63z—108 _ A B Czt+ D
B S e F e — T3 743 740

= A(z + 8)(z* + 9) + B(z — 3)(z* + 9) + (Cz + D)(z — 3)(z + 3).
z=3=A=—-5andz= -3 = B=2 Equating z° terms:
A+ B+ C= C=4,and 2% terms: —20 =34 — 3B+ D= D = 1.

: - —5 2 ok il ) e Y
Thm,l_jl:z_3+m+3+xz+g]dr_

=5ln|z — 3| + 2In|z + 3| + 2In(z* + 9) + 3tan~'(z/3) + K.

= 7% — 202 — 63z — 198
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[6]u=z+ 2, and dz = du =

_ (=2 =1 (y_3 5 .
I-—JTdu_ e du:j-(u4_3u5)du=—§1-?+£‘_4+a

u
4+4z—:’=4—(22—4z+4)+4=8—(2—2)2;u==—2,du= dz =

I=J"+2 dﬂ:I k3 du+[ S du =
8 — u? 8 — u? ]8—1;2'
_(8—u3)1/,+2sin‘1f§+c= —J4+4:z'—z:’+2sin"'“'j_-8—2 + C.

[13]:’+6=+13=(z+3)2+4;u=z+3,du=dz=>I:Iﬁdu:

In(w +4) - $tan~'3 4 C= Jin( + 62+ 13) - Jran'2F 3 4 €

B :
[mu3=z+8;3u’au=dz=>1=Jl"3(3leu=3J[1+—53—8]du. ¥ —8=
B B -

(=2 +2u+4)=(u—2) (u+1)?+3] z=u+],dz=du=

» 8 e s _ﬂ‘z‘+ﬂ ”
I _3'[[14-(2_3)( +3):]d _3Id,+24j‘[’4_=__,, B e (pr)
=3z+2ln|z—3|—ln|z’+3|—f=5tan'lf5+6'

= 3(u+ 1) + 2lnlu — 2| — Infs? +2u+4l—%m-”‘7%-1 +C

= 3+ 8 + (s +8)° — 2] —In|(z + 8° + Az + 8/ + 4| -
RWNCE Y ) ek 2 S
{3 3
B0« = 2cosz + 3, —jdu = sinzdz = I = —}[1-du = —}lnju + C.
D1 & }e**sin3z — 3f ¢** cosBzdz B 1e**sin3z — %Bez’ cos 3z + %I] =
31 = 1¢*sin3z — Je**cosdz = [ = e?*(2sin3z — 3cosdz) + C.
A. u =sindz, du = 3cos3zdr, dv = ¥ dz, v = %eh
B. # = cosdz, du = —3sin3zdz, dv = e"fdz, v = %e”
E21 2 2 cos(Inz) + [sin(lnz)dz & z cos(lnz) + zsin(lnz) — [eos(inz)dr =
2 = zcos(lnz) + zsin(lnz) = I = iz[cosﬂnz) + sin(lnz)] + C.
A, u = cos(lnz), du = —Mdz, dv=dv=1

t1&}“—1‘)1:1:,c'l‘u: dz,v=1z

B. u =sin(lnz), du =
B3r = [sinz(1 — sin?z)coszdz = 1sin*z — %'sinsz + C.
I = I(csc’iiz —1)dz = —gcoth —z4 C.

Eﬂ‘u=4— =, —jdu=zdz=>1= —ﬂu-lndu# —yu + C.
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2
[’

= P) = A dy = Frac? _J 2 sec e

[26] 3z = 2tanf = z = 2tan¥; dr $sec’fdf = 1= @tan ) (2sec0) =

}Z-J‘cscﬂdﬁ = Linlescd — cotdl + € = }in —3—'19”2‘“-2l +C

1
I=J'|:r’—2z+3+%:|dz_”:z — %24 34 1 +?+—£:|dr
{PF} =3 — 2% + 32—} ]nlzl—ﬁ—-zraln|t+ 2| + C.
: 3z’ — 9z + 27 _I 3 3z—% -
@I_I[l+m]d:_ l:l-i-:s'f';r_’_—g]dz{PF} i
' z+ 3|z — 3| + §In(z* + 9) — $tan~*(z/3) + C.

B9 u==z"" u* =z and 2udu = dz =

= 2 — 1 e -1
I—Jual du_2lmdu_2tan v+ C.

u=z+5,du=dz=>I=J2(u u1§2+1d J.z';l:ogduz
- % 1 1
I(zuss 1°°)du—— 2 +993‘ 4+ 0= _§(1__—g) + C.
Bllu=¢e"du=¢e"dz=>1= Jsecudu:lnlsecu+tanu|+ (04
w= 12 }du= zdz = [tanudu = —ilnjcosu| + C.
2 2
3312 —3z* cos5z + }[ z cosbzdz & —1z%cosbz + %[}zsinfxz — 3Jsinbzdz | =
1z’ cos5z + Rz sinbz + cosbr + C =
s [102 sin 5z — (252* — 2)cosbz | + C-
A. w = 2%, du = 2zdz, dv = sinbzdzs, v = —3cosbz
B. u = z, du = dz, dv = cos5zdz, v = }sinbz
(41 = [(2sinz cosz)coszdz = 2 [cos’zsinzdr = —cos’zs + C.
B3 1 = [sinz(l — cos’z cos'’?zdr = 2cos’/’z = 3cos®’ %z + C.
7 3
(361 = [cos3zdz = isin3z + C.
Blu=c, du=c"de=1=[(1+ ) du=21+4""*+C
3
Bllu=4s + 25, Jdu=zde = 1=}[v " du=1" + C
8 8 s
[30] 2z = 5tanf or z = 3tand, dz = Jsec?d df =
2 ) 2
e J‘(“tan 8)*(3sec®s)
ey

5sec

df = %Im?é secfdf = %J (sec®0 — 1)secO df

= %[ }sech tanf + }lnlsecd + tand| — Infsectd + tanf| | + C\{Exam. 6, §9.1}

_ 925 Jaz £ 25 5, 1 {4 1 25
16 e B +6

.2z _ 2z
5 Sk

- _%[2:,]4; + 25 — 25In 44:5 + 25 + 2-1-')] + C
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Mz +82+25=(z+4)2+%u=2z+4, du=dz=

3("—4)+2 J.’Su—lﬂ 3 10, -11
I = du = ln 9 t C
J w49 W +9 " (u+ ) - o §+

=3n(s + 8z + 25) - Lian2F4 4

t = tanz, du = sec’zdz = [ = [u’du = §u° + C.
[2]1 = [sin?z(1 — sin’z)? coszdz
= [(sin’z — 2sin*z + sin®z)coszdz = }sin

[43]1 & _zescz+ Jesezdz = —zcsez + Infescz — cotz| + C.

3z — Zsin®z + 4sin"z + C
A. =z du = dz, dv = cot z csczdr, v = —cscz

]I = [(1 + 2esc2z + esc?2z) dz = z + Infesc 2z — cot2z| — Jeot2z + C.

(45] u

(46]1

8- —Jdu=Fdz=>1= —%Iulla du = —%u‘/s + C.
}z’(lnz)’ — [zlnzds

12 (Inz)? — i Inz + §{[zdz = 1 (ln2)* — iz lnz + 12 + C
A. v = (In2)? du = 2—2‘—"’&:, dv = zdz, v = 32°

1>

B. u=Ingz du=—}:—dz, dv = zdz, v = %z’

M:=4, 2 =nand2zds=ds =1 = j'zsinz(Zz)dé: 2 # sinzdz
14 2[:-—:2 cosz + 2f zcoszdz | & =22 cosz + 4[zsinz - ]'sinzdz] =
—22% cosz + 4zsinz + 4cosz + C = —2z cos{Z + 44Z sin T + 4cos{Z + C.

A. uw= 7, du = 22dz dv = sinzdz, v = —cosz
B. u = z, du = dz, dv = coszdz, v = sinz

u=(5— 39" z=}(5— 1), and dz = —Judu =
1= [46 — W) (u)(—3u)du = —3[(54® — v*) du = — 3o 4+ 248+ C

2 2
[49) « = e’,du:c’dz=>I=Jij_—::(e‘)dz=J.-l"?‘du=”:u—1+1

=1 —u+ )l +u+C

1
+udu

) R e - __1_ 1, =1
I_I4+(c,=),(c’)dz P it i R
BII = J-(za/z — 4 4 3, 1/2) " gzsn % gra/z + 6:1/2 +C
B2u= .ll +sinz, 4? = 1 + sinz, 2udu = coszdz, and cos’z = 1 — sin’z =

2 4
1—(P -1 =2 - 1= J'Z“—u_l@u)du:%ua—%us + C.
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B3 = Jlﬁ—z’,u’:16—:’.md—udu=zd==>

sz:lﬁ’-’i—zzzdz=Jm:"z(-—u)du=%us—16-u+C.
BHu=25 -9 —hdu=zds = [ = —&[-L du= —&lnp + C
1=”:z_1f_5 f{,dz{pr}_umwm Bl + 7]+ €
B8z —6z+18=(z—3)* +Qu=2—3,du=dzs =

1= 7[74—,du =Ttm'2 4 C

B71 2 ztan™' 5z — Il 5;5’,@_ ztan~ 5z — -—ln(l + 252%) + C.

A. u=tan” Sz,du._l-{_%sdt,dv—dz,u_z

B8l1 = j'[;(l - cuzs(iz:)]=z = 1[(1 — 2cos6z 4+ cos®6z) dz =

/[ — 2cos6z + 3(1 + cos122) |dr = §z — Fsin6z + Fgsin12z + C.
[B9] ¥ = tanz, du = sec’zdr = [ = feta"‘seczzd: = [e'du=¢"+ C
[60] v = 5:’,Ilodu =zdz=>1= j'sin(5:’)zd::= &/[sinudu = —fcosu + C.
T4s T2 Jésec’& 1
[61) {5z = {Ttanf or z = ,EtanG, dr = J;sec 0df =1 = J‘mdg'= :EIMHH
J7+5z .Ez
7 '
j-ghl“? + 527 + «ﬁzl + C, where C = C; — ;Il-.-slnﬁ.

+0C =.

= Ln|secd + tanf] + C, = -=In
tnlsecﬂ» 1+6,=+4

dz=In(z* + 4) + Jtan'f + C

3
I= 1—d
i J Fd T J:’ +4 _ 4
[63)1 = Jeot*z(esc?z — 1) dz = J'I:cot"z csc?z — cot?z(csc’z — 1)] dz

f[cot"z; csc?z — cot?z csc®z + csc’z — l:ld:

= _—%cotﬁz + %cotaz — cotz — z 4+ C.
[64]1 =._j'c9t‘_z(qotz cscz) dz = —%.cotsz + C
[65] v = «Ir’ — 25, 9% + 25 = 2%, and udu = zdz =

I=[(s*+ 25)(n) udu = }v° + Z+* + C.
[B8)u = cosz, —du = sinzds = 1 = —[10"du = — 05 + .
671 = {z® — 1tanh4z + C.
[68]1 A s ginhz — [sinhzdz = zsinhz — coshz + C.
A. u =z, du = dz, dv = coshzdr, v = sinhz
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[69] 1 A —%:2 eTim 4 %J’ ze 454z B —al-zz P PR %[—%u"‘ R %_[ e ¥dr | =

12-4:_& ~4=_L—4g
—37°e 5T€ 53¢ + C.
—4z

A, u=17, du = 2zdx, dv = ¢ *"ds, v = —1de
Bus=gnds=dsdv= e ¥dsv= -—%c"’
[ u=* +1,2° = u* = 1, and §udu.= z’dz:»l:j'ramz’dzz
J (@ = 1)(w) Bu)du =3[ (a* — v*)du = Zo® — 3u® + C.
[ 11 = 10z = 2° = 11 = (2* + 10z + 25) + 256 = 36 — (z + 5)°.

u

o _ . 3 — aen-lu
u—z+5,du—dz=:>I_J:’6—z_—a2du—35m 6+C'
@1 = [(1227 + 7r%)dz = 12Iniz| — %5 + @ ‘
@31 = [sinTzde = —%cos7z + C.
@1 = [e'd"*" dz = e[ 5zdr = L2 + C.
-9 18 —5
J[z_1+z_2+z_3:|dz{P-F}

= —9lnlz — 1| + 18lalz — 2| — 5lnlz — 3| + C.

@Il

78] + = 4sinf, dr = 4cosfdf = I = |.—4co8f g9 — 1J 1940 =
Al £, S soe l(4sin0)‘(4cosa) 256 <

755/ (cot?d + 1)esc®0 df = ﬁ[—%cotaa — cot 9] +C=

(16 — rn)ﬂll _ (18-~ 1:2)'1'/z
768z° 256z

_T&écot.sﬂ - E%écow + C= = + C.

[@@1 = [P coszdz + [coszdz =1, + Ip. I £ 2sinz — 3] 2*sinzdz &
sinz — 3[—:2cosz: -+ 2_['rcoe1:dz:| = 2%sinz + 3z’ cosz — 6 z coszdz =
zsinz + 32%cosz — GE:sinz - j'sinzdz:l =
sinz + 37°cost — 6z sinz — Gcosz + C. Thus, I = L +1, =
2sinz + 3z°cost — Bzrsinz — 6cosz + sinz + C.
A u= 2% du = 32°dz, dv = coszdz, v = sinz
B. u = 7%, du = 2zdz, dv = sinzdz, v = —cosz
C. # = z, du = dz, dv = coszdz, v = sinz
Ble=z—3, di=dz=1=[u(u+4)du=13u*+ 5+ C

[79) 2z = 3sinfor z = 2sind, dz = $cosf df =

o [(3;?52(%c039)d0 = 2Icot’0M - 2[((?3(:20 —1)df = —2cotd — 20 + C
2
2
Bt = — 2% 4 C
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= 4 1 -
BO1 = J[H =it 3F]4z{pp} =

4lu]2+3|+ﬁ3—;}_—3+0.

BT = [(25 — 10cot 3z + cot?3z) dz

= [(25 — 10cot 3z + csc?3z — 1) dz = 24z — Y1nsin3z| — Jecot3z + C.
B2e=1z -+-5.§du—zd:|::>1—Huw4 =§u7/‘+ G
@ﬂ='\r,u =z, and 41° du = dz =

1=I,(++u) 4J(—mdu_4l[—,lz-+':li+u+ldu{PF}_

—tlnj—4 +4hafp + 1]+ C= —lnz—ﬁ +4hh(Yz +1) + C

B = _I'zsecz‘lzdz'é iztan4z — iftan4zdz = iztandz + Llnlcos4z| + C.

A. u =z, du = dz, dv = sec’4zdz, v = %tan4r.

.

B5u=1+ cosz, —du=sin=d==>l=—ju'”zdu=—2ﬁ+0.

B = [

dz {PF} = 3In(z® + 4) + Inlz — 2| + C.
2

A z A | 1 z l,. -1z
811 & - 1 it = — htin1Z + G
BT T 2J Bro T B4 10 5

A wu=zdu=dr dv= —E——dr 1= ——0©L
AR it i T T

[B8]1 = [sin*z(1 — sin’z)coszdz = sin®z — isin"z + C.

[BI1 = [(sec’z — 1)tanz seczdzr = iseciz — secz + C.
BOu=4+92 Ldu=zcde=I=%[v " du=}u+0C

z—3 2z
- A d - - d J d
Bor = ”: +5+m] RAREY= TJ B 3J +4I+ Dk

= ]%tan—‘-f? —3tan ' Z 4 (22 +9) + C.
B2 v = 1 + cosgz, —du:sinz:dz:l——_]"u'sziu--'2 =+ G
B3I = [(2® — 4z + 4:’1)12!::- —922% + 4ln)z| + C.
BAI = [(csc’z — 1)csczdz = [(esc®z — cscr)dz =
—}csczcotz + Jlnfescz — cotz| — Inlescz — cotz| + € {see Exercise 21, §9.1} =

—jesczcotz — jlnfescz — cotz| 4+ C.
. Ll S L
A.u:lnr,duz?dz,dv_z dz.v:ésh

B8] v = /% 4 = z, and 3% du = dr =
o5
Ju L (34) du = 3[ ¥ = 3J

WP+t +® + 3 + 3u+3nu— 1+ C

I

du

-1
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u=(2c+3)"° 2= }(u® — 3), and dr = Ju? du =

u

103 _ 2\2
I= —4(15 3) $u)du =3 u7—6u*+9u)du=3u3—9u5+27u’+0.
2 8 64 20 16

[B81 = J(tanz — %ig':f) dz = J(tanz - 1—-—?&%—&) dz
= [(tanz — secz + cosz) dz = In|secz| — In|secz + tanz| + sinz + C.
M:=24dz=zdz=> 1= %_[zc‘dzé%zc‘ —i[edz+ C=
je* — 3¢° + C= 17 A %c(rz) + C= %c(ﬂ)(::a -1+ C.
A v=zsdu=dzdv=¢edyv= ¢
t=z+ 1, du=dz=1=[(u+1) %y = [(u'? + 26" + 0% du =

ilﬁuls-""éu“‘";'liuil"'c-



Chapter 10: Indeterminate Forms and Improper Integrals

Note: Let L denote the indicated limit, and DNE denote does not ezist. The notation

{3} or {$} indicates the form of the limit, and that L’Hépital’s rule was applied

to obtain the next limit, as opposed to a simplification of the limit.

0 — Jim co82 1 0y — 13 IR I
L{E}_:IE{!OZ —~9 EL{O _Ihj'nﬂm_l_sl
1 -1/2
0y — i(z—-1) 1/4 _ 1
B g =Bt =y i
@A L{}=1 =k =12
{3} =Y 47 i
0y — 1 4z —5 _ 3 - 204+ 2 _ 4 _ 4
B L{§}=limyz—%=13 B L{§}= hmﬁ =1 =
1oas®i G0 _4—=104+6_ 0 _
ARl = o T _ Rl = == al
- cosz — 1 sinz _ _ _1 A |
@ L{a} JHP“E—{ }_=l—‘°2sec z,tanz 2=h e S
oL {3 }—hmlc&r —co, since (cos£) — 1 and (1 — sec’z) — 0~ as z— 0.
0y — i =& _ =1 _ _1
INIERE }"'J‘-'.“n o= {6}—=h-'I‘o E 2 2

.L{ }—z—io"’ 3z’ {5}_ -vO*T——

since (—e* )—v'-—l and (62) — 0% as z — 0%.

im L= - 1 a1
DL (§} = Jim L5992 (§) = Jim 802 {§} = Jim %% =3
—cosz _ 0 __
ML {3} = lim =z = & =

[[5] L = oo, since (cos?z) — 0* and (1 + sinz) — 2 as z—§.

[[8] L = oo, since (cosz) —1 and (z) — 0% as z—0%.

0] — : secztanz _ 1 o |
@ {} B i e o Bl

1/z

ML{g} = hm—/r— lim (-sinz-ﬂ;ﬁ)=o-1=o G

z— o0+ —csc’z z—+0

Note: No distinction is made between co and —oo for use in L’Hépital’s rule.

2 2z _ = 53 g 1/z .1
LI {8 }=1 7" hm 222 =c0 [201L{Z} hmT'_ll.mwi?—o
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cos z/Sln z . coszsin2z _
EOL{g}= hm+ 2 cos 2z/sin 2z ,l_l.nga—?.cos 2zsinz

lim (cosz)(2sinzcosz) .. cos?z
z—0+ 2cos2zsinz

E@L{l) = lim & +c”’—?cmz{g} 2

£—0 T COSZ + SInz

e” — e™" 4 2sinz -

lim : =z =
—=0—ZSINT + cOST + coszT 2

EL{3) =i, LE=D 1o

[25] L = oo, since (z cosz + ¢ ) — 1 and (z?) — 0% as z — 0.

[26] L = oo, since (2¢* — 3z — ¢~*) — 1 and (z*) = 0™ as z— 0.

= 4z 4 3 .
ROL {8} = lim im 157 1 (8} = lim i5=5

EL{g) = tim 412} = tim $2 (%) = ln § =]

RIL{g} = 1+11'}’=oo,smce(1+lnr)—tooand(l+1/z-)-tlasr—too

1
BOL{g}= lim ?’T= lim 376 = o0

[31] Let n be an integer > 0. After n applications of L’Hopital’s rule, L = zlgxgo :i,' = 0.

[32] L = oco. The fraction is the reciprocal of the fraction in Exercise 31.

i 1
EIIL{3) =1 +2((=—2)) ,1-‘.“£+mz——'ﬁ =

since [2(z — 1)(z — 2)| — 0" as z— 2%

-L{ } = llm 2sinz cosz — 2sinz i
—2c0szsinz — z¢0sz — sinz

2c082z — 2¢c0oS T T |

sin2z — 2sing 0 s
r—0—sin2z — zcosz — sinz{a} h—‘»"o—Qcos?: — 2cosz + zsinz  —4 0
BEIL (3) = i 2/41“‘” =2
- 1/(z1n=)_ % =
- BT} = M= =
ta.nz—smr _ sinz — sinz cosz _ cosz
&7 HIyi 3 tan =% ° sinz rh‘l'nﬂ {8}
et Y3 sin z e coszT
- Jim SF (8) = Jim, 525,
The last limit DNE since the left-hand and right-hand limits do not agree.
L=Si =9 BIL=§=0=3
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AL {2}= lim -=+=’=nm' 2 (4} =

z—02coszsinz =0 sm?z

et M R (M
z—=0 2co82z 2
lim 42 — 32" — 6z 4+ 5
AL
DL (3} = -'14:: — 152° 4 18z — {}
12z—62—6{}_ 242—6=1_8=_3
s1121° — 30z + 18 LY 7
isia 4z° + 32° — 6z — 1 lim 122° + 6z — 6
L = = —
Az + 66
@ {3} ENS — 152" + 18z — {6} L rw 30z + 18

. 122% + 6z — 6
B 6l = DB =3)

" The last limit DNE since the left-hand and right-hand limits do not agree.

|
1+2 _ ;o Oy
-L{ }— h Ozcosl"*"Slnz_‘h‘r'no(l +22)(Icm=+5in=){ﬁ}'—
lim 2z =l
==02z(z cosz + sinz) + (1 + z°)(—zsinz + cosz + cosz) =2
—_
B =3g=0
3 1/2
+5 3/(4~f—) 3
ML {% }_llbnéol-l-lnz{}—:—bco 1/z Zh-inr =
1/2
r(l—zz) + sin!z
mL {3} = IO
i 4= z°)""’ B0 -+ -H L g3
0 sinz i 0] — ;:3)3/2 sinz

The last limit DNE since the left-hand and right-hand limits do not agree.

[@7]L = co, since lim tan~'z = 3

@8 tanz _ 4.0 tan%z — sinz sin2z _ Sm’(%‘n”m‘”) 2sinzz.

cot2z — €oSz cOS2T  COSZ COS2T cos 2z
Thus, as z— §-, L = _ll =2
o 4+ 1/z 1863 — 1/2% ,
4911 {&} = llmm{a} L B e {8} =
. B4 428 _ . 2 _
R T s NS

[B0] Let u = 1/z.

'—1/8 —u
Then, lim ¢7— = lim £
:—'0+

Rl ot (s
Jim l/u {€} = lim ?_0.

lim
u—¥0o0 t—oco

el

L = gli_'mw(l - Q:—z) =1—0 = 1. Note: If we apply L’Hdpital’s rule we find that
L = lim (1 + sinz) and DNE. For L'Hépital’s rule to apply,

this limit must exist or equal £ co. Thus, L'Hépital’s rule does not apply.
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B2 (8) = i, L4511 () = lip 2 = oo

B3] Let f(z) = In(tans + cosz) £(107Y) ~ 0.9129, £(10~2) ~ 0.9901,
In(z* + 1)

£(1073%) ~ 0.9990, f(107%) ~ 0.9999. We predict that hm f@) =

tan? (sin =1 1)

B Let flz) = 1 —cos[ln(1l + z)]
F(107%) = 2.2256, £(107?) = 2.0202, f(10~3) ~ 2.0020, f(10~*) = 2.0002.
f(—107") = 1.8215, f(—10"%) = 1.9802, f(—10"%) ~ 1.9980, f(—10~*) ~ 1.9998.

We predict that rli_r.n(J f(z) = 2

=kt/m s =kt/m .
11—
[55) hm ut) = klgﬁ%_z {2} ',,‘_‘.“J+_g(”_1—) s mg(,,i,) e
gt2,\1/2
BE lim, o)= lim ﬁ‘ﬂf—i{g}ugam,ﬁ}
= PenhGRER TR L Gotath R o)
T 1 T ot (ik)l 2 [
m
(2‘:) sech? (& lc)l/z 1(7%13)'5/2 s
= =h™" 5

o S 2ee /2| 1. — 1,42
= lim [G)sech®(58""] = Je = o

o . Aw’(coswi — coswyl
BT tim s = Xim 29X of) 9y

w=wy Wt wp wg -— wn
= 7 Aw’(—tsin wi) + 2Aw(cos wt — coswyt)
= U-l'rl(lﬂo —2w )

. Aw(—1sin wi) + 2A(coswt — coswpyi)

u—’uo —

= JAw,t sinwgt,

which can be made arbitrarily large for large values of .

That is, the resulting oscillations increase in magnitude.
K T |
-!llbool.l.cg _1+0_K’
the population will attain the carrying capacity over a long period of time.
Ky(0)e™
t) = hm T SHS———, T 2} =
fim o ) K = 4(0) K-'aoy(O)e" +[K - y(())] (&)

®1 4+
y(o) rt
MO = e

the population will grow exponentially if the carrying capacity is unbounded.
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i aee . SU(E) (sinz)/z
lz):g:’(a)L{ﬁ}_z—m T =y = Jim B3E =1
sinz
o L —~1 .4, _ . (zcosz —sinz)/z
®) L {3} = T0 352 (s} = Jim, 6z
1 zcos:r-—sinz{g}_lhm—zsin:=_l umgin_::=_j,8(1)__
6z—0 35 07 7 Gzo0 337 I8zm0 2 1 18
. 0y — 1 C'(z) _ . e l
@ @) 1 (3) = Jip, S = figcon? = 1
o C'(z) =1 cosz® — 1 oy — —2z sinz® _
O L) =t =g = M T B =R Ty
sinz® _ R |
B :.!l—l»no e _llﬂ(l) = 10

[61] C(z) = J cos (u?) du. Let f(z) = cos(z?).
Then, C(}) »~
= MO0 1(0) + 47(%) + 2/(3) + 4(B) + F&)]

~ 25(11.9953) ~ 0.2499. Similazly, C(3) ~ 0.4969,
C(3) ~ 0.7266, and C(1) ~ 0.9045.

=Y

Figure 61
BV = ()P da Let fla) = [P
VS = ()18 £(0) + 47(3) + 2/Q) + 4/(3) + )]
~ 5[ 0)? + 4 0.2499)% + 2(0. 4969)’ + 4(0. 7266)’ + (0.9045)% | » 0.9617
(63 im, K’n g ..I-i.“ll[nt’:l1]l = Jim ES1 (3 =

+1 z
lim ZL.I_.I!L! = lnz=J Tt
1

n— -1
(+2) 2
f(z) I’ dt gt B g B
-‘_,m—s = —"1—(, {8}= =1i.m°° 2“u.(=§) = lim 5. =0

Note: As in §10.1, the notation {3} or {2} indicates the form of the limit and that
L'Hépital’s rule was applied to obtain the next limit. We have also included the
notations {0-c0}, {0°}, {c0®}, {1°}, and {co — co} to indicate the form

of the limit.
lnr ] — . / - 3 e a—
@ L{0-c0} = lim BZ (g} = lim 205 = tim (-5 =0
= lim |lnsinz = cosz/sinz _
@ L {o0-0} 4(,/2)- “cotz } ,_,(,r,,)— —eacdr

lim _(—coszsinz) = 0
z—+(x/2) '
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1= i B =L & = S 08 = el
[3] L{m 0}—=l£bmeo c(5:2) {g} —9131202_(:5'2)_91%;_!2_)_0
: 1/1 fen . 1/=
@ L {co: 0}_11m ﬁ—{}—tﬁuﬁi)—=’[§nwe = =1
B L=1-0=0 6 L=, since:li'x_x_xmta'.n'lz; -5
i cos z/sin z ; d
L{0-c0} = 0+h§;ssélf{ }‘zl_l.u+_—m£;—*m=’hm (—sinz) =0
— tan"'z /(1 + &
L{cc-0} = llmm 7z {8} = _.w—/(‘/T) ,li.wrﬁ{ 8l =
= 1=1
:-Docr z=—b 00
- lim sm(l/z) (—I/zn)cos(llz) e s
; . i DO e 1Yz T
10 L {o eo}-— zllbmeo?- {8} = zlibmco e* —:llbmoore‘ =
[AL=0-1=0 0ZL = (cos0)’*! = (1)! =1

Jim (1 + L)% is of the form 1%.

Let y = (1 +—1i=)5= and hence Iny = 5z1n(1 +-1—) lim lny{co-0} =

n(1+1) , (-YB/Qa+L)_ . s _
o s = m—l/(Sz)_—"'l'l"r%"1+—1——5

T
Thus, hm Iny = In lim y=5=>’li’m Y=

(14] llm (e + 32:)1/‘ is of the form 1%°. y = (&* + 3:)1/’

z=0t

=0
=1 y=%ln(c’ + 3z).
lim Iny{c0-0} = lim l‘lﬁ.‘_"'_s"){}_l e -
z—0t =0

3 o o3
+3 = 4. Thus, L = ¢".

1i!1;+(e’ — 1)® is of the form 0°. y = (¢ — 1)° = lny = zln(e” — 1)
T

lim Iny{0-00} = im, ln(e 1){ 2} = lim ge=n.,

=0t =m0t —1/7
2,z 2
_z é (1 . c —226 o 1 b - e
’]_1’1%4. Fs-1l8)= ,1—1?3+ e e =1-1»nol+( 7 S =0
Thus, L = &° = 1.
O = zF = = IAQ g} = 1/:
[d6ly = z =>lny—.zlnr hm lny{ﬂ 00} gl_l.ﬂ;+1/z{5}_=_.o+ 1/:

lim (—2z) = 0. Thus,L = ¢° = 1.
z—+ot

:li.mu0 /% is of the form 00®. y = 2/* = Iny = L nz

Jim lny{0-c0} = lim B2 {2} = lim X2 0. Thus, L= = 1.

Famd--]
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2
BOL {e0-0} = tim, S g0y = i Y+

tan 2z s—+0+ 2sec’ 2z
. S .

o G
=l£0mco(1n2)a 9
- . 2 e : =8 —-—
@Smcexh_lpocot z = oo and Jl_r’noe =1, Li=05:
[34] Since ==li’mw-lzfz + 4 = oo and sli.n}” tan'z=§, L = oo

(35 L has the form 1%, y = (1 + cos2)™@"* = lny = tanzln(1 + cosz).

; 4 ; In(1 +cosz) gy _
s gelngfeect) = Ml SSmm =il s
S L JRETE O Y
=—(x/2) —cscz o |

[36] L has the form 1%, y=(1+ az)b/" = lny = —Lb;-ln(l + az).

: bln(1 + . o
rl_l’nc:;ﬂ_lny{oo'O} = =1_’-P:]1+’1Lz_m {3} =‘E'u;+1 -t}’-aa.z = ba. Thus, L = €.
= 4(r—1)
-L{ ke I:(z— DNEz+3) E=DE+3)

Km —3z + 4
. =y (=)

The last limit equals co since it increases without bound as z— —3-.

L{°°—°°}=,1me|:(\|z“+5z’+ —zﬂ).J’ + 52 +3+=:|

4 4 52% 4+ 3 + 57

2
im 5z + 3 -1 5z°/z + 3/
(Jz + 522 +3+::) ’En""(.Jz‘/z + 522 /7% + 3/: +:’/z)‘
540 5

T AT Rl ~ 2
[39] L has the form 1°°. v=(z+ cosQ::)csca’ = lny = cse3zIn(z + cos2x).

- In(z + cos2z) = 1 — 2sin2z
hm Iny-{oo = ,!_,,,4- sin 3z { = ,1324- T + cos2r 3 3:
1.1=1 Thus L = e
cosSr 07 — : =3sindz _ 3 _ _
HED {os-0) = LY vt Bl
L {0 — o} = lim sinh - factor out the fastest growing function }
=00 " sinhz
= = T —
= hm sinhz {smcc ll’mw smhz{ } rll’mw i 0} = 00

e 4z + 3 s 4243 1 4
2L {0 — o} = llm ln3 = ln:ll'mwa—-z_‘_ r ln3
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From the figure, ,lil.no f(z) = L

24 [y

05T

Figure 43 Figure 44

=Y

From the figure, lim f(z) ~ 0.61.
[45] (a) f(z) = 7% = c(l/’)ln’ = fi(z) = c(l/z)ln ’(55 - %lnz) =

%-,en/’)m’(l' —Inz). fi(z) =0=z=-c f(z)>00n(0,e)and
f'(£) < 0on (e c0) = fle) = ¢/° & 14disa LMAX. y=2/" =

S 1T . lnz__ . 1/2 . 3.
Iny = = lnzand:lj‘xg+1—_ 0. Hence,:l_l’n;*z _’ll’l:gwe =0.

(b) From.Exercise 17, Eli_ao /%= Thus, y = 1 is a horizontal asymptote.

(¢) Note: 'E['hexe are Plat z 2 0.58 and z =~ 4.37.
3 ‘ [

Figure 45 Figure 46
[@6](a) flz) = 2" = =" = fi@) =M (1 + Inz). fi(z) =0atz= ¢! ~ 0.37.
fi(z) <0 on (0, &) and f'(z) > 0 on (™}, o) =
(&) = ¢/ ~ 0.69 isa LMIN. From Exercise 16, :l_i:g+ =1
(b) ,li.néo z* = co. Theré are no horizontal asymptotes.

1/= 1/=
@y = (L) =y = 2} + 579 Jim Iy {c0-0} =

1/z 1/z '
G ln[%(a + b )]{n}_ e [ =2 2 P TP Y
oo 1/z 0 = e9e | T T JI7F /e —942

= }(n a+ Ind) = }In(ab) = In(aB)"/* = In Yab. Thus, L = "V = 5.
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MBly=0+p™ =>hy=mh(l+5).

; ; . iln(l+ 4 .
mh—rbnuolny{m'u} =ml!-l~;1'lo-oM {g} = mh}?w[ m, r/m :] m

A+H)
Thus, the principal after ¢ years is Pe™".

-ll/m

. — 1 ﬂ_l—e - S
Bt o) = Jim § L= () = i, ey

Since g is a constant, v(f) is approximately proportional to t for large m.

Note: C denotes that the integral converges, D denotes that it diverges.
I O P —1/8)t _ " 1
1= !l_l.ngoj‘lz #s = lim [-3:77] = (—3)'1_1;9”[-aw - 1] .
—300—1) =3%C
0
o 8 o AN o | 8 fiy 1 0 O () . e 1
® 1= o[-0 e [l = ([ - i)

=—j(1-0)=—5C

X ' _ay4 ; 1747 ’ 1/4
B 1= [ b= i 1 = )i (4 - D = oD
1
= 1 z _ T 1 20 1y 2 o,
@ I—‘E'Ir;ojomh_tg.r&[iln(l+z)]o_itl_l'n;[ln(l+t)—0:]—°°,D
2
e 1 — 1 . - 5 B e 1 - o e
[E I—‘llrllm‘['s—__—ﬁdz—‘_l}lzlm[ 2111'5 25!]‘—‘_13{!_1“(2111“ 2}')—@,1)
0 3
s 3 z : z s
B 1=t [ tgiet fim [ Ege=
i w[ tan™' iz ’] + hm[t:a.n"”2 =i0-H+i3-0=0C
— 0 -9z 5 s 1,-2=]" _ _1 -2t .
=i [ i = i [~he]) = fim -0 =
—-j0-1)=4%¢C
o 0: :0 O t ‘
I:tkrfwj"e dz = llmmg ‘=‘l_!'ng°(1—c)=l—0=l;c

-1
Q —_ 1 —3 — H 1 -l_ 1 i l —
I_‘l@“L z dz_‘L_m[_z,—] e -Q'_lww[l_(—t.i)]_

T /8w 2/8]F. e
I—'lj‘mJ.(z-i-l) z_‘l_l’ngo[g(z+1) c,—gllm

t—+oo
: D
. T ) -2/3 : 17370 4 1/3
01 _.'_1}:5&['(1_3) de= lim [3(:— 8] =3 tim_[-2 - (: — 8)/*]
=o0; D

t
v e z T . s S I )
121 :hJ& J'l a+ Iz)zdr = ,h_,“&,': = _'_"2):| = "'2'(0 = i) =9 C
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1
-— cosz . 8 —1p.0 b =174
@31 tl_’mJ' mdr = ,1.3.5’&, [ta.n (sm::)]o — 'h_zrgo [tan (sint) — 0].

This limit DNE since lim sint DNE. D
2
— 1 -1
1= [k =t ] = 45 - 8] = %
0
(5] = lim J e dz + lxm J. ze% dz =
0
s [T [T = -0l -n =0

t
O8I = lim 2 cos ?rdzr {even integrand } = 211_i'ng°[§(z: + %sian):L =00, D

t t 1 s ]
[I8]1 = lim L 21 dz = lim L[rz—l—z_:l:]{PF}dz=

¢ — 1 t=

. i
-:E%Blnl: -1 = -}zln|: s 1[:]3

Il
-
=

8

L
=]
)
|
s
M
) )

Il

poI—
poy
=)

|

g5
Bl

N

Il
RO

=3

g

Q

i ‘ . 1 t L . i3
a9 = 'l_l.ngo Jo coszdz = 'l_gt;o[sm t:lo = tl_l.néasm 3
THhis limit DNE since the sine function oscillates between +1 and —1. D
= - g x/2 /2
S :l'ulloo [

‘sin2zdr = lim [—%cos 2z = -1 lim [1 - cos2t:| =
4 : t——o0 N 2t -0

DNE; D

t
I =2lim J’ sech zdr { even integrand }
s}

t—co
= 2'l_i'ng°|:tan“l (sinh :t)]; {Formula 107 or 8.3.42} = 2(} — 0) = =; C
= ¢ ] O -z -z |t = . -1 e [
@I—ch dz_‘gnég[—ze —e ]a‘{IP}—('I_l‘ngoc—, - )—(0—1)_1,0

Note: lim z-—: = 0 {10.1.31} is used often, without mention, from this point on.

-+ o0
—op 0
-1 :|t -
~ Inf2l —Infll = n2; C

3l It
]:oo;D
1

o e PTG 2 _ e (z—3)
‘—,’.‘.“.:J m,‘m]"‘{"”—,‘&&[‘“|m

e
0 1 2 l z
J’, Tag=1 a'z{PF}:llzr_x_x&[nz

—=3(0 = 1) = 3 = I converges by (i).

1 1 g . [ 1/3]*_
@OSWSWOB[Z’m)MdJ;I dz = lim |3z 00

I diverges by (ii).
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o0
270 < % < ThL:on (2, o) andj ':lt‘ dz = ‘l_i'm [ln]z[]; = oo => I diverges by (ii).
; 5 L2

—z2 -z o - w13 —:'__ —I_L
280<e™ < on[l.oo),a.ndLe d”_.l_l.“o’o[-’ l_o-a-e == =
I converges by (i).
0
29](2) A = J —%—dr = ‘lim [ln lz]]: = oco. Not possible.
1 hes
i % - ®r1\2 _ 2 17 _
(b) Using disks, V = -xL (‘T;‘) dz = Trl-lonéo [—?]1 = —7(0=1)=m.
-} t
[(30](a) 4 = L 7%— dz = ‘lirxgq[2ﬁ]l = o0. Not possible,
o0
o it 7 t 5
(b) Using disks, V = WL (Tz') dz = 7r‘l_1‘n<x’°[ln|:|]1 = 0. Not possible.

T . T BT T 7. | O
(a)A-Lz dz—‘l_l'ngo[ 2z :L— 200 - 3) =L

(E]

o0
(t) Using disks, V= =~ (/s = = Jim [~47], = 30 - ) =

oo
»

I Rt T /3]t _ x
B2](e) A = L T dz = ‘l_x.t%o [3: ]8 = oco. Not possible.

~

(b Uisiog diaks; V= nr’ (2% ds = = lim [~8:777, = —3x0 — B
8 ) oo

I
Qg
3

o«
[33] Using shells, V = I
0

t
Bds = ‘l_i'n;:LZI e 1+ ¢ ¥dr. u=¢e, —du=c"dz =

t
2rze 2 dr = lim J
=

g2 . _=7t
2xze " dz = lim [—we ’:] = .
@ Jp t— oo " [}

0 1
S=——21rJ' 1+u2du=21r[% 1+u2+%ln|u+‘ll+u2‘]n{Formu1321}=
. ]
. ({2 + (1 + VD) ~ 7.21.
[35] (2) See Exercise 29(b).

A - ;
(b) Using shells, V = [ 21r::%dz = lim J 2rdr = 13’11;[21:]1 = . No.

o0 (=]
(c) s:L el J1 4 (—1)%d: = L 2rd 1+ L

27 . 2x | e B
o<+ ;-‘-a.ndL ?a_‘gn;o[zrln|z|]l = o0 = S DNE.
[38] (a) [§° R(f)dt represents the total amount of fuel (in grams) that can be burned.
P
(b) Never, since R(1) > 0 for all 1. Note: 7]_1{:\ J. mke ™  dt = m =
=)o
the fuel is not used in any finite amount of time.

o Ik 525 lim
IfF(z)—;—,,then W=J fi =‘_‘m[ k] —K0 —1) = k.

1
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. [ —=kg kg kq kT
W=J dr = lim | ——— =
RN il SR e |
kg + kg _  —4kqd

a—3d a+3d 4d® -4

. Note: f(z) <0 on [g, ) = W<O.

-]
B3 (a) R() = ¥ = R'(1) = —ke™**. Average time = I (=) R(1)dt =
0

(=)
-k g = - : Liz
[riam g4l oo - - ]+ -4

(b) If it is possible, then R(f) = o SN R = —

TH1 Average time =

R
[ ‘(T:'l—)zdiz-[:[ﬁ m]at{w} = iz [infe + 11 + 5]’

= co. This is a contradiction since it indicates that the average repair time is

unbounded. Thus, it is not possible.

o
(@0 (a) f({) = 12,000 and T = 20 = A = I 12,000 dt = lim, 2o °8‘:|m
= 150,000¢™-® ~ $30,284.48.

o0
(b) f(1) = 12,000e°%% and T =20 = A = J (12,000¢0-04%)¢=0-08% gt —
20
J 12,0006 g1 = lim [552e7004]" = 300,000 » $134,708.69.
20 >
A z —az?|t | (% _¢¢2 = = —az?
(a)I_-ll_g.zé[—ﬁe o+727t,[ dr = 0+Ta] e dz.

1 1 R
¥ = ﬁz,ﬁ-du.: dz= 1= WIO e " du.
a

A.u =z, du = dz, dv = 26" dz, v = -ﬁe"“’
=-mu2/(2kT 3
) [t V1 m o —dn Fm1m o=k -GP)
2951
- B = i o —acossz+ssmsz)
@FC[‘ "]:Jo ez coss:d:r:il_:.m |: ( TE R ] {IP} = +’z
-]
@ = [ e @ = Jim [+ = -Fe-n =450

B L = [ e () (1P} = lim [-255 - ST] = —ho -1 = 3,450

ik i —3z = v g""’(—,qcos;-}-SlnI) —
(5] L [cosa] = j ¢ (cos ) dz {IP} ~,‘1.";[ £+1 l -

Pl -Tleghyesa
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» e G ) i T e ¢
(46] L[sing] = Jo e "% (sinz) dz {IP} -_-!1_1.%[‘ ( s:“:l co! =):|o -

O R
s,+1[u (1)]‘s+1">°

- L[CGS] I “’ (ea:) dr = jw c(ﬂ-l)s P llm I:c(""')ﬂ ]‘ =
'] a— § Jo

a—l.‘;(OHI){if.S) a}=§l_a

i e ; e **(—ssinar — acos az) |°
@L[maz]=lo-e "(sma:)d:{lP}:tl_l’n;[ ( 52+a2 ):|°=

s’ -:- 02[0 == st -:- el
49 (a) (1) = Jom e Fdr = m[—c" :l; =1
rQ) = I ze™" dz {IP} = lim |:-—re % g ]; =1

] e dr {IP} = hm [—z ¢ — 2z¢ " —25"]0 =2

o0 t o0
(b) T(n + 1) =J R - llm [— " "] + I nz" leFdr = 0 + n T (n)
0 o o
A u=12z" du= nr"tdr, dv = ¢ Tdr,v= —e " = nl(n).
(¢) T(1) =1 = 1! Assume I'(n + 1) = n! for some n > 1. Then ['(n + 2) =
(n+ 1)T(n + 1) = (n + 1) n! {by the induction hypothesis} = (n + 1)L.

(-]
[50] Let v = azso that I = I cz* ¢~°% dz has the form of the integral glven in Exercise
0

o .
49. +1u=4z=>1=cj @F e (4 )du_—c—J’ ot e du = £ T(k + 1)
0 a

2y
41
I=1=>C—IT(I+—1)
u=—-=>z=—}-‘- and d ldu,r'—2:>u—%andz—too=>u—*0+.

1

A N

A (1/u*) + (1w o A1+

TS = %E205(0) + 4F3) + Q) + 4@) + F)] =~
0.4926.

1
T
o0
I=I
2

Let f(u) =

“|,.f|

1+ 48
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u=%=> —%mddz:—%du;z:—10=>u=—%)a.udz—‘—oo:

u
-0.1 I/I"‘l

—~0-. I—I Jai_, I . L/ 5

¢ B Ry el P T 1(?) =

¢ uyl/iul o i ui

du = . Let = m——
J_oxl+u I—011+ 9 el 14+

I ~8=SFE0MA(—0.1) + 4f(—0.075) + 27(—0.05) + 47(—0.025) + f(0)]
~ Th(2:4922) = 0.0208.

— oy [Bo=w3, [3.2/88 _ 3 -
= [ “= BT -de-0 o

9
@I= m;;[ R L . [2:"’]9 %3 —0) =6 C
t !-"0

t—o* t

S 3 9 Ry LA A
@ L _‘y’%_j'_sz dr= lim [-+]', =co;D

Note: It is only necessary that one integral diverges for I to diverge.
In future solutions, we will compute one integral, and if it converges,
continue until we can draw a conclusion.

=1 —1 ;
I= lim ] 244z = lim |[-——42——| =o0;D
E t=-2t )¢ el T D (z + 2)1/. o

t
i 2 2 NI s T
6 I= ‘q%sn)_ng zdz = ‘_.('/2) [tanz:l = o0; D

Bl I= lim Ileqi-:dz- hm ch’_] =2e—1);C

t=0t )¢ t= 0T

I= lim_ J (4—27%"dz = lim_[ 2 ]':«;;D
1= 4 zlp

t—4a~ 4 —

t==1%

0
piae ik _J (=4 1)-1/34__, = lim l:—%(z + 1)2/3 %(1 —-0) = "%; C
: = t

@ I= lm [ (4= = tim [-304 - 9], = —30 - ¥@) =345 ©

t=4-

@I = lim

t—=1t tz’ —1

dz'= lzm [an|r —1':[ =oc0; D

A -3 2. = .
Il (_l’lm J (I -+ ]-) dz = llm [(z—-}-l_)i] = —00; D

@1,

: Voodys ; 37
il_l.!'l",l__. J_lz dz = 'hr?_[—ﬁ]-l = o0j D
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0 b 0
— I3 e | LI R I RS
@‘—‘l"_’;J L A T
0 0
041 = Jz— lim [—J4—z’:| =-2-0=-2;C
t—o—z t t——2+ ¢

4
t
X di = R E e e
@1, = lim_ JI, dr = ln’rg_[lnlzq_]_ o0; D

2 tf 1 1
e 1 i 3 =
@I‘_L1-2)1+1)dz_lgr¥'Jol:f—2 :c+1]dz{PF}

Jim [fmfz| | = —eoiD

T = lim J shuzds = lim [} 1oz — §7], (17}

t=ot
lim [2@2lnz — 1)} = =1 — 1 &im [#?(21a2—1)] {0.
‘_l.r:l[( nz 1)] i~ 40, (2ln 1:|{ oo}
SR (G T U O S G 2/t _]_; Ium(___tz)
4,50+ /2 A Py 2/t§ \ j—to"‘
=-l-0=-%cC
t
Bl H | e -
81 = 1_’(’/2) I tan’zdz = '_.{1:?2)_[ (sec*z — 1) dz t_’l(x’n;z) [tan: ]

S*Er/ﬂ) J-ta.n dr— llm I:lnlseczl] = oo; D

Simolifving the ink ‘d 1 l+cosz _14cosz _ _1 cosz
e e L ey i g o, M goros 3

/2
Thus, I = lim J (esc®z + cotz csez) dz = lim [—cotz—cscz]'/z =
t—ot g—oo

-1+ lim+[cott +csci] =o0. D

1
I='li,l?"L[ 4]d={PF} = hm [glnlz—1|+’ln|z—4l:|

z—

—o0; D
t

.Smce +<l<cel, = I dz = lim_l:——1 :l' = o00; D

t=1- 1/e:(lnz t—1 InzJ1/e

1
- L 1 . o 5%
231 = ‘l_l}'g_ J_IPCOST dz = Jim_ [—sm%]_l. The limit DNE. D
t

241, = h&l:!/lﬂ__hseczdr = ‘_*1(1:1/12 In|secz + tan:r:|] =o0; D

I = J‘ COS T d — [ e :I — —_— - =
Expd el e e = N, | ~34T — 83 | =0 et
n

I, = lim cosz d:r = lim [—2{1 —sin :r:] ==2=0=-=2.
t

t— (x/2)* ot 1 —sinz t= (=20t
I=L+I,=2+4+(-2)=0 C
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1
@Il = ‘l_l'nl‘l_ Jnm- dz = hm [g(! — 1) 823 3(1 1)2/3 =
’ I:() - —E = g)] = —0.9.

I, = ‘l_xmrrdz = lim =0 + 3= 1] =
[3(32) + 3(4) — 0] = 25.2.
I=1, +1, = (—09) + 25.2 = 243. C
Note: To integrate, let ¥ = (z — 1)1/3, z =1 + 1, and dz = 347 du.
[27] There are discontinuities at z = 1 and z = 3.

3 T L
s .___1..._ — 2 - 3 _
I‘—J.o(zn—1)(::—3)“”‘—,1_‘,1 LL—T%— :_lj]dr{PF}_
i t
Jim_[inlz = 31 = finlz = 11]; = 0o D

[28] There are discontinuities at z = #1. Choose z = 0 as a value between —1 and 1.
— [ z/s =3 il
— [ 231 _ 39 -1y = -8
Iz = J’ W— dz = llm [ (I 1) ]ﬂ = ;(0 1) - gl
I,=F &= lim [¥F - 1) =34 —-0) =3
1 3:],,9 i t—1¥ e

I=L+L+Lh=%+(-D+3=3C

4 s oo
1=J_71 d +I l 4 [ L__dz
= oz — 4) 5 4 (z— 4)° s § (z—4)°

4 t
I, = | de = li [ ;] =o00; D
x 10(3_4)5 gl z—4l 2.2

#211:+J' —ﬁd:+J jdr
I, I-a—idz— lim [ln|z+2|] = —o0; D

BUI= |

-0

-OS—‘J—- —ql-on(o 1]andJ -T:-dz— llm [2-{?:]‘ = T =>

1 converges by (i).

/4 x
@05—135‘3—%5011(0 dandj ldz_ hm[%]":oo:#
z

z t—ot | 2z
I diverges by (ii).
0< 1 coshz J” 1 =
@ _z—-z—i_(—)iou[o,ﬂand oiz—-—?)ﬁdz ‘_'2 [ m] o =
I diverges by (ii).

1
BH0< &5 <3500 (0,1 a.ndJ %4z = lim [3:‘/3] =31-0=3=
0

t=>ot

I converges by (i).
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——

ntl |1

z PRI LB
85] (i) Ifn>OI_szz [n+1]°—n—'+1'°
(ii) I —-1<n<0,thenn+1>0and
nd’__ Iim 2u+1 —L;C
I = lim =0t n+ 1 +1

t= 0t )y

(iii) fn= —1,I = lim [lnlz[l =o0; D

t—>0t

(iv) fn< —1,thenn+1<0andl = lim

t—ot

Thus, I converges iff n > —1.

@(i) If n # —1,1=Ez" Inzdz = lim+|:nzr:xlm ( +1):| Lol

t—0
f'n + 1 < 0, then I diverges.

If n+ 1> 0, then I converges. |
(i) fn=—1,1= lim B(m ;)2]‘ = —oo; D. Thus, I converges iff n > —1.
t—+0t

@(a) A=J-:Tli-dz- hrzl [2{_] =2(1—-0)=

1 1 .
: : = 1Y%, - : = co. Not possible.
(b) Using dlsks, V= w]o(n) dz = 7 lim [lnllﬂ‘

t—ot
- (a) A = J

iz dz = lim l:%zz’a:l 3(1 -0)=3 3,
(b) Using disks, V = wl 2 ar = x lim [3, ]‘ = 3x(1 — 0) = 3.

t—+0+

@ (a) 4 = J.-‘ = _}_ i dz = lxm I:ln |z + 4]] = 0. Not possible.
4 1 SO 5
ing di = 7 1 . : ___——:l = o0. Not possible.
(b) Using disks, V = n[_‘ (z - 4) dz = rt_].ﬂ_n“[ e i | ‘
- (a) A= J dz = hm Inlz — l]:| = 0. Nob pomble

2 2 _ ;
(b) Using disks, V = IJ‘I( 1. Viaz=x Jlim, [—;l_-ﬂ = co. Not possible.

£ —+1

En . - NZ, ¥* = z, and 2udu = d:e:}J co}zdz_lﬂs;l(‘f—budu— 2J'0°°3("2)d"

Let f(z) = cos(zz). T =2 ;ao){f(ﬂ) + 2|:f(4 )+ f(l) " f(i)] + f(1)} ~ 1.7915.
52 Let f(2) = (sinz)/
Since lim, _, , f(z) = 1, fhas a removeable discontimity 2t = = 0. et f(0) = 1.

0
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[43] (a) m-u +ky—0=>mvdu=—l:ydy=.'>fmvdu_ —jkgdy=>

imv? =—%}:y +C = z—;%y + C,. v(:tc)=0:>v’(ﬂ:c)=0=>

—E2r =02 =& Thus, 2 = £(&2 - ).

- _— m
(b) From Example 5, T = Zj_cﬂ—(y—)dy = 2 _c'lT T:—g:‘_=-dy
1
= 2 lim 2.2 J dy { even integrand }
Jim 2.2 OTc_—
=y
- % e, & s m (T _ =
=4, —'E(]_l’nel_[sm E]o = 4‘|T(2 0) = 2, —’E—
[](a) v +Ism0—0=>udv——stnﬁdO:IvdvuJ’—%sinédO:

L
%:rqcosoo +C=0=0,= —%gcosao. Thus, +* = gjg(cow — cosfy).

=§cost + G = o = Leost + Cp. w(x0g) = 0= A(20) =0

RO
<=
()

(b) Suppose the mass m turns through an angle Aé.
Period T = twice the time ¢ from —8; to #; = 4 times the time { from 0 to 8.

T=4t= 4(‘,1,) {since d = rtor d = vt}

LAY {arc length = radius-radian measure }

J2g/L,| 6 — cosf, )
= 2Em. Summing the times from 8 = 0 to § = 8 yields

T= 2\]2—43J°° 1 a9
9 Jo :lcosa — cosd
[45] (a) From the formula for 7, 0 < y < 5.
y=0=>ye " =0=c¢

—kt

= 0 and ¢ is undefined.

— okt ¥y _ =kt - _11.¥ pasiad) 1a 1
(b) ¥y = yge D= >i= ln%:#T_yo[ T

S

b gl - a . = 1
z—y—oanddz__,/—dy=> T=— Llnzdz _T,l_l.’? zlnz—z] =

1

k

. Time T occurs when

1 1
13 * -E|—o +1/i {a} o

¥y _1 T TR o ) R [ om0
7 2ort{_'r}_ lnz_. k'ThuS'T_T_ln2/r—ln2'

(a) From Exercise 45, T = % = Fl'i = 5yr.

H‘I»—A

Py No _No 1 NO
(b)N—m:?l'*‘kNoi—.T:'i kN°<W—1).‘

_ 1. Ny "
T_N;J’n FA%(W l)d‘N—kNo lim [NolnN N] o,
which diverges for all k. No, it is not possible.
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10.5 Review Exercises |
Y | Lo §
M Ly = A2
L{{} = 1_r‘n!)2<:os2z ;z2sec 2z _ Ignocosh—zsec 2z {8} =

lim =28in2z — 4sec’2ztan2z _ 0 _ g
=0 1 1

B {8} = tim ;72 = lim s+ 96+ 1) =w

@ L= 1/(1 + 7°) o i

"‘°1/(1 e
—_— . 2 —

i—’ﬂ 3z
i Sc” +8.-."‘= .. 18'. /8
z—0 6 T
[6] L= lim _tanzcosz= lim _sinz =1
T+ (7/2) T+ (r/2)
L = 0 by Exercise 31 in §10.1.
B L{0-0} = lim _IBcosz ooy iy _—t8DZ — Jim __cosz =10

= (x 2)” SeC7 —;(./2) SeCT taNZT = —(x/2)

=

Jim (1 - 2¢/%)z = (1 = 2)(c0) = —o0

ML {0-00} = lim, t28 “lz (9} = fim %*;_f’)z%=1-

o+ SINZ _.°+

(L has the form 1°. y = (1 + 82%)"/*" = Iny = L In(1 + 82%). lim Iny {c0-0}
- 4 £

1s=/(1 +82)

. In(1 + 8% . »
==h—'ono(7_) {8 = sh-—oo = :ll—‘vnol +88,’_2 = 8. Thus, L = ¢*
[I2]L has the form 0°. y = (Inz)*™* = Iny = (z — 1) Inln=z.
Inln z _ 1/(zlnz) _
llm lny{ﬂ ro0} = hm+1/(z 1){ 2} = gl_’l+u_—_-—1/(z_ =
A =1 im —2z—1) =
Jm ZEet (= Em R = =0 Thus L= =1

[I3] L has the form o° y = (¢¥ + 1)1/3 = lny=1ln( + 1) sli’mmlny{o-oo}

= lim M{ 2} = lim

=00 oo e’ + 1

(g} = lgnm:—: = 1. Thus, L = e.

[@L {0 — o0} = lim (cpsz _%)= lia :ccosr—smz:{ }

z—o+ \SInz z—0t zsinz
= T —zsinz+cosz_—-cosz= o —zsinz (2)
0+ T COST + 8inz o+ TCOST =+ sinx " °7
= Bm —TCOST — §ing !

=10
,_.a+—z sinz + cosz + cosz 2

@@L = lim #/7 + 1/ —d1+0_,

oo z/z 1
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o 30 ORI 3%(In3)*?
m (8} = in SO0 2 (g) = i TR (5) = 1 TG -

t
I=‘lin:°J. 3z = lim [2{5 =00} D

-I—(l—lor%o

-3 0
- 4l 1 1 ey
I_J :+§dr .[_3:+2dz+J-zz+2d’—Il +1z + 15

-0

t— -2+ )¢ t——2

o
= ¥ 1o .
I = lim Jz+2z_ hm+lu]z+2|] o0; D

t
Z0]I = lim J. sinzdz = lim [—cos:: This limit DNE. D
= oo =T

0

» - s
201, = lim J‘—s-z V3 4y = 'l_l’rg [%z /3] 2(0 —4) =

10"
o e (Prcida 3,23 _3
1,_‘1_;51;+L= dz—‘]_l.x;x_"[i ] S1-0)=3

I=L+L=-6+3=-3C

0 -
22]I = lim J l_dr= lim ln|z+4|:|°=oo;D
t= 4t t

t

L 4y z cegen T $oan
B = g [ i gde = S [l = =®

* 2
I= 1l 1 dr = i | =

,L":+J.J,a=_l o T
X -—_ — 1 — t.—L —
@J o e—:dz 210 T ?dI 211‘1{130[0 7= +1d"—

: 1z o _ Wy _ T,
2:1—‘1&[”“ ']a—z(i =31

CUE ]

—0=§;C

; L a 0
28]1 = ‘klzij.‘ zefdzr {IP} = h&rfﬁ[ze’ - c’l =-1—-0=-1C
271 = lim Jln’dz— hm[(ln:)]:—oo;D
t— 0¥ ; t—ot 2
x/2
[28]1 = IIl_l.rg cscrds = hm l:]nlcscx—cotrl ¥

t—r0+ sin t t—r0t

0 — lim [lnll —_cosi:l{ } = — lim I:ln| sthzm;D
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u=%,z=%,a.nddz=—-1idu. s=1=u=1landz—o0 = u=0%
: u

co 1 1 -1/u?
Izl = dz = lim I e lluz(—L)du = lim I E—du
1 t=+0t J1 U t=0t)e u

[

-1/u? -1/u? 4
Let f(u) = —r Since "l:.n; € e Jim eV =10

(where v = T and L’Hépital’s rule was used), define f(0) = 0.

S = =00 (0) + 4(3) + 2() + 4/ + F(1)] = 0.1430.
du

@u=%!z='}f:wddz=_;lj

1= [eraniza = tm [ sn{F(-4)de =
sl (g = a3
lxm e smd_( )I

(where v= T and L’Hopital’s rule was used), define f(0) = 0.

S = [f(O) +4f(3) + 2/3) + 43) + f(l)] 75(4.1594) =~ 0.3466.
Since (sin 1)2/3 > 0 and generates an mﬁmte area between its graph and the z-axis as

. r=1=u=1andz—o0 = u=0"

s 2
Sikies M

|e

< lim

| T v=beo €

=0

<

z—co0, lim f(z) = I:(sim)”“’ dt = oo, lim ﬁ:g{ } = :_m’;,g))
sl_gnw(ln% = 0. Note that l(sinz)z/al < 1and 2z — oo.

=2
@,li.““n c(sz)tl - ef(z)] = Jim_ Terﬁfﬂ) {3} = 1lim .ﬁ

™ _9p, e...,! 5

i |
A =0



Chapter 11: Infinite Series

Note: In Exercises 1-16, the first four terms are found by

substituting 1, 2, 3, and 4 for n in the nth term.

j2 13 4.2 n__ 1= ; .
@ 5'3—4'11'14—7'n11.m¢°(3_in+ 1/,,)—,.‘l.mm3+2/n 3
1 7 13 19, i (6 —5 1/7\ _ 6—5/n_8
2 6’11'1’21=..1me(511+1T/T.)—ull.m5+1/n 5
s p 99 BT T—4ad _ oy T —4 _ _4_
@ S B B nl-l%noo:; + 2n? = nl-l-Oooz/n + 2 S e #
e Bk T T N |
B4Sg=-p =i n=Mg ="
B -5, —5, —5, —5; "leéo(—S) = -5
B 2,42, 42, {2; lim {2 = {2
4 _o 21 _750_2591_7 @n=1(@s+1) .. 60®—n—1_
Bi=8%=hn=-fha=g w0 &b Fei
9, 17, 25, 33; lim_ (8a + 1) = co; DNE
9 9 9 _9 2
» 3 » =% I =
B i i fhe = § i, petem =10
0] 100 — g, 200 _ 100 300 400 _ 100.
7 22 +4 2+2'3{34+48+47 37

li A n+l 3n |= 0 I 1 n+l 3n = 0. by (11.8

""m°°|( ) n° +4n + 5 e gn( ) n’ + 4n + 5 i)
J—'r n »

23 -2 nm]( D =05 him (- I =0, by (119)

(i3] 1.1, 1.01, 1.001, 1.0001; Jim [1 +(01)"]=1+0=1

15, 1% o -
-2'4'8'16',11.m,°(1‘§“) 1-0=1

(152, 0, 2, 0; li'm I:l o (—1)"“] DNE since it does not converge to a real number .

-2T-I'§’ ”+1_ooDNE

Note: Let C denote converges and D denote diverges.

Also, let L denote the limit of the sequence, if it exists.
DL =6 lim (- =6-0 = 0 by (11.6)(i); C
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@BL=8-0=8C @ML=5C
R0]L = 0; C, since tan'n—F asn—o0 [ZIL = —oo; D
[22]1L = oo; D, since (1.0001)™ — co as n — co.
o o o lnz T 1/1' _— B n
Using (11.5)(i), Jim BE {8} = Jim -7= = 0, and hence "l_lglml%- =0.
Thus, by (11.8), L = 0; C.

@Usmg (11 5)(“), hm —5 {E} :-’mm = gli.ngg 22('-'-' -+ 1) = ©0.

n(z +
Thus, L = oo; D.
[25] Using (11.5)(i), lim 4—%’ t1i®) = lim 162" _ Jim 42 = co.
o0 9 @ z—oo 47 z—+oo

Thus, L = oo; D.

—1 ceosn o1 o1 = gby (11.7); C.

‘_.m:1 = oo {see Exercise 32, §10.1}. Thus, L = oo; D.

lim e Inz{0-00} = lim B2 {2} = lim L. =0 Thus L =10;C.

=0 re”

[29] By (7.32)(ii), L = ¢ C.

. e _n 3 2 T 3 2 -
@‘l_x.mwz 377 {00} = :lgr;% {8} = lim 7 (l=n3 (8} =
lim = ———— = 0. Thus, by (11.8), L = 0; C.
zlmr(lns)'{ B)= =~m3=(1 gy R LR
Bl - <882 <k = L=0by(117);C
EL lim 4n° /n + 5n/n3 + 1/78 s
u—5m2n3/n L33 n?/ﬂs +5/n3 T gl
lim 2(2n 4 1) — n®(@a—1) _ . v SIS . AR |
B3L -Da.) (2= 1)(2n + 1) = "lgnm‘m 1 nl'l*mw4n§/n’ - l/u! T
; C.
i in 1 1 1
(34) lim :sm—{oo 0} = _‘mm;.l//:{ }=1 (/;iy—;:s(/r) cos(0) = 1.
Thus, I = 1; C.

[35] Since {¢osTn} = —1,1, —1,1, —1, 1, ..; L DNE; D.
[36] Since {4 + sin (37m)} = 5,4,3,4,5,4,3,4,..; L DNE; D.
[BT]L = 1; C {see Exercise 17, §10.2}.

S—’OQ

- hm {ue} = hm —gin){g} :—’m-ﬂi = 0. ThUS,L = 0; C.

e |
-4

IA

c’c:fon — ge—c_n < nl_m = L = 0 by (11.7); C.

2
. . e
[40] Since nlgnml — 1, even numbered terms approach 1 and

odd numbered terms approach —1. Thus, L DNE; D.
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(nt1—@ at1+ 1@ : 1
1L =1 . = lim =10;.C,
"l'mm( 1 «n+1+ﬁ) noeolnt 1+
(Jn3+n—n.ln3+n+n)=1im n s
1 P +n+n ""°°1n2+u+n
lim o
n—'eo‘lzﬂjnﬁ + n/nﬁ + n/n
(2) Next year’s bird population on island A is determined by the number of birds

asds wi
e T2 hal A

that stay (90% of its present population) and the number of birds that migrate
(5% of island C’s present population). Thus, 4,.; = 0.904s + 0.05C,. In a
similar manner, B,,, = 0.80B. + 0.104, and C,,y = 0.95Ca + 0.20Bn.
(b) Let nl'i.mm Ap = q, nli’mw Bn = b, and nli_’mm Cn = ¢. Then, as n— o0,
a = 0.90a + 0.05¢ = 0.1la = 0.05¢ = ¢ = 24,
b = 0.805 + 0.10a = 0.25 = 0.1a = a = 25,
and ¢ = 0.95¢ + 0.20b = 0.05¢ = 0.2b = ¢ = 4b.
Now, 35,000 =a+ b+ c=2b+ b+ 4b = Th = b = 5000.
Thus, there will be 5000 birds on B, 10,000 birds on A, and 20,000 birds on C.
(a) Since 50% of the adult population is female and each female has on the average 3

kittens, K, ., = 3(34541) = 34,,1. Next years adult population is the sum of

surviving adults (34n) and surviving newborns (3 Kn).
Thus, A,,; = 34n + }Kn.

%An + %Kn = §An + %(%An) = %An

(b) An+l
Ko = %An-l-l = %(gAn + %Kn) ="An + %Ku = %Kn + %Kn = %Kn-
Using the above relations recursively,

An = lf;An—l = i‘;(i_;/ln-z) = (t_;)z/i,,_z = (i_‘;)’%"ln—s = %)sAn—a o
= (%)”—1,41. Similarly, Kn = ()" K;.
Adult and kitten populations each increase 413% {1} = 1.416} each year.

(a) The sequence appears to converge to 1.
(b) oy = 5*%. Assume an = 5/%" for some n > 1. Then, ap4 = ()% =
(51/2")1/2 = 51/2"“._ By mathematical induction, the statement is true.
Now, y = 51/2’ = lny = 2% In5. Thus, :li’n;lny = 0 and nli_x.nm an = ¢ = 1.
Since the sequence generated is n, 71;, n, 7]3- ..., we must have n =
2’ =1=>n=1 since n> 0.

L
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(2) The sequence appears to converge to approximately 0.7390851.

(b) @,y = cosa, = lemm Opyy = kli,“gow“h = lm e, = coe(kli’mm a,‘) =
L = cos L.
[48](a) z, = 3, z, = 3.1425465, £, = z, = z, = 3.1415927.
The sequence appears to converge to .
(b) z, = 6, z, = 6.2910062, z3 = 6.2831851, z, = z; = 6.2831853.
The sequence appears to converge to 2.
(c) zpyy = 7 — tanz, = kli’mmz“‘l = k‘i.“;(’k —tanz,) > L =L —tanl =
tanL =0 = L = wn.
[49](a) z, = 3.5, z, = 3.178571429, r, = 3.162319422, z; = 3.162277660,
zg = 3.162277660
) fi2 = Y+ £) = Jim nss = Y + ) = 2= Y2+ F) =
I* = N = L = = {N. Since z, is assumed to be positive, all z, are positive
and hence L = yN. Note: The above sequence is generated by Newton’s method
using the equation f(z) = z* — N = 0.
[501(a) a3 = ay +8, =1+1=2. 1,1, 2, 3,5,8, 13, 21, 34, 55
bD)n=a/ag={=1,n=§=2, r3=§:15 T, = 3 ~ 1.6666666,
rg=§ =16, =12 = 1.625, r, = 2} = 1.6153846, r, = 3¢ ~ 1.6190476,
ro = 55 & 16176471, and rjp = £ ~ 1.6181818.

Nlu

— i o OBl “k+“k-1_- 81\ _ 1
() R Ao JB S = i, S _kllomw(1+ "k)_1+7=>

=741 —r—1=0=7=41+5) ~ 1.618034.
Note that since a; > 0 for all k, 3(1 — {5) < 0 is not a possible value for .
(51 (2) f(z) = §sinz cosz + 1 = §sin2z + 1 = [f(z)| = ilcos2zl < § < L.

Let B = ;. Thus, the sequence convetges for any a,.

(b) oy =1 e = —100
o, = 1.113662 sy = 1.109162
az = 1.099015 az ='1.099697
2, = 1.101207 2, = 1101107
a; = 1.100834 as = 1.100899 "li‘mw s ~ 1.10
B2l (a) f(z) = ,2:_ 5 Wz) = (:.-’QTII)’ We need to maximize |f’|.

(=) = HE) D) =0=z=+% ~ +058 lf(i%l:’ﬁ

0.65 < 1. Let B = %_. Thus, the sequence converges for any a;.
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(b) ay =1 e, = —100
a, =25 2, = 2.9999
a, = 2.862069 2, = 2.899994
ey = 2.891203 - ay = 2.893730
ag = 2.893152 ag = 2.893318 Jim an ~ 2.89

@ S=a=mZ=-FSH=S+u=-F+@ =%
53=51+G3=—ﬁ+5'§=—§%
; ; : _ —9 - 1 1
(b) Using partial fractions, an = G rEnTd) —mFs WA

n=¢1+62+ﬂs+"'+¢n

=3-)+3-D+G-9+ -+ -wr)

T B
n + 5 5(2n + 5)
Note: It may be easier to compute the values in part (a)
after finding the general formula in part (b).

= i — 1§ 2n e I 0 |
© 5= Jim 5 = lig, |5ty = 5% =

2 (a) Sl=41=7_.5ﬁ=§51352=31+“‘1=§%+f3'4=1'1€§;

Ss=5+a=1%+3:= i
- 5 2 =
(b)a"_(5n+2)(5n+7)_5n+2 n+ T
Y [ TR ol PO S s LA,
S““(? 12)'*'(12 17)'*'(17 2)"‘ +(5n+2 Su'—+7)
ore [ 1 — 5n
T T EmE T B+ )

@ S=a=gq=LSH=S+a=4+g=§

s 4n=1_1,=%(ﬁ1‘ﬁ)'
Ss=i1-H+0-D+iE-D)+ - +ims - w)
=l(1_ 1 )= n
2 on + 1 2n 4+ 1
() §= lim Sa =nl_n’nm|:2# =%
@ (@) S =909 = o =—1%;Sz=31+“z='—110+'ﬁ=—%;

53=52+a3=—é+;

ml»
Il
|
[’:]u
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®) o= — = Nl - w i)
=44 -D+ -0+ G -D o et - v
( n+ '%) 2(3n+2)

— % = T - |
(C) S= "lll.ﬂ Sn = nlgloo[ﬂh_-l-z)] = m —3 —3

B (B SS=g=hi=hl-h2=0-n2=—-h2
S3=8 +6;=-2+Inf=-ln2+ (In2—-In3) = —lnj;
SS=S=+a3=—ln3+ln%=—ln3+(ln3——ln4)=—ln4.

— In(n + 1).
Sn = (Inl1 =1n2) + (In2 — In3) + (In3 — In4) + - + [Inn — In(n + 1y]
=Inl —In(n+ 1) = —In(n + 1).
(c) S= "li{nw Sn = nli_l’:nmJ [—ln(n + 1)] = —00
Since { S» } diverges, the series )" a» diverges and has no sum.

B@Ss=a=fpiyoBel-f=lom-y

T R T S S T [

Br2{3-q2
{2-1)+({3-2)=1{-

- T 1 2—43_
83 =25+ a3 =({3 1)+mm_

B-D+@-H=2-1=1
'\ﬂ+1—‘r 4_ r

ap = 1 —

®) fntl+m nt1—1n
=(J§—ﬁ)+(4‘—~1‘)+(4’—~|’3)+-~+(4n+1—
=qJn+1-=1.

(€) $=lim $a= lim [{n+1-1]=co.

Since { Sp } diverges, the series ¥ ap diverges and has no sum.

Note: From (11.15), the series converges if |r| < 1 and diverges is |r| > 1.

a=3,r=i=}$=l—3—l=4;.c

¢=3,7‘=—-4‘-=>S=1+(-%)_—_15_2;C
= "=1"="lﬁszl—(l-*s)zﬁﬁfc'
¢=1,r=§<1=>5=1—_1_§=.3_§_.e;c
[a=087r=g= 5= =8¢0
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e =0628, r=gly = 5=-00628__828¢

[ 999
oo n-1
mE L= S Jdrir=i>imn
n= 2 n=1 2 2
5" _ e ¢
m £ = S hdrie= a0
f5la=1,r=-1=D @6la=1,r=42=D

[I7] S converges if |r] < 1. In this case, r = —z. Thus, S converges if [—z| < 1, or,

i —_ - = — - 1 = 1
equivalently, —1<z<1l. a=1,r=—2=§ ==y I#+%

@Al <123 1z1<1 = —1<2<l a=1l,r==8=—1_

1—1z
-| 3l<1=>lz—3|<2=>—2<z—-3<2=>1<2<5

a=%,r=

-I"'1|<1:Iz-1|<3=:~-3<r—1<3:>-2<:<_4-

= =] -
B=l = 3 :?S_l_(z—-l)_‘i-—z'
3
23
211023 = 23 4 23 +-3 = 00 33
L (mo)z (100) 1-— 1—33 99
el 148
(2215746 =5 + 45 + 146, 4 M6 4 . — 54 1000 5 4 M8 _ sl
(1000) (1000) 1= 5365
394
@32r—32+4+_‘;+i140+...=3.2+ mﬂ": =3.2+§§_89§%=116,181
10 10 l—m EEH
1828
[2412.71878 = 2.7 + 1228 4 1828 | 1e28 o _ 97 4 _TOOO0 _
W 10 H l_xo.oao
828 __ 271,801
2.7 + 55,995 = 39,090

[25] By Example 1, z E(n_-f-— = 1. By (11.19), ..E "(7'_+1—) also converges.

= 1. By (11.19), ei: also converges.

N S
"'(n + 1) n=10 ”(ﬂ + 1)

(Z7) By (11.20)(ii) and Example 1, f an+ 1) +1) ,.Z_:zn( n+ 1)

(26] By Example 1, 2

converges.

B . i $ =} = — 3 1 s
y (11.20)(ii) and Example 1, ﬂ};l Gt D nz=:1 7 converges

(28] Since 1 diverges by (11.14), s0 does 3> -1 by (11.19).
n=4

1

Go Smc

Il ("]8 1 [‘18

L & 3> 1
% diverges, so does };sﬁ- by (11.19).
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3+%+...+%+..._—_ i%:Sﬁ%mdisdiVﬁgeﬂL
n=1

n=1

@_4_2_§_..._%_...= f: =4 i%andisdivergent.
n= n=1

[33] Since lim ST = g # 0, the series diverges.

1
[34] Since Jim LT3 = 1 3 0, the series diverges.

[35] Since “l_i_x’nm?% = 0, further investigation is necessary.

[36] Since lim

[37] Since nli.mw =0 = # 0, the series diverges.

T g A=
B S v e 0, further investigation is necessary.

[38] Since lim n sin% = 1 % 0 {see 11.1.34}, the series diverges.

[39] Since hm m {8} = "ll i m = oo # 0, the series diverges.
[40] Since nli'mmln(,rn L 5) — ln-.zl # 0, the series diverges.

@ E [+ @] = £ te=@r=141+ é (%)" {e=@%r=1)
1

_ e 27
ol e =g+H=%C
R @) & 9
mce lverges an 1 converges, € senes iverges by . .
@Since 3 (§)" diverges and T (§)° ges, th di by (11.21)

=1

e

&2 s

the series converges to } + 1 = 3.

1 S St
[46] Since § e e + ) converges and Z_:lﬁ dlverges, the series diverges by (11.21).

n=1

ok 7
A7 E ( %) = sﬂgs( = l) {subtract the first two terms from the

n=1

sumn of the series in Example 1} = 5[1 - (% + %)] — 5(3) = g; G

& 1 =2y .
@ £ (- 4) - -5, - ) - 0= -1
[49) (a) S, =~ 0.21037, S, ~ 0.26720, S; ~ 0.26940

(b) S, ~ 0.26645, S5 ~ 0.26551, S ~ 0.26544, S; =~ 0.26548; S~ 0.265
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[50] (a) Sy = 0.36788, S, = 0.39378, S5 ~ 0.39400

(b) Since §; ~ 0.39400, S =~ 0.394.
S,,,>(k+l)%=3=>l:=5andm=25=32.
, S3p=1+3+ 3+ - + 35 ~ 4.058495.
GBS, >@k+1);=8=k=15adm = 2%% = 32,768; gy 7es ~ 10.974439.

[53] Y=, let an = 1 and bp = —1. Then, both i an and § bn diverge,
n=1

n=1
but z (an + bn) = 0 converges. The statement is false.
[54] The even partial sums are S,, ;_ﬂan and the odd partial sums are Sp,_; = 1.
In order to have a series converge it is required that "li_r.nm Sn exist.
In this case the partial sums are 1, 0, 1, 0, ..., and the limit DNE.

Note: The terms of the divergent sequence cannot be regrouped as indicated.
[55] The ball initially falls 10 m, after which, in each up and down cycle it travels:

0288 . »d=10+ 5 0@ =10+ 10 =30m
n=0 =8

[56] The pendulum swings 24 + 24(3) + 24(3)* + --- = f: 24(H" = % = 144 cm.
n=20 ™ia

(a) Immediately after the first dose, there are Q units of the drug in the bloodstream.
A(1) = Q. After the second dose, there is a new @ units plus AQ)e T =
Qe“‘T units from the first dose. Thus, A(2) = Q + Qe"T. Similarly,
AB) = Q+ A@e T = @+ (Q + Q< T)eT = Q + QT + Qe*T,
A4) = @+ AG)e T = Q@+ (@ + QT + Q> T)eT =
k=1
Q+ QT 4 Q2T 4 Q%7 ... = A(H) = ¥ Qe~"eT.
n=0
(b) Since all terms are positive, A(k) is an increasing sequence with the form
e+ ar+ ar® + + + ar*"}, where a = Qand r = il

Since ¢> 0, irl = le*7| < 1. Thus, by (11.15)(ii),
the upper bound is lim A(k) = i Q(e™* T)" = __TQ 2
k=oo n=0 1—¢¢

Q —cT 1 M_Q
(C)'l_—c_dl<M=>Q—M<—Me :T>_Tl“T

2 v 0.85 7 _
/B8] Amount = 1,000,000[0.85 + (0.85)? + (0.85)° + -~ = 1,000,000 085 ] =

85,666,666.67.
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[59] Let P(k) denote the current population after k days.

(8) P(1) = N, P(2) = N 4 0.9P(1) = N + 0.9,

P(3) = N+ 0.9P(2) = N+ 0.9N + (0.9)°N, ... =

P(n) = N + 0.9N + (0.9)’N + --- + (0.9)"'N
= 10N, we need 10N = 20,000 = N = 2000 flies.

(b) Since lim P(n) = s
(a) Since the drug’s half-life is 2 hours, only }(1)K = 1K remains 4 hours after a
K mg dose. Let A(n) denote the amount of the drug in the bloodstream
immediately after n doses. Then, A(l) = K, A(2) = K + A(1) = K + }K,
AB) =K+ 4@ = K+ ik + 'K, ... =
A = K+ 4K+ 4 @K lim A = 75 =4
(b) 4K < 500 = K < 375 mg.
(c) Let a(t) denote the amount of drug at time ¢ (in hours) in the bloodstream after
a single dose Q at time ¢ = 0. Then, a(f) = Qe and a(4) = Qe~*°.
Buta(d) =jQ= Q¥ ={Q= ¥ == ="

Using part (c) of Exercise 57, we have ———T < 500 =

( )(1/4)
In (9/10) .

or not more frequently than approximately every 19 min.

l—(i)“‘“)r>13 = T>4—~+

(2) From the second figure we see that (1a,)? + (34,)? = (0,41)* =

180f = oty = @y = {104
(b) From part (a), a, = (3410)" g,
Agpy = af,; = Ra} = §A,, hence 4, = (§)"'4,.

Py =40, =4-Hllq, = {10 a, = m(%Pt), hence Pp = (%Jl—ﬂ)"_ll’l.

s :
(c) 3 Pnis an infinite geometric series with first term P, and r = Hl—o <L
n=1

£ p=_N 4P1 16c
T~ R TEUE 7, ]
= (Byn—1 & syn-1 2 af g 2
z_:lAn = Z (g) Al = Ei(g) a = :g = 5!11.

[62] (a) Let sn denote the length of a side of the nth square and }sn the length of the
radius of the inscribed circle. Now Ch = w(jsn)? = Is% = L8n, Le,

Sa = 3Cn. Let rn be the radius of the nth circle. The inscribed rectangle will

have a side of length s, = J = {2

Thus, Cn = 772 and S,y = s?,,,, = 212 = Cn = ({50 41) = FSuurs
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(b) The shaded region has area (S, — Cy) + (S; = C3) + (S5 — C3) + =+ =

iSn—§Cn=f:Sn i's»-4_”zl‘$n
S)-—’%Sn.

From part (a), Spyy = 2Cn = &(

T

Hence, E Sn=8 435+ + =
n=1

Thus, the area is £5%(25,) = 2575, or approximately 42.9% of §;.

1
@ (a) f(n) = an = @+ 20 and f(z) = (3—_|_2Lz)§

(i) Since (3 + 22)* > 0if z > 1, fis a positive-valued function.
(iiy fis continuous on R — { —%} and hence is continuous on [1, co).
23 + 22)-2 _ 4
I_t(3 + 2.1:):']2 T (22 + 3)*
then (2z + 3)% > 0 and f is negative. Thus, fis decreasing on [1, co).

(b) [Tf(z) dr = lim [—m]z =0- (—ﬁ)); C

Note: For Exercises 2-12, each function fis positive-valued and continuous on the

(i) By the reciprocal rule, f'(z) = — fz>1,

interval of integration. Only the function fand its derivative are listed in (a).
2 () f(s) = (—11—)3—,5 = fi(z) = _2(=—+34)375 <0ifz> 1.
2 Bz 2\

(b) I f(z) dr = hm l:_&+—)l”:|l =0- (—E), C
B &) ) = iy = F@ = g < 0if=2 L

(b) ITf(z) dz = ‘li‘rr;o[-}lnHz + 7|:|' = o0; D
@ (a)f(t) ;_ﬁf(z) mﬁ(ﬂlft)l

® [ s = lim [jn( + V] = 00D
B (a) f(z) = P = fi(a) = o2 — 32%)e*° <0ifz > 1.

0 [ Hoie g 4] =0~ (49 =
6 5 —4 i
(a)f(z)_a-—fsf() -,(22—_‘5),<omga.

oo ,__1 2
(®) L f(z)ds {PF} = L (F+5s)ts = ‘%[-gmm + }In|2z — 5|]; =

dim (022578 | = jon2 — nd) = fme; C

10
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@ (a) f(z) = ln: =?f’(z) 1 —zzlna: <0ifz>3

@) [ fa)de = Jim [hon ], =

1 .._.___2+1!1! .
(lll )Z:I() tg(lnz)3<01fz_>_2.

®) | i = Jim [-L] =0~ (- )i ©

[ (&)f(z) Wif(t) _ZEAT—W<0“:>2

(b) L f(r)#=‘EQ° sec” 'z ; =5—-3=5C

(@) f(z) =

[0 (2) f(z) = (—3 —,-;)=>f'(=)~ 9(_6’)2<0ifzg4.

(b) I:of(r)dz — ‘I-i.“éal:lnl’ -3 - lnlzlll = ‘l_i’ngol:luz-;—é :': =
‘ lnl—ln%=1n4;c
@ (a) f(z) = mt"“; = fi(z) = 1:(12:“—%‘,’-& <0ifz> 1.
(b) I f(z) dz = hm [i(arct.a.n z)] -1 n2 - 3'2

() fiz) = = fi(e) = -3 <0ifz> L

(162 + 1)
(b) [ f(a) ds = i [Jtan~42]! = §5) — jtan~'a; C

1
1+ 1627

Note: Exer. 13-20: S (the given senes) converges by (11.26)(i) or diverges by (11.26)(ii).

[13] S converges since 4—_*_19? < 3 and z = converges by (11.25).
n =17

L <£n=+and

2 +1  n? 3/3 =

—31——2 converges by (11.25).

[14] S converges since v

["]8

[15] S converges since n}i" < 3, and i —1—,. converges by (11.15).

S converges since 2——"-;‘259-5—’—‘ % and 3n§:11_1li converges by (11.25).
[I7]S diverges since %‘m" p e i / 4 ’Z’ i % diverges.

-

[18] S diverges since airgs;)c"n = 2™ arcsecn > 2" {for n > 2} and )o:a: 2™ diverges.
5 B a=1

ul""

[19] S converges since ln 6,

> 1
E -3 converges by (11.25).

[20] S converges since nl' < l, {forn > 4} and f -lz converges by (11.25).
- n n=1
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[T Let an = —?‘4 By deleting all terms in the numerator and denominator of an

except those that have the greatest effect on the magnitude, we obtain
ba = 3 = ko which is a divergent pseries with = }. Using the limit

= 1> 0. Thus, S diverges.

comparison test (11.27), we have lim

= S o 1 : T
Blletes =gt pudlh =g Mo P =l s ™

1 . . 1
23] Let an = and bp = —~=. lim 3 = lim =z2>0.
- o 47‘13 — 5n 1..3/2 n—+co 0n n=$oc0 4”3 — 5n i
S converges by (11.27) since 3, bn converges.
1 § e g n®
124] Let an = and by = —5. lim = lim =
z4 ? :in(n + 1)(n + 2) 2/ n—eo bn """"Jus + 322 + 2n

1> 0. S converges by (11.27) since 3 bn converges.
8a? — 7 _ 1 i Gn_ 8a2 — 7 " _
-Leﬁﬂn ——(Tl')j&!ld bn—cn- n]l{nwz:_uli*mmm 1 =8>0.

S converges by (11.27) since ¥ ba converges by (11.15).

-Letn..-—a—nz%—sa.ndb.;:—lﬁ. Jim 2 = lim 3245.2° 350

2 n—%oo n2

S converges by (11.27) since Y bn converges.

T | . P PO n__ _
@Le&aﬂ—mwdbn—%. "lll;ﬂwbn—nl_ll.llnm—].)().
S diverges by (11.27) since 3 by diverges.

2 3
s o | . n _ |; -
[E]Letaﬂ_:z-é-'l—-“a.ndbn_-ﬁ-. lim 1 = lim —=% 1—l>0.

n—+oe In n=on” 4

S diverges by (11.27) since ) ba diverges.

_2n 4 n? o e BN e R RDRE
[29] Let a, ——F—I—l-andbn—i. nll.muob:—nll'moow-‘l>0.

S diverges by (11.27) since 3 b, diverges.
5 3 i 8 § 3
‘Ltn=n+4n+1 el g Bt B 28 +4n® 4+ a7 _ 1 .
(B Let o 2n§+n‘+2mc‘b n® ﬂll‘mﬁﬂn 'lh'x’ne'ﬂ?ns+ng+2 §>0
S converges by (11.27) since Y, ba converges.
n =]
@Smce i = g sitd o -1;-. (%) and ngx [:(%)" + (g)"] converges,
S converges by (11.26).
2
@Lctan=2na_7andbn—% lim % = lim —3% =%>0.

¥l ~ Ve 2n? — 7

S diverges by (11.27) since 3 b diverges.

Note: n > 4 so that 3 an is a positive-term series, and (11.27) applies.
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. e - - b |
[33] Let an —m@d bn = 275 Jim g = B, Tond +1 A5 P

S diverges by (11.27) since 3 bn diverges.

[34] Since l—n{l < &4— = <5 and ef: —15 converges, S converges by (11.26).

1n
1/3
[0 —_ n
.Let Gn _%asaﬂd 'b" - 1/3 nl-olmwr nll‘m 3:321I+ T>O

S diverges by (11.27) since 3, b, diverges.

36] Since 1+ [nn 2n 2 _ 2
i n 4+ a1 <3 | & A and 2";1-3 converges,
S converges by (11.26).

BT f(z) = ze™". J’T f(2)dz = lim [—zc" i ]: {IP}=0- (-2 =%cC

s 1 R S O U 22 -
Eliets = e e o I P e R
1> 0. S converges by (11.27) since 3 bn converges.
el ) N . sin(l/n
[39] Let an = sm-Lz and by = 5 nl_x_’mms— = ,,13“‘,5—7—5—) 3} =
2/n® 2 ;
Jim (/n—)2+(l/u_) = 1> 0. S converges by (11.27) since 3 bn converges.
T | = an _ o tan(l/m)
[40) Let an = tan+- and bn = 3. = lim == /n {81 =
2
uli_l'nm %ﬁ(w 1> 0. Sdiverges by (11.27) since 3 bn diverges.
20 4 1)° 1 . (2m+ 1)
Let . i and bp = L. lim 22 = lim =8>0.
(4 T 25 nveabs  nebeo w
S converges by (11.27) since Y bs converges.
i 4
-Smce L ++n1n > - '_'+_ iz I ﬂ and 1 ngl—,f dlverges,

S diverges by (11.26).

2 n 2 n n
Since':l:f,, <k ;,',2 52 +2 {forn>4}—2(3)"and22 "

converges, S converges by (11.26).

I 1yn
M{g}=

"

= 1> 0. S converges by (11.27) since Y bn converges.

@ Let an = In[1 + ()] and ba = (Y™ lim §* = lim_

n=*co On

: 1
nl-l-gncol 4+ (3)."

[45] Since ‘2.2 ln I < 1‘3 = —1 and E :z converges, S converges by (11.26).

n=1
. osinm 4 2" 2" 4+ 27 _9.9% _ oo = r2\n
[46] Since s el =2(}) andzn);_‘,l(g) converges,

S converges by (11.26).
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E7G k> L Since—klr < -1; {lna>1ifn >3} and fl‘ converges by
n n n n=2n
(11.25), S converges.

” - : i = 1 — e san
(ii) k= 1. Using the integral test, L ;Edz = 1%[12“:12']3 = o0; D

=~}
(iii) 0<k<l sv=Inzz= e",andd::e“du::rL ;r}n—z_a':=

=) o (1-F)u
J- “L_ du = J. A . Since 1 — k> 0, the integrand approaches co
In2€ In2

as u— co. Thus, the integral must diverge and S also diverges.
(iv) k< 0. Since ﬁ. > ﬁ > -,lr (n>2) and ..i::z% di-verga, S diverges.
Thus, S converges iff £ > 1.

. oo 1=k
@G k#1 L -::(T};)-Ed:r::‘l_i.m [(l;‘-’)—r] IFk> 1, {1 — k< 0} the integral

converges. If k< 1, {1 — k> 0} the integral diverges.

{--]
() k=1 J L gz = lim [lnllnz|:|; = oo; D.
2

Thus, S converges iff k£ > 1.
[49] (a) From the results of the proof of (11.23) with

f(z) = a.nd then f(z) = -2- we have:
. & 1 1 1
® k}:=:2 +15I1‘+ dzsigll'*'l:?
§+%+---+ni <+ -m2<iels vl

{sinceln2 <1} ln(n+ 1)< 1+ 3 +3+ - +4.

n n n—1
< dz < 1:
(&) kgz%_.[fé— g_’;
o | 1T il 1
3tat +n£lnn51+2+3+ g S 2
1+3+l+ -+l <ithan

By () and (i), In(n + ) <1+ §+ 3+ - +F <l+hn(r>1).

(b) From part (a), S > 100 if In(n + 1) > 100.
Thus, n + 1> &% = n> % — 1 ~ 2.688 x 10*°.

=...=r1\1”—i——l\l::% "_3 J”—.rlxl_ Sincenzlrn=

j 1 5 A 3
r \l— = = oo, the height can be made arbitrarily large.
2 1\7 1 n.z=:]. 1= ) g Y larg
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(b) The volume of the nth ball is given by

Vo = gr(rn)s — gw(q@)s ;%;13 = ﬁi. The maximum volume is
n

n—l A=2n

£i4 i LS‘;“*‘ 'J'l ?lh-dz{usingthe
proof of (11. 23)} = T' +

4%(2) = 4n. If the material weighs 1 Ib/ft?,
then the total weight is less than 47 -1 = 47 pounds,
Since lim_ i—: = 0, then by (11.3), there is an N > 1 such that if n > N,
then 'i—: < 1,01 8a < ba. Since 37 b, converges and an < by for all but at most a
finite number of terms, }° a, must also converge by (11.26).
[BZ) Since lim §2 = oo, there is an M > 1 such that if k> M, then ,;'-f >1,0r ap > by
Since 3 by diverges and b, < a, for all but at most a finite number of terms,

3 an must also diverge.

53 E an = E an + E an. Since @, 4 (J f(3) dz,

n=1 n=1 n=N+1

o
it follows that the error E = i‘, an < J f(z) dz. (See Figure 11.8.)
n=N+1 N

[(54) Error < nglfd’ = Jlim [-1], = & < 0.001 = ¥ > 1000; 1000 terms.

Lar= lim[ ﬁ]' = 713 <0015 N > 50 = N> 50; 8 terms.
1

] T 0.00 = InN >20 = N> ¢

[€%°] + 1 = 485,165,196 terms.
(7] Since T an converges, lim an = Oand lim L = co. By (11.17), T 4 diverges.
(B8] (an — i) 20 0 = 20n 8,y 4 02, > 0= a® + 2,3 2“"‘;n+1 =

(6n + 8ay1)’
SR T reill

@ + 200 Gpyy + Gpg1 > 400 Gpyy = 2 Onlpyy =

ﬁ'_‘_"'gfn_“'l > (8nd,.;. Since 3 an converges, 1% (an + a,,,) converges, and

2 @ Gy converges, by (11.26).
0.367879, S, = 0.404511, S; =~ 0.404881; S ~ 0.405

)
o
Q

® s iz = lim [—Le=?]' = L0 0.00006 < 0 03
lerror] < ; ze = [lim | —3e 3_25 = 0.00 < 0.5 x1

[0]S, = 1, $; = 1.0625, Sy & 1.074846, S, ~ 1.078752, S5 ~ 1.080352,
1.081124, S; % 1.081540, S = 1.081784, S, =~ 1.081937; S ~ 1.082

N
s

o0
lerror] < L #ds = lim [—%:‘3]; = 3(97%) ~ 0.000457 < 0.5 x 10~
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From the graphs, it is apparent that z > In (z") for k=1,2,3 and z > 5.

Thus, % < ln—(lp'._) for k=1, 2, 3 and n > 5. By the basic comparison test,

since §1% diverges, fli—n-zl:;—) also diverges for k = 1, 2, and 3.
n= n=

Ay 1&!

- ' -+

10+ -

i
T

10 L E 50
ngbre 61 Figure 62

A T e~
x

From the graphs, it is apparent that z > (Inz)* for k¥ = 1, 2, 3 and z > 100.
Thus, % < (ln_l)i for k=1, 2,3 and n > 100. By the basic comparison test,
n

since i -}, diverges, § (FL)-; also diverges for k¥ = 1, 2, and 3.
n=1 n=1 n
arcises 11.4

S R % n++1 a7 _
nh—lfnco an —nlilrnoo(a""’l a_';)-nh—x'noa gn+l In+ 17

. 3n4+4 _ 1 2
v = 1980

Note: For limits involving only powers of n, we will not divide by the highest power
of n, but will merely compare leading terms to determine the limit.

Jm g = lim S i i it =8> 00

R . o et o Rl AL
B Jlm 5 = u;w(}lof?)l.ﬁ’%ﬁ = Jip My =0<50

@ fary o g BEDO 40 g o (BED0 410

= AT T =
noee T aSw  (n4 1) % 410 a=ee(n + 1)(n'° + 10)
0<1;C

e S 4 n® + 920 +5
li 1 lim e .
. m —o n—60 (n e 1)2 £ 2(,‘ 3 1) +5 n+3

n—+c0

= 1; the ratio test is

inconclusive. Using the limit comparison test with b, = %, we see that 3 an
diverges. However, the purpose here is to call attention to the condition under which
the ratio test fails,
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im 4 3(n + 1) _Jn3+1

nl'l-Omeo an n—‘ooJ(ﬂ_*_ 1)3 o 3n

!
@ lim 2 = i Sl [ "T"'lzoo;D

= 1; inconclusive

n—+oo On n=co G131l n=beo
@ lim " = lim = lim L =0<1;cC
@ Jim, "% = Jim S0F = i 122 () = w2, =

13 hm Nan = hm n 2——; = lim Since lim n*/™ = lim (nV") =

n—*co 2/" n—+co n—oco

(1)* {see 11.1.37}, the limit is 2, which is greater than 1, and 3" an divergéc.
n+l 5 1+(1/n)

s oom — Bwn B|.0 - P .
U] Mg, = T, S = B Vs = 018
I/n
IS TN S 8 <
"l_l.u;n"° i, = “I_u.n” = nll‘mu =3 {see 11.1.37} < 1; C
e _ © . /m
.n_.m"{_ = lim " {10—,, = ”lgnm"w . % {see 11.1.37} < 1; C

T | o n n Liy S5 n el
nh-gnwm—hm (2n+1 —nlgnao ﬂ+1 2<1C

08 iz, "7 = Jim, ()" = i, 12 (8) = Jlim gy = i, m = i D
Note: The following may be solved using several methods. For a convenience, we list an

abbreviation of the test used at the beginning of the problem.

NTH — nth-term test (11.17) INT — integral test (11.23)
BCT — basic comparison test (11.26) LCT — limit comparison test (11.27)
RAT — ratio test (11.28) ROT — root test (11.29)

[19] LCT Let an = %md bn
n

1 H 8n __ 13 n’ i
Byl R

S converges since 3 b, converges.

. ;. b Gite O
[0 LCT Let an = griig nd bn = 5. lim §2 = lim 2B = § > 0.

S diverges since 3 bn diverges.

n4+l 3
RAT lim %0% — Lim o [(»+1)* + 2] n2102"
== n—w On n—+oco (n + 1)2102(9\-&1) 99“(1! + 2)

99n? 1)5 +2
lim ;'[("+, 5+—] Y<1c
n=e10%(n + 1)*(n” + 2)
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2(n+1)

im %atl — gy (BF D3 5t _ Pr+1) 9
@m"lll;ﬂmw— oo —5-,.—';1'5'5-,,—"11_1'11007——— 5 >LD

[23] BCT Since —53.—- < % and 2 2 - converges, S converges.

— 8+l ol 78 iy B
LcrLetan_mmdbn_F.nh—?]m:'_ull‘moons.*.l—1>0.

S converges since ) b, converges.
2" (a4 n _ g 2n+ 1)a”

(5] RAT lim 7+ 2 = lim

n—=e (p 4+ 1)""‘1 2 ! n=too (n + 1)"“

n

= znli-omeozﬂ_%jﬁ = 2nl£0moo (11 + 1)" o 2"‘lix'n°°(TZ)n

= 2:”1i_.mm—1—"1—ﬁ =2-1 <1;C. Note: Using Example 2,
(1 + ﬁ‘)
n-n-o(n _’4‘_ l)n is the reciprocal of nli_.mm ("—";,'—l)u, which is e.
[26] RAT From Example 2, _'_u’nm'lfi:—"-‘ —el- {reciprocal} < 1; C
n it 23 n| 2" e n = ) A
(BT ROT lim "on = nlgnue 107t T n-es 10l+(1/”) nl-omoom =il
10 + 9" _9n 2" @l _ B

& 9n
> %7 converges, so S converges.

i Spr e [RGB ) R (e
BIRAT lim 3+ = lim Gr ) () = a7 4 8C

a1 _ i (2n+2)! on s 11 (2n + 2)(2n + 1)

= n=e n T pebes 2"*1 (21!)' - oo 2

1 ) z/3|° __ G
EOwT | md.—._ Jim [302 97} = o0i D

2n)® D S
[B2]ROT Jim_"an = (5n+3n-*)"'v-15’3°5,+§'5<1’c

@Bc'r&nmsmceu;;) <m"1_)ﬁmaﬂ1hmwuﬂ1c’_l43;n 0L e <1

oo; D

o0

n
nz=:1 o converges, so S converges.
(B4 NTH Since lim 3"/" =3° =1 # 0, S diverges.
2 2
BEINTE lim ntank {c0-0} = _,wm(l/"){ }= (———5——1/");e° el
nl_l_.moosec (1/n) = 1 5 0. Thus, S diverges.

[38) BCT Since w < LY E and T Z -y converges; S converges.
n n?
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NTH ﬂlgnm(l + &) = e {by (1.32)(i)} # 0. Thus, S diverges.

n n - S
@ROT hm an = hm (].ll ) _nlgnwm—(l,c

gl _ jp 1°8-06--c-(2n —1)(2n + 1) al -
@RATJH“@T—JL“L (a + 1) I35 (@a—1)
lim u'——2>1 D
n—'oon
[@ RAT lim 223t
n—+oe “m
g L4 Te(n—-2)3n+1) 2:4:6-----(2m)
T n=o 2:4- 6 coee(2n)(2n4+2) 1:4-T7:- (3n—-2)

3n+1
Jim 3033 =3> 4D

w

i 1 1
) @ = —m——, ¢ = = -
UROR E+7 WMEGFY T PO+ k1))
Since the denominator of a,,, is larger than the denominator of a;, a; > a;,;.

Also, a;,, > 0 and hence, condition (i) of (11.30) is satisfied.

Condition (ii) is satisfied since lim an = lim _Tl_ =0

n—oop® + T

(b) The series converges by (11.30) since conditions (i) and (ii) are satisfied.

k+1
[2] (a2) Condition (i) is satisfied since a—ifl L +k;;{5 =k 54;: 1

every positive integer k. Condition (ii) is satisfied since
- o B MR
nllommaﬂ _nl—olmoof)-"{”} nl-l-ﬂn-') ilnﬁ) il
(b) The series converges by (11.30) since conditions (i) and (ii) are satisfied.
B (@) f(z2) =1+ = = f'(g) = —e™" < 0 and fis decreasing.

Hence, a, > a;,, > 0 and condition (i) is satisfied.

i g
—5+-ﬂ<lfor

oim an = lim (L + e™) = 1 % 0 and condition (ii) is not satisfied.
(b) The series diverges by the nth-term test.

4 @) fo= f;:L_i = fi(5) = —(q;r;‘%g < 0 and fis decreasing.

Hence, a; > a,,; > 0 and condition (i) is satisfied. "li.mw ap =

&2 2
—td 1 {8} = lim 2¢” _ 1 £ 0 and condition (ii) is not satisfied.

n —0 oo c n=—+oco 2
(b) The series dlverges by the nth-term test.
Note: Let AC denote Absolutely Convergent; CC, Conditionally Convergent;
D, Divergent; AST, the Alternating Series Test; and S, the given series.
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i g taus TP =

— > 0. = - =
{2a 1 e+l {2+l {2043
lim an = 0 = S converges by AST. If bn = %‘,ﬂli_glmff = ]1-2 > 0 and
n=—*oco n

Y an diverges. Thus, S is CC.

i 2/3 _
B o= ﬂJ?ﬁ >0. 3 = (n:- TRE % Sand fige == B comvage by AST,

However, i }/3 diverges {p = 3 < 1}. Thus, Sis CC.
n=1pn

m dn=17_n "1+1)>0. a:—:‘:}zg:—i;;(l&nd lim dn=0=>-Scquergesby

) S ) R l
AST. However, FYCESY > s 1 2n and Z %— diverges. Thus, S is CC.

—
>0. f(z = 3 < 0 for z > 2 and
. 4 f(z) = ? fi(z) = (ﬁ“) 7
r'Iim an = 0 = S converges by AST. If bn = 71;-, nhm b—,. = 1> 0 and

“n

Y an diverges. Thus, S is CC.
Since h_J’n hl-l-—oo,SlsD
n

-ﬂn——"" 0. f(z) = 1'”=>f’(2:) ];iln—z<0forz>eand lim an =0 =
S converges by AST. However, I lnn > L for z> e and z 4+ diverges. Thus, Sis CC.

[11] Since —3—5—1 < % and 5 E -3 converges, Sis AC.

. n . =n=1 = . N
nll.mm -—5-1-*"—‘ = ﬂl%c—e:‘,‘" = ¢! <1= Sis AC by (11.35)(i).
Gpy1 e |l al oy 10 .
@3] lim || = lim L G T 107 = A T =0 SisAC
u+1 (n+1)!sn . a4l _ . ”
. hﬂ:e = n_.mw 'T! = "ll.muT =00 =SisD by (11-35)(11).

. n’ + 3 4
n—‘w |an| = h_!’nm (—211 5)2 4 # 0 = SisD.

=]
[16] Since sin {7 < 1 < —L_and —L_ converges, S is AC.
Jn + 4 "ln + 4 7!3/2 g A B

13
1 1 — 2z 1
an— 1 >0. f(z) = +l:>f(z) ———2/3(z+1)2<0forz>iand
: = =4 ps Tl
nli’ma° an = 0 = S converges by AST. If by = #‘, "ll.mwr":- =1>0and

3" an diverges. Thus, S is CC.

— (TI + 1)2 _l : Gn __ -
(i8] Let an —‘maﬂdbn—nsn nlgnwE = 1> 0and Sis AC.
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L G

(18] Since [ —£~| < L and 3> 4
n

n in
n+1 (15" . oon4 1 _
@ Since —+2- (1 5)7: < (1 5)1-: and "ll'm(l 5)n+l n S n]lbmw 1.on — 1. 5

ﬁms

converges, S is AC.

<1l=

2 5" 5),, converges, S is AC.

n=1
lim sin(1/n 1/n%)cos (1/n)
(21] Since Jim nsing {c0-0} = JHm S/ ){ }= Jip w(—--l,l7—=
l'i'mwcos(l/n) =1#0,SisD.
[22] Since %ﬂ“ < ‘l’n/? z 2 -5 converges, Sis AC.
n-l
Nt TR g1 _ nilnn ; 5
an = > 0. = < 1land I n = 0=
= ailan. " (» + 1){In(n + 1) AT

S converges by AST. However, S is not AC by Exercise 48, §11.3. Thus, S is CC.

24 lim = lim ki = lim — —__ =0<1=Sis AC
n—o00 n—co(n + 1)! 2’-/" n—'no( a4 1)21/["(""’1)] ’

: n — -' n n"
28] Jign, "Jlanl = lim, ,l(:‘g)‘v‘

Gni1
an

= 'm%’:ooﬁSisD.

n—too
@8] lim " —hm"("2+l) iy e T g :
S lan] = lip e nl_l_bmm 71— =co=>SisD
1 . T
[27) Since hm +4 — {8} = im mg—z_{l% h‘rg':lgﬂm(ﬁ) = 0,

lim an 3 0and S is D.

(28] lim_ “;_yl_"_m("e:})‘ 5 —,,_,m(":;l)‘ Llc1=5sisAC.
[Enil(—l)"‘ﬁnj—-" =1+ % + :—1; 4 ---. This is the harmonic series. S is D.
@ngl',lﬁin'(i;—l—)z =1- % + % — +--. This is the alternating harmonic series.

S is CC by Example 4.
(I Let an = ( 41), — and bn = L. Jim §2 = 1> 0and £(=1)"an is AC,
321 f(z) = 1/3 = fi(z) =3 —4%’ fi(£) <0=>3—Inz<0 = z> . Hence,

condition (i) of AST is satisfied if = > 20. (ii) is satisfied. S converges by (11.30).

However, JQ%_E > o for z> eand E 1 yg diverges. Thus, Sis CC.

r
Note: The value of n in Exercises 33—42 was found by trial and error when the

inequality could not be solved using basic algebraic operations.
Note: If the sum Sy is to be approximated to three decimal places, then a,,; <

0.5 x 1072, uivalently, we use an and S, _, to simplify the computations.
Y n-1 puty P



EXERCISES 11.5 87
B3 en = L < 0.0005 = a! > 2000 = 2> 7.

Thus, Sw Ss=1-4+ 4 -4+t -4+ L ~o0s36s
an=(2 )‘<00005=>(2n)'>2000=>n>4

Thus, S & Sy = =1+ & — & + & ~ —0.540.
nlg<o.0005=> 7% > 2000 = n > 13. Thus, S~ Sy =

S O DN R JETR W (P 1 1 45T
1 = 0.901.
pre-ptg gt st ot @

[Eﬂn=n%<0-0005=>n5>2000=>n25.
Thus,Sz&:1—2%+§1g—4i5zo.972.

(28] an

= n > 6.

B0 e = 222

Thus, S & Ss =% — & + 14 — 535 + 555 =~ 0.306.
an = L(3)" < 0.0005 = 2000 < n2" = n > 8. Thus, S~ S, =
=i + 30 - 3@)° + i®)* -0 + 3D° — 1B ~ —0.4058.
Note: If we round to —0.406 (in this case), [ — (—0.406)| > 0.0005 because of this
rounding error. However, [S — Sa| < 0.0005 as (11.31) predicts.

BYa,,, = (——;T)5<000005=>(n+1 > 20,000 = n > {20000 — 1 = n > 141,
@an+x=m<o.nooosz>.jn+ 1>20000=>n>4x10° 1=
n >4 x 108,

fa,,, = (n—_l_ll—)ﬁﬁo.oooos: (n +1)"*>20,000 = 2+1>6= 125

@a,,, = ('ﬁ"llis—n <0.00005 = (n + 1)° + 1 > 20,000 = > ¥19,999 — 1 =
: n > 217.
k k-1

@O on=2s0m59 =825 pe= E)_z(—i‘-—ln—’) <0 for

2> ¢® = a,,, < an for all but a finite number of terms.
In 7)*~1 k — 1)(lnz)*2
2 rg) = Jip LNRD (s

= ... = Lm & = 0. Thus, by AST, S converges.

z—o0 L

(In z)"

@) Jim Sl (8) = Jim P —

k
@) a,.=—L41?n>0. a’,;—:'l-—%i<1=>a,,“<an.

(ii) Jim an = nh_l}éo—;{—l_n— = 0. Thus, by AST, S converges.
No. If @n = ba = (—1)"/4n, then both )" a and 3" b, converge by the alternating
series test. However, ¥ gnbn = ¥, 1 /n, which diverges.

No. If an = bn = 1/n, then both ¥ a5 and ¥ by diverge.
However, 3" an bn = 3°1/n?% which converges.
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FExercises 11.6
Note:  Let un denote the nth term of the power series. Let AC denote Absolutely

O

Convergent; C, Convergent; D, Divergent; and AST, the Alternating Series Test.

"t n+ 4
n+5 "

n+ 4

Ungl = (
n—oo\n + b

7| = lim

n=oo

o T ¢
u”—n+4=nl£4mm

)i = 12,

T<le —l<zel fr=1, 2n+4()"‘ fj - is D {use LCT with

b= %) Wz= -1, 3 (-1)"- L isCby AST. * [-1,1)

n=0
- " e Upy Lo zn-ﬂ nﬁ +4 e
we gt e = s
2 oo
I. L +4 o= - 1 —l N = l
ann +2n+5|1‘| lzl- |z] < 1 < <z<). Ifz l,n§0m<
$ Llisc fz= -1, 2( )" L is Cby AST.  [-1, 1]
n=0"
_ nzzn . atl (ﬂ.+ l)Zzﬂ-l e
s 2 :ulgn Un _n-*wT'H—- ,%w = zlzl.

ai<le —2<2<2 z=2 % n?isD {nth-term).
\

Kz= -2 )‘f (=1)"n?isD. * (—2,2)
=0

= (_3)nzn+l ) i |( 3)n+1 n+2 _
Up == e nll'mm 'u—+ = nll I s (_3)’; =1 = 3lzl.
oo n
3II|<1¢}—1<2<3 Ifz—%. ”3,”)_1 E( 1)—1styAST
n= A -
oo - n =)
Ifr:—“ _(;3)_= ‘—’—ISD * s
3 nﬁ:,] a(=3)"* n§1 3n (=33
— n-1z" o |Unsa| _ g P [
un = (—1) b = "l_x_.mw l—zn—l = "lgnw ﬁ';ﬁ = |z|.

i<l —1<z<l fz=1, § (-1)"-‘31; is C by AST.
0o s G | oo 2n-1
tre=-1, § -y § GO

5__:‘ T {since 2n — lisodd}is D. * (-1,1]

_ g : '.‘_2"’_1 o 4 .ln(n ) -
o In(n + 1) = nllbmocl Un l o nll&moelln(n + 2) " ==k

o0 o0
1e —1 L Eee3, Y el s L is D.
1z] < <z< z ,.Z-_:lln(n-}-l) _n{:ITISD

(ST 1y e . * -1,
z .“E__;l( 1) h](”_*_l)v..'CH;)y.“\S'I‘ * [-1, 1)
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|(n + 1) g2 +1
n—oan[n+1) +1 =az"

Unal
Un =

= |z}

n— oo

n
up =2 = lim
@ at 4+ 1

FI<le —1<z<l Fz=1,% 7 is D {LOT with bn =11
n=270

Ifz= -1, i (—l)n_i% converges by AST. * [—1, 1)
= n

|z 4" 1w

Unt1 - 3
nllgnm|4ﬂ+l~ln + 1' "

Un | —

un—4"‘{—$1

=1
= zlzl.

flei<1le —4<a<d fz=4, & LisD.

n=1

Fa=—4 £ (-1)" ;s Cby AST. * [—4,4)

(In n) " . “:ln (n + 1)] e 3
n = 1 —ntl n = 1zl
@ « N S ,.’-’»';| r+1)° (mn) =
El<lée —l<z<l Fz=1, > 1or e $§ 8= f;-l-,
n=21"0 n=2M0 =2

Ifz=—1, 5 (—=1)"18%is C by AST. *[-1,1]
n=2 n

_ 10n+l n o 10n+l n 5 n+2 _n+l gu -
b 32"1: - 9“ - i nl-l—tmon = nl—ogg 10 9ﬂ+1i § 10'\-0-1 .‘l:" -
Wiz, Wisj<l e —F << Fz=4, niom is D { nth-term }.
=, n . 5 85
Ifr= —1—%, Y, (-1)"10isD. * (=55 13)
n=0
(n + 1)(z — 4" i (n+2)(z — 9™ 0|
= 107 = 0w =0 107+ E T

=hlz—4l Llz—4l<1e —6<z<14 Hz=14, f;a(n+1)isn{nth-
n=

term}. 1 z = —8, f; (=1)*(n + 1)is D. % (6, 14)

02] v, = ’%;Tz)lr; = ,.]i’.“w u;_:‘ = lim_ (n(+ 1)?3::2) (5"_—'*’2)1) |z — 2l
s—2<1®1<cz<i. Ifz=3,n;lw ,._1 ,lsC
Fz=1, nz_;l( e ey + jis Cby AST. % 1, 3)
@ un = B2 = fim "4 = tim ("_“ILO;_)'IT.T (L0 = tim Bt el

= co. Converges only for z = 0.
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_ (3a)5" 3n + 3" @a) |
[4u. = @)l v ,,...,,l (2n + 2)! (3n)' n!

(3n 4+ 3)(3n + 2)(3n + 1) _

Ynga| _
| =

Jim Tn + DEn +3) Iz] = oco. Converges only for z = 0.
< u, In43 ( 4)n
0w = Fop = dm o] = i [0 G = 4

;: <1& =2<z2<2 Ifz= =2, |un| =2 Vnand both series are D. % (=2, 2)

n n 3 n
[16) un = (—'1)“—1‘5:_‘ = lim sl i [

G 7 T e

=izl dlsi<l e —3<2<3 Ez=3 § (—1)"-1-,%i30byAs'r.
n=1 n

n+11 B
n—+ca

Ifz = =38, “)211% isD. % (=3,3]

Upga| _ 1 2n+l’2n+2' (2,.)[ -
= (2 )! > nlew B2 R nlgnw (2n + 2)l 2n g2 T
%2° == =
,,ll.m,_,o TR ey 0. Converges ¥z. % (—o0, 00)
ma. — 10%2° o [Enta| _ ontigpet. ap | g 10
a = l-linoo n4ow| (n+ 1) 10"z nh—%nuon-l-llzl_o
Converges Yz. * (—oo, )
g e )Y (e~ 2) Un 41
19 un = n+1 = n+l dnlgmmw-:
. 19" (z = 2)"“ a4+ 1 _ 7 19
Jim =3 5 r_2),._9I::--2I. 9z —2<1 e <<
He=4% ¥ 1 isD Kz=1 z( )" isCby AST. « [, 1)
= Zpn + T! n + 3 9' 90

5)

@ Un = (ﬂ_'s = (z ) 4 5"

(n + 1)5" (z—8)"
lr—5l<c1e0<z<10. Hz=10, 3> L isD.
n=1

Yn1| _
n

= %|z — 5l

n—$oco n—$oo

Ez=0 $ (~1)"%isCby AST. %[0, 10)
n=1

wE+4" _ e+
@ Un = o3n g = nl_x_’mm HTH =
(n+ 1@+ g |, ;
= 3 4 1 -12 3
,,-'m 8n+1 (:+4)n| §|I+ 4I §|3+ l< (=3 12<z<4

=4, E"zisn- z=—12, Z( 1n?is D. & (—12,4)
n=0
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I CE) W lz+ 3" 2041
s = S =M e ey = P
e+ 3<1& —4<z< -0 Ix'z=—2,n¥°2n+lan

fs= —4, )"f; (=1)"g7L— is C by AST. * [—4, —2)

_ a%(z — 3)" s T (r+ )" z—-9)" 41
B8« = (-)" e = lim ] = a '

n-Ooa

& 1\ .
= lim ("',{' ) (n + l)Iz—SI:HlL'mmc(n+ Dz =3 =

n—+oo

Converges only for z = 3.

» anl(z +2)° 7 la + DIz + )™ ke
B = (-1 =55 = lim [0 Y e P L
“l_i_l;n& (n + 1)|z + 2| = o0. Converges only for z = —2.
_lna(z— ¢)" T [ln('" + ].)](z ) e
B ta = en = 0 el = JERS) ‘(na)(z — e

=%—|z— el. —i—n- el<l & 0<z<2e Ifz = 2¢ E Innis D { nth-term }.
n=1

¥z=0, f; (=1)"Innis D. % (0, 2¢)
=1

Up = ﬂz_;_ll)”‘ = lim = lim ](n + 1)(z — 1)2"“' 32n-1
e n—+co

noo| 3 n(z — 1)*"| ~

un+1
Un

Ye—1)% Je—1)2<14 —2<z<4 Hz=—20r4, 3 3nisD. * (=2 4)
n=0

(22 l)n“ n6"
(n+1)6 @1

un+l
“Un

27] un =( ].)".(—2—1‘—-3l = lim

n=rco

m
ﬂ—Pm

oz — 1) Y2z—1l<1& —§<a<] Kz=% ¥ (~1)"Lis Cby AST.

n=1
o]
Wr=-§ 2 Llisp. x (-} 3

241 = i 3z + ™' {3n+4 I

""l n ual J3n+7 (331‘4)'

_ @z 4"
i!! Un = :E;:fi=z'=? nqun

[3z + 4| <1 & —§<z< 1 Ez= -, EmisD{LC’I‘,bn=%‘}.

n=10

=]
fz=-§, 1)® ko i8 G by AST. % [—3 =1
S FEpeel

an+l (: sz 4)n+l al
(+ 1) 3 (z— 4"

37z — 4)°
=

Yngl
Un

lim

n—+ oo

= lim
n—+oo

B8] va = (~1)"

n];m”ng_ l}z — 4] = 0. Converges Vz. * (=00, c0)
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|cn+3 (r. | I)n-fl A

BY v, = (—1)"—ﬂ—°nﬂ("1)"=> Jim |8 = —_—
n 7 Un "_,wl ('l ¥ l)n-ﬂ ¢ﬂ-’-l(z = l)n
- elz — 1| - L.
= "Ill_l.'nwe o 0. Converges Vz. % (—o0, 00)
lim [+ =
n—tco %

- [1-3.5:.... (2n—1)(2n+1) 1 3.6:9...3n) | _
n=ca| 3:6:9+:.-+(3n)(3n + 3) 1:3:5: (20 = 1)27| —

" 2n+1 P 3 _—
Jim (B2t )ei =2 fi<l e m<d xr=}

Note: The convergence/divergence at the end points does not affect the radius of
convergence.

|2-4-s---- -(2n)(2n + 2) 2" .4-7-10-

nveo|d-7-10- - (3n+ 1)@3n + 4) 2:4:6-- (2n)

n—'eo

nlgm(g"—"'—%)lzl =}l §lzl<l e iz1<3 *r=3

(n o l)n+l !n+l n'

3 L
@nlbmoo—":;’r-=n—0w ﬂ+l!
|(n+l)(n+1)"t[__ > a1\ TN
n—Omml (n + 1)11 I o n—flmoo( ) Sl nh—l;nno(l 2 "‘) il = uleh
i<l e i<t kr=+
i [ast] _ o [ DNE=8™ g |
B4 i, ] = i, 10"*? (n+DI(z—5)"
lim 22z — 5| =00, *r=0.
n=tco
im [P = i [ e DT al(n+ Gl
@nléomm -T‘TI a1 G+ D(n+d+1) (n e ol

n+c+1 = =
"l_.m(n+1)( +d+1)|z|_0. * r = oo.

o |Cen 4 ™ (al)e | (cn + c)(en + 2)---(en 4 1)
T n9be [n+1 ]-‘_ (cn)'zl (n+1)°

= ¢®n® 4 terms of lower degree
T n=e n° 4 terms of lower degree

Izl

z| = ¢|zl. c|z|<1¢nz|<-cla. *rzzlz

: C I (l )2n+a+2 £t (n 4 &‘)"
BT lim |57 = Jim, GFDIG+e+ D g | -
2

(ir) = (0. Thus, r = co.

N ey y gy
[38] From (11.31), the error involved in approximating the sum using the first four terms
in an alternating series is less than or equal to the fifth term. @ = 0,0 £ z < 1, and

(=n's _ e
n=4= 05 = T < 7455 © 0.0000068 < 0.0000100.
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Yo i z'_2 _2_4_ 25 :6 Pl ) La :5 < 27
@ =1-%+5H -85 M hG) ~ 5 - 55+ 382 ~ 543
175 (%4

=Y

Figure 39 Figure 40
S " ? z =n+l
"h_x.nwl—ﬁ;‘*—ll = nll.mw "::z =kizl. klzl <1 & 171 < 1,1- xr= -;l;-

[42] Applying the root test, Jim "Jla,;_:"l = nli.mm[ "Jlaal "Jir_"l :l = kizl.
' Hei<lelsi<t *r=1
Since ) an z” is convergent for |z| < r and is divergent for |z| > r, it follows that
¥ anz®™ = T an(z%)" is convergent for z° < ror |z| < VT and is divergent for
22 > ror |z| > {7. Thus, the radius of convergence is 7.
Since |z| < 1 and ) 2, is absolutely convergent, J
3 laaz®| < 3 1an| and thus 3" anz” is also absolutely convergent.
[45] Assume that ¥ enz” is absolutely convergent at z = r. Let z = —r.
Then ¥ Icn(—r)"l' = ¥ |ent?| is absolutely convergent,
which implies that 3} a,(—r)™ is convergent by (11.34). This is a contradiction.
Since 3 |an(—2)"| = ¥ lanz"], the series must be absolutely convergent at z = *r.
(a) By (11.15)(i) with ¢ = 1 and r = 3z,

f(s) = 1—_13:_, =143+ @) +@)P°+- + @)+ = u}"::3°3"=".
(b) By (11.40)(i), f'(z) = :\; 23”z"~1, By (11.40)(ii), L f(dt = uiz;oni'_'lz"“.

B (2) By (11.15)() with a = 1 and r = 52, f(2) = ;3bgz =
1+ (=52) + (=52)* + (=52)° + - + (=1)(52)" + +++ = 20(_1)"5'-,»,

(b) By (11.40)(1), () = Z‘V:I(—l)"ns"z"-‘.

n=

By (11.40)(ii), E fQ) di = 20 (=1)" n”—:l Sk
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A : B
B (2) f(2) = S e e (_%z) { the denominator must be of the form 1 — r}.
With a = } and r = =15,
£ =301+ (39 + (CF + (3% 4 o 4 (<P + ]
=4 3 (-)"@)""
n=0
oo n
(b) By (1L40)), £(=) = § £ (~1)" 5 =,
n=
By (11.40)(ii) rf(t)dt—é 5 | S
. ] o = 2n=0 (ﬂ = 1)2 .
- 1 I [P | e
(@) f@D=3—73;=3 T
N1+3+E*+6@ + -+ 03"+ = 15 @
o n
(b) By (1L40)(), /() = } & %r "
n=
o 7 _1 & 9n .
By (406, J'o Hyet= 3az=:o (n+1)3 S
2
@ ii_zi = 22°1—_1—z-5 = 2[1 + (z'z) + (1:2)2 -+ (22)8 + ] =
28 ("= [P<1sri<l=zr=1
! n=0 n=0
B Eg=rdg=l+@)+ )+ + ] =
R @M= R i mcisr=1
n=0 n=0
z T d s 31[1 + (32 + (39° + (32° + ] =
2 =3z 1= %z -2 2 2 2 a
%Ini::o(gr)" = n)‘:,u-z-f’%z"” gzl <lzpici=r=§
3 1 '
2 z 5 = 3 11 5= %zSD i1 st) + (izs)z Te Gza)s + :l G
-7 1= 2T )
i io 3= = io 4..1“:3"*3- B?l<1= i< VT = r= ¥4
n= n=
2
0 :;jll':z*'l'*'z_.?.’i:]+=—1~Ei=1+z—2(l+z+zz+za+~--)

=1+z-—2—2t—2(22+:3+z‘+zs+-~<)=—1—:—2§::".
n=2

ZiI<l=r=1.
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1

2 -3 _ B e
z—2 “:+2—2-3—2+2_1T§z_

24— 1+ G+ +0 +-J=2+2-}-1:-1 8

1+3:-} % gon el <1l <= r=2
n=2

M) f(@) =1 -2 = f() = — L o (s Pt bt ) =

&

_E_:Iﬂﬁf(z) Zn+1=—n§1%-
(=0.2* (=0.2)°> |
2 = 3 =

(b) Using (11.31), In(1.2) = ln[l — (=0. 2)] —(=0.2) —
4
0.183, with |error| < (0 = 0.4 x 1073, Calculator value = 0.182321557.

4
@ (09) = (1 - 0.) = 1) - & _ L

—0.1053.
Calculator value & —0.105360516.

- 2 _ ( 1 )2n+l

o0 3 N
[13] arctan z = 2 (~1)" 5= g arctanT = "ga(_l)u_gn__'_1 oif

5= Eo('l)"(ﬁ)’ (J‘)(zn T R T’ E (=3 3"(27.'1 T
(a.)E=arctan1=1—%+é—%+§—g?3z0.8349.

(b) [Error| € a4y = a5 = lLI =~ 0.0909.
[13] Using (11.41),

D) = 1e* = :[1 o9+ 8L (3:) (33:') ] I
[T6] Using (11.41), f(s) = %) =
:3[1 + (zz) & (222!)2 + (::1)3 i ”1 _ 3 z:: (,_.3.)n _ i —1-!:2'”,2'

3!
[17] Using (11.41), f(z) = %" =

2 3 =1 S50 olaB &
zs[l _'_(__:)_{_("2:) (_-.3_?,..+ ) :I3n§°( ::) =ﬂz-=:0(_l)nr%!zn+3'
[18] Using (11.41), f(z) = ze™3* =

:[l + (—3z) +( 31) + (_3r13 - - =% i (_:!;)" = 2 (—l)n'a—":znﬂ-

[13] Using Example 3, f(z) = z* In(1 + z*) = 7*| (z) — = B Gl il G
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[20) Using Example 3, f(z) = zIn(1 — 2) = z{(—z) - (_2:)2 + (_;)s — (—4"-)‘ + :}

)n-l»l s a4

= :ﬂg (- 1)"("__fT ngo(..l)lnn nz'+ 1= Z=: n-},- lznn_

. . ‘ @ gn
Alternatively, from Exercise 11, zIn(l — z) = z:(—nz_:l-ﬁ) ==

iR
o
~

1/2 1/2 1/2
[21] Using Example 5, f(z) = arctan T = [(:1“) il 7 ) -+ (’:5 s - = ) + ]

1/2¢2n41
n(@ ) R Y (2n+1)/2
E(l) 2n+ 1 ’,Eo( 1) P '
4438 4y5 47
[22] Using Example 5, f(z) = z* arctan (1) = z‘[(z-‘) - E} + (IT) = Lz_7_)_ s ::|
( i 8n+8
- E( e 2( i L
[23] Using the series for sinh z (just before Example 6),

f(::)=sinh(—5z)=|:(_5,)+(—;!’) (:f (slr) +,__:]=

o (_53,- 2n+1 & 52n+l 2,,”1
YR ey Ml P ey
Using the series for sinh z (just before Example 6),
2 27
o = b ) = [ ) + B L LG ]
o (Iz)znﬂ . 1 4n+2
nz=:ﬂ (2n 4+ 11— ng_—:o (2n + 1) .
[25] Using the series for cosh z (just before Example 6), '
2 344 3,6
f(z) = 2 cosh (z°) = &* [14-(’) %+(—’63—+..]=
2 & () £ B 1 e
T L @ T 2@

Using the series for cosh z (just before Example 6), f(z) = cosh(—2z) =

21)* 21)* 27)° | @ (=272 = g,
[ ( 2'2) = 4'2) : 5'2) = ‘]zngo((z:.))! —ngoé_“-!r?'

_ (173 1/3
L = |"0-f+2-24 . &
o 1+12° 0

1/3
= [z: o L R TS ] . Using the first two terms,
o

I~} — 2(3)" =~ 0.3333, with jerror| < &(3)'® < 0.5 x 107".
1/2 1/2
28 Jo arctanz? dr = L (@ -3+ - IM )=

e
[%:3 s 51‘127 + il‘sz“ — 1%—5:“ + :l . Using the first two terms, (cont.)
0
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L2 3(3)° — 2()7 ~ 0.0413, with [error| < £(})* < 0.9 x 1075,

@E Dividing the series for arctan z by r, we have

0.2 0.
J- -3+ -1+ )i = [z— 12 + 4285 - X0 + :I :
: 0.1
' Using the first two terms, I & [z — §2° "7 ~ 0.0992.
Since the series satisfies (11.30), (11.31) apphes.
Qur estimate of arctan0.2 is [0.2 - -(0.2)3] and has an error of at most £(0.2)°.

Our estimate of aretan0.1 is [0 1 —(0.1) ’] and has an error of at most (0.1)°%.

If we subtract these two valu&s, the error will not exceed the sum of the two errors.

Thus, lerror| < #(0.2)° + £(0.1)° = 0.0000132 < 0.5 x 107*.

3
(30) Since ; : == 1 —-2% 4+ 20— 25 4 .0,

4 0.2
fisn Jo (=B 2% = 2y )i =|}z4 g T e L :'0 :
Using only the first term, I & 1(0.2)* = 0.0004 with |error| < 3(0.2)° < 0.6 x 107".

1 _22/10 Yoo g2 £ 25 -
@L ""‘L(l 10 T 2100 3!-'1000*'”)‘1‘“‘

1
[‘ — %% + wh — @bt + :] . Using the first three terms,
‘ 0

[m1 = &5+ g = 0.9677, with |error|<nT‘¢-d-o<0.3x10“.
0.5 0.5 -~
-8 gy — ol B el o o Nl
@JD s 'i’"J’o ((-Prg-f+ )=

0.5
[z =4zt 4 LT - A+ ] . Using the first three terms,
0

10
T2 0.5 — §(0.5)* + £(0.5)7 ~ 0.4849, with jerror| < &) — < 0.2 x 107,

@l_lﬁ E e Smce-d—( 1 ) = @ fzzz)zr

1 — 2

we have (12—‘-'22)5 = i (2n)z?"~! by (11.40)(i).
e n=1

2
B£0nG + 22 = 32 % (3-34:) =i+ + (3 + =
z (=1)"()™' 2" By (5.30), In[3 + 2(z)] — In[3 + 2(0)] = J —;,di:

In(3 +22) =3 + 3 (—1)" L@

A=0 an+l
BB D:[] = . § S5 = £ S en(3)™(3) =
= (=1)"* s\l _ @ (=1 (= 41
PN ey iy ey LR n(5)"" = o nl(n + 1)1 \2 ( ) A(3)
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e

e J’,x Ryt JL‘ZD n!E:-l;-)nz)! (z)m2 ’:I dr =
IL&N(%T(S)( )’“*":I - [ni-_.:un! E::L)nz)!'z(.:f 3)'(5)2“5:] +C

= 8 (=1 rr\2mes o o
“[n§.,n'(n+3) () ]‘* C=ed+e
20 o e fi 3 n =
@ (&) nz-.:op" =n§0c )‘% i An2=:-!)2;iT = *5}‘ &= 50 e
(b) Let P denote the probability that two or more photons are absorbed.

& & —A 31 =210
P= ) pn= Zp,.)—(p1+p°)=1.-.(u+§_’\.)=
n=2 =0

1! 0!
1—(de™ 4+ c'A) =1—-c*0 % 1)

[gjj Using Exercise 11, 1(1_-12 - Df: ﬂ:—l
A=l
= £ 2 o0 in-l oo f" td 00 1
z) = - _—|dl= |- El = - L
1@ Jo( n=1 ':3) [ n):=:1n:|o n§=:1n’ le1<l
1t bty n)=a
[38) Using (11.41), &1 ( o ) =1+Ht+4f+
- o L—-I = l = oo e ’_ =] 1 -
—nzl nl’ f(z I (-nz —[nglﬂn_') —nz—_:ln(n!)z

Nete: et DERIV denote the beginning of the sequence:
@), £()3 F1(2), f'(e) F(z), f'(c)} ... . For a Maclaurin series, ¢ = 0.
We have used the double dagger symbol (1) to separate the terms.
@ Letf(z2) = e=. DERIV: €%, 11 3¢°%, 31 326", 3%1 33637, 3% ... )
™ n
() = 3¢ and £™0) = 3. Thus, 0a = f'(n!(O) = %r
@ Let f(z) = €. DERIV: ™%, 1} —2e72%, 0§ (—2)%c72%, (—2)*
(2%, (=2)%t ... f™(2) = (=2)"e* and £(0) = (=2)".
(n) L 8\R n
Thus, ap = f_n!(O) = (——'3) = (—1)"%!’-

@ Let f(z) = sin2z. DERIV: sin 2z, 0f 2cos 2z, 21 —2%sin 2z, 03 — 2% cos 2z, —2°1 ... -
k=012, .., then f(")( = 0 and f(““)(O) (~1)* 22+,

n)
Thus, an = 0if n = 2k and a, _f( (0)_(—)(22“1) ifn=2%k+1
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Let f(z) = cos3z. DERIV: cos3z, 11 —3sin3z, 0t —3% cos 3z, —37¢ 33sin3z, 0F ... .

Ifk=0,1,2..,then f2*™(0) = 0and f*(0) = (~1)* 3%,

(ft)0
N

Thus, ¢n = 0ifn =2k + 1land an = if n = 2k

B Let f(z) = T;l"s‘ DERIV: (1 + 32)™%, 1f —3(1 + 32)~2, =3 2-3%(1 + 32)79,

18t —2-3-3%(1 + 327, 1621 ... f™(@) = (~1)"al3"(L + 32)~"" and

n) n n
f(")(o) s (_l)n n.!3". Thus, an = f(ﬂ!(()) ( l)n!n!S = (_l)nan‘

B Let f(z) = ;Lg; DERIV: (1 — 22)7%, 1§ (—1)(=2)(1 — 22)7%, 2t
(—1)(=2)(=2%(1 — 22)", 8 (~1)(=2)(=3)(—2)°(1 — 22, 481 ...
£@) = ()" al(=2)"(1 — 271 = 2" (1 — 22)~"" and £")(0) = n!2".
f(")'(o) L

Thus, gn = =

Let f(z) = cosz. DERIV: cosz, 1} —sinz, 0f —cosz, —1% sinz, 0f cosz, 1% ....

0 [F0] £ 1 = (Rt = @t < | 0 aen o
(n) by (11.47).
() £(2) = £(0) + ;= + L0 4 +f n!(o)z" P,

Let f(z) = ¢™*. DERIV: 7%, 1} —¢™%, —lt ¢"r, 15 P

(a) |f("+1)(z)| = |+ ¢7% < ¢ for z between 0 and z =

(n+1), .
| Ra(z)| = {n—_l_—l(—jzr):"“ &2 (%_% — 0 as n— co by (11.47).

" )0y
() £(2) = £0) + p0)z + L2 4 +f(T!(02z" cire
A Y %: __ _g_s {i _L
i = n!
[8] Using (11.48)(a),
© . (3:)2"‘” o A 3 o

f(z) = zsind3zr = zﬂgo( {In + 1\1 Z (-1) (22 + 1)! it
Using (11.48)(a),

f(I) = 2 sinz = zinoz:: ( 1)",(2’:;:11)i = }: (_l)n(2n i l)':2n+3.
( 22,)2:1

Using (11.48)(b), f(z) = cos(—2z) = Zo( )i~ NI

Using (11.48)(b), f(z) = cos(z?) = ng:a(-—l)"(-(?—z); = ni::a(—l—)" (‘2&;)!:“'

= £ (-1 f5
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[13] Using (11.48)(b), f(2) = cos’z = % + %cosh =

o 92 2n
b1 £, G =

)t T
+ 2 (=1)" %’;_’;)—:32" =1+ E = l)n (2n)l 7"

DO

[[d]sin®z = 1 2y = ( $° n2
z=1—cos’r=1—(1+ E( 1)

(2n)' 2") {from Exercise 13} =

n=1 2 |= '
[I8) DERIV: 107, 1} 10¥1In10, In 10} 10‘(1:;10)2 (In10)% 10’(ln 10), (1n10)®
s

10°(In 10)" and £™(0) = (In10)". Thus, 10° =
(")(

7) =
-] 2 3 o0 n
ol P we (ln21'0) (ln;l()) - (10)" .

[16] DERIV: In(3 + 2);1n3t (3 + 2)7%, §¢ 18 +2)72, =t 38 4 72,

21
—6(3 + ™4, —36—41 s f2) = ()™ (n = 1)'(3 + 2)~" and
) = 1)
F0) = (=1)"*(n = 1)!3" for n > 1. Thus,ln(3 + 2) = g =
In3 +31;z—551_—2::2 + Egl_—sza - 341_4;-‘ =ln3+"21(—1)“*1ﬁ:".
[I7) DERIV: sin z, ﬁt cos z, 31?1 —sin z, —q‘-zi —GOS T, —Tt
R | L w1 _ =2 _n3
sinz = E + Ti(z ) m(: - i 3‘(:: o+
 (_13m 1 = 2n+1 -1) 1 _ ry2n,
nga( D V2(2n + 1)'(3 2 Z=: ( ﬁ(zn)!(’ 0
(18] DERIV: cos 7, 31 —sinz, ———1 —cosz, —1t sinz, ‘rt
coss=§ = Pl 9 = ghe - 57 +%<z—§)3 s
=& (—1)"2(2n,.c= —p et 8 )l g
19 peRIV: =, 1t —27?, —;}z 2578 ,531 —6z7* —,f;:
F™(2) = (~1)" a2~ and f2) = (=1)"nl/2™*,
Thus, + =1 - %(z S 232|2r(z ~ 9 — o 3'(: 9% 4.
20(_1)" 2"1H(z —2)".
B0 DERIV: €=, e ¢=, 631 ... f™(2) = ¢ and £ (=3) = e = 1/¢%.
Thus, ‘==cl_s+cl:’(:+3)+$(:+3)7 = Eoc n'(=+3) .
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Let c = —1. DERIV: &%, e7%1 2635 2,734 93,37 92.77¢ |

Fz) = 27¢* and f)(—1) = 2"¢~2, Thus, ¥ =

2§%+utw~=§2ﬁ-uy

n_en'

el 4 27324 1) + 212{2(:-% e
22 Let ¢ = 1. DERIV:Inz, 0} £, 1§ =172, =13 2273, 21 ..
£6) = (=1™(n — 157" and A7) = (—1)™a — D).
he=0+1s—1) - Le-1+He-1)°+ i( )Pl — 1)
(23] DERIV: sec 1, 2t secz tanr, 243t sec®r + secz tan’z, 14.
sect = 2 + 2{3(z — 3+ 7(z— - i ST
[24] DERIV: tanz, 13 sec’z, 2} 2sec’z tanz, 4. tanz =14+ 2(z —5) + 2(z — })* +

DERIV: sin™ 'z, ! s 2 e
= A T A e

so=1 T 2 1 2 12
1 - e - -+ -
sin "7 & T(I i) 3’73(1: 2)

; -1_ @ 1 Ly 2z _E
DERIV: tan™" z, 41:1 e, 21 T 3
tanlz =5+ Lz —1) — iz - 1)* +
DERIV: ze*, —e™'f (z + 1)€%, 0f (z + 2)e%, e7'f (z + 3)e7, 2¢7".
zef = -1 + -21—e(z LR 312(’ i
; 2 2 3 .. g0
[28] DERIV: esc z, ﬁt csczcotz, 3f ese’z + cscz cot’s, "
x 2
wcz:% +3iz-%) +s—sﬁ(z—%1) +
Note: In Exercises 29-38, all series are alternating, so (11.31) applies. S denotes the sum

of the first two nonzero terms and £ the absolute value of the maximum error.

e_ & A -1/ @’
(2] e =n=0(_1) ft—' é:e zl—(%)-"—if!_' 12
S":l;—%=05 E=~(-2—)!—=l=0125
= = nz" - (1
met = £ g d=tai- G

n=20

[31) cosz = E (-1 (211 cos3 =cosﬁz12——2i—+T.
b 4
("ﬁ) ~ 0.9986. E =

@ ) O A : [ IR S L (1_;—6)3 (.1:—0)5
sinz = Z( ) 2n+1)| sinl’ = singfy ® oy — 57— +

3 T
=15 - (73‘5) ~ 0.0175. z-:=(';‘_’)

&
>

|
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B3] tan~'z = E (-1)" 2—— tan~10.1 = (0.1) —

n=0

0.1 (0.1)°
O 0.

§=_(0.1) — 0 1) ~ 0.0997. BE= (051)5 =g
0 3
BOi(+ 5 = 5 (-1 - 15 = [l + (05)] = (0.5) — (-DT-"’)’ @3
(0.5)? (0.5)*
5= (0.5) — =0.375. F= a2 0.0417.
-r? & (_22)71 & n 5 T
@‘ -~ E al = Z (=1 z_' =
n=0 o n=0 o 22 Z2n+! 1
I *—[2( Eﬂﬁﬁﬂ-
Inl—-3+4& §5=1-1=1=06667. E= = 0.l
_ =) ﬂ(33)2ﬂ — oo = 6n+1
) = con(e”) = nZ_-:u(—l) (2m)t — uz;:o(_l) 2(2’1)'
172 [ n LEPE2 1/2 (3)? ()8 (B4
L z cos(z*) dz = [ﬂgo(—l) CEPE] 2)(211)!]0 o Toss 5(10'—) - 852') + 11(4,).
8 14
S= 2((%3,) - E% ~ 0.1248. E = 1(’() ) R ~ 1.82 x 107",

o 2y2n oo -
Bews(@) = £ (-17Ehr = £ (g
& n__ gt )08 (0.5 (0.5)° , (0.5)°
£ miim), T

0.5
J cos (%) dz =
0

_ (0.5 _ (0.5)° _ _(0.5)° S
S= T() 500 = 0.496875. F = o) ~ 9.04 x 107°.

( 2\2n41 4nt2

B () = £ -0t = £ 0 E

0.1 1,9 LAt 0.1
.[o il [Z( & 4n+3 (2n + )

J (5 SR (5 O KN (B ) by _(0.1)3_(31)_'3
i Rl T Il 0 A ¢ )

0.1) "
E= (ﬁi_l)-(s—) ~ 1.82 x 10718,

Note: In Exercises 39—42, all series are alternating and satisfy (11.30), so (11.31) applies.

1—cosz (1_74'4'_2_:4“") T
7 = 2 . =2_.'-—E+E'!.—w=

2-1

o s oo P Zn+1 1
Sy [ ﬁ"""“[%““ erEmen +_2)!l'

IE!‘!‘OI’I < (2n—+1—)—(—2'm)'i < 0.5 % 10—‘ for n 2 3

L ) S
Thus, I = -+ BYED 0.4864.

DEH - (B)4)
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msgz =1 ¥ ey 2 (-1 (2n+ i

[ £ v

___ —4
|Error| < GFD@E T <0.5%x107* forn > 3.

Thus, I z 1|) 3—) + 560 ~ 0.9461.

1 (1 2+ :l.') — = n z"'“ = n
A= =% 2 -0y &0

21 +3), [ R

J-o . s [nzz:o(—l) (n + 1)5]D X

(%)ni-l
|Exror| < (ﬂ_‘i'ﬁj < 0.5 x 107* for n > 8. Thus,

et e amt et om® L a8
Tmg -0+ 05 -G L0 0 O O o,

. a3 =9 (=)s .
l‘ze_'=l |_1+( )+—1—+——!— ]=1_;+§_m=

St

-] 1\ P Jll_e _ [ = _4An zﬂ+1 1

ngo( 1) (n+l)!. 0 z "= nE:::D( 1) ("‘+ 1)("+151 D.
—4

Il*)n-orl(ﬂ_'_l n+1!<0.5x10 for n > 6.

Thm‘lzl_ﬁ'*'_(l—!—l'(%{!j+5_('%T§—6_(1ﬂj~0'7966'
(43] (a) J':ein(r’) dz 7 I (@ - 3% dz = [}a® — %77], = B =~ 0.300524,

2
Lsin(z’) dr =~ L (7 - 1) de = [} — 7)) = —33 ~ —0.690476.

(b) ¢(z) becomes a worse approximation for f(z) the further z is from zero.
The first approximation is more accurate.
y LY

y = flx) 1y =f)

¥ T y = &)

y = gx) i !

" -+
T L

X

Figura 43 Figure 44

1
@( a) J sinhzdr =~ Io (z + %:a)dz —I: 2+ 51; 4 ~ 0.541667. (cont.)
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2
Lsinhzdz“J' (z+gz3)dz—[§z’+§;z:|z 7 = 2.125.

(b) ¢(z) becomes a worse approximation for f(z) the further z is from zero.
The first approximation is more accurate. See Figure 44.

@ln(1+=) In(l + 2) = In(1 — 2). In(l —2) =ln[1 + (-5)] =

oo n( :) n+1 2n41 n+1 _ o0 n+1
St =& g =R 20

n+l o n+l
Thus, In(1 + 2) — In(1 — z) = gn(_n":Ti + S
(:--’2-24--’;4—---)+(z+"7+3—+---)—2f;2-2"—“

n=0

Since the first series is valid for =1 < z < 1 and the second series is valid for

S —z < 1% —1 < z< 1, the final series is valid for |z| < 1.

143 _ - Y e
@1_2_222—%. 1n2_ln(l_§)z

5 v § 1\9
[(5 T (ﬁ) @7) @) :l ~ 0.69314605. Calculator value ~ 0.69314718.
: 2o -19 — — S 1 7%
@ () x = 4tan 1_4[1 b4+ 41 e+ :|
(b) m~4—4§+3— 4+ 3~ 3.34, with an error of less than .

(¢) For 4 decimal places we need 271'47"1 < 0.5 % 1074, or n > 40,000 terms.

4 iy =) ¢
(@8] (a) * = 4(tan™"} + tan )-—4[2(1) +1+z:( 1) 2n+1].
(b) 7~ 4([% — 30 +10° - 3" + 307
+[3-30° +30° - 3 +1)7]) ~ 814174,
much closer to the value of « than the result in Exercise 47,
[49] () The central angle ¢ of a circle of radius R subtended by an arc of length s is
= -f-z. From the figure in the text, cosf = }?% = sech = R—E—(’-‘ =
Rsecd = R + C= C = R(secd — 1) = R[sec(s/R) — 1]
(b) DERIV: secz, 1f sec z tan z, 0f sec®z + secz tan’z, 11 5sec®s tan z + secz tan’z,
0f 18sec®s tan?s + 5sec®s + secztan's, 5. f(z) = secz = 1 + lz’ - %z‘

4
c=R[m(s/R)—1]afn[(1+2-‘R+m ] m+§_;§

- - _s2 55 :
() R =399, 5'= 5= O grigesy o+ roioss & 0.008157 mi = 16.7 i
[50](a) Let f(z) = tanhz and ¢ = 0. DERIV: tanhz, 0% sech®z, 11 —2sech?z tanh z, 0%

4sech’z tanh?z — 2sech®r, =2, tanhr ~ z — %:s =z- _%,rs
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~ 2 _ 9L 2k ., 9L(2xh
(b) tanhz = = v* = tanh_%""ﬁ(—i_) gh

27
2 __ 9L 2rh o 9L[2xh _ 1/220N\5] _ 1 TAY
(6) v = f2tanh &3 ﬁ[T (%) ] = oh — jor2n)’(})"
Since L > 20k, 4/L < Z. Error = [o? — gh| < 3gL(2)(5)® < 0.002¢4L.
[B1]6 = z(seckL — 1) = z[[l + (kL)Y - 1] {by Exer. 49(b) } = 3z¥°L? = 1PzL?/R.
748
(52] By (11.31), lerrorl < ‘;—? < (“8), ~ 3.6 x 107% < 0.5 x 1075,

Note: In the following exercises, sin z and cosz have been bound by 1.

In certain intervals, it may be possible to bound them by a smaller value.
(a) Use (11.48)(a) to find Pn(x), which consists of terms through z".
Thus, Py(z) = Py(z) = =, and Py(z) = z — }2°.
(¢) f(2) = sinz and f(0.05) = P4(0.05) = 0.05 — 1(0.05) = 0.0500.
F*(2) = sinz and [(3)] < 1 for all =

(4)
Error < |R5(0.05)] = '1;4}1)(0,05)* < |§(o.os)4| ~ 2.6 x 1077,

Figure 1 ] Figure 2
@ (a) From (11.48)(b), P,(z) = 1, Py(z) = Py(z) = 1 — 322
(c) f(z) = coszand f(0.2) =~ Py(0.2) = 1 — 3(0.2)* ~ 0.9800.
f“)(z) = cos z and |f“)(z)| < 1forall 2

~ 6.7 x 1075,

(4)
Error < |Ry(0.2)| = If 4!(‘)(0.2)‘

B (a) From (11.48)(d), Py(s) = 7, Py(z) = z — }4%, and Py(2) = z — }2° + }<°.
(c) f(z) =In(z + 1) and f(0.9) = P5(0.9) = 0.9 — (0.9)? + }(0.9)* ~ 0.7380.

) ' —6(1 + 2)~* —(0.9)*
Ealids I i+

24
To maximize this value, we minimize the denominator by letting z = 0.

1 4
< [02)

Error < |Ry(0.9)] = (0.9)*

Thus, error = 0.164. See Figure 3.



106 EXERCISES 11.9

Ay Py P,
f
4 \ -
L P,
igure 3 Figur; 4

[ (2) From (11.48)(e), Py(z) = Py(z) = rand Py(z) = z — i°.
(¢) f(z) = tan~'z and f(0.1) ~ Pg(0.1) = 0.1 — 3(0.1)® ~ 0.0997.

9 z — e X
Error < |R5(0.1)| = ’f(4—!()(0.1)" = %,_(_4_—1)%-)(0.1)4.

To maximize this value, let z = 0.1 in the numerator, and 2* = 0 in both the
numerator and the denominator. Thus, error /& 1 X 105,
" . 3 3 5
B f(z) = sinhe, Py(s) = 5 Py(s) = 2 4 &, and Py(s) = = + & + S5

LY -p‘

f /Ps

Pl
T i

7 s

Figure 5 Figure 6

B f(s) = coshz, Py(s) = 1, Py(e) = 1 + 5, and Py(e) = 1 + & + &

Note: Let DERIV denote the beginning of the sequence:
1z £(o3% (), £ - £, £t 1),
DERIV: sinz, 1% cosz, 03 —sinz, —1f —cosz, 01 sinz.
sinz=1-3(z—5)°+ %5(: — £)%, zis between z and 3.
DERIV: cosz, -{L’i —sinz, —%;1 —cosz, —q%i sin z, %21 cos z.
TR, [NSWC) [ TNy IO B DO 17, . =8 Coszr, x4
cosz = Ti TE(’ :) m(z 4) + m(z 4) + 924 (z 4) ]
zis between z and 3.

- - - =T/2
@ DERIV: M7 21§72 4t —1570, — gt 500, ot KT

GE=24+4e—4) - &z — 0 + (= — 4)° - & (= — 9",

2 is between r and 4.
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[10) DERIV: &7, el —e%, —e7t e e

107

-Jt _e—z, _e—lt C—‘.
et =t N m )+ G- )P - G - D+ (e - DY
@ 12

1 is between z and 1.
= tanz, f(}) = 1; (@) = sec?s, @ =9%
f'(z) = 2sec’z tanz = 2tan®z + 2tanz, f/(X) = 4

f"(z) = 6tan’z sec’z + 2sec’s = Gtan*z + Gtan’r + 2tan’z + 2 =

tanz = 1

tan®z + 8tan’z + 2.
+ 2z — P + 2z — D? + Y3tan's + 4tan’s + 1)(z — 5

(2] DERIV: (z — 1)7%, 1f —2(z — 1)7°, —28 6(z — 1)7*, 61
120(z — 1)~%, 1204 —720(z = 1)~
1

-

z— 1)

2 is between z and ¥.
—24(z — 1)75, —241
7 =720 5040(z — 1)~°.
1= 2z—2) +3(z— 2" — 4z~ 2)° +5(z = D* — 6(z = 2)°

+z—1)"%z— 2)%, zis between z and 2.
DERIV: 278, =4t —27%, 1t 2073, —1t —6r7%, —§t
24775, =3t —120776, =181 720277,
+= -%—%(=+2) — e+ 2 —AE+2° — e+ - FEE+D+
7~ T(z + 2)°, 2 is between z and —2
[ DERIV: /3, —2t 45773, &t —37%/3, %:%_ ~8/3 s 4 80, -11/3
= =

=2 + &(z + 8) + ghg(z + 8)?

+ iz + 8)° — ;‘f—,:’m %=+ 8)%

z is between z and —8.
[5] DERIV: tan™'z, 5t (1 + 2271, 3 =21 + %)%, —§t (622 — 2)(1 + 7)°
2
-1, _ 2 -1 8 o7 ;
tanlz = +3(z—-1)—4(z—1) +3—(31-‘w)—5(=— 1)%, z is between z and 1
[I6] DERIV: lnsinz, In %I cot z, ﬁ: —csc?z, —4} 2csc”z cot 3 E-wrt

—2¢sc?z — 4cot?z csc?

3
Insinz = —In2 + {3(z — N—-2(:z- %)2 - %ﬁ(z — §)3

4 2,...2
z+ 21;ot zs¢ 3, _ 1y4, 7is between z and 3.

DERIV: ze®, —e~ 't ze° + €%, 01 ze” + 2e¢

, €1 e + 3¢5, 2¢7t
ze® + 4¢°, 3¢t z¢* + 5et.

R r R e R L £+ D'+

(18] DERIV: logz, 1}

C =

ze” +5e (z + )
z is between z and —1

1 1 s 1 virs 1 t 2
zIn10' 10In10% ~ z2)p19’ 100In10 Tln 10

. 1 = e 1 o 2
0e7 =1+ el — 10 — gpplamet — 1007 +

7 g R

2 is between z and 10.
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Note: Exer. 19-30: Since ¢ = 0, ris between z and 0.

DERIV: In(z + 1), 01 (z+ 1)7%, 1 =1(z + 1)72, —=1% 2(z + 1)73, 2%

: r 5
—5(1‘+ l) 1, —61 24(2+ 1) 5_ 1D(I+ ]_) = 1‘— +§2 — l: - 5—‘(21 1)5

DERIV: sinz, 0f cosz, 1 —sinz, 0} —cosz, —1f sinz, 0} cos , 1% —sinz, 0%

3
—cosz, —lisinz sinz =z — % + 5"5—| l 4 8nz8

" ;
DERIV: cosz, 1 —sinz, 03 —cosz, —1f sinz, 01 oS T, 11 —sinz, 01 —cosz, —11

26
sinz, 0f cosz, 1§ —sinz cosz =1 — 2— + Z ET 31 s & —s‘;’:s

DERIV: tan™'z, 01 (1 + 2°)7%, 11 —22(1 + £*)~2, 0% (62% — 2)(1 + 2%)73, —9t
24(: — )1+ )% tanTlz =z -3 4 (1—7)—1
2% () = 2, fM(0) = 2% f‘“’( 3) = 64e™,
=142z + 2 + 82 + Bt + &5 + £e¥0F
[24) DERIV: secz, 1t secz tanz, 01 secz tanzz' + sec®s, 11 secr tan®z + 5sec®z tanz, 0f

secz tan*z + 18sec®z tan’z + 5sec®z
secz = 1 + 327 + f4(secz tan’z + 18secz ten?z + 5sec®s)z!
2B DERIV: (z — 1)72%, 1f —2(z — 1)73, 2§ 6(z — 1)7%, 63 —24(z — 1)7°, 24¢
120(z — 1)7%, 120§ =720(z = 1)~7, 7201 5040(z — 1)~%.

(3_11), =1+ 2+ 32 + 45° + 5t + 62° +(7%51—)‘8

[28) DERMV: (4 — =)™, 28 —}(4 — )72, =3t —4(4 — 7%/% &t
“fu— 2 -
fims=2-fe- i - o - e

[ET] DERIV: arcsinz, 0% (1 — 22)™%, 1 o(1 — 47, 04 (1 + 222)(1 — &)~
k82 3
T i
B DERIV: =2, 13 —22¢™=%, 0f 427 == — 277, —2f 12267 — 8% ¢, O}

arcsinz = z +

162 = — 482 4 127, £ =12 ¢ C—},;—(3 — 127 4 42!
[29] DERIV: 22% — 52°, 0% 82° — 152°, 0 242° — 30z, Of 48z — 30, —30% 48, 481 0.
For both values of =, j_‘_(ﬂ = —57° + 27*
[30) DERIV: coshz, 11 sinhz, Ot cosh z, 11 sinhz, 0% cosh z, 1 sinh z, 0f sinh 2
Ifn=4,coshz=1+% 5 +24+s‘1“2}62 s,
Ifn=25coshz =1 +-2- + 5 +°9{;}6zz°.
BilLet z = § — & Then, sin89" & 1 — 3(—%)? ~ 0.9998.

Since |sinz| < 1, |Rs(2)| < ]5‘7(—180 4' m4x107°
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(7 Let z = § + f- Then, cosd?" =~ ﬁ - f;(gd) - ;5;(5,,)’ & ﬁ;%)’ ~ 0.6820.
Since lcos 2| < 1, |Re(2)| < lﬁ(;’-’o)‘l <7x1078,
@ Let z = 4 + 0.03. Then, y4.03 ~ 2 + 1(0.03) — ,!‘(0.03)’ + g55(0.03)% & 2.0075.

s

Since < ~ 0.0078 on (4, 4.03),

=
21/2
|Rs(2)| < |:35(0.0078)(0.03)% < 3 x 1071°,
(B4 Let z = 1 + 0.02. Then, %% x ¢ — ¢71(0.02) + }e72(0.02)? — §¢72(0.02)° ~
0.3606. Since le™*| < |e™*| =~ 0.368 on (1, 1.02),
: |B3(2)] < |i5(0.368)(0.02)*| < 3 x 107°.
(B8] Let z = —2 — 0.2, Then,
—ghs & —§ — 3(—02) — §(=0.2)7 = §(=0.2)° = 5(=02)* = £(-02)" ~
—0.454545. Thus, |Rs(2)] < |[-277(—0.2)°| = 5 x 1077,
[36] Let z = —8 + —0.5.
Then, H—8.5 = —2 + 5(—0.5) + zd5(—0.5)" + s55aa(—0.5)° ~ —2.04083.
Thus, |Ra(2)] < |25 -87/°(~0.5)" ~ 1.3 x 10°%,
Let z = 0.25. Then, In1.25 =~ 0.25 — }(0.25)” + 3(0.25)> — 3(0.25)* =~ 0.22298.

(0.25)%

Thus, IR4(£)I S gm‘ ~ 2% 10_‘.

. -} 5 7
[38) Let z = 0.1 Then, sin0.1 % 0.1 — &2 GI1 _ Q10 00008334,

Thus, |Ry(3)] < Isl!(o.l)sl ~ 2.5 x 10719,
[39) Let z = . Then, cos 30" x 1 — @’- + @" - @) + ()" ~ 0.8660254
= Y 2 24 T 720 T 40,320 : ;

Thus, | Re(z)| < lgl,(g)" ~ 8.2 x 10~°.

- 1 . 2
[40] Let z = 10 + 0.01. Then, log10.01 ~ 1 + 1575 (0+01) — 5ag1aTg (001)° =

1.0004341, Thus, |Ry(z)| < |——L——(0.01)%| =~ 1.5 x 10~%°,
s, [ Ro(a)| < TR sl etk
Using Exercise 21 with n = 3, cosz = 1 — %: ¥ Scf'—’r‘. '
(1)(0.1)* -6 28 :
I‘RS(:)l S5 | ®42%x 1077 < 0.5 x 107" = five decimal places.
@ DERIV: (1 + 9%, 11301 + 972 3t -3 + 972,
2 2 ] - U 2
Ytz =1+4s-—F = |R(3)| < =0 15)/3 % 0.0013 < 0.5 x 107* =
9(1 + 2) 9(0.9)

two decimal places.



110 EXERCISES 11. 9

[A31DERIV: e*,1f e, 1} 5,1t e £ =1+z + —;—

50'1(0.1)3
6

|R2(2)] < ~ 0.00018 < 0.5 x 10™* = three decimal places.

(]

[44] Using Exercise 20 with n = 4, gsinr = r — % 4 052,65

120
THE I<,(1 (0.1)%

~ 8.3 x 1078 < 0.5 x 107° = six decimal places.

4
[45) Using Exercise 19 with n = 3, In(z + 1) = 7 — 3z + 3% — — 22—
g ——(—-——-—) 51 +§I 4(z+1)4

i 4
|Rs(z)| < 09|~ 0.000038 < 0.5 x 10™* = four decimel places.

(@6) Using Exercise 30 with n = 3, coshz = 1 + z° 4 €02 °°Sh 24,
cosh (0.1)(0.1)*
N AR

|Rs(z)| < =~ 0.0000042 < 0.5 x 10~% = five decimal places.
[@7]1f fis a polynomial of degree n, then the Taylor remainder

Rn(z) = 0, since f(nﬂ)(z) = 0. By (11.45), we have f(z) = Pn(z).

o D (i)(m—%) 2y (%)(—3%!)(—5)33 ——
tjrm g+ B eyt B Doy,
(b) Substituting —z° for z in part (a) yields
Q-2 =1-4 -} 2 — znnl(zn—s) r =1,
2 (&) (1 + z)-l/ﬂ = %1 £ ("%gl_g)zz i (-le)(;‘!%)(‘g)za g e S

4.7 (31:—2),, S

T =

o0 -
1-dz+32+ 1 (—-1)"1
n=3
(b) Substituting —2* for zin part (&) yields
1/8 © 1.4.7. 3n — 2
(1—z’)/=1+-§;’+§z‘+§=: 3”'(" )?" r=1

S ENED L DD,

B +9*=1-}

( 2)(=5)(=8):--(1 — 3nm) Bop o f
3" ! ' ?

1—2z+ 82 + ):
'(%)(2'—%) 3 (%)(—i)(—*) 3

14 4r= 522 + i‘, (w(=3)C 43.)“. =) g I
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B -t Wb+ (2)(2_!—%)(_,)2 " (2)(—33!)(—2)(_1)3 —_

1-fe g+ § QEDC oIy,

B (-9 =1+§-5+ (%)(2!-5)(_1): +(§)(—§!)(-3)(_1)3 3 m

l—gz-—

12 4 nﬁéa(?)'(—l)(;i);;'@ = 3")(_2)"; .

(b =1ozes CUI L AL,

=1—92z+3:2 + 23(—2)(—3)(—:!}--(—1 - )

=1=2c+3 + )f:a(-l)"(""f' DaMr=1

(142 =1—42+ (_4)2(!—5)23 + (‘4)(;!"’)(‘6),3 T

=1—dz+ 102% + is(—-*i)(—&)(—:!)---(—a — 1) .n

=14z 4102 + 3 (=) + 1)(n+(n+ I r=1.
n=3

B (Q+2° =1-3z+ ('"3)2(!_4)3’ 3 (_3)(;!‘*)(‘5),3 s

n=3

=1-3z+6+ & (-0} + D+ D=1
n=

— t{:l — 4z + 122% + i (—2)(—3)(_4?.“(—1 — ”)2" z":l

3 n

—2—d4f 412884+ 5 ()"(n+ D22zl <1 r= 14
n=3
ameE+ 2" =20 +in'/?

_2y(_5
— 2[1 + 3(32) + ﬁ)(z_!-g_)(é,_-)ﬂ + %%21(._5_)(%3)3 + :l

¥

= 1, 1.3, & (=2)(-5)-(4—3n) .

= 2[1 + ﬁz 5762: + "gs 3" "[gn T

- Ve 3@ 2] = ’._12.5.....(3n_4) 2
_2 + lzl’ mr - 2”23( 1) —2&W_: s

iz <1=r=8
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4+ 27" =801+

=s[1 +309 + Dqap QA (1 ]

= 8[1 + §z+ Waazz + ia(s)(_l)(-a)(—s)---w — 21!)’:,,:]

2" nl 4™
-(2n — B) e
8n n'

=8+3%+32+2 S (-3
n=3
I%z|<1=} r=4.

@ (=) = 1+ (dy=) + ERED gy, CHCIED gy

1:35. 0 (20 = 1) o0
2"n;'

£
_-1/2 1-3-5- “(2n — 1) an41
Jo(l %) di =35+ Z 37 n.(2n 1) z -

®)2<1l=ziz<l=>r=1

o0
Eo=lae D

n=1

W) @+ &7 =14 (-hey + EAD o DCD D gy

3Bl R = 1) g
=14 )o:i’)(—l)"l 345 2,,'!!(" ) o

2-1/2 p 1-3‘5'~~'(2ﬂ~1) 2n41
[(1+:) il 3 T

n=1
b <l>i<l=>r=1
Substituting z* for z in Exercise 1(a), (1 + :3)”2 =143 -+ =

172
J 2P Piew [r gt gz‘]”’ ~ 0.508. [Ertor] < 55 ()7 < 0.5 x 107%.
0 o

—

Substituting z* for z in Exercise 2(a), (1 + PONRARC R T TR P oA
1/2 = 1/2
= J A+ 2~ |:z -1+ %z‘jl ’? x 0.488.
) o
|Error| < s;('r)(i)7 < 0.5 x 1073,
Note: In Exercises 17-18, since the series is not alternating, we cannot estimate the error
by evaluating the next nonzero term. We could try to justify the error estimate by

using the method in §11.9, but this was not the original intention.
[I7] Substituting z* for z in Exercise 5, (1 — 22)>/° =1 — 327 — {2* — = =

I:'z(l = i [z - )7 ~ 0008,

The actual value is approximately 0.198392.
Substituting z° for z in Exercise 6, (1— 23)2/3

0.4
1—2*)* ¢ z[—-l‘o"zﬂ. 6.
J.n ( ) z z gz]o 39

The actual value is approximately 0.395706.

= .~ =_§,_...=>
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Substituting 12 for z in Exercise 7,1+ 13)'2 =1-22+35-... =

0.3
J QL +2%)%dr = I:z - %31]0.3 =~ 0.296. |Error] < 2(0.3)7 < 0.5 x 1072,
0 o
[20] Substituting 5z for z in Exercise 8, (1 + 5z°)™* = 1 — 4(57%) + 10(52°)% — .. =

o 24 20,301 5 3
Jo (1 + 5284 dz = [z P ]0 ~ 0.093. |Error| < 50(0.1)° = 0.5 x 10,
From the graph, |f(z) — g(z)| < 0.1 for approximately —0.7 < z < 1.

Ly }*
f@ = (1 + 2

"g(x) =1+ %.x

% {1+

y —

X

gx)=1+3x
Figure 21 Figure 22

[22] From the graph, |f(z) — ¢(z)| < 0.1 for approximately —0.2 < z < 0.2.
23] (a) Since (1 —2) " ~ 1 — =2 =1+1znlet (1 - Fsin?u)? ~
/2
14+ %kzsinzu. Then, T = 4@1: 1+ %k’sinzu) du =
/2 2
4\@‘[: (1 + 38 — 1k cos2u) du = 4@[1& + i - ék’sin2u]:/ =

B[ + 1] =2 F (1 + 1)
(b) p =% = k=sin(}-I) =sinF. T~ 2x[L/g(l + isin® ) ~ 6.39 [L/g.
[_11.11 Review Exercises |
Note: Let AC denote Absolutely Convergent; CC, Conditionally Convergent; D,

Divergent; C, Convergent; and AST, the Alternating Series Test.
Note: In Exercises 1-6, let L denote the limit of the sequence if it exists.

2
A lim M{%}: Hm—fL:O. Thus, L = 0; C.

o0 F2oor® 4 1
L =100 lim (0.99)" = 0; C.
n—oo

10°(n10) _ 10°(In10)*° _

. 0% . g - 2
,Il’mw;ia- = =11.me— L= ;ll'mw 10! = 0o0. Thus, L = oo; D.

= I3 5n = i 5n = 5
= R AT T ThaF B+

2
K]
[ L DNE, since (—2)" oscillates in sign with increasing magnitude; D.
B
_2 o 1 uld 4
6] Let u=%. Then,L = "l_1~n;+|:(l + u) ] = ¢%; C.
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Note: In Exercises 7-32, let S denote the given series,

@ Let an = 1 and by = 1. an, _
" a.jn(n + 1)(n + 2) 6 nllomco B

lim 2 =1>0. i i i ;
n—boo 3\[ wn + )(n £ 2) S diverges by (11.27) since ) bn diverges

2n + 3)2 2
S} Letan_( and bp = L. Lim % — n(2n + 3)
ey b= e =

S diverges by (11.27) since } by diverges.

=4 >0

@ Sis ACsince |- < 1 by (11.15).

@0 lim —L — =1+#0= SisD by (11.17).

2n+3 n-1
i Onel _ g n =5 G 9n
I lim 32 A DE g = LG £ 1)

=9
—5>1=¢

S is D by (11.28).

@Slnce 3,, and E 3 converges, S is C by (11.26).
s Cnel _ (r+1)! In(n+ 1) (n + 1L)n(n+1)
nllOmoo Tan lloooln-(ﬂ +2) Al n lnin+2) e

S is D by (11.28).

o ond 1 _ 3

Gass| _ o |n+ D2 +9 (=™ g
@) lim |*2%| = i [Py | = 3 <1 SisAChy (139)

5 s omtcosn _n+1 _n+n 2 1 :
[16] Since = e <n9+l< 3 =2('—:5)md gn—iconverges,SuC.

s Gnal _ gl @f ;
nl_l_.meo @n —nll.mmm'?—c>l=>SlSD.

8] an = =2 = =4
[8a W>0. f(2) zz+ (2) = (—f—;=1—);<0forz>1and

hm 1 8n =0 = S converges by AST. lfb,.:n, lim ?=1>Oa.nd

3 an diverges. Thus, $is CC.

[ Jim |(~1)" k| = lim L7 (11187} = 1 5 0 = S is D by (11.17)

n—b-oonl/

[20] lim %_ lim M Inn | _ 09<1 = Sis AC.
n—oo| Gn n—e|ln(n + 1) (0.9)"
Jin (5n) <
(21] Since sms’ri: —5+73| and Zl-s—}ﬁ converges {p = 2 > 1}, S is AC.
n n=1in
Letan:—s-zuandb.\:—al—. o 8 e i B =T
(1o | n/‘?‘ n— oo bn n—co | ol |

Thus, S is AC.
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= _1n \z ; fra
n+1>0‘f(z) +1=>f() m<0forz>land

llm an = 0 = S converges by AST. Ifb,.—r, hm “—'-'—1>0&nd
ﬂ

Y an diverges. Thus, S is CC.

. Crsl] _ e 213+5_ n! S8 2n + 5 =
nly.neo T l = lim el Bl Jim IEHICES) 0<1=
Sis AC.

@l;”%gs;n S%andZ § -,:-z‘converges:SisC.

@ lim n—l2 -4 (2")

= lim =0 # 0= §isD.

n-’w n—oo
- 1i n - n (23)" -1 2n s
27] lim m—,,ll’."‘m W—ﬂl&mﬁ;—;=0<l = Sis C by (11.29).
-"lgnmn, 9=oo¢0=>5isD.
2442 (2p — 1)! 2
nl _ e ! L ¢ i -
8 i, 2 = S ey s = M m T =S 1 98 C

[30] Since Z 3n converges and —5 2 {11_1 diverges, S is D by (11.21).
=1

n=1

an—JT}Oforn}l flz) = m:?f’(:)—lﬁyig<0for

2z°\Inz
> e’? {=1.65} and "li_x'n an = 0 = S converges by AST.

lnn

L diverges. Thus, S is CC,

%-forn)cand :

n

Tingt

However,

tan. i 1 2 2k "’4 and %= cf: L diver i
T—' 2 - ges = Sis D.
l14n JI'*'"Z an-f-ﬂ ﬂn 4\I§n=ln

Note: In Exer. 33-38, each f(z) is positive, continuous, and decreasing on the interval

of integration.
| P e T gl BN,
[33] Let f(z) = Get 27 L f(z)d —,l_.";[ ml 0 ( 150)’C

[34] Let f(z) = ]:iéj I:of(z)dz = tE»"&[Jzi - 1]; = oo; D
[35] Let f(z) = "L# rof(z) dz = lim [—e”’ : ==1-(—¢);C

B 10 = il [0 ds = i [ gdn] =0~ (=) ©

z(Inz) s

[B7] Let f(z) = _3»% J:of(r) dz = ‘l_i.m [15(:1: + 8)2/3] = o0y D
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1 00 s
B L f() = by = s ig -+ (PP} [ Kol =

. t 3 | P 17t
'li’n:o[%lnh — 4] - %lnml = 'l-‘.“éc[ihi‘t'ffﬁll =1(n1 -Ind);C
@“n=m<0-0005=:>(2n+1)!>2000=>2n£1>7=? >3

Thus, S'= 53 = , ~ 0.158.

&:

1 4 2
140 a, = 2 2 >
-d m(OOOOS:u +n°>2000=>n>7

Thus, § = 55 & 55 — 35y + 500y — g7y + 3s0ae) — 3a(smy ~ 0-458.
Note: In Exer. 41-46, let u, denote the nth term of the power series.

(1) | _ [+ )™ ( a)" | _
e Rt re o

jzi<l © -3<z<3 Hz=3, 20(—1)"(n+ l)mD
Ifz= -3, 2(n+1)wD *(-3,3)
42n+2 zm-i-l. W 16 izl

:]n+2 4

= n 4?7 2" & Yny1| _
B = 0 e, 0=
16i1z1<1 & —1!5< <& Hz=4, fo(—l)“m converges by AST.
= -4 $ L diverges. * (—& &k
Ifz 6 Qm verges (—7o 1%l
¢n=;12q(x+10)"=>

e _ l(, + 10)"+! - I B
nlgnw I%l = ul_u.n“ |(n s 1)2““ s G -7:- 10)1:1 = %Iz + 10}

e+ 10/ <14 —12<2< 8. [fz=—8 5 X diverges.
n=1
Ifz=—12, g: (—1)"-} converges. % [—12, —8)
n=1
D= e -7 =

m| o (t—1)™  a(lnn)

|
"""°°|(u + 1)[111(1: + 1)]2 ( lj

z=1l<l1e0<s<2 fz=2, 2 —1—5c.onvergesbyExercise8,

lim = |z - 1]
n—‘oo

§11.3. Iz = 0, 2 (=1)® —L; converges by AST. % [0, 2]

n(lnn)
s Mgl @n+2)z" o
nl.l-lbnoo : T n=e|(n + DI(n + 1)! (2»)";-3“

(2n + 2)(2n + 1) s 1 _q
n@wmlzl 41z, 41z1<1 & 171 < i Xr=3
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(z+ 5™ (n+ 5)'| tim |2 51

= n_% TWEF'— =+9"
@7 z # 0, using (11.48)(]:), we have L =082 — (,})(ér_f - %‘! & z‘ - =

uII
'l

(46] lim |5+

n=+co

i (—l)"“‘ﬁ At z = 0, the series equals 0. r = oo.

n=1
[48] By (11.48)(c), ze™2* =z i % = E (—1)"2n—:!—. r = oo.

. 3 =] (2:)2'"' 92n n+l
[49] By (11.48)(a), sinz cosz = §sin2z = § 2 (—1)”m § (- 1)"m

= oQ.
1 ) n
B A+ ] = s = —_—z_—;;)=%§ ~U(E) e i <.
By (5.30), In(2 + 1) — In(2 4 0) = LTL f;( m
(2 +2) =2+ i_":l(-l)"-lis.ln.

Since integration does not change the radius of convergence, r = 2.

(53] Using (11.50), (1 + 2*/° =1 + 3=+ )( 5:,+ 3 5)(-§: i

L4 T -(3n = 5) o,

1+§z+2§=( -1 T b=
n=

(2“ e 1) ﬁu Py

(52] By Exercise 13, §11.10, (1 — 2)™/? = 1 + ‘5';1 —r
(B3] Let ¢ = —2. DERIV: €%, ¢’t —¢™%, —c’t €%, €t ...
Thus, e = ¢ & (—1)" (= + 2
n=0 n
[B4] Let ¢ = 5. DERIV: cosz, 0f —sinz, —1} —cosz, 0 sinz, 11 ... .
s 2 L n+l 1 _x In+l A L s o
Thm,w"—ugo( 1) 2u+11(’ 5)""*'. Note that cosz = sin(j — z) =

—sin(z — 3). The above series could be obtained using this fact and (11.48)(a).
T = {4+ (z— 4) = 1+ }(z — 4]/, Using the binomial series,

@m0+ O gp + QD gy ]

=2+ }z—4) + 2}:2;2(—1)"-‘1 LM Mkl L T

=o4je-g+ £yttt leo 9,
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& R
withlerrorls(—%)l-ss.4x10"'<0.5x10'3.
1 o g2 _ I 4 8 8 0 2
BO[ 2 ie —Lzz[l—:’+%[—%l-hi-!—%r+%r_..:|d,
il z7 9 1 18 25 L
= [5’3' =+ Gy~ oGy * 1‘1%5 ) T e :L

Using the first 6 terms, I & § — } + 4 — & + 387 — e ~ 0.189,
with |error| < rrimp ~ 9.26 x 107° < 0.5 x 1072,

5/2 5/ 13/:
L N
5 3/2 9, 11/2 18/2 N :
I: L(ﬁy W s o k Using the first 3 terms,

I3 — 3 + & 0621, with Jerror] < gy # 2.65 x 107° < 0.5 x 107
Note that the series expansion for fequals 0 at z = 0.
_4
B+ =1+z+ %—‘)z’ + ---. Thus, (1 + 0.01)"° ~
1 + }(0.01) = 1.002, with jerror] < 4(0.01)* = 8 x 10~° < 0.5 x 1072,
B 035 — 1 (025 _ (0.25)°  (0.26)* _ '
B3 e =1 - (0.26) + 5 T+

2 3 4
A025) _ (O25) _ 0.779, with jerror] < 022 o 1.68 x 1074 < 0.5 x 10-2.
e e q

w1 —(0.25) +

[B1) DERIV: Incosz, In(32)t —tanz, — %3t —sec’s, —3t —2sec’s tanz, —41°
—2sectz — 4sec’stan’z
lncoss = ln(P) - Ble - ) - - 9" - = - P’
— f(secz + 28ec’z tan’2)(z — §)*, 7is between z and §.
DERIV: (z — 1)V 13 4= — )™ 3t =4 - 072, -1 i=- 1) &t
—H(=— )7, —JR - 1) I
z—1=1+3z-2)-§(z=2°+&(z—2° - g(z=2)" +
55a(z — 1)_9/2(:: — 2)%, zis between z and 2.
DERIV: =%, 13 —2z¢%%, 0 (42% — 2)e™%%, —2t (—82° + 122)¢™%%, 0}
(167* — 487 + 12)e~*".
=2 =1 — 2% 4 J(4s* — 122 + 3)¢*’s", 2is between z and 0.
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DERIV: (1 — 2)™, 1t 1(1 — 2)"%, 11 2(1 — )73, 21 6(1 — 2) ™%, 61
24(1 — 2)75, 24} 120(1 — z)™°, 1204 720(1 — z)~7, 720% 5040(1 — 2)~8.

7
li:=l+z+z’+=3+z‘+=’+z°+(liz) ’
z is between z and 0.
(65] Using Exercise 8 in §11.9 with z = § — &,
cosT = le- . %(—ﬁ) - ﬁ?(—&,)’ + si%z(_%)a' z is between z and .
Using the first three terms, cos 43" a2 0.7314,
Ly ™ s -8 i
<;-;;-5~7.09X10 < 0.5 x 1077,

with lerror| < |Ra(z)| = |85%?(_&))s

Using Exercise 20, §11.9, sinz = z — 32° + 35e® — sgag (cos 2) 7',
zis between 0 and 7. |Rs(2)| < |s(1)(3)7] & 3.66 x 107° < 0.5 x 107*.



Chapter 12: Topics From Analytic Geometry

Note: Let V, F, and [l denote the vertex, focus, and directrix, respectively.

D y=-4d=0=—h r=f=gly=—3 VOO R0 -Hy=3

4(—13)
. o
1
:
i
Figure 1 Figure 2
B z=2=a=27p =1L=—(1—=§ W0, 0); F(3, 0); z = —}
= i 1 e B
k1] 2y2_—3z=‘>z_—§y’ -i p= 4(_3)... E’
(0, 0); F(—3, 0); z = §
y !!y
- '13333“l‘:§?3??}
I I
Figure 3 Figure 4
B'd= s gt emclpsgips o Wl A6 =Yey=]

B y=87=a=38. P=H‘§j=§i‘ V{0, 0); F(O, 33); vy = —
y

]

Figure 5 Figure 6

B ¥*=—100z=z= —g" = ¢ = —5 ?=T—11%= —25.
V(0, 0); F(—25, 0); £ =25
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y=1"-dz+ 2>y = 2z — 4. v =0 = r = 2and hence y = —2.
The vertex is V(2, —=2). y =2 —4z+2=>a=1 p= %1) =4
The focus is p units from the vertex, i.e., A2, —2 + ) = (2, -J).

—t

Figure 7 Figure 8
y=822 + 162+ 10>y =162+ 16. ¥y =0 =>z=—1= V-1, 2).
a=8=7p=31£=>F(—1,%2).
VY-R=12=zz=%7"-1=2=4 Z2=0=y=0= V-1,0).
6=¢ = p=_38= R20).

Figure 9 Figure 10

[0y -20y+10=6s=>z=3' -+ P=>z=4y -2

7=0=y=10= V0,10). a=}=p=3= R 10).
Imyz—4y—2:—4=0=>t=§y2—2y—2=>z’=y—2.

P=0=y=2 V-42). a=}j=>p=}= N-}2).

y y

Figure 11 Figure 12

@y +14y+4z4+485=0=z=-J¥ - Iy-Barv=_Jy_L
2=0=>y=-=7= V1, =17 a=—-%5p=—15F(0,—7).
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[3]4z* + 40z + y + 106 = 0 = y = —42? — 40z — 106 = y* = —8z — 40.
Yy =0=>z=—-5= V(=5 —6). a=—4=p=—%= F(-5 -
¥ i

O

Figure 13 Figure 14

[@y = 40z — 97 — 42 = —4z° + 40z — 97 = ¥ = —8z + 40.
y=0=>z=5= V53). a=—4=p=—F%= F5 ).
M2 +20y=10=2y= 4@ +}=>¢y=—FHz ¥y =0=2>z=0= V0, 3J).
6= —g5=>p=—5= F0, -3

Figure 15 Figure 16
[Bld4r” + 4z + 4y + 1 =0 y= -2 —z—-}=> ¢y =221
y=0=>z=-}= W-30. a=—-1=p=-}= F(-} -}
@7 F2 0)and kz = —2 = p=2and V(0,0); (y—0)? =4p(z —0) = y* = 8z
(18] F(0, —4) and ky = 4 = p = —4 and V(0, 0);
(z = 0)? = dp(y = 0) = z* = =16y
[ V(3 —5)andkz=2=p=1 (y+5)2 =4p(z—3) = (y+ 5)* =4(z — 3)
20] V(—2,8)and ky =5 = p = —2.
(z+2)°=4dp(y—3) = (z+ 2)° = —8(y — 3)
1 V(—1,0)and F(—4,0) > p=-3. (-0 =4dp(z+ 1) = ¥ = —12(z + 1)
22 W1, —2) and A(L,0) = p=2 (z - 1) =4p(y+ 2) = (- 1)’ = 8(y + 2)
[23] The vertex at the origin and symmetric to the g-axis imply that the equation is of
the form y = az®. Substituting z = 2 and y = —3 into this equation yields
—3 = 4-4 = a = —3. Thus, the equation is y = —3z% or 32> = —4y.



124 EXERCISES 12.1
[24] The vertex at (—3, 5) and axis parallel to the z-axis imply that the equation is of the

form (y — 5)* = 4p(z + 3). Substituting z = 5 and y = 9 into this equation
yields 16 = 4p-8 => p = ;. Thus, the equation is (y — 5)% = 2(z + 3).
[25] This problem can be modeled like Exercise 23 with the vertex at the origin,
symmetric to the y-axis, and passing through‘the point A(3, 1). Substituting
z=%andy=linto(:—0)2=4y(y—-0)=>3=4p=>p_1—
The focus is % ft from the vertex.
[26] The parabola has the equation y = az® + bz + c¢. Substituting the three points into
this equation yields the following 3 equations: 5 = 4a + 2b + ¢,
—3=4a—2b+ c,and 6 = a + b + c. Solving the third equation for ¢ we obtain
¢ =6 — a — b. Substituting that expression in the first two equations yields
—1 =32+ band —9 = 3a — 3b.
The solution is a = —1, b = 2, ¢ = 5 and the equation is y = —z + 22+ 5.
27]z? = 4y = p = 1 and the focus is (0, 1). Thus, the line lis y = 1.

(a) A=J (1--:).1:—2J (1 - iP)de = 2[z — &a°
(b) Using shells, V = 2:[01;(1 - %) dr = 2r [} - r'éz‘]z = 2.

2
(c) Using washers, V = IJ._3(12 — f5z')dz = 21r[z - & z = =,

2
28] (a) A = J [6 -4 +6)]dy = 2]0(2 —i =22 =2
(b) Using washers,

I [5% - 10® + 0] dy = 2x [ - s" — o + 169 ]; = 232=.

(c) Using shells, V = %L i[5 -3 +6))dy = 2 [-h* + ¥} = 4m.
[29] (a) Let the parabola have the equation z* = 4py. Since the point (r, —h) is on the
parabola, 1 = 4p(—H), or p = —17. The focal length is |p| = 7.
(b) Using disks with radius = z = |4py,
= off = e T, = e () = b
BO() ? =4py=> y= Zl;rz = ¥ = ;Lz. Using Exercise 41 of §6.5,

2p
a
= _]\.. e 2
s J021rz 1+(2p) EJ. z-ldy + 22 dz {u = 4p* + 7°, du = 2zdz}
O o _ m[2,3/7]4p2+a2
= ﬁjqpﬂ Nudu = T'l[p[ u ]4,’2 (cont.)
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= £ + ™ - )]

b
= g%if (1 + 4“—?5)3/2 - ljl {multiply and divide by (4;1)")“2 = 8p°}

_ 872’ a’\3/2 _
= T_(l ¥ 4p2) AP
(b) With a = 125 and p = 50, S ~ 64,968 ft*.
(a) The parabola is of the form (z — h)* = a(y — k). Since the vertex is V{0, 10),

we have 2 = a(y — 10). The points (& 200, 90) on the parabola imply that
(200)*> = a(80) and hence a = 500. Thus, z* = 500(y — 10).

200
(b) Let y = f(z) = ghgz* + 10. Then, f'(z) = zigzand L = .[-200 1+ (.‘,—éox)z dz.
(c) The spacing between each support is 42 = 40 ft. Total length =

f(0) + 2 ilf(40n) =10 + 2(13.2 + 22.8 + 38.8 + 61.2) = 282 ft.
ns
BZz=a > y= =Lz >y = L= Using (6.19),
) a 2Naz
/ 4 1 1 2 _9 1/(4a) 1
IOZT(ﬁE) 1+(2—1—“ﬁ) dz—ﬁlo ﬁ,ll +mdz

S
T 1/(4a)
I J4az + 1dz {v = 4az + 1, du = dadz}
0

2
s is = ERPOT = X 0[5 —1).
RI,“" o] = gmer -y

[33] Let the arch have the equation y = az”® + k where a < 0. The area of the rectangle
with vertices (+ z, az® + k), £> 0, is A(z) = 22(as® + &) = 2az® + 22k

A(z) = 6ar + 2k =0 => 1° = -s’ia. Thus, the height of the rectangle is

y= a(—ﬁ) + k = 3k This is a maximum for z € [0, J——_lcﬁ:l
[34] Without loss of generality, let the parabola have the equation z* = 4py and hence
have focus F(0, p). Let P(3, y) be a point on the parabola and S the square of the
distance from Pto F. § = [d(.P, .F‘)]2 =(z -0+ (y — p)*.

%=2:+2(y—p)y’andsincey=%}z’mdy’=71i,:,weha.ve%=0=>

z+(4—lpzz—p)§15z=0=>8%,:“-{-%::0:}1(2’ +4p%) =0=z=0,
which is the z-coordinate of the vertex.
[35] (a) Let the path be described by y(z)s= az? + bz + ¢. $(0) =0 = ¢ = 0.
Also, ¥/(z) = 24z + band ¢(0) = 1 = b = 1. Thus, (z) = as® + =
Now, let P(z,, ¥o) be the point where the ball strikes the ground and y, = —3z,.
Then z + y§ = 50% = z§ + 325 = 2500 = zp = 40 and y, = —30.
Thus, 3(40) = o(40)’ + 40 = —30 = o = —ff; and y(z) = —3557’ + =
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(b) Let k represent the height of the ball off the ground.

Then, h(z) = (-T-;{az"’ + 17) — (——%r) 1 -T%ﬁ’z + %z.
W(2) = —Zz+ 5 = 0= z=20. h(20) = 17.5 ft, which is a maximum.

B () ¥ = %e= v =L + C y0) = Cand 3(0) = (0) = f(0) = C.

1)

g =32 =y = Lo + f(0).
(b) z’=%(y—f(0))=>4p=%=>p=%:2:&-&12:8:#
w = 242 rad/sec = 0.45 rev/sec.
(a) Note that the value of p completely determines the parabola.
If (z;, y;) is on the parabola, then ¥ = 4p(z, + p) =

@ 2
-5k 5 + 5
—_——
&

dp +4np - =0=>p= Iy #F0,

then there are exactly two values for p and hence, exactly two parabolas.
2
(b) ¥ =4p(z+p) =2y =4p =y =L
Calculating the value of 3’ and (z,, y,) for each value of p and multiplying these
a4+ {dtd —n-JHd+u_ -9 _ i
n i) I
1

Thus, the tangent lines are perpendicular.

(a) Refer to Figure 38. Without loss of generality, let 22 = 4py. (Two lines remain
perpendicular under translations and rotations.) Focal chord T} T, passes

together gives

through F(0, p) with slope m and yintercept p. Thus, mz+ p = y = %‘-’ =

2 = dpmz — 4p? = 0 = 1, = 2p(m — {m® + 1) and 7, = 2p(m + {m? + 1).

— % ot R (OB D =
Now.y’_ﬁ,:hﬁ_m (m*+1)=-1=

the tangent lines at T, and T}, are perpendicular.

(b) If T, = (z;, ;) and T, = (z,, ¥;), then the equations of the two tangent lines
, 2
are y = %(: —5)+ yand y = %;(z = I,) + ¥,. Since y; = {-—; and

73 z 2% z 3
y2=-—4—;,weseethatﬁ(=—zl)+4—;=g=2—;’(z—zz)+;%=>

2 2 2 2
I I I, _ﬁél(zl——.tz)_zl—zz:’:_zl-f-zz.
4p =a

2—pz—4—p_2—pz T3 S —-r—lswherethe
tangent lines intersect. Evaluating a tangent line at z = EL-;-j yields

2 2
— nfT, — T, o _n% _ _4p P
y = 2p(_r_) o T {z,, z, from part (a)} = —p,

which is on the directrix.
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Figure 38

2
z’=4p(y+p)=?y=-41§r.’—p. Ploty:%—l.ﬁandy:—%+l.

The points of intersection are approximately (+2.280, —0.3). ¥ = -217,:.
p=13andz=2.280 = y¥ ~ 0.877,p = —land z = 2.280 = ¢ =~ —L.14.
Now, 0.877 x —1.14 = —0.99978 ~ —1. Similarly, p = 1.3 and z = —2.280 =
Y~ —0877,p= —land z = —2.280 = ¥ =~ 1.14.

Now, —0.877 x 1.14 = —0.99978 ~ —1.
y Ay

Figure 39 Figure 40
2 2
[d0]2% = 4p(y + p) = y:rll-,zz—p. Plot y = 5 — 0.2 and y = —g55 + 2.1
The points of intersection are approximately (+1.296, 1.9). y' = ﬁlpz'

p=02andz =129 = ¢y ~ 3.24, p = —2.1 and z = 1.296 = ¢’ ~ —0.309.
Now, 3.24 x —0.309 = —1.001 = —1'. Similarly, p = 0.2 and z = —1.296 =
¥~ —-324,p=—21andz = —1-2;6 = y =~ 0.309.

Now, —3.24 x 0.309 = —1.001 =~ =1.
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3
(a) Solving the system of equations { ;

;F:"" ! we obtain (mz + 6)2 — 41); =

m?z? 4 (2mb — 4p)z + b® = 0. This equation has only one solution iff its
discriminant is equal to zero. (2mb — 4p)? — 4m?b? = 0 =
4m?b? — 16mbp + 16p° — 4m?b? =0=16p(p — mb) =0 =
p=0o0r p=mb {p =0 = the parabola is identical to the directrix. }
(b) Using P(z;, y;), y=mz + b= b=y, — mz, and p = mb = m(y, — mz,).

2 2
2L = JL - =4
But ¥y =4pz = p = ey and thus m(y, — mzn) = o =
dmzyy, — dm’s] = i = (dz])m® — (4z,9,)m + ¥ = 0. This is a quadratic in

dnyy 16’3!’? == lﬁzfylz i a5,
8z} 8:?

Note that # = ZPQF. To show that a = g, we will show that d{(Q, F) = d(F, P)

U
z,'

the slope m, m =

and thus AQFP is isosceles. By Exercise 41, m PQ = 2‘1!7‘ If @ has coordinates
1

0—y y =
(’vo):thenmpq=;—::;%;=>lel'=I—_ylfiéz—q:—Zz,:?z:—z].

Thus Q = (—1,,0) and &(Q, F) = 2, + p. d(F, P) = {(z; — p)* + (3, — 0)* =

J:f — 2pz; + }:’2 + 4pz, {since y% = 4pzl} = Jz:f + 2pz, + pz = ‘l(zl. + p)z =
7 + p.
[43] Without loss of generality, let the parabola have the equation z° = dpy and P have

coordinates (zq, ¥). First, we find the equation of [ and then the coordinates of Q.
Let m equal the slope of L. Then, y' = —2-’; = 1, = 2mp and
4pyp = zg = (2mp)? = ¥o = m”p. Thus, [ has equation y — m?p = m(z — 2mp).
Since the directrix has equation y = —p, setting y = —p yields:

2% . 2
—p — m’p = m(z — 2mp) = r = &m——z Thus, Q@ = (pm_mp’ —p).

Since F has coordinates (0, p), the slope of segment QF is ——?—'—n—.
pm= —p
=P

Since P has coordinates (zg, y) = (2mp, pm?), the slope of segment PF is F"ET

Their product equals —1 and hence, the two segments are perpendicular.
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Exercises 12.2
Note: Let C, V, F, and M denote the center, the vertices, the foci, and the end points of

the minor axis, respectively.
M #=9—-4= c= +5; V(£3,0); A(£5,0); M(0, £2)

%Y Ay

i

£

Figure 1 Figure 2
B =12 —16=c= 3 V(5 0); F(£3, 0); M(0, +4)
@ 4z’+y’=15=>?£+£=1;c’=16—4=»c=izf;
V(0, +4); F(0, +243); M(+2, 0)

y

y 4

=
4

Figure 3 Figure 4
[4] y’+9:z=9=>%+y§=1;c’=9-1=>c=:1:24'5;
(0, £8); F(0, = 242); M(+1,0)
B 5z’+2y’=w=>”—+’-’5—=1;c’=5—2=>c=d:ﬁ;

V{0, £ {B); F(O, £ 3); M(+ 3, 0)
\Y

D
1

Figure 5 Figure 6

L
nnAnlAnl-n;
L S e it

2 2
%z’+2y’=8=>116+%=1:c’=16—4=:>c= +2{3;
V(+ 4, 0); F(= 243, 0); M(0, +2)
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2 2
4r2+25y2=1:>’T+y;:1;c2=%—§’3=1-2§6:>c: Hi21;
4 5
V(£3, 0); A+ 4421, 0); M0, £})

Figure 7 Figure 8
2
10¥"+32=5=>%+£%-2=1;c2=5—%=g=>c=i%4§;
V(£ Y35, 0); F(x 342, 0); M(0, +342)
[0 42 4+ 9y® — 322 — 36y + 64 =0 =
4(z* — 8z + 16) + 9y —dy+ 4) = —64 + 64 + 36 =

4(3—4)2+9(v—2)2=36=>(3-4)2+('v—42)2=1;

~ 9
?=9—4=>c==+{5;C42); V(4 +3,2); F(4 + {5, 2); M(4, 2 + 2)
y ﬁy

: o+

x I
- x

¥

Figure 9 Figure 10

[ + 2y +22— 20y +43 =0 =
(+20+ 1) +2(® —10y+ 25) = —43+ 1 + 50 =

2 2
(z+1)’+2(y—5)’=8=>(”;1) +{ L — e =s—am =2y

O(-1,5); V(-1 £ 242, 6); A{—1 £ 2, 5); M(—1,5 % 2)
[0 9z® + 169 + 54z — 32y — 47 = 0 =

9" +6z+ 9) +16(s" —2y+ 1) =47 + 81 + 16 =

2 12
O S UV | STV Ch &) Y (k) SR ST S N

c= £47; O(=3,1); V(=3 % 4, 1); (=3 % {7, 1); M(=3,1 + 3)
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Figure 11 Figure 12

[[2]42* + 99 4+ 242 + 18y + 9 = 0 =
42 + 624+ 9)+ 907 +2y+ 1) ==9+ 36 + 9 =

2 2
(3‘;3) +(!I+;1) I T .

4(z+3) + 9y + 1)? = 36 =

¢ = &5 O(=3, —1); -3 £ 3, —1); A(—3 & {5, —1); M(-3, -1 £ 2)
[[3)252% + 4y — 250z — 16y + 541 = 0 =
25(2® — 102+ 25) + 4(s® —dy+ 4) = —541 + 625 + 16 =

2 _a\a
25(: — 87 +4(y -2 =100 EZ D LU o g5 4o

c=+ {2“1'; (5, 2); V(5,2  5); F(5, 2 + 21); M(5 + 2, 2)

Figure 13 Figure 14
4+ =>4+ -2+ 1 =1 =
o 1\
5%—2+("’—11)—=1;c2=1—%=>c= :!:%45;

o, 1); VIO, 1 + 1); F(0, 1 + 33); M(0  }, 1)

15 8* = 8% — 5% = 39. A.nequationisﬁ-q-g-;: i
88 =177 — 22 = 45, Anequationiaf;+%;= 1.

[T I the length of the minor axis is 3, then b = %. An equation is 553 + g—; =1.

[18] If the length of the minor axis is 2, then b = 1. a* = 3% + 1% = 10.
2
Anequationisi‘% + !/T =1
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[19] With the vertices at (0, + 6), an equation of the ellipse is 5; + 33 = 1. Substituting
z=3andy=2andsolvingforb’yieldsi%+§6= 1 =>b—95=g=> b2 =8€-.
el i

An equation is -8— F =
2
[20] Substituting the z and y values for (2, 3) and (6, 1) into i—i + %: = 1 yields the

system of equations:f; + 395 =14{E;} a.nd::—f + f; = 1{E,}. Solving,

v

E, — 9E, = —%9 = —8 = §* = 10. Substituting into E, gives a* = 40.

An equation is%zo-i-%;:l
(23] With vertices V{0, = 4), an equation of the ellipseis;-";+f-;= L e=§=3%and
a=4=c=3. Thus, ¥ =16 -9 =T. Anequationm%’+§=1
[22] An equation oftheellxpeexs—i-l-bz—l (1, 3) ontheelhpse:#1+%= =
b’:;gi—i. e=f{=i=>c=}a P=d"=-c=0d" -4 =3

2
Thusuzgga—l=%az=>12=az—1=>a2=13mdbz=379.
An equatitmizal-a‘”;-}-%%2 = 1.

1= 2 +9y’—1

R8s
+
2
Il
ot
4
wh,
+
"‘.. oS,
I

Model this problem as an ellipse with V{15, 0) and M(0, +10).

v
Substntutmgz—smto§5+ﬁi=lyieldsl%z-o':%g};:sy’:M.

The desired height is {84 = 2421 =~ 9.165 ft.
28] ¢ = § = 0.017 = ¢ = 0.017a = 0.017(} - 186,000,000) = 1,581,000. As in Example
7, the maximum distance is ¢ + ¢ = 93,000,000 + 1,581,000 = 94,581,000 mi.
The minimum distance is ¢ — ¢ = 93,000,000 — 1,581,000 = 91,419,000 mi.

[27] Refer to Figure 27. sinf = I—z-landcosﬂ = ".,’-',
!

L .
Thus, sin?f + cos?d =1 = %; e :5, which is the equation of an ellipse. Therefore,

the point P(z, y) always lies on the ellipse. {If a = b, P(z, p) traces a circle. }



EXERCISES 12.2 133

Figure 27 Figure 28
B2+ =4 y= +i4— 2
The set of all midpoints have coordinates (z, y) = (z, = J— )Yfor —2 <z <2
y=2Hi Pyt -2adra8 =4

The graph of z* + 4y = 4 is an ellipse with (0, 0), V(£2, 0), and M(0, +1).

5 ;
= 1 _z sas . .
29 (a) E = imd + Ik = 2E/m + == 2ETk = 1, which is the equation of an ellipse.

The lengths of the axes are a = .,IQE/m and b = ,lQE'/k.
If m < k, then a is the length of the major axis, and bisif k < m.
(b) Area = wab {by Example 6} = A = wﬁ' {from (2)} = A{mk = 27E
m

BO)Sinces=p+ ¢ b =0 - =(p+ )% — ? = p? + 2pc = p(p + 2¢).
z—(p+ o)’ N

Gt TREFI T

_ ali _E=r—9 p(P+2°)(23?+2zc—=)
yﬂ_,(,,+2)|:1 @+ ] (r+¢)’

Consider the expression to be a rational function of ¢ with 4pz as the coefficient of ¢?

Thus, the ellipse has the equation

in the numerator and 1 as the coefficient of c? in the denominator.
Hence, as ¢ — oo, y° — 4.
(31] Let (z;, ) be a point of tangency on 9z% + 43° = 36. By Example 5(c), the
tangent line has equation f;—: + %1 = 1. (0, 6) on this line = 0 + 3y, = 1L =
=3 0 4 =9 5 2 = §36 — 4d) = (36 — 9) = 3. (25,
B2 () (/) + @) =12y =) = §(a’ - " {y 2 0}.

Using (6.14) with f/(z) = —¥(a% — )7/ yields

C= 4[ 1+ %dx{r: asinf and dz = acos @ df }
0 a’(a® — z7%)

/2 2 /2 2
= 4[; 1. %iko)acosﬂdﬂ = 4a'[: ,Icos’ﬂ + %sinzodﬂ | (cont.)
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/2 2 2 /2 2
= 4ar ‘jcos’o + & 5Csin®0df = 4ar Jcosz9 + sin*f — &sin®6 df
0 a 0 a

/2
— 4aJ 1 — e*sin®0 df
0

(b) Let f(8) = N1 — ¢*sin6 = J1 — (0.206)%sin’¢
S = 4a- G52 (£(0) + 4£(5) + 2/(5) + 405 + 20(85) + 4/(5%)
2f(55) + 405 + 2035 + 41(39) +f('))
~a-X (1 + 4(0.9995) + 2(0.9980) + 4(0.9956) + 2(0.9926) + 4(0.9893) +
2(0.9860) + 4(0.9830) + 2(0.9806) + 4(0.9791) + (0.9786))
~ (0.387) % (29.689) ~ 2.406 AU.
(¢) ¢ = ae = (0.387)(0.206) ~ 0.080. As in Example 7,
the maximum and minimum distances are a + ¢ & 0.387 + 0.080 = 0.467 AU
and ¢ — ¢ = 0.387 — 0.080 = 0.307 AU, respectively.
B352% + 4y =56 = 10z + 8yy = 0= ¢ = —— AtP( -2, 3),
¥ = § and an equation of the tangent line is y — 3 = ¥(z + 2), or 5z — 6y = —28,
The normal line is y — 3 = —$(z + 2), or 6z + 5y = 3.
B9 +4y* =72 = 182+ 8yy = 0= ¢ = -_ AtP(2 8 v =-3
and an equation of the tangent lineis y — 3 = —5(3 — 2),0r 3z + 2y = 12.
The normal lineis y — 3 = g(: — 2),0r 2z — 3y = —5.

[35) The upper half of the ellipse has equation y = f(z) = 4 va’ — z’ for —a < z < a.
e 12 2
Using disks, V = II %(a’ - 1) dr = %I[a’z - grs:l“ = $mab’.
sud a 0
[36] The right half of the ellipse has equation z = f(y) = T b — g for —b < y < b.

Using disks, V = r[ 1,(»’ #)dy = 2:—2"[6231 - gys]' = 3ra?b.
o

.
[37] Placing the major axis along the z-axis, the equation is 552 -+ @ 5), =1=
2
y = +(4.5)41 — £. The base of the cross section has length 2 x (4.5)41 — é"z

Al) = (91’1 ~&) s v= r_ssl(1 ~g)is=281[c - [ = 86a

See Figure 37.
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| e—a—

Figure 37 Figure 40
B8 Az) = %(9 = \ll = G”;)’ = V= %{864) {from #37} = 216{3

9 2
Let any cross section of the elliptical frustum be represented by %; + :—5 = 1, where
a

a and ) are functions of the distance A that the cross section is from the left end of

the frustum in the figure. The area of this ellipse is mab by Example 6. Writing a as

a linear function of h, @ = 27—k + o, where h € [0, L]. Also, § = k= b=4

L L b
Thus, V = J (vab)dh = ﬂ (2 r2h+ a,)’ dh
Q0 0

- ’-;J:'[(“*_‘Z‘-ll)’h’ + 2a,(“—’—i—“*)b + af] dh

— a,\2 3 ar — @ 2 L
= %[(“_Tz 1) % + 2al(—-—L—7 1)’-'5 + a?h iy %(a} + aya, + al).
Place the r-axis with r = 0 at the base of the cone, z = h at the top. Every cross

section is an ellipse of semi-major axis length w and_semi-minor axis length v.

By similar triangles in Figure 40, w = a(h_h___—z) and v = b(_hh—_::)
Y |
By Example 8, the area of this cross section is 7wv = ’L(J;ti—-f)—. Thus,

_ """"'b("-:"')2 _ _ _ nabJ.o 2, _ xab[1, 3]°
V—Io 3 dz {y=h—1z du= —dz} = ol P du = —hr[‘,’u]h

. = %1abh.
DA = = (e = fte) = =iy =
1+[f@P2 =1+ Fab’z—z?_). Letﬁu = %1 and ‘s‘d*u = dz. Then,

4 5 & d “2(52 = “2) 2
= 41’[ 0 — 2 g—, + b’_u_t?du = 41I S + v du (cont.)
0 - 0
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I 262 + (b — a®)u? du —47"[ P — 2’ du{d® — b = %}
J. c.tll)2 — v dv{v = cu, dv = cdu}

i
,:.

N
o |3

°'|$

( b)2 o se] v:lh F la 30
Tsm - 40 {: ormula 30 }

ol
sy

[cha’b’ — b*c® + a®bsin™! §:|

-1b| — 2ra’b,__ -1b
:'[bac + a®b?cos 13:‘ = 2xb? + £X8 Pcos71 2,

2

If ¢ = 6378 km and b = 6356 km, then S ~ 509 x 10° km?.

2
[4Z] Let the ellipse have the equation ;'; + %5 = 1. If (2, y) is the vertex shown,

A='4zy=%1’za’—s:z,—a<a:<a.A'=%l’[2 - a—-z:|=0=>
a® — 7’

22 = o = z = fi and y = T”E The dimensions are 2T§ by ZT;, or, equivalently,
J2aby {2b. This is a maximum area since A(+ a) = 0.
Ay 1\.)"
(0,5)
(2. y)
(a,0)
" D
W
Figure 42 Figure 44

Since rotations and translations of the ellipse will not affect the result,
2
letit.sequationbe%’ + ”72 =1 Thus.i—f +%y" =0=y= _:T:'

a2

bzl

i-

The slope of the normal line at (z, y;) is

Since the normal line passes through (0, 0) and (z;, y,), its slope must be & , X

2
NOW, % = ;{ = ¢ = b% Thus, the ellipse is a circle.
1

[44] See Figure 4. Let 22/a* + 3*/b? = 1 be the equation of the ellipse. Let €' be the
normal line through P with the inclination #. By implicit differentiation,

a®y
y‘—m£=—--b—,—=:~m¢,—tan0-b Let o' and ' be as shown.

Let ¥ be the inclination of F'P. Then, o' + p + (r —8) =7 = o' =0 — ¢ =
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2

Ay _ v
tana’ = tanf — tany = zrz- z+c _ azzy + a’cy— bzry
Lt hanl e T 'y’ 0z + ber + a’y?
b7 + bz
2 2
But,a’—b’:czwdbzf a2y? = a?b? = tan ,=Cl'y+acy___
ki “ b + blex
2
‘;!;(TZ%)- = %g Now let ¢ be the inclination of FP so that
B4+l+(r—p)=n=p =¢p—0=
G B
tan g’ = tang — tanf _ 22 Mz _ bry — a’zy + ca’y -
1 + tanptand Yok oy’ 22 = b’z + a’y?
¥z — b’z

-2 2
—%gtk%! = % = tana’ = o« = P’ since both are acute. Thus, « = f.
a’d* — cb’z

Note: Depending on the type of software used, you may need to solve the given equation
for y in order to graph the ellipses.

2 2
@ FH+a=1=217 +29” =609 3 y= t.[ﬁ(G.OQ — 2.14%).
172

512
£+ (1_43_1) =1= 492 + 43(y — 2.1)* = 2107 =

y=214% .[ﬁ(mm — 4.97%).

From the graph, the points of intersection are approximately (+ 1.540, 0.618).

(b) Area 2[2’“[,,5}—9(6.09 —2.12%) — (2.1 - J4—f§(21.07 — 4.97%) ):] dz
2 ¥

4

L
Sl

Figure 45 Figure 46

2 2 '
@8] (a) 5+ 57 = 1 = 242" + 3.99° =036 =y = %, 75(9.36 — 2.42%).

Since we will need to integrate with respect to y, we will also solve for z.

2 2
Thus, 2 = & oL(0.36 — a9y7). EXI Ly

25(z + 1.9)% + 417 = 10.25 = y = + \le-i[m.zs — 2.5(z + 1.9)*]  (cont.)
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o 421_—5(10.25 — 415

From the graph, the points of intersection are approximately (—0.905, % 1.377).

(b) Area ~ 2]2’38 [—1.9 + *Ii%(lo.zs —4.19%) — (—,lﬁ(s.aé—' 3.94%) )] dy
&

Note: Let C, V, F, and W denote the center, the vertices, the foci, and the end points of

the conjugate axis, respectively.

¢ =9+4= c= 13 V(&3 0) =13, 0); W0, £2);y = 3z
y

Lod-e a g
>

Figure 1 Figure 2

@ ¢ =49 4+ 16 = ¢ = =+ {65; V(0, £7); F(0, £65); W(£4,0;;y= ]z
B ?=9+4=c=+13; V0, £3); 0, £13); W(£2,0); 3y = £3z

Figure 3 Figure 4

@ ¢ =49 4+ 16 = ¢ = =+ {65; V(£ 7, 0); FA(+465, 0); W(0, +4); y= +3z
2

5] y’-—-4z’=16=>-y——’—2=1;c2=16+4=>c= :!:Zﬁ;

16 4
V0, +4); A0, -'-’:2‘13)? W(£2,0); y= 2z

Figure 5 Figure 6



EXERCISES 12.3

139
2
B " —2*=8=% ¢

i3 =1:c’=8+4=>c=:t2ﬁ;

S

V(£ 242, 0); F(£243, 0); W(0, £2); y = £322
d=1 +71 = c= +£42; V(+1, 0); F(d:ﬁ, 0); W0, £1); y= £z

¥ y
&
i/ 4N\ X X
Figure 7 Figure 8

2
y2—16::2=1=>yT— =1;c2=1+i%#c=t%m;

al-%

V0, £1); F(0, £ 317); W(£4, 0); y = £ 4z
@ 22—5312:25::’.%—%3:1;c2=25+5=> ¢ = =+ {30;

V(£5, 0); F(+ 30, 0); W(0, £{5); y = £ }{52

ﬁ] Yy

»

Figure 9

Figure 10

2
- 2 [ ¥
(10] 43® — 4z —12&1—

=5l ={+i=c=x43
4

T [”U

V(0, £3); FO, £342); W(£},0) y= %32
3:’—-y’=-3:>y-;—?—12=1;c’=3+1=:c=:t2;

W0, = {3); F(0, +2); W(+1,0); y= +{3z

4

®

Figure 11

Figure 12
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b 2
{21162 — 36y =1 = —;T6=1;c’=lls+3—g=>c=i,—',ﬁ‘3;

z
1
16

V(4 0); F(£ 5413, 0); W(0, +1); y = + 3z See Figure 12
[13] 2522 — 16y* + 250z + 32y + 109 = 0 =
25(z% + 10z 4+ 25) — 16(3* — 2y + 1) = —100 + 625 — 16 =
(z+8)° (-1 _

25(z + 5)* — 16(y — 1)2 = 500 = 0 =1
4
? =20 + 128 = ¢ = +3205; (-5, 1);

V(=5 % 245, 1); F(—5 =+ §J205, 1); W(—5,1 £ §48); (y — 1) = £5§(z + 5)

Figure 13 Figure 14
14y* — 42 — 12y — 162+ 16 = 0 =
(V" =129+ 36) —4(z" + 42+ 4) = —16 + 36 — 16 =

(y—c)’—4(z+2)3-_-4=>(3’_46)2_(”;2)2=1;

=4+1=>c= %5
(-2, 6); V(—2, 6 & 2); F(—2, 6 £ Y5); W(—2 £ 1, 6); (y — 6) = +£2(z + 2)
[15)4y* — z* + 40y — 4z + 60 = 0 =
49 + 10y + 25) — 1(2* + 4z 4+ 4) = —60 + 100 — 4 =

2 2
Wy +5)7 —(c+2P =0 LED _GED _
9 36
=9 +36=c= %35 -2, -5)
V(—2, =5 + 8); A(—2, —5 & 3{5); W(—2 £ 6, —5); (y + 5) = +£}(z + 2)
Y !
\\\ ::‘ //’z x
\\ u,f 5
>><%
T o
P D
o ~
o T
Figure 15 Figure 16
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(16] 252* — 93* 4 100z — 54y + 10 = 0 =

25(2" + 42+ 4) —9(y* + 6y + 9) = —10 + 100 — 81 =

2 2
25(z +2)? = 9y + 3)? = 9 =» E+ 2D —(“;3) =1
25
c2=,—95+1=>c=i§~13_4; (-2, -3);
V(-2 + &, —3); F(—2 + 34, —=3); W(—2, -3 £ 1); (v +3) = £§(z+ 2)
07 9y* — 2> — 36y + 122 — 36 = 0 =
9y —4y+ 4)— (s — 122+ 36) =36+ 36 — 36 =

2)? z—6)2
p_eoer

9(;,-2)’;(:—6)’:36::»(”_4

=4 +36=>c= +2J10;
(6, 2); V(6,2 + 2); F(6, 2 + 210); W(6 = 6, 2); (v — 2) = 3(z — 6)
'Y

p

-

Figure 17 Figure 18
(847 — y* + 322 — 8y + 49 =0 =>
4(z* + 824+ 16) — (v + 8y + 16) = —49 + 64 — 16 =

4(z+4)’—(y+4)"'=—la(yt")n—(zﬁ”z:l;

i

d=14+1=c=x5 (-4, —4);

V(—4, —4 £ 1); F(—4, -4 £ 35 W(—4 2}, -4 (v +4) = £2z + 4)
2 2
[19] F(0, +4) and V{0, £ 1) = W(& {15, 0). An equation is yT - iz-s o |
[20] F(+8, 0) and W(+5, 0) = W(0, +39). An equation is %25 - 3!; =1
2

(23] F(+5, 0) and V(+3, 0) = W(0, £4). An equation is ?9-’ ~h=1

2
[22] (0, + 3) and W(0, £2) = W(£+5, 0). An equation is %— - %—2 =il
[23] Conjugate axis of length 4 and F(0, £5) = W(£2 0) and V0, & J21).

& !l2 2
An equation is g =1
2
An equation of a hyperbola with vertices at (%4, 0) is % - !: = 1. Substituting

b
- . = S
z_8andy=2y1elds4—34§=l:>b’_§. AnequatnonlsE—T_l.
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[25] Asymptote equations of y = + 2z and V(£3, 0) = W(0, %6).

2.
Il
-

An equation is %
Let the y value of V equal g, and the z value of W equal b.
Now a = b {from the asymptote equation } and a® + b* = 10* {from the foci} =
(35)? + b = 10? = 2b* = 100 => b* = 90 and o* = 10.

An equation is

E‘»l'%
81'1,
Il

£ v 2 v
a=5,b=2(5)=10- ?—W—I#Q—s—m=l-
—

(%]

2
- - s ¥ = y =
Be=22=4H=b=8 H-L=1=27-F=1
Theirequationsa.re”z-yz—'land A i1
259~ 29~ 7

2
or, equivalently, 1’9— - 2—’; =1

Conjugate hyperbolas have the same asymptotes

and exchange transverse and conjugate axes.

Figure 29
The path is a hyperbola with V(% 3, 0) and W(0, £ 3).
2
-5
3" &
If only the right branch is considered, then z = |9 + 437 is an equation of the path.
[31] Set up a coordinate system like Example 5. Then, d; — dy = 2a = 160 = a = 80.

b = ¢ — a® = 100% — 80® = b = 60. The equation of the hyperbola with focus

An equation is = 1 or equivalently, ¢ —4yF = 0.

¥

A, passing through the coordinates of the ship at P(z, y) is 8_02 - W = 1. Now,

y = 100 = z = %34, The ship"s coordinates are (32{34, 100) =~ (155.5, 100).

2

@%=§:1:>%§ y’_0=>y' At.P(zl,yL) the tangent line is
b2z, "Wy — ¥ _ 5z— zf
o — - = =
v—u a_q,(z 5) = B e
5z _wy _ o

2
= o % = 1, since P(z,, ¥,) is on the hyperbola.

[33] By Exercise 32, the tangent lines have the equation z‘i._z - %6!-’ = 1, where (z;, y,) is

a point of tangency. (0, 6) is on this line so ¥, = —6. Thus, 9z} — ¥ = 36 =
2? = %(y? + 36) = %(36 + 36) = 8. Points of tangency are (& 242, —6).
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[34] By Exercise 32, the tangent line has the equation E‘{- - !% = 1, where (33, y;) is
the point of tangency. P(2, —1) is on the line, so -8- + =1z =8 —2y.

Substituting this expression for z, into z* — 4y’ = 16 yxelds hh=3and s =5,
The tangent line is §z — 3y = 1, or 5z — 6y = 16.
B52 — 5 =3 =24z — 10yy = 0= ¢y = 2; At P(—2,1), y = -4
Tangent line equation: y — 1 = —3(z + 2), or 4z + 5y = —3.
Normal line equation: y — 1 = $(z + 2), or 5z — 4y = —14.

Il
|
-

3y2—2zz=40$6yy‘—4z=0=>y’=%. At P(2, —4), ¢’

Tangent line equation: y + 4 = —1(z — 2), or z + 3y = —10.
Normal line equation: y + 4 = 3(z — 2), or 3z — y = 10.

[37) The upper and lower boundaries of the region are y = = 3{z? — a?fora < z < c.
Thus, _2—6] 2 — alds
a
= %ll[%m — %;ln|z + ml :]: {Formula 39 or letting z = asecd }
= %I:bc —d®ln(b+ <) + a’]na]since i — & = b
Using shells, V = QwJ: (z)gdé -J:.;——az dz = 2——#’[%(:’ — 52)3/21‘

4rb, 2 2,3/2 41rb 23/2 _ 4b*rx
F et R v L

Iz‘—y2=8=>y=lt2—8=>!f :IT’:-—8' V(ﬁ:O)andF“‘o):?
I—

4 4
S = 21r B‘lzz - 8‘|1 +;§—"é—8d:= 21@[54:2 — 4dz
—21r4_[§ 4—2ln|:+~| Ilr {Formula 39}
= 2n{2[ 2412 — 21nf4 + V12| — 242 + 212 + 5[]

s 414'[2( 2 +In (1 + :}_3)] ~ 28.69.

2 2
Without loss of generality, let the equation of the hyperbola be :1 - % = 1 with
interior focus F(c, 0). Then the square of the distance between P(z, y) and F(c, 0) is
2
fB=(z— %+ (y =072 = (z — ’c)’ + 62(:% - 1), z > a. Now,

Mz) = 2(z—¢) + 27‘15—2 = 2|:(1 - i’—:)z— c] = 2[&;:— c]. fi(z) =0=

2 2
z=% = (% a<a Since f/(z) > 0for z> %, f(z) is T and its minimum must

occur at the end point of its domain, i.e., at £ = a,
which is the z-coordinate of the vertex V(a, 0).
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2 2
12zz+24z—4y2+9=0=>12(2+1)’—4yz=3=>w-—%-=1=>
i i

V(—1 % }, 0). By Exercise 40, the comet is closest to the sun when it is at
V(—3, 0). Distance = JAU.
Refer to Figure 42. Without loss of generality, let the equation of the hyperbola be

2 2
ii — :—.:, = 1. Also let P(z, y) be the point of tangency in quadrant I and segment

MP be parallel to the z-axis. We wish to show that §; = 6,. Now, 0, = #, —

and 0, = a — 8 Sincey’—bz"' t..:mcxr—l’zz Then, tand; = tan(f; — a) =
2= x* "‘;i_yl =g t 1= 2 -

¢y
y—0_ ps
tanf, —tane _ T~ g’y _ o’y — bz —c) _
1 + tanf, tana — y— 0\(b’z\ — a*y(z — ¢) + b'zy
A (: i c)(azy)

2. _ 22 _ 22 ~ s A
l;[c(zz (bb:; azy]) = :(c,’ — 25) = £ In a similar manner with
a® + z— a‘e crz—ac

= 2
tan f, = H, tand, = tan(a — B,) = g_fr Since both angles are acute, 8, = 8.

Figure 42
By the reflective property of parabolic mirrors (Exercise 42 of Section 12.1)
parallel rays striking the parabolic mirror will be reflected toward Fy.
By the reflective property of hyperbolic mirrors (see page 631),
these rays will be reflected toward the exterior focus of the hyperbolic mirror,
which is located below the parabolic mirror in the figure.

2 2
Without loss of generality, let the hyperbola have the equation £ — %5 =1, the
a

coordinates of P be (z,, ¥,), and the equations of the asymptotes be y = =+ %z.

From Exercise 32, the equation of the tangent line is ﬂ; - %! = 1. First, consider
a

the point of intersection with the asymptote y = —%z at Q(zq. vQ). Solving the

2

T o Then,

equations simultaneously gives % - (—%z)(%;) =1l=z5= =

. - = pp?

Vo = —%zq = m. Second, consider the point of intersection with

e b P s a*b
the asymptote y = 4z at R(zg, yg). In a similar manner, z; = m and
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vp = E“j’—ﬂyl. The first coordinate for the midpoint of QR is é(:zq + 1p) =

2;2 2;2
a’h” 2z bR . .
%[5313 = agyf] = azbzl {since (z,, ¥,) is on the hyperbola} = z,.

In a similar manner, %(yq + yg) = ;. Hence, the midpoint is P(z;, ¥,).

Note: Depending on the type of software used, you may need to solve the given equation
for y in order to graph the hyperbolas.

aAN2 2
() U0l _ A0 o 0s(y— 0.0) — 16z + 02) = 0.8 =

y =012 L6 + 3.2(z + 0.2)°

o 2 e 2
€ 2.2'5) _G 5_%” =12 53(y—05) — 27(z — 0.1)? = 14.31 =

o O {5_}3[14.31 + 2.7(z — 0.1)%]

From the graph,
the point of intersection in the first quadrant is approximately (0.741, 2.206).
(b) Area =~

J:.N{U.s - J%{M.al + 2.7(z = 0.1)7] - |:°'1 + 16 + 8.2(z + 0'2)2]} &

% 4 y
T
Figure 45 Figure 46
- 2 2
[46] (a) (—"—0—1%& - (% =1= 0.1(z — 0.1)% — 0.12y* = 0.012 =

gk \JD—]il-QEO.l(: — 0.1)% — 0.012]
Since we will need to integrate with respect to y, we will also solve for z.

Thus, z = 0.1 + {1.2¢% + 0.12.

2 = 2
& - W02 5 B 0.9(y — 0.3)* = 1.89 =

21
1 y =03+ ,|0l9[2.1zz — 1.89]

Sivailadly, @' 4 Jﬁ}—l[o.s(y — 0.3)7 + 1.89]. From the graph,

the point of intersection in the first quadrant is approximately (0.994, 0.752).

b)) Avsinad J':'” {096 — 097 + 1.89] - [01 + {1297 + 0.12]} &
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Note: Let D denote the value of the discriminant B> — 44C. The following is a general
outline of the solutions for Exercises 1-13 in this section and 39-40 in §12.5.
(a) Discriminant value and conic type are given.
(b) The 5 steps in part (b) are : <
1) cot2¢ = Aﬁ—c = ¢ = %wt“‘(-"—i—ﬁ), where the range of cot™ is
0" to 180°. Note that the range of ¢ 1s 0" < ¢ < 90°.

. *(A=0) . |l — cos2¢ . |'17+”cos 20,
2) C082¢ = m, smdz o —2 ) and COS¢ = T—,

cos2¢
sin2¢

sin2¢ is positive. Since ¢ is acute, sin ¢ and cos ¢ are positive.
r=2cos¢d — y'sing
y = z'sing + y'cos¢

and

Note that cos2¢ will have the same sign as cot 2¢ since cot 24 =

3) The rotation of axes formulas are given. {

4) The rotation of axes formulas are substituted into the original equation to
obtain an equation in #’ and y’. This equation is then simplified into a
standard form.
5) The vertices (V") of the graph on the z/y/-plane are listed along with the
corresponding vertices (V) of the graph of the original equation on the zy-plane.

M (2) b= (—2)% — 4(1)(1) = 0, parabola
(b) 1) cot2¢ = 0; ¢ = 45°
2) cos2¢ = 0; sing = }42; cos ¢ = {2
{==§Fw ~ 1By = B - v)

%

y=327 + {2y = {2(z + ¥)
4 2y)* — 4z =0 = (v)* = 2(=) :
5) V'(0, 0) = V(0,0) {z & y int. @ 242 } Figure 1

B (a) D = (—2)* — 4/1)(1) = 0, parabola
(b) 1) cot2¢ = 0; ¢ = 45°
2) cos2¢ = 0;sing = }{2; cos$ = {2
e = Wix - 1oy = it - v)
{v=§ﬂf+%ﬁy’=%ﬁ(=’+r)
1) 2(y)* + 4{2(2) = 0 = (y)* = —202(=)

5) V(0, 0) — V(0, 0) {z'& yint. @ —4) Figure 2



EXERCISES 12.4 147

Bl (a) D= (—8)% —4(5)(5) = —36 < 0, ellipse
(b) 1) cot2¢6 = 0; ¢ = 45°
2) cos2¢ = 0; sing = %ﬁ, cosd = iﬁ
g [P 327 -4y =102 - v)
y=4327 + 2y = }{2(z + ¥
2 2 4
D1 +ory =9 G+ W =y 1
5) (%3, 0)— V(£342, +32) Figure 3

(a) D = (—1)? —4(1)(1) = —3 < 0, ellipse
(b) 1) cot2¢ = 0; ¢ = 45°
2) cos2¢ = 0; sing = %ﬁ, cosp = %ﬁ
{z=§&f - W2y =H2(2 - v)
y=327 + J2y = {2(z + )
DY+ 3w =3 G WL =
5) V(& 46, 0) — V(£ 43, £ 3)

B (a) D = (1043)® — 4(11)(1) = 256 > 0, hyperbola
(b) 1) cot2¢ = %ﬁ, ® = 30°
2) cos2¢ = };sing = j;cosd = %«ﬁ

z=3B37 — jy = {37 - v)
v=47 + {8y = }(= + B3y
2 2
R o
4
5) V(£},0)— V(£ 143, =) Figure 5

6 (a) D= (—48)* — 4(7)(—7) = 2500 > 0, hyperbola
(b) 1) cot2¢ = —3L; ¢ ~ 53.18°
2) cos2¢ = —g%;sing = §; cosg = 3
z=%:’—%y’=%(3:’—4y‘)
3) {y:%:’+§y’:§(4l’+3y’)

~—

2 2 2
o -G+ By s - L -G
5) V0, £3)— V(2 £ Figure 6
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(a) D = (—24)? — 4(16)(9) = 0, parabola
(b) 1) cot2¢ = —3%; ¢ =~ 53.13°
2)cos2¢ = —;sing = & cosgp = 2
z=3r -y =3¢ — 4y)
3’ {y=%r’+%sﬂ=%(4z'+3w
4) Z(y)* — 1002 + 100 = 0 =

(!l')2 = 4(z - 1) Figure 7
5) V'(1, 0) — é,%

(a) D = (4)* — 4(1)(4) = 0, parabola
(b) 1) cot2¢ = —=3; ¢ ~ 63.43°
2) cos2¢ = —3F; sing = %E, cos¢ = _H_ﬁ
z=H82 — 5y = H5( — 2¢)
{y =352 + 15y =1WE027 + v)
4) 2(z)? — 307 — 30y +45 =0 =

(# —3)" =6y Figure 8
5) V(3, 0) — V(§45, §{5)

{The graph is tangent to the z-axis at r = —345.}

B (a) D= (—36) — 4(40)(25) = —2704 < 0, ellipse
(b) 1) cot2¢ = —&; ¢ ~ 56.31"
2) c0s2¢ = —5; sing = 313; cos 6 = 313
3 {z = &1z — S{l3y = H{13(27 — 3y)
y= 3B + 3Ty = 4B + 20)
4) 18(r)" + F(v)* — 522 =0 =

(= — 2)°
3

5) V(2 £ 2, 0) — W[4 = AIN13, [§ + §J413)

+("'T)2=1

[10] (a) D = (—48)* — 4(18)(82) = —3600 < 0, ellipse
(b) 1) cot2¢ = §; ¢ ~ 18.43°
2) cos 24 = ; sing = {10; cos ¢ = 310
5 {z: FN0z — H{10y = {10037 — )
y= 5107 + S{l0y = &10(7 + 3)
4) W0()? + %0(y) + 202 — 80 = 0 =

5) V(-1 % 3,0)— V(- % S0, (4 = J{T0)

Figure 10



EXERCISES 12.4 149

(a) D = (643)* — 4(5)(—1) = 128 > 0, hyperbola
(b) 1) cot2¢ = 33; ¢ = 30°
2) cos2f = }; sing = 4; cosg = 13
3 {r=§4‘3f—%r =8 CEER))
v=4r + M3y = iz + {3y)
4) () - B(y)? —16y —12 =0 =
(¥ w; 2)? (#T)’ g

5) V(0, -2 + 1)5—» V(1 ¥ 3, —{3 = 13)

(a) D = (20)? — 4(15)(0) = 400 > 0, hyperbola
(b) 1) cot2¢ = 3; ¢ = 26.57"
2) cos2¢ = §ysing = }{5; cosp = 15
i {z: 357 — {5y = {5027 - v)
y=3{62 + {sy = [5(2 + 2v)
4) 190(2)2 — 25(y)? 4 20y — 100 = 0 =
(jlz)—z - (Ty’ l_ 2’ =1 Figure 12

5) Vi(£2,2)— V(x4 — 35, (22 + §V5)

[3](a) D = (—72)* — 4(32)(53) = —1600 < 0, ellipse
(b) 1) cot2¢ = 5 ¢ ~ 36.87°
2) cos2¢ = ;sing = §; cosg = ¢
" =42 — 3y = J(42 — 3y)
v=38 + 3y = §(37 + 4y)
2 2
0By + gy =s0 = G 0 -y
5) VI(£4,0)— V1, £)
Note: Depending on the type of software used, you may need to solve the given equation

Figure 13

for y.
(4112 — 132y + 9 — 292 — 1.9y = 0 =
v’ — (132 + 1.9)y + (1.12* — 2.97) = 0 =
1. 1 (1. 9)? — 4(1.12* — 2,
(1.3z + 1.9) & {(1.32 +219) 411s' —292) _
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y i
10+

x 4 T
Figure 14 Figure 15 Figure 16
521z —dey + 159> —dz+y—1=0=

15y — (4z — Dy + (2122 — 42— 1) =0 =

S (4z — 1) £ J(4z — 1)? — 6(2.15% — 4z — 1)
= 3

[16]3.22> — 4422y + 2.59° + 21y + 32— 2.1 =0 =
2.5y — (4422 — 2.1)y + (3.22° + 3z — 2.1) =

L 442z — 2.1) % (4422 = 2.1)* = 10(3.22* + 3z — 2.1)
= 5

[12.5 Review Exercises |

Note: Let the notation be the same as in §12.1-12.4.

=6tz z=4Y >a=4 p= 2= =16 W0,0); F160);&z= —16

4(z5)
)Y LY
:? 1
-+ -
] I
g -
- -r
Figure 1 Figure 2

i = N i LI | i e 9 33Y. gy — 31
2B y=8z +32:+33:>a_8.p_4(8)_ﬁ. V=21 A(-2, 8 y=§
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2 2
B o=14-16l =25 +5=5L"=16-902c==xT;

16

+

*.
T

/
/
-k
K
\
A Y
\
\
N

Figure 3

2 2
- 2 ¥ oz _
9y” = 144 + 16z >5-%=

v
N /
b 4

/

T N

\

Figure 4
1, 2=16+9=c= %5
V0, £4); F(0, £5); W(£3,0); y= %%z

Bl 2-y-d=0=L L =1 f=4+4=c= £2{2

PR )
4+

E: 0.5
1

Figure 5
2 2
6] T yT
25 38

By=10-=y=4—-%rf = a=-% p=

y

0.5

YT T S O T |
LI S e

TR SR W Y
P 5 A R e R | O L
\f

Figure 6

=12 =& —& = c= £ 411 W}, 0); A+ 5517, 0); M(0, £})

Figure 7

(0, +4); F(0, £ 7); M(%3,0)

W(£2,0); F(£2{2, 0); W0, £2)y= %2

b o 30
4(—3z5) 4
W0, 4); F(0, =3); by =4
y
x
Figure 8



152 EXERCISES 12.5
32 + 4y — 182 + 8y + 19 =0 =

3z — 62+ 9) 4+ 4y + 29+ 1) =19+ 27T + 4 =

2 2
3.(:--3)’+4t{y+1)’=12=>(I 43) +(“;1) = 1. See Figure 8.

=433 c=£L03-1); V322 -1 A3 1, -1); M3, -1 3
22 — 9y® + 8z + 90y — 210 = 0 =
(2 +824 16) —9(3> — 10y + 25) = 210 + 16 — 225 =

(z+4)’—9(y—5)’=1:(”'*14)2—(“:5)2=1;

]

A =1+}=e=x}0;

C(—4, 5); V(—4 £ 1, 5); F(—4 + 10, 5); W(—4,5 £ §); (1 = 5) = £3(z + 4)
. :

Figure 9 Figure 10
[0z=2"+8y+3=a=2 p= '%2) = % (-5, —2) F(—8%, —2); &z = -4

[11] 42* + 94 + 24z — 36y + 36 = 0 =
4z + 62+ 9) +9(y" —dy+ 4) = —36 + 36 + 36 =

2 5%l
e+ +oy-2? =30 EET L OBy

A =9—4=ec=250-32); V(-3 %3 2); -3 x5 2); M-3,2 =2
hY

.L..b‘.;._
iv‘rvr'v

AL T 3
LR JLRR R o 9

Figure 11



EXERCISES 12.5 153
24z —y* — 40z — 8y + 88 =0 =>

4z — 102+ 25) — (y* + 8y + 16) = —88 + 100 — 16 =

4(1._5)2_(1/_*_4)2:_4=(y'§4)2_(z—15)2=1;

F=44+1=¢= %45
05, —4); V(5, —4 + 2); F(5, =4 + {5); W(5 £ 1, —4); (y + 4) = +2(z — 5)
By —82+8y+32=0=z=3 +y+4=>a=} p=4—(]§=2.
V2, —4); F(4, —4); &z =0

y Ay
x &
I :
3 i i
1
Figure 13 Figure 14

(44 + 4y — 24z + 4y + 36 =0 =
4" —6z+ 9)+ (P +4y+ 4)=-36+36 +4 =

("13)’+(“;2)’=1;

F=4—12c=+\3 O3, —2); V(3, -2 + 2); F(3, =2 £ {3); M(3 £ 1, —2)
08z -9 +82+7=0=
(2 +8z+ 16) —9(3*) = =7+ 16 = (z+4)* —9(y") =9 =

2
(Tz+4) _yTzl;c3=9+l=>C=i‘h_0;

4z=3)+@W+2)"=4>

C(—4, 0); V(—4 £ 3, 0); F(—4 % {10, 0); W(—4,0 £ 1); y = £3(z + 4)

Figure 15 Figure 16
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[16] See Figure 16. y* = 21> + 6y + 8z — 3 =0 =

(W +6y+9)—2:—4r+ 4)=3+ 9 -8 =

(y+3)’—2(:-2)’=4=>(!’*;3)2_(=—22)2=1;

A =44+2=c= 6 §
02, —3); (2, =3 + 2); F(2, —3 + {6); W(2 = 42, =3); (¥ + 3) = +42(z — 2)
2 2 2

2
R QN e I iy
[I7] An equation 187-—2 = 1 or 1 e

(i8] F(—4,0)and &:z = 4 = p = —4 and WV(0, 0).
An equation is (y — 0)? = [4(—4)](: —0),or y°
R0, —10) and €&:y = 10 = p = —10 and V(0, 0).
An equation is (z — 0)* = [4(=10)}(y = 0), or z* = —40y.

[20] The general equation of a parabola that is symmetric to the z-axis and has its vertex

—16z.

at the origin is z = ay’. Substituting z = 5 and y = —1 into that equation yields

a=>5. An equation is z = 53°.

¥(0, +10) and F(0, +5) = b = 10% — 5% = 75.
Y !lz 0 !I2
Anequatlonlsﬁ+l—-i=lor7s+m=l
[22) F( 10, 0) and V(£ 5, 0) = b* = 10* — 5% = 75.
TN T N
An equation is 575 1or % 1= 1.
[23] Asymptote equations of y = +9zand V(0, £6) = b= § = .
el & 3/2 ? 1 yZ 2 1
An equation is = — 2= = lor &= — & =
¢ Tw g

2 2 2 2
ZdR£2,0) = ¢ =4, Nowr—,+;’—2=lc«mbewrittenas:—§+;ﬁy—4=lsince
a p—

b? = a* — ¢®. Substituting z = 2 and y = V2 into that equation yields
4 2
o ¥ a® —4

(a® = 2)(a® — 8) = 0 = a® = 2,8. Since a > ¢, a® must be 8 and b? is equal to 4.

=1=4a" —16+2 =0 —4a* =2 " —106°+16=0=

2 2
An equation is % + % =31

2 _ 32 2
[25] M(+5,0) = b = 5. e=%=Ja;b :‘I" ;25=%=‘>§a=sla2—-25=>

2 2
ga2=a2—25=>ga2=25=>a2=45. Anequationis%-{-z—s:l.
B A£12,0) = c=12. e=5=12=3= ;=16
2
TR SRR R G < N L
b* =a c“'= 16 12° = 112. Anequat.xon15256+1—li—1.
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(a) This problem can be modeled as an ellipse with V(% 100, 0) and passing through

2 2
the point (25, 30). Substituting z = 25 and y = 30 into 1;7, 5 % = 1 yields
2

31%2- — i% = 4% = 960. An equation for the ellipse is 1—0’:-;?) e 9-%) = 1i
An equation for the top half of the ellipse is y = ql960(1 - l—ff&m)
(b) The height in the middle of the bridge is Y960 = 8{15 ~ 31 ft.

P(z, y) is a distance of (2 + d) from (0, 0) and a distance of d from (4, 0). The
difference of these distances is (2 + d) — d = 2, a positive constant. By the
definition of a hyperbola, P(z, y) lies on the right branch of the hyperbola with foci
(0, 0) and (4, 0). The center of the hyperbola is halfway between the foci, i.e., (2, 0).
The vertex is halfway from (2, 0) to (4, 0) since the distance from the circle to P
equals the distance from P to (4, 0). Thus, the vertex is (3, 0) and a = 1.

b? = ¢ — a®> = 2% — 1? = 3 and an equation of the right branch of the hyperbola

2 2 l
is(:_12) —%:1,:2301'::2-{- 1+-y3-2.

y

A P(x, y)

X

Figure 28
[29)42® — 9y* — 8z + 6y — 36 =0 = 8z — 18yy' — 8 + 6y =0 =

- H% = —18at p(-3,2).
Tangent line: y — 2 = —1§(z + 3); Normal line: y — 2 = B(z + 3)-
At (zy, y;) on the parabola, the equation of the tangent line is
y— 5 = (42, + 3)(z — z,). P(2, —1) on this line =
—“l=—y =@ +3)2=-1)=>-1—2F +3z5 + 1) = (45 + 3)2 — z) =
z?—4zl—4=0=>zl=2(1:§:ﬁ).
Bl =dpy=2u=dpy >y =3,
Now, ¥ = m = z = 2pm is the unique solution.

2
The ecquation of the tangent line is y — (21?’:—)- = m(z — 2pm),or y = mz — pm?.
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B+l =pg=>2+ 20 =0y = —%. If (zy, ¥,) is the point of

)
tangency, then m = —g—;: gy = —q—";,y-’ = 2 = q—p%(p — ng) =
2 2
8= &2 =2 i - . Thus, for a given m, there are two points on
p+ gm :p + ¢gm

the ellipse with slope m. Since y, = —fzt, 7, > 0, m > 0 = 3, <0 and 7, > 0,
m<0 =y >0 Similaly,z, <0, m>0= 3 >0andz; <0, m<0=y <0

Thus, ¥, = qi,lp - pzf =3 P when z, = + - A
: I+ om? {r+ qu?

The equations of the tangent lines are y — y; = m(z — 1,) =

P gm p+ gm’
y—(F =mz—- |t —||=y=mI= (% =
= i B v ] (s4255)
y=mz:i:Jp+ gm?.
[33] Without loss of generality, let z* = 4py.
_ P
Then z = i..ltipy and A = 2[ ,|4py dy = 4{p [gy:i/?:l" == gp’.
0 o
[34] The asymptotes of 9y° — 41 = 36 are y = + 2z

y = —%z never intersects the parabola. y = _3,: intersects at z = 3, 6

6
(a) A= J.3|:§z — (32— ¥+ 10)]dr = 1§

6
(b) Using shells, V = 2!'-'-3 :[%:r - (322 - ¥+ 10)] dr = 3%,
[35] Without loss of generality, let the ellipse have the equation 22/a® + /% = 1.
Using Exercise 35 of §12.2 with a = 4 and b = 2, we get V = 37(4)(2)? = &=.
Using Example 6 of §12.2, the area of the elliptical cross section will be 3(7ab) =
4
me5y= "-’2—"sllﬁ — z%. Thus, V = ‘%’J 16 — 22 dr = $(3x.4%) = 20x°.
-4

Note that the integral represents the area of the upper half of a circle with radius 4.
BTlletp=1. z= tg,];z——tzz = m= Jc%mdy
1 Ao D S M
= %[cb — a’In(c + b) + ¢’lna | Also, Mz = J:y(%é Jm) dy =
ga‘b[%(!lz e 02)3/2]: =2 Thus, § = M= L and

3a (] =bc—a2[ln(c+ 6)—lnu:|
T = 0 by symmetry.

[
jl {Formula 39}
a
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(a) D = B® = d4AC = (=3)* = 4(2)(4) = —23 < 0, ellipse
(b) D = B?® —4AC = (2)* — 4(3)(—=1) = 16 > 0, hyperbola
(c) D = B —4AC = (—6)? — 4(1)(9) = 0, parabola
Note: See §12.4 for a discussion of the general solution outline for Exercises 39-40.
39 D = (—8)® — 4(1)(16) = 0, parabola
1) cot2¢ = ¥; ¢ =~ 14.04"
2) cos2¢ = i sing = L17; cosp = 3417
4 {x=%mf-#mw=%mw - 9)
y =72 + {17y = L{17(7 + 4y)
4) 3(y)* - 51(z) = 0 = (v)* = 3(z)
5) V'(0, 0) — V(0, 0)

(@0 D = (12)? — 4(8)(17) = —400 < 0, ellipse
1)eot2 = —3; ¢ ~ 63.43°
2) cos2¢ = —3;sing = }{5;cos¢ = é‘rﬁ
2= {5z - Hoy = {5(v — 20)
{ﬂ=§ﬁz’+éﬁy' = N5(27 + ¢)
£) 209 4 B(y)? — 407 + 20y =0 = I
'« ; 1y + L : i =1 Figure 40

5) (1, =2 + 242) = V(¢ ¥ {245, [+ 22)45)



Chapter 13: Plane Curves and Polar Coordinates

T=1—-231=2+2. y=20+3=2E+2)+3=2+T.
As t varies from 0 to 5, (z, y) varies from (-2, 3) to (3, 13).

y Ay
T x
I
ik
x i
Figure 1 Figure 2

Bl y=14+t=z3i=y—1l.z2=1-2t=1-20y—1) = —2y+ 3.
As t varies from —1 to 4, (z, y) varies from (3, 0) to (=7, 5).
=P +1=32=z—1. y=iz—1=z—2. As t varies from —2 to 2,
(z, y) varies from (5, 3) to (1, —1) { when ¢t = 0} and back to (5, 3).

IR T
L
4

fedd bttt x4

Figure 3 Figure 4

@ z=CP+1=3f=z—-13y=1—-1=z-2.
As 1 varies from —2 to 2, (z, y) varies from (—7, —9) to (9, 7).
y=22+3=t=14y-23). z:4[—§(y—3)]2—5:>(y-—3)2=z+5.
This is a parabola with vertex at (—5, 3).
Since i takes on all real values, so does y, and the curve C'is the entire parabola.

AY jl}'
:L/,—- [
<t I
1+ 4+
NI o — S T h'
rn.r_t.w-w - 5 =
I i
I i
Figure 5 Figure 6

B :=2=21t=%7 y= =77 gztakeson all real values.
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S - -2 _ -2 _ 1
gi= o = (Tt s
As 1 varies from —oo to oo, £ varies from 0 to oo, excluding 0.
| ¥
] . I
T o S R K T
I 3
I I
Figure 7 Figure 8

B z=Ji=>t=12% y=3t+4=3z" + 4. As ¢ varies from 0 to oo,
z varies from 0 to oo and the graph is the right half of the parabola.
) :=2sintandy=3cost=?§=sinta.nd§=cost:

2
% + %— = sin®t + cos’t = 1. As t varies from 0 to 2,

(z, y) traces the ellipse from (0, 3) in a clockwise direction back to (0, 3).

%] Y]
T 4
0y, O}:-o
= —H—i—H—H—-W
C X g X
I 1
T 1
E it
4 .r. I
Figure 9 Figure 10

[0)z =cost —2and y =sint+3 = z+ 2 =costand y — 3 = sint =
(z + 2)2 + (y — 3)2 = cos?l + sin?? = 1. As 1 varies from 0 to 2,
(z, y) traces the circle from (—1, 3) in a counterclockwise direction back to (—1, 3).
@1z = sectand y = tant = z° — y° = sec’t — tan’t = 1.
As 1 varies from —3 to 3, (z, y) traces the right branch of the hyperbola along the
asymptote y = —z to (1, 0) and then along the asymptote y = z.

¥ Y

T ~ t= —

x .‘\'\/ -
et o,

T —t />—+—:

T —F

T +

Figure 11 Figure 12
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T=1cos2l =1 — 2sin’t = 1 — 29°. As 1 varies from —= to r,
(z, y) varies from (1, 0) { the vertex } down to (=1, —=1) {when t = —3}, back to
the vertex when ¢ = 0, up to (—1, 1) {when t = 7}, and finally back to the vertex.
y=2Int=1In® {since t>0} = lnz

As 1 varies from 0 to co, so does z, and y varies from —co to co.
E)’ ' 94
14

....... ( bt
Figure 13 Figure 14
[[4dz = cos®tand y = sin’t = 7% = cost and yz/a =sin?t = 2% + y”a = lor

y==+x( - ::2/3)3/2. As t varies from 0 to 27,

(z, y) traces the astroid from (1, 0) in a counterclockwise direction back to (1, 0).
y=csct= ql—‘ = %-

sin
As t varies from 0 to §, (z, y) varies asymptotically from the positive g-axis to (1, 1).
y ? y
:L
—H—+—+—§+§—.:—0—0—+—H-++= :A,::::;:.;..'....x
Figure 15 Figure 16

g=et=()t=st= -%- As 1 varies from

—0 to 00, (7, y) varies asymptotically from the positive y-axis to the positive z-axis.
7]z = coshiand y = sinht = 1° — y* = cosh?t — sinh’t = 1 (z > 1).

As 1 varies from —oo to oo, (2, y) traces the right branch of the hyperbola alor}g the

asymptote y = —z to (1, 0) and then along the asymptote y = z.
y y

Figure 17 Figure 18
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[i8] z = 3coshtand y = 2sinht = % = cosht and g = sinht =
2 2
% —%— = cosh®! — sinh®t = 1 (z > 3).

As t varies from —oo to 0, (z, y) traces the right branch of the hyperbola along the

asymptote y = —g: and then along the asymptote y = gz:. See Figure 18.

@r=tandy= P -1 y=F - 1= - =1

Since y is nonnegative, the graph is the top half of both branches of the hyperbola.
y

Figure 19 Figure 20
20y =tand z = —2‘Il—t2=>z= 21— 3 ? =4 4% = 44y =4
¥

As t varies from —1 to 1, (z, y) traces the ellipse from (0, —1) to (0, 1).

z:=tandy:Jt2—2t+1=>y=Jz2—2:+1=J(z—l)’:ir—ll.
As 1 varies from 0 to 4, (z, y) traces y = |z — 1| from (0, 1) to (4, 3).
y y

Figure 21 Figure 22
y=88 = (203 =25,
As 1 varies from —1 to 1, (z, y) varies from (-2, —8) to (2, 8).
Ble=(t+10°=2t=:""-1 y=01+22= (" +1)%
As 1 varies from 0 to 2, (z, y) varies from (1, 4) to (27, 16).
y

(27, 16)

IILLIIII L4488 s
-v'--I.- +—++

(1,4)

3
T T T T

=Y

5

Figure 23 Figure 24
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[24] As 1 varies from —3 to §, z varies from —oo to co.
y is always 1 so we have the graph of y = 1.

[25] All of the curves are a portion of the parabola z = y?,

Cy: z = #* = y%. ytakes on all real values and we have the entire parabola.
Y p 4

Figure 25 (C,) Figure 25 (Cs)
Cp:z = 1* = (*)? = y*. C, is only the top half since y = * is nonnegative.
As 1 varies from —oo to oo, the top portion is traced twice.
Cy: £ = sin?1 = (sinf)® = y*. C, is the portion of the curve from (1, —1) to (1, 1).

The point (1, 1) is reached at ¢ = § + 27n and the point (1, —1) when
t =3 4+ 2rn.

1'%,

.

Figure 25 (C3) Figure 25 (Cy)
Cpz= ¢ = (¢)? = (—=¢')? = y>. C, is the bottom half of the parabola since y

is negative. Ast approaches —co, the parabola approaches the origin.

[28] All of the curves are a portion of the line z 4+ y = 1.
Cy:z+y=1t+ (1 —1) = 1. C,is the entire line since z takes on all real values.

3
-
3

dd

Figura 26 (C,) . Figure 26 (C,)

Crz+y=0=-?)+2=1 "
C, is the portion of the line where y > 0 since y = £
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Cs: 7+ y = cos’t + sin’t = 1. Cj is only the portion from (0, 1) to (1, 0)

since sin’t and cos®t are bounded by 0 and 1.
y

4~

Figure 26 (C3) Figure 26 (Cy)
Ciz+y=(mt—1t)+ (1 +t—1Int) =1. C,is defined when 1 > 0.
When 1t = 1, (z, y) = (—1, 2). As 1 approaches 0 or oo, z approaches —oo.

In each part, the motion is on the unit circle since 2° + ¢ = 1.

(a) P(z, y) moves from (1, 0) counterclockwise to (=1, 0).

(b) P(z, y) moves from (0, 1) clockwise to (0, —1).

(c) P(z, y) moves from (—1, 0) clockwise to (1, 0).
% ¥ Ay

- 1

AL
| L/ |

Figure 27a Figure 27b Figure 27¢

+

=
4
4

[28] In each part, the motion is on a line since z + y = 1.
(a) P(z, ¥) moves from (0, 1) to (1, 0).
(b) P(z, y) moves from (1, 0) to (0, 1).

(c¢) P(z, y) moves from (1, 0) to (0, 1) twice in each direction.

L Y 194 LY

N N [ BN

T >
x X

L}
h:lel
0|y

>

t =0 727 %

+

Figure 28a Figure 28b Figure 28¢
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J:=acost+llandy=bsint+k=>z';h=cosiandy;k=sini=>
_hz -2
=1, =

= cos’t + sin®t = 1. This is the equation of an ellipse with

a° b?
center (k, k) and semiaxes of lengths a and b (axes of lengths 2a and 2b).
[f_ﬁ]z:asect+h,y=btant+k:>z—;—h:sect,y+=temt=>
(z— b)z (v — k)z 2 2 e " g
3 - 7 = sec“?t — tan“t = 1. This is an equation of a hyperbola with

center (h, k), vertices V(h £ «, k) and W(h, k + b). The transverse axis has length
2a and the conjugate axis has length 2. The right branch corresponds to
—% < t < § and the left branch corresponds to § < 1 < 1,‘5.

z— 5
=

Substituting this expression into the second equation yields
z— z — ¥
y=(w - vl)(:,—_z‘,) +yy or Y-y = (ﬁ = 1)(2 — @),

[31] Solving the first equation for ¢ we have { =

1
which is the point-slope formula for the equation of a line through P, and Pj.
[32] The parametric equations give only one branch of the hyperbola since Y1,

7z = acosht<0ifa< 0and z = acosht>0ifa > 0.
(33)Let § = LFDPand @ = £GDP = LEDP. Then Z0DG = (5 — 1) and

a=0—(53—1 =20+1—3 Arcs AFand PF are equal in length since each is
the distance rolled. Thus, at = bf or § = (%)i and a = “—'{—éi -3

Note that cosa = sin('—’—'{—bt) and sina = —cos(“ 'z' bt).

For the location of the points as illustrated, the coordinates of P are:
z=d(0, G) + d(G, B) = d(0, G) + d(E, P)= (a + b)cost + bsina
= (a + b)cost = bcos(“—'i'—-bt).
y = d(B, P) = d(G, D) — d(D, E) = (a + b)sint — bcosc
= (a + b)sint — 5sin(“—‘bf—5¢).
It can be verified that these equations are valid for all locations of the points.

X

|
SIS
B

o A\
G

Figure 33
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[34] See Figures 342 & 34b. The line from O to C, the center of the smaller circle,

must also pass through B, the common point of tangency as the smaller circle rolls
inside the larger. Note that:
(i) = a by the properties of parallel lines
(i) OB=0A =a L
(iii) CB=CP =%
(ivy O0C=0B—CB=a—1b
(v) ZCPD = P by the properties of parallel lines
(vi) ZBCP=a + =1+ 8
(vii) in AOCE, OF = OCcost and EC = OCsint
(viii) in ADCP, DP = CPcos £CPD and DC = CPsin LCPD
(x) in the smaller circle, BP = b(£LBCP)
(xi) in the larger circle, BA = a(ZBOA)
(xii) since BP = BA (each is the distance rolled), b(£BCP) = at = £LBCP = {1
Now, z = OE + EF
= OCcost + CPcos LCPD
= (a — b)cost + beos
= (a — b)cost + beos(LBCP — a)
= (a — b)cost + bcos(%t - t)
= (a = b)cost + bcos(eg—bt).
Similarly, y = EC — DC
= OCsint — CPsin ZGPD
= (& — b)sint — bsin g
= (& — b)sint — bsin(£LBCP — «a)
= (a — b)sint — bsin(gt - t)
= (a — b)sint — bsin(a '; bi).

1 1 1 a— ja
If b = e, then z = (a — ja)cost + 14008( T t)
3
= 2acost + Lacos3t = Jacost + La(4cos®t — 3cost) = acos®i.

1
a —
Also, y = (a — 1a)sint — %usin( L;at)
4
= %asint - %asinSi = %asint - %a(3sini — 4sinst) = asin®i
The identities used for cos 3t and sin 3t can be derived by applying the addition,

double angle, and fundamental identities.
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o FA x
Figure 34a Figure 34b

b= 1a = a = 3b. Substituting into the equa*'~ns from Exercise 33 yields:
z=(3b+ b)cost — bcos(&;—bt) = 4bcost — bcosd!
y = (3b + b)sint — bsin(?ibﬂ t) = 4bsint — bsindt

As an aid in graphing, to determine where the path of the smaller circle will intersect
the path of the larger circle (for the original starting point of intersection at A(a, 0)),
we can solve 7% + 3* = a® for 1.
2 + y® = 166%cos®t — 8b%costcosdt + b’cos?4l +
16b?sin?t — 85%sintsin4t + b?sin’4t

= 1742 — 8b? (cos teos 41 + sin tsin41)

= 176* — 8b [cos(t — 41)] = 17b? — 8b?cos 3L
Thus, 22 + 1 = o = 176> — 85%cos3t = a® = 9b? = §b% = 8b%cos3t =

=cosﬂt=>3t=21rn=>i=%!n.

It follows that the intersection points are at t = %", 4z, and 27.

y circle C
a=3b

P(', y") = (=b,0)
Figure 35 Figure 36
Let C"(h, k) be the center of the circle C and a = 3b. Its coordinates are always
z = 4bcost and y = 4bsinisince it can be thought of as being on a circle of radius
4b. Since the equations given in Exercise 35 are for a point P relative to the origin,
we can see that the coordinates of P relative to C' are P(#, ¥') = (cont.)
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P(—beosdl, —bsin4t). At the starting point A, the coordinates of P relative to C*

are (—b, 0). Each time P has these relative coordinates, it will have made one

revolution. Setting the coordinates equal to each other and solving for t we have:

—bcosdt = —b => cosdl =1 = 4l = 27rn=> 1 = In andalso

—bsindt = 0 = sindl = 0 = 4t = 7n 2 t= Zn. This

indicates that C will make one revolution every  units, or 4 revolutions in 27 units.

[37) Consider Figure 37. Since the circle has radius a, the coordinates of the point of

tangency are (acost, asint). Now if P is a typical point on the unraveling string,

then the position of Pis z = acos? + z and y = asint — #'; that is, P is z' units to

the right of the point of tangency and y" units below the point of tangency. We now

seek to determine z" and y' in terms of t. TP has length ta, the arc length on the

circle. Since the tangent line TP is perpendicular to the radius OT, ¢ =3 — &

Hence, in the right triangle TAP,
z

cosf =5 =7 = at cos(f — t) = atsint
and sinfl = ll:: = y' = atsin(j — ?) = at cost.
Thus, z = acost + aisint and y = asint — at cost.
Factoring, z = a(cost + ¢sint) and y = esint — Zcost).

y T(acost,asinf)

),

"l\
L]
(=]
w!s~
J <
]
cofd
.ﬁ'l
1.7 |
]
(|
= |
ey
L |
= |
¥

Figure 37
[38] The derivation is the same as in Example 6 with the following exception:
1" = —bsint and ¥ = — bcos{ rather than ' = —asintand ¥ = —acost.

y=a — beost

z=al+ 7 z = al — bsin{
yields
y=a

Substitution into the formulas {

Figure 38a Figure 38b
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2

st - - - e
@I(a)z_asmwtandy_bcoswt:§_smwiandz—coswt=,‘»i—§+?.-1.

The figure is an ellipse with center (0, 0) and axes of lengths 2a and 2b.
(b) f(t+p) = asin[wl(t + p)] = asin[w;t + w;p] = esin[w;? + 270 =
asinw,1 = f(1).
ot + p) = bcos[uJ,(t + p)] = bcos| wyt + %‘:2"”‘] = bcos[wgt + %2:1;] =
bcos[w,i + Zvrm] = beoswaqt = g(1).
Since fand g are periodic with period p,
the curve retraces itself every p units of time.
(a) Since z = 2sin 3t has period 4 and y = 3sin(1.51) has period %7,
the curve will repeat itself every 55! units of time.
(b) Let D() denote the square of the distance from the origin to a point on the
graph. D(1) = 2% 4+ y* = 4sin?3¢ + 9sin?(1.51).
D'(t) = 24sin31t cos3t 4 27sin(1.5%) cos (1.51)
. = 24sin 3t cos 31 + ¥sin3t = 3sin3t(8cos3t + 3).
D'(f) = 0 = sin31 = 0 or cos3t = "Tsi' sin3¢ = 0 gives a minimum value.
cosBt = — & Bt =cosTH(—F) =k~ 2168 0 <1< = 0<3t< 4
Thus, other solutions are k + 2r = 8.451, 27 — k = 4.115, and
47 — k ~ 10.398. Each value yields D({) ~ 9.766,
or 2 maximum distance =~ 3.125.
z = 3sin®fand y = 3cos®# = (%)2/s - (%)2/5 = sin?t 4 cos?t = 1.
The graph traces an astroid.

Y y

Figure 41 Figure 42

[42] The graph traces an epicyeloid. See Exercise 35 with b = 2.

1
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The graph traces a curtate cycloid. See Exercise 38 with a = 3 and b = 2.

y 4 y
10 : 15 :
5 X 5 x
Figure 43 Figure 44

The graph traces a prolate cycloid. See Exercise 38 with a = 2 and b = 3.
The figure is a mask with a mouth, nose, and eyes.

Y Ay

+

Y

Figure 45 Figure 46

[46] The figure is the letter B.
The figure is the letter A.

4

by

-
-+
>

Figure 47 Figure 48
[48] The figure is the letter G.
Exercises 13.2
il %=2tmd%’=2t:>g=%=%_:=1forant;eo. Normal: —1
dz _ o2 dy _ .2 _ dy _ dy/dt _ 3£ _ :
2 G =38Cand 3 =3t :E_dz_/dt_s—‘z_lforalltyéﬂ. Normal: —1
dz _ dy _ ' L R R ’
@A dt—Siandﬁ—szﬂ—m—aatt_l. Normal.—4
T e | R Y .3
] t-31 wdﬂ—2't=>ﬂ_’ﬁ7—§ati—1' Normal.—§
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dz __ 8 dy _ -2 dy _ —2¢7% 2 2
Bl H-eanda—_-—Qc '=>3;—c—c,——c—jati=l. Norma.l:%
%:Wanddy—Zi::»d = 64t = 6 at { = 1. Normal: ——
% = 2cost and % = =3sint = % = _2c::3nti = —%tanl ~ —23att=1.
Normal: 2cotl ~ 0.43
%=—sintand%:cost:.‘a%:_c:is;tz—cotlz—0ﬁ4att=1.
Normal: tanl =~ 1.56
dz _ _ a2 dy _ dy _ —12¢— 18 dy
@ o= 3¢? and -121 18:>a;— = .d=_2=
61’—12!—]8=0=>t=3,—1. t=3=>z=—27and y= —108.
il=-1=z=1and y =12 * (—27, —108), (1, 12)

-‘==2t+1and2-_1012>a—r12_’—1. %:4:10t=8!+4:>t=2.

t=2=>z==6and y = 17. * (6, 17)
Note: In Exer. 11-20, let HT denote Horizontal Tangent and VT denote Vertical Tangent.

2
-(a)dx—Siauddy 312_12=>§%=§t_8—_g=03t1=i2.

i
HT at (16, £ 16); VT at ¢ = 0 or (0, 0).

3,3 3
®) Py _ dy/dt _ D*[s’ 9 8 ‘3R s+ 12
i~ dz/fdt 8t 8i 6413
y y

Figure 11 Figure 12

dz _ 42 dy _ dy _ _ 24 _ =
@(3)2?_31—4anda-i-_2i=>a;—m—ﬂa“—0.

HT at (0, —4); VT at 1 = :i:qz-; or (F !ggﬁa -3

o]
) y=dy’/di= 3t° —4 = —6!2—8_
& dz/dl 32 — 4 =)
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13] (a) %:3#;@‘“’—2: 2:‘“’ 2‘3-,2_0e.u—-1

HT at (2, —1); VT at t = 0 or (1, 0).
3 p‘[l - L] P
) L = 3 8] _ 32 3 _ —2+4d

dr* 3¢ 3 T~ e
J Y
..... 12 it snee
- 3 -
Figure 13 Figure 14

dz 83 a8 5y dy _ 2t—5
(B) dt—12 3t a.nd-ﬁ—-Zt 5=>2; ——:i_ti—oati_i

HT at (48, —28) = (14.375, —6.25);
VT at t = —2 or (—16, 14), and 1 = 2 or (16, —6).

20—5
b CY '[12 - 3:’] _ 22 — 10t 48 _ 2(t—1)(t—4)
(b) =5 = s H = =l
dz 12 — 3¢ 9(4 — 1) 9(4 — 1°)
dy d
(a)%!—6t—6a.ndd—t= ! y T_Zii'—l)
No HT; VT at t = 0 or (0, 0), and ¢ = 1 or (=3, 1).
e M [ el iy TR B
e 61— 6 64zt —1)° 144871 - 1)°
o =
P —
%—}i?'ix?%i:iiti‘ %
Figure 15 Figure 16

(18] (=) %=§t"’3anady 1'2/3—1—4: =1-8°=0att=+-L

g

HT at (ﬁ, ﬁ-s) and (_:]l'—é’ —ﬁ-;); no VT.
p,[1 — 37%] _ g8 _

= = —61
1,~2/3 1,~2/3
5t 3t

1/3

dzy
b —
(®) 0=
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: d ; d i
7] () ‘% = —3cos’tsint and 2-';4 = 3sin’t cost = d—‘Z = %.‘;—5 = —tant = O at

t=0,m 27. HTat(£1,0); VT att =% 3 or (0, =1).

d D, [—tan{] —aecd
by 2 = it = sec”t = Lsec* csct.
(&) dz? —3cos’tsint  —3cos’tsint °
p 4 ¥y
x x
Figure 17 Figure 18

18] (a) %‘:‘ = sinh{ and %’ = coshi = 52 = cotht # 0. No HT; VT at 1 = 0 or (1, 0).

d®y _ Dy[cotht] _ —csch?t _ 3
MZ;"W*TEBT i

:y 22;3‘{ = 0 when 3t = 7n or

% = 8cos2t and 2— = —6sindl =
1 = ¥n. Since sin 2t has period 7 and cos3t has period Zr, the curve will retrace itself

every 27 units; that is, the period will be the lem(m, 3¥) = 2.

On [0, 27), t = 0,3, &, =, 42, 3% gives HT at (0, 2), (243, +2), (—243, £2).

VT occur whencos28 =0 = 2t = + 7n = 1 = £+ 350

On [0, 27), 1 = %, 35, 5%, Z= gives VT at (4, £ 2), (—4, £\2).
t

dy _ 24cos2

=0when2t =3+ mnor

t =} + ¥n. Since sinjt has period 67 and sin 2i has period 7, the curve retraces
itself every 6 units; that is, the period will be the lem(x, 67x) = 6.
On [0, 67), cos2t = O at t = §, 3%, 2, . 5% 2%
HT at (z, +£y) and (—z, £ ), where (i) z = §sin§ = 1.29;y = 4;

.. — 5 A S =

(i) z = G ~ 3.54; y = 4;

(iii) z = 5sind} ~ 4.83; y = 4.
VT occur when cosjt =0 = = + #n = t = T 4 3mn.

On [0, 67), t = %%, 3 gives VT at (£5, 0).

1 1
% = 101and % = 62 = L = J (1007 + (67)7 dt = I 2625 + 98 dt =
0 0

3[35 + 9)*7]) = 3(34%* — 125) m 5.43
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4
EH =send P =35 1= [ Froa=300+9"7] =

2(5%% — 1) ~ 20.36

23] %—’5 = ¢'(cost — sint) and % = ¢'(cost + sint) =
/2 g x/2
= fr Jcm(cost —sint)? + e**(cost + sint)? dt = I ei2dt = ﬁ[ ]‘r/2
0 Jo
V2 (" — 1) ~ 539
5’-; = —2sin2t and %’ = 2sintcost = L = j 4sin’ 2t + sin’ 20 dt =
i :

L x/2
J 5lsin2t| dt = 2JEJ sin2tdt = 25 [—gcos z:};/’ = 25 w~ 4.47
0 0

@% = —tsintand %3—{ = {cost =
/2 /2 /2
L= J ? sin?t + ¢ cos?t dt = J tdt = [%t’]: =i~ 1.23
0 0

% = —8cos®t sini and % = 3sin%i cosi=

x/2 n/2
L= J- J9cos‘1 sin’t + 9sin*t cos’t di = 3[ sint costycos’t + sin’tdt =
0 0

/2
3J sint costdt = 3[}sin”( |/ = 3

0

2x
% = —atntand 91 dt = 3cost. [ = I -J4sin’t + 9cos®t dt.

0
Let f(1) = J4sinzt + 9cos’t. LS =
LA + 473) + 2G) + 4f(r) + () + 4(§) + f(2r) ] = 15.881.
?1 1222—1311&3— = 41,

L= Lj(m’ — 1) + (4)% dt. Let f(1) = (12 — 1) + (41)>.

= 3 1(0) + 4Q) + )+ Q) + 2G)+ 4f§) + £(1)] ~ 4.052.

2 & = 2t and ﬁ =2=
S= 2:J 24t + 4dt = 4x[§(t’ + 1)3”:| = 8(17%? - 1) ~ 578.83

(B0 & = 4 and a- =38 =
2
S = er 216 + 9t dt = lzg[g(le +94° | = £(160° — 125) ~ 220.94
@"' — el T =T — P =3 l(te— Lta),fuz +(1—#)2dt =
"= T o 3 =

1
2TJ' (=31 + ) dt = 2x[ 3¢ + }1* — L] = U= ~ 3.84
0
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0
@d— = 8t and it ==2=85= QI'J (3 — 2‘1)\|64!2 + 44dt

0 0 3
- 487{ 1 + & dt - 4x[ 1464 + 4 dt
2

= 481[§ P+ ﬁlnlt + {7+ 16]] = i%’-'s 36487 + 4)a/z] g

{Formula 21}
[(drln‘) ~asa(-J4 + & + sin|-2 + [4+ ggl)] — 5877 - 26077
—3In4 + 12765 — lgln(i“_-"’{—@) — T 4 X(65{65)

(137465 — 1) — 3¥In ({65 — 8) =~ 590.89
@45 =1 — costand dy = sint =
d di

2%
S= 2:rj 1- cost).](l — cost)? + sin’t dt
0
2 2
= QwJ '(1 — cost){2 — eostdt = QﬁrJ '(1 — ctssi)s/2 dt
0 0
2w
= ‘2&1[ 2*/? sin? (t)dt {cost = 1 — 2sin?(}9) }
= 81rJ [l — cos? 1i):'sm( 1) dt { v = cos(}1), —2 du = sin(31) d}
= 8x(— 2)J (1 = *)du = 327 u—§u3:]o=%-’5z6702
I:lmda?:t’—%t":
2
8= 21J G2+ 4 [1 + (= %)% at
1
2
= 21] 10+ 40 (@ + 422t
‘(5 i )( i)
= 2n [ (3 + 3o+ &S di = 2n[ A + 182 — L7 = 518 ~ 0508
—"'1(5 + 3t + gt ) dt =27 gt +3 . LA MRy 7 e

dz _ o947 1/% 5 q W _ -2
[g] = 24 dg=t-1"=

1
5= 24 s[4 + (1= ) dt = STJ £ [+ ) dt=
1

GTJ‘ B+ T =8x [%ts/z _ 2i'1/2]: = 8n(8]) = 336

~ 336.78
5 5
@E% = 3 and 3% =1=S5= 2#[ 39 + 1dt = 6107 g:’]o = 75{10 7 =~ 745.09
0
x/2
i—f = ¢*(cos? + sin 1) and ':—3: = ¢'(cost — sin?) = S = 21J ¢'sini42e’t di =
0

/2
251'[* e*'sintdt = 2-51[ Y(2sint — cosl):|'/2 {Formula 98 or IP} =
0
227(2e” 4 1) =~ 84.03
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1 1
[?,_E] dz _ 64 and 3- =6t §= 2:]0322 3612 + 3611 di = 361J0i3 1 + 2 d1.

2
Now,u=1+C=2>du=2dland’ =u—1= 5= 18:J (x— l)ulndu=
1
2
18r[§u5n - %us/z‘l = 181[{34—2 - (—r“s)] = 2—2—!(5 + 1) =~ 36.41

.
(39 92 = —2¢sin () and d = 2sinf cos? = sin 21.

di
= 2x| sin® --sin23 sin 21)2 u e integrand.
S§=2 L ty[~2t sin(#)]" + (sin20)? dt. Let f(1) equal the integrand
5= 8= @n)E3£0) + 47Q) + 2 D+ 4} + f(1)] =~ 2.226.

: §
d2 914 2and % =P 5= 21J (@ +20) @2t + 2)° + @) dt.
1]

Let f(t) equal the integrand.
S~ S = (2m)35[ £(0) + Q) + YD)+ 4 + F(1)] = 32.5975.

Note: For the following exercises, the substitutions y = rsinf, z = rcosf, r’ =
2% 4+ 42, and tanf = Ey- are used without mention. We have found it helpful to
find the “pole” values {when the graph intersects the pole} to determine which
values of 8 should be used in the construction of an m8 chart. The numbers listed
on each line of the @ chart correspond to the numbers labeled on the figures.

M r=5=r=25= 2% + ¢ = 25, a circle centered at the origin with radius 5.

Figure 1 Figure 2

B r=-2=r"=4= 2%+ 3 =4, acircle centered at the origin with radius 2.
B 6 =—fand reR. Thelineis y = (tanf)zor y = —3{3=

Figure 3 Figure 4
[ 6 =%andr€R. Thelineisy= (tanﬁ)zory—:a
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r=3cosB=>r2=3rcosB=>zz+y2=3:r=>
5]

(#* — 3z + %)+y

2

=1=26G-+sV=%

Range of § |  Rangeofr
2) § = =« 0— =3

B r=—2sin8=r’ =-2rsinf =2°+¢° = —2y=
=1= +F+1)=1

2+ +2+ 1

Range of ¢ | Rangeofr
D -0 o & 0— —2
2) 3§ —- =« —2—= 0

r =4 — 4gin¥ is a cardioid since the coefficient of sin#8

has the same magnitude as the constant term.

0 =4 —dsinf = sinf = 1= § = § + 2mn.

Range of 9 Range of r
2) 3 — = 0— 4
49 T o 21 8§ — 4

r = —6(1 + cosd) is a cardioid.
0= —6(1 + cosf) = cosf = —1 = 0§ = x + 27n.

Range of ¢ Range of r
) 0 = % -12 = =6
2) 3 —+ =« —6 — 0
) * - ¥ 0— -6
4) ST' — 2 —6 - -—12

Figure 5

g gy
B e i i e i

Figure 8
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B r= 2 + 4sinf is a limagon with a loop since the constant term has a smaller

magnitude than the coefficient of sin 4.

r=1 + 2cosf is a limagon with
aloop. 0 =1+ 2cosf =

2)
3)
4)
5)
6)

0=2+4sin|9=>sin0=—%=>9=261+21n,1—153+2rn.
Range of ¢ Range of r
0 - 3 2— 6.
; — % 6 —- 2
T - Ix 2= 0
¥ o ¥ 0 2
g - 2 0
u—g-'—v 27 0— 2

Figure 9

cosf = — =

0=Zs!+21m,931+21m.
Range of ¢ Range of r

) 0 = § 3= 1

D 5 - F | 1o 0

) ¥ - 0— —1

4) © — -43! e 0

D F - ¥ | 0o

6) ¥ — 2n¢ 1— 3

Figure 10

= 2 — cosf = cosf = 2 = no pole values.
Range of 8 Range of r

) 0 = 3 1= 2

2) P - = 2— 3

3) ® — 3—3'— 3— 2

4) & o on 2= 1

Figure 11
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(1210 = 5 + 3sinf => sind = —§ = no pole values.

Range of ¢ Range of r
1) 0 - 3 5— 8
2) F — ¥ 88— 5
g oy 5~ 2
4 ¥ - o 2—- 5

Figure 12

[I3]r = 4cschd = rsind = 4 = y = 4. ris undefined at § = wn.

!

+

.......

-------

4+

!

"

" PR Y
it

Figure 13

Figure 14

14]r = —3secf = rcosf = —3 = 2 = —3. risundefined at § = § + wn.
[15] r = 8cos 3 is a 3-leafed rose since 3 is odd.
0=8cos39=:»cos30=0=>30=§+1rn=>9=§+§n.

Range of ¢ Range of r
) 0 — % 8= 0
2) ¥ — % 0— -8
3§ - § 8- 0
W R 0 8
5 % - ¥ 5~ 0
6) ¥ - =« 0— -8

Figure 15
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r = 2sin4# is an 8-leafed rose since 4 is even. 0 = 2sin4f = sindf = 0 =

40 = mn = 0 = In. Steps 9 through 16 follow a similar pattern to steps 1 through

4

8 and are labeled in the correct order.

Figure 16

= 3sin20 = sin20 =0 => 20 = 7n=> 0 = %n.

Range of § Range of r
) 0 — § 0— "
) § — % 2-
D § - ¥ 0 -2
4) %’-’ -+ Iz —2—= 0
5) § = ég' 0—= 2
0 ¥ - ¥ 2=
D % - % 0 -2
8) T — =« 2= 0

+ = 3sin20 is a 4-leafed rose.

Range of ¢ Range of r
1) 0 = % 0— 3
2 § — 3% 3— 0
N § - ¥ 0 -3
4) T 4 x -3 - 0
5) * — %’5 0— 3
0 % - ¥ o o
N ¥ - % 0 =3
8) I — 2n -3—= 0

r = 8cos50 is a 5-leafed rose.

Figure 17

0 =8cosb0 => cosbf =0 =50 =7 + 7n =0 =+ In

Range of ¢ Range of r
1) 0 — ] 8 — 0
2) 5 — %E 0— —8
3) & — 3 8= 0
4 3= - & 0— 8
H # - & .
6 ¥ —- ¥ 0— -8
n OB - H =a= 9
9 ¥ - & 0 8
0 % - % s~ 0
10) 355 — = 0— —8

Figure 18
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[19] 0 = 4co0s28 = cos28 =0=>8=F+r=>0=7%+3%n

Range of ¢ Range of r
1) 0 — % +2— 0
2) 1 = % undefined
3) 3 — %= undefined
4 ¥ - 7 0— &2

Figure 19
2000 = —16sin20 = sin20 =0 = 20 = 7n = 0 = 3n.

Range of 8 Range of r
) 0 — % undefined
2) 1 - 3 undefined
3) § = = 0— +4
4) = 5 g t4— 0

Figure 20
Rllr=¢,82>0
Range of ¢ Range of 1 2

§ § = & 1 = 48]

2) I — =« 481 — 2314
1

3) ™ — :’T' 23.14 — 1113
Figure 21

2] r = 6sin’(®) = 6(1—_2“’—99) = 3(1 — cosb) is a cardioid.
0 =3(1 —cosb) = cosf = 1= 8 = 27n.

Range of ¢ Range of r
) 0 — e 0—+ 3
2) § - 0« 3= 6
) 7 — 32—' N 6 —9’ 3
4 3 - o $al B

Figure 22
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23 r=20,62>0 A
Range of § | Range of r
) 0 — % 0 — = :
2) 3 — =« T — 2 N1
) * — = 2r —  3x )—H—H—Hb-
b
Figure 23
o =1=>r= % ris undefined at § = wn.
Range of @ Range of r
1) 0 — § +00 —  0.63
2) 3 o =« 0.63 — 0.32
) 7 — ¥ 0.32 — 021
H BT o o 0.21 — 0.6

[25] Note that r = 2sec@ is equivalent to z = 2. If
8 € (0,3) or 0 € (35, 2r), then secf > 0 and the
graph of r = 2 + 2secf is to the right of z = 2.

If0 € (§, 3F), secl < 0 and r = 2 + 2sech is to
the left of z = 2. ris undefined at § = Z + 7n.

0 =2+ 2secl = secl = =1 => 60 =7+ 27n.
Figure 24
Range of 6 Range of r
) 0 — % 4 - oo
2) 3 —- = —oo — 0
) 7 — F 0 = =00
4) ¥ — or o— 4

Figure 25

[26] Note that r = —ecsc# is equivalent to y = —1. If 6 € (0, ), then cscf > 0 and the
graph of r = 1 — cscf is above y = —1. If 6 € (=, 27), cscf < 0 and
r=1— cscf is below y = —1. ris undefined at # = wn.
0=1—cscl =>cecld=1=0=173+ 27n. See Figure 26.
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Range of ¢ Range of r i
) 0 = % —o0 — 0 1
2) § = 7 0~ —oco N
5 ® — % - 2 PR W Y e
5 X o i =
I
Figure 26

R S - =3 ==
BTz = —3 = rcosf = 3=r_cosa:>r— 3secd

y=2:fsin0=2=}f=§i_—o=>r=zcsce
[29]2* + v = 16 = r* = 16 = r = +4 {both are circles with radius 4 }.

o - o T, VT _ 8rsinf _ o sinf 1 _
(30 = —8y=>rcosﬁ—8rsm6=>r—m—8 ey oy 8 tanfsecd.

Bl2y= —z={=-}=tmd=-}=0=ta(-}

@yi=62$v¥-=6:tau8=6=>6=tan'16

B3y® — 2> = 4 = r’sin?9 — r?cos?d = 4 = —r?(cos’d —sin?f) = 4 =
—Peos2 =4 = = =t = = —4sec

Bizy = 8 = (rcosf)(rsind) = 8 = r’(})(2sinfcosf) = 8 = r’sin26 = 16 =

=16 5 12— 16esc26
sin 26

B8 (z* + v)tanY(L) = ay = r*0 = arsinf = rf = asinforr =0 = 9 = asinf

since 8 = 0 gives r = 0 as one solution. Note that § = tan'l(%) =8 € (-5 5)-

[36) z2* + 3® — 3azy = 0 = rPcos®d + r°sin®0 — 3ar’cosf sind = 0 =

rcos®d + rsin®f — 3acosd sinf = 0orr =0 =

3acosf sinfd . :
r= S0 S0 since § = 0 gives r = 0.
cos>f + sin“@ &
[B7) rcosf = 5 = z = 5.
P S S S ST
I
Figure 37 Figure 38

[38] rsind = —2 = y= —2.
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(B9 r= —83csch = rsinfd = —3 = y = —3. O is undefined at wn.

1111 ll}lllllll
it -l-u-.xv
-

-

-+
4+
+
4
+
4+
4

Figure 39 Figure 40
[40) r = 4secd = reosh = 4 = z = 4. 0 is undefined at § + rn.
[T r*cos26 = 1 = r*(cos’0 — sin?d) =1 = rPeos?f —rPsin = 1= 22—y = 1.

Figure 41 Figure 42
(42) r*sin20 = 4 = r*(2sinfcosf) = 4 = (rsinf)(rcosh) = 2 = zy = 2.
[43) r(sin 6 — 2cosf) = 6 = rsinf — 2rcosf = 6 = y — 2z = 6.

p.

Figure 43 Figure 44
(44 r(3cos 6 — 4sinf) = 12 = 3rcosf — 4rsind = 12 = 3z — 4y = 12,
[45] r(sinf + rcos?f) =1 = rsinf + rcos’d =1 = y+ ° = lory= —z + 1.

=

Figure 45 Figure 46

T

T
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r(rsin?0 — cosf) =3 = r*sin’) —recosf =3 = ¥ —z=3 = z=3* — 3.
[47) r = 8sinf — 2¢c0s8 = % = Brsinf — 2rcosd = z°* + y* = 8y — 2z =
P2+ 1L+ =8y + 16 = 1 + 16 = (z+ 1)° + (y—4)? =17.

Figure 47 Figure 48
[48] r = 2cosf — 4sinf = 7* = 2rcosd — 4rsinf = z° + y* = 27 — 4y =
P24+ 14+ 44+ 4 =1+4>0E-1)"4+@+2?=5
r=ta.n0=>r2=tan29=>:3+y’=§=>z‘+r’y’=y’=>

P =Pl =1y =

Figure 49 Figure 50

2
r=06cotl = r* = 36cot?0 = £’ + y* = 36(%) = %y 4 y* = 3627 =
y
4

36:’—:’y’=y‘=>z’(36—y’)=y‘=z’=36y .

Note: Exer. 51-60: With r = f(6) and 8 given, we will list r’, r’ evaluated at 8, and

revaluated at §. Substitute these into the formula m = .5B6 + rcosf . 4
r'cosd — rsin

simplify to obtain the value of m given.
= —2sinf, r'(§) = -3, r(}) = lim = g:g;gﬁ;)”_if)?}%;g = ﬁ/S
R D) = —3. r(f) =f =1 m = (=YD + (=D(3/2) _
BlrS o= - = g s T
[53] #* = —4cosb, r'(0) = —4, r(0) =4, m = (::)8) i 8;8; =-1

| A, r(2) = =2 p(Z) = _("2)(1)+(1)(0)_
B4 r* = —2sin4, B==2,r@=Lm= EOETOO 2




186 EXERCISES 13.3
B8] r' = —24sin30, r/(5) = —1242, r(§) = —442, m = 2
(56] r* = 8cosdb, r'(}) = -8, r(§) =0, m=1

B7]2rr' = —8sin28 = r' = ﬁM; {since r' is in terms of r,
we compute r(0) first} r(§) = =+ \2, r(3) = 746, m = 0 in either case
(58] 2rr

—4co8260 = ' = :2,,&%; {since r is in terms of r,
we compute r(6) first} r(3F) = £+2, r'(]) = 0, m = 1 in either case
[59) r* = 2°(In2), r'(7) = 27(In2), r(7) = 2%, m = 1/In2

60 r = %— = r = —-aii, r'(2x) = —4—i5, r(2r) = -2-17-'_, m = =27

[61] Let Py(ry, 8,) and Py(ry, 65) be points in an rf-plane.
Leta=r,b=r; c=dP),P,;),and y = 8, — 8,. B2, &)
Substituting into the law of cosines, Py(rys 61)
= a® + b = 2abcos+, gives us the formula. i
Figure 61

[62] r = asinf + bcosf = r* = arsinf + brcosd = z* — bz + ¢* — ay =0 =
(z—30)° + (v— 30)° = 10* + 3a®. C(b, da); r= %Jb’ + a?

_ f'(6) sinf + f(6) cos® _ A
= F(6) cosf — f() sinf B

The slope of one tangent line is m, and the slope of

G 8) si 9
the other is m, = ::ggg :::z t ;((2)) cs?ujﬂ = -g Now, my-m; = —1 &

§§=-1¢£§%B—D=0¢AC+BD=0¢

7(8) ¢'(0)[sin®6 + cos®d] + £(6) o(6)[sin?0 + cos?6] = 0 <
f1(6) ¢'(8) + £(6) 9(6) = 0.
[64)(2) f(6) = asin® = f'(8) = acosf. g(d) = acosf = ¢'(§) = —asiné.
f(6) g'(6) + f(6) 9(6) = —a®sinf cosf + a*sinf eosf = 0,
for any point of intersection.
(b) f(6) = ab = f(8) = a. y(6) = §= ¢()) = —0%- £1(8) ¢'(6) + £(6) o(6) =
—5; + a®. At a point of intersection, af = s = 2 =1,s0 —;—: + a® = 0.
Dividing the numerator and denominator by cos® in (13.10) gives the desired result.
(a) A(r, 6) and B(r, @ + 3) have rectangular coordinates (rcosf, rsinf) and
(reos[@ + 3], rsin[f + §]), respectively. Using the slope formula,

_rsin(8 +§) —rsinf 559 —gin® _ sin® — cosf
" rcos(f + 5) — rcos@  —sind — cos® ~ sinf + cosf"
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_r'tanf + r __ sinf — cosf __tanf =1
() o= gy 108} add me= o g s et @ = Ty =

(r'tanf + r)(tand + 1) = (r’ — rtanf)(tanfd — 1) =
r'(tan’0 4+ 1) = —r(tan®f + 1) = ' = —r

(¢) % =—r= é}: —df S nr=—0+ K=r=e""K = Kot
where K is a constant. Let the initial position of bug A be (ry, 3)-

Kc-qu r/4e_9,

Then, ry = e = & = 5", Thus, r= re
v T 0 1 0

which is a logarithmic spiral with a = roe'/ “and b= —1.

The graph is symmetric with respect to the polar axis.

PR
-+

Figure 67 Figure 68

The graph is symmetric with respect to the polar axis, the line § = 3, and the pole.
From the graph, there are six points of intersection. The approximate polar
coordinates are (1.75, = 0.45), (4.49, +1.77), and (5.76, = 2.35).

Figure 69 Figure 70
From the graph, there are five points of intersection. The approximate polar
coordinates are (0, 0), (0.32, —0.41), (0.96, 0.77), (1.39, 0.99), and (1.4, 2.01).
Be sure to plot r = %(9 + cos? 8) for both positive and negative values of §.
Figure 70 was plotted using —7 < 6 < 7.
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/2 /2
=2 2cosf)2df =2 /1+cos29d|9=2 0 + sin26 =
0 0 : 0
/2 /2
@ 4= 2[0 1(5sin6)? df = 25[' 11 — cos26)df = z;[o = gsinza]: =z
x
B 4 2J. }(1 — cos§)? af I(1—2m0+cosﬁ)d9—
0
3 x
J (3 — 2cosf + }cos20)dd = |36 — 2sinfd + %sin20:|o =3
@ 4= zf"/z,(s — 6sin6)?dd = 36J' (1 = 2sin0 + sin6) &8 =
-

=/3 */2
72J (3 — jcos26) df = 36[39 - gsinzel = bdx
0

[B] ‘The graph is a four-leafed rose. Using symmetry,

*/2 x/2 x/2
A= 4[0 1sin?20 df = J'o (1 — cosdf) df = [a - %sin“:lo =%
[6] See Exer. 19, §13.3 for a similar graph.
/4 x/4
Using symmetry, 4 = 4[ 1(9cos20)df = 18[§ sin 29]0 = 9.
0
x/2
A= ] 1e? do = [gc"]"’ = 1(e" — 1) ~ 5.54
) 0
i 2 sl 3
A= L 1(20)% d8 = [go ]o = 2x® » 20,67
One loop is traced out for —§ < 8 < ¥ {see Exer. 19, §13.3}.
Thus, 4 = ZI Y(4cos26)df = 4|}sin 20] =72
[10] The graph is a three-leafed rose. One leaf is traced out for -§L6LE
x/6 x/6 x/6
Thus, A = 2] 3(2c0s36)%df = 2[ (1 + cos66)df = 2[0 + jsin 68]0 =1
o 0
[11] The graph is a five-leafed rose. One leaf is traced out for —% <0 <% Thus,
/10 /10 x/10
= 2J }(3cos50)2 df = !i?'r (1 4 cos100)df = 2[9 + f5sin 109:’o ==

[12] The graph is a 12-leafed rose. One leaf is traced out for 0 < § < <i

x/6

x/6
Thus, A = J 1(sin66)? do = %] (1 — cos126)d8 = g[e - ﬁsinmﬂ:lo = &
0 [}

[(B]z=4& rcos§ =4 & r=4dsech. 2 + y¥» =25 & r = 5.
If 0 < 6 < arctan §, then r = 4secé. If arctan? < 0 < %, then r = 5.
J‘arctan(a/q)%

= (4sec6)? do +I )2de.

/2
arctan (3/4) (5
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4]y =2z — 3= rsinf = 2rcosh — 3 = r(2cos@ — sind) = 3 =

=5 3 2 - -
"—m.zi-y—ls#r—’h_&
H—%Saﬂ’{,thenr=m3—_—sm.H{sHs;,thenr=\'1_8.

x/4 /2
= } 3 - 1 2
i J—-/z 2(2(:030 = sin?) dé + J't/‘i(‘ll—B) df.
Bl +¥ =4 r=2 y:z:»%:l:tan_l%:tan"la9=§,
y=4 ¢ rsinf =4 & r=4csed. y=3z= 0§ = arctan3.

If 7 < @ < arctan3, then the outer radius is 4csc § and the inner radius is 2.

R J i’/fa"ag[(‘;ma)’ - @7 &.

y=§:=>-¥=§:>6=arctan§. (z—22+ 9y =4 & r=4dcosh.
If 0 < 6 < arctan}, then r = 4 cosf.

arctan (1/3)
Using symmetry, A = ZJ 3

(4cos8)* df.
0
(a) Consider only the blue region in the first quadrant bounded below by the polar
axis. 4cos20 =2 > cos2 =3 = W =F= 0 =%

If 0 £ @ < %, then the outer radius is 4cos 20 and the inner radius is 2.

/6
Using symmetry, A = BI' %[(4cos 26)? — (2)3] db.

0
(b) Consider only the green region in the first quadrant bounded below by the polar -

axis. If0 < 6 <%, thenr=2. If § < 6 <7 then r = 4cos26.
. WASTRY ¥Ay 2
Using symmetry, A = 8 3(2)°df + it 3(dcos20)* do |.
0

(18] (a) Consider the uppermost blue region. 6cosf = 2 + 2cosf = cosd = i
8 =3 If5 <9 <7, then the outer radius is 2 + 2cos# and the inner radius is
6cosd. If 5 < § < m, then r = 2 + 2cosf (the region to the left of the § = i

axis). Combining integrals and using symmetry,
A= 'r 12 + 2cos6)? df — r” 1(6.cos )’ df
x/3? r/32 ;

(b) Consider the uppermost green region. If 0 < 8 < 5, then r = 2 + 2cosé.
If5 <6 <3 then r = Bcosd.

. */3 . 2 x/2 1 2
Using symmetry, 4 = 2 I 3(2 + 2cosb)? do + /35(6 cosB)* df |.
0 x
(19] See Figure 13.35. Using symmetry, A = 2J /a%[y -2+ 2cosa)3:| dg =
x

x L
Jr/a (3 — 8ecosd — 2cos20)df = [39 — 8sinfd — sin29:]'/a = 27 + $3 ~ 14.08.
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[20)2 = 4cosf => cosf = Latd = £ L.

/38
A:ZI 3| (4cosb)® — 27 | d6 r=
, i[cose) —27]

/3
4[ (1 + 2cos26) df
0

x/3
4[0 + sin 29}0

4 4 2{3 ~ 7.65

B1]92? = 8sin20 = sin20 =

Using symmetry,

Ll

a2 =5 I EE>0=5

o §oo ~S—— - i
A = 4Lm i(8sin26 — 22)df = 2[-4cosza - 49]'/12 =43 - & ~ 278

N\ r = 3sin 6

r=1-sing

|
r?> = 8sin 26 6 = 7 — arcsin §

Figure 21 Figure 22

[22]1 — sinf = 3sin6 = sin6 = 1 at 6 = arcsin} { call this '} and (7 — a).
5 2
Using symmetry, 4 = 21,/ %[(Ssine)z -(1- sinﬂ)z] df =
a
x/2 x/2
J (2sin6 — 4cos26 + 3)df = [—Zcoso — 2sin26 + 30] =
[(3F) = (—3{15 — {15 + 3a) ] = % + 3{15 — 3arcsin} ~ 6.86.
[23)sin6 = J3cosf = tanf = {3 at 6 = I. For 0 < @ < §, the boundary is r = siné
and for § < # < j, the boundary is r = {3cosf. Thus,

x/3 /2
A= %J" sin0 df + 5[ ! Yoost do
0 T
/3 /2
- %[ﬂ i gsinzal - 2[0 - ;sian:/s
=Al-Fl+3fi-G+ B =g -Tnon

See Figure 23.
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r =2(1 + sin 8)

Figure 23 Figure 24
[24]2(1 + sinf) = 1 = sinf = —}at g =Z% U= For —f < 8 < —%, the boundary
is't = 2(1 + sin#) and for —% < 0 < 3, the boundary is r = 1. Using symmetry,
/2

-x/6 x
- 2[_ AN+ sin0) do + 2[_'/5 1(1)? df

-x/6 /2
=4] " (g+2.sin9_§cos29)aa+r 140
-x/2 -x /6
ol " — [ :Ir/a
— 4[29 2cos8 — 3s1r129:|__'/2 +| 8 o

=@r—-338)+% =8 -1{3 ~ 232
(25]1 + sin@ = 5sinf = sinf = 1 at § = arcsini { call this «} and (7 — a).
For 0 < # < @, the boundary is r = 5sind and fora < 6 < §,
the boundary is r = 1 + sin4.
a */2
A:QIog(ssinB)de+2L 31 + sind)* do

“ 2
= Z;I (1 — cos26)df + J'/ (3 + 2sinf — 1cos26) df
0 a

ik x/2
2;[0 - ;sinzal + |:§a — 2c080 — %sinZﬂ:L

#(e - §3415) — (0] + [ - G — 2- 1415 — } - }415) ] =
1arcsin} — {15 + 3 ~ 4,17

Figure 25 Figure 26
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[26] 4c0s20 = 17 = cos2f = 1 at § = Jarccos} {call this @} and (27 — o).
For 0 < # < a, the boundary is r = 1 and for @ £ § £ ], the boundary is

a /4
r? = 4cos20. See Figura 26. By symmetry, A = 4[ 11)%d8 + 4JI 3(4cos 26) 48
0 a
L 4
=920 | 4+ 8|Lisin26 " = % + 4(1 — 1{15) = arccos! + 4 — {15 ~ 1.45.
[} E a 4
2Df(6) = e’ = f1(6) = —¢". ;
2x 2x 2x
L= ]. e 4 M = J e?2ds = E[—c"]o = ﬁ(l — c'zt) ~ 141.
0 0
28lf(6) =8 = f(8) = 1.
4 X 4
p=["{" v 18 =|26{1 + 0 + tmnl6 + {1+ 67| | {Formuwa21} =
0 2 2 o

3[4x {1+ 1627 + In(4r + {1 + 1677) | ~ 80.82.

(29] £(6) = cos?(30) = f(0) = —cos (30) sin(36).

£ = [ Jeon(0) + cos?(30) sin? () 0 = [ [cos 40)|{cos’() + sin" )0
- J:|m(§a)| i = I:cos(;e)aa = [2sin}é]] = 2.
BOf6) =2° = f(6) = 2°In2. L = [: .]z" + 2%*(In2)*d8 = J‘Zz‘ 11+ mn2)?as =
x P 2
i+ (1n2)=[§r'2]0 = _1__J1+n(:12)(2, — 1)~ 1374

[31] r = sin®(}#) has a period of 6x. However, since sins[i(a - 3:)] =sin®(}0 + 7) =
—sin®(36) = —r, the graph will be traced out twice on [0, 6x). Note that (r, §) and.
(—r, 6 + 3) denote the same point. Thus, f(8) = sin®(36) = f'(6) =

sin?(10) cos(}f) and L = I :'Jsin%ga) + sin*(36) cos® (36) d = ]: sin®(36) dé

3x

=11 - cosgé)aw = 30 — 3ainge ]| " = %
32 f(8) = 2 — 2cos@ = () = 2sind.
L= K'J(z — 2c0s0)? + (25in8)2 df = ﬁr'-h —cosb db
= J‘SK'.IZain’(%ﬁ) a4 = 4[ :'sin(ga)da = 4[—2cos(§a):|:” = —8(=2) = 16.

x/2
B8)r=0+cosd = &5 =1 — sind. L=J JO0+ el + (1 —smBy b,
0

Let f(8) = (8 + cos8)? + (1 — sinB)?.

Then, L ~ § = 372 £(0) + 4/(§) + 2(5) + 4/(3) + f(5)] ~ 2.368495.
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dr

r=sinf + cos’d = 4L = cosf — 2cosf sinf = cos@ — sin 26.
dé

L= J J(sin@ 4 <:f.)s2.9)z + (cos8 — sin 29)z dé.
0

Let f(6) = J(sin& + cos?6)? + (cosf — sin28)>.
Then, L ~ S = 5207 £(0) + 4£(5) + 2/(3) + 4/(%0) + ()] ~ 3.86556.
@5 £(6) = 2 + 2cos8 = f/(8) = —2sin.

x
B J' 97(2 + 2cos0)sind {(2 + 2c0s ) + (—25in 0)7 dB
0
" w
= 4:\'J (1+ cosB),lS(l + cosf)sinf df = Bwﬁl (1+ coee)alzsino dé
0 0
| w
= 842 [-3(1 + cos8)*/? L= —{3(—2%%) = 128x  g0.42,

[B6] r* = 4cos260 = 2rr’ = —8sin20 = r' = :Jl’i_nﬁ on [0, 5. Using symmetry,
cos

x/4 H 2
s=2J 97)2cos 20sin d |4 cos 20 + (=28i020)% gp
3 (27)2~cos 20 sin J cos 28 + (—m)

x/4 s 2
= 4sin” 26\
= 81.[0 4c0329\]4cos28 + ( 0520 )sxm‘) dé

/4
81] d4c0s228 + 4sin?20sin8 df
0

I

/4 x/4
lﬁ‘lrJ sinf df = 16« [—cos 9:]0 = —lﬁw(g — 1) = 8x(2 — ¥2) ~ 14.72.
0 g

[37) f(8) = 2asind = f'(8) = 2acosf. The entire circle is traced for 0 < # < m. Thus,

T T
5= I 27(2asinb) sinf{4a’sin8 + 4a’cos?f df = 81razj sin? df
0 0

T *
= 4147j (1 — cos29) d9 = 4ra? |:0 - %sin29:|° = 477d%.
0

[38] f(8) = 2acos§ = f'(8) = —2asinf.
The upper half of the circle (above the polar axis) is traced for 0 < § < . Thus,

x/2
S= J 27 (2acosf) sin #{4a%cos?d + 44?sin’0 df
0

/2 /2
= 81ra’J"r sinf cosd df = Swaz[%sinm:l: = 4mwa’®.
o

The right half of the curve is traced out for —3 < 0 <

ol

/2
Using symmetry and (13.14), S = 2J' 27 sin?f cosd{sin*f + sin? 26 d6.
0

Let f(8) = sin’f cos#f Jsin‘B + sin?20.

Then, T & (4m) “L2°[£(0) + 2/(3) + 2/(5) + 2(%) + f(§)] = 4.219428.
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The right half of the curve is traced out for —5 < § < §.

/2
Using symmetry and (13.14), § = 2] 27 cos?0 cosfcos*d 4+ sin® 26 df.

x
]
Let f(8) = cosBBJcos"B + sin®26.
Then, T ~ (4m) SZ52[ (0) + 2f(§) + 2/(35) + 2 () + f(5)] = 8.931091.
[A0 f(8) = a = f'(f) = 0. Since z = acos#f, the average radius of the frustum
generated by revolving a small section of the circle about the line z = b is
b — acosd. Thus,

2x 2%
§o= j (27)(b = acosf) ya? + 02d8 = 27ra[:b5 - asiné':lo = 4r%ab.
7> |

@4 = J"gﬂ d — r'gr’ do = grra’e? ds — %r'azo’ 4 =
2x ] 2x 0
ix 27
%az[éﬂs]h s %az[%es]o = %a2[(47r)3 =2 (2ﬂ)3 s (2«)3] = 84275,
@3 1(6) = ¢’ = f(6) = ="

x/2 x/2
S= J (27) e P cos J(e™)? + (—e?)2df = ‘Zwﬁj ¢ 2% cosd df
0 0

= 2x42 [c_-s—“(sinﬂ — 2cos 6):];/2 {Formula 99} = 27{2(e™™ + 2) =~ 3.63.

Note: For the ellipse, the major axis is vertical if the denominator contains sin@,
horizontal if the denominator contains cosf. For the hyperbola, the transverse
axis is wvertical if the denominator contains sin#, horizontal if the denominator
contains cosf. The focus at the pole is called F and V is the vertex associated
with (or closest to) F. d(V, F) denotes the distance from the vertex to the focus.
The foci are not asked for in the directions, but are listed. For the parabola, the
directrix is on the right, on the left, above, or below the focus depending on the

term “4cos”, “—cos”, “+sin”, or “—sin”, respectively, appearing in the

denominator.
Il Divide the numerator and denominator by the constant term in the denominator, i.e.,
6. r= 12 2 e = 3 < 1, ellipse. From the last note,

§+ 2sm0 1+ fomb
we see that the denominator has sin§ and we have vertices at § = § and 3.}.

Vi Dand V. 5. AV D =1=F=G¥.

Figure 1 Figure 2
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B r 12 o 9

3 ot =
—B—Zsine_lQ%Sin0:¢—3<1,elhpse,

V3 %) and V3, 5. Vi =§=F =3
B r= 2 --162c056 == gcos& = ¢ = 3 > 1, hyperbola.

V(§, 7) and V'(=3,0). d(V,F) =§ = F = (=5, 0)
:-4-4—0—0—»
Figare 3 Figure 4
— 12 - [ -
4 "= 3 ¥ 6cosd 1+ 3cosh e = 3 > 1, hyperbola.
V3, 0)and V(=3, 7). d(V, F) = § = F = (=%, n).
B 3 i

= = i — . .
T S ¥ %c0sd 1+ lcosd = ¢ = 1, parabola. Note that the expression is

undefined in the § = = direction. The vertex is in the § = 0 direction, V(i—’, 0).

Figure 5 Figure 6
= :
- 3 - 5 >
6] Ty _—9smd T —1smd e = 1, parabola.
The vertex is in the § = 37 direction, V(%, 3),
a4 i -9 - i
P sl =0 1_%“’595 e = 3 < 1, ellipse.
V(—%, =) and VI(—4,0). AV, F) =$= P =(-,0)

Figure 7

Figure 8
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= 4secf  cosf _ 4 = 2 & "
r—2sect9-1cosﬂ_'z—lcosa_l__;c(,sg:’C 3 < 1, ellipse.

V(4, =) and V'(4,0). d(V,F) =4 = F =(§0).

Since the original equation is undefined when sec# is undefined,

the points (2, ) and (2, 3f) are excluded from the graph. See Figure 8.

_ _Gcscf sinf ____ 6 _ 3 3
@ "= Bcsch +3 sind T+ 3smf 14 Semb 2 > 1, hyperbola.

V(g’ 5) and V'(—6, ST’-) «V, F) = g =M= (_.%6' %1_')_
Since the original equation is undefined when csc# is undefined,
the points (3, 0) and (3, =) are excluded from the graph.

Figure 9 Figure 10

- < — 1 (1 —=cosf)_1—=cosf _ 1 -
R rimcpcf(cach cm'a)_sinli?( sin @ )_1_c05?9_1+1cos0=>e_1’

parabola. The vertex is in the § = 0 direction, V(3, 0). Since the original equation
is undefined when csc@ is undefined, the point (}, 0) is excluded from the graph.
Note: For the following exercises, the substitutions
z = rcosf, y = rsinf, and r* = z* + y? are made without mention.
r=5-+—122—sm-§=>6r+2y=12=>3r=6—y=»9r’=36—12y+y’=>
922 + 8y* + 12y — 36 = 0
Er=—g=br—2y=1223=y+6=207 =y +12y+36 =
9z% + 852 — 12y — 36 = 0
Mr=s—12 = 2r—62=12=r=32+6=r® =922 + 36z + 36 =

2 — 6cosh
82> — 4> + 36z + 36 = 0
r:#ﬁownZMGx:12:>r=6-3::>r’=36-36:+9:’:>

82> — y* — 36z + 36 = 0
@r;ﬁ—g—mé2r+2:=3=>2r=3—2z=?4r2=43:2—12z+9=>
4 +122 -9 =0
r=ﬁs—.m=>2r—2y=3¢2r=2y+3dv4rz=4y2+12y+9=$
4z — 12y — 9 =0
r=&—o”'72:71-—2r=4:>:—4:2r:>z’—82+16=4r2=>
3:2+4y7+8r—16=0
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¢~ gl ) = p— P i s =S r=a 443

4 =2 1 82 4+ 16 = 32 4+ 4y — 82— 16 = 0.
ris undefined when 6 = } or 32—' For the rectangular equation, these points
correspond to z = 0 (or reosd = (). Substituting z = 0 into the above rectangular

equation yields 4y® = 16 or y = £2. . exclude (0, £2)

____GBecsef .sing _ 6 : = R
D8lr=ggF s s~ Fsamp ~ rtdy=6=2r=6-3y=

4r’ = 36 — 36y + 99° = 427 — 59 + 36y — 36 = 0.
ris undefined when @ = 0 or 7. For the rectangular equation, these points
correspond to y = 0 (or rsin# = 0). Substituting y = 0 into the above rectangular

equation yields 4z = 36 orz = £3. ~exclude (3, 0)

o - v —. 1 fl—cosf) _ 1 —cosf _ 1
(20) r = esefescd — cotb) = sin9( sin & ) T ] —cos?@ 1+ cosd =

r+rz=1lr=l—-z=3r=1-2%2+2 =9 +22—1=0.
ris undefined when # = 0 or v. For the rectangular equation, this point corresponds
to y =0 (or rsind = 0). Substituting y = 0 into the above rectangular equation

yields 2z — 1 =0 or z = }. sexclude (3, 0)

r= 2secf = rcosf = 2 = z = 2. Thus, d = 2 and since the directrix is on the

2(3)
. i & L] st 3 RS
right of the focus at the pole, we use “+cosé”. r = Tx %cosﬂ it prpey 5

[22] r = 4escf = rsinf = 4 = y = 4. Thus, d = 4 and since the directrix is above

13 5 8
3 2 ” =2 3 . : .
the focus at the pole, we use “4sinf”. r = B %sing 5 LT
23] r= —3csch = rsinfl = —3 = y= —3 = d = 3 and use “—sin ",
v WCA) .. 4
1 —4sind = 1 — 4sin§”
[24)r = —4sech => rcosf = —4 = 1 = —4 = d = 4 and use “—cos6”.
e 38 13
1 — 3cosd 1 — 3cos®

L &
1+ lcosf ~— 1 + cosé’

rsinf = —2 = y = —92. Thus, d = 2 and since the directrix is under the focus at
10

1 —1sinf 1 —sind’

For a parabola, e = 1. The vertex is 4 units on top of the focus at the pole so

[25] rcosf = 5 =+ = = 5 = d = 5 and use “+cosf”. r =

the pole, we use “—siné”. r =

d = 2(4) and we should use “+sinf” in the denominator. r = I_J-Lsin_p
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G
wp oo =200 0 e B ) ds gy o,
_ 32
Thus, the equation of the orbit is r = %.
i ; (1 - eMa
(b) The minimum distance occurs when § = 7. 7Tper = i = a(l — e).
3 : (1 — e )a
The maximum distance occurs when § = 0. ry;, = — Ty a(1 + ).
_(1—ea _ 1+ oLl = ea] (1 +0.249)(20.62) , . .
B8)r= 1 — ecosf — 1 — ecosd ~ 1 —10.249cosd o g = ol }e)}
37.00

~ 094950 is an equation of Pluto’s orbit.

rapn = a1 + &) = ({2L)(1 + ¢ = ({22482)(1 + 0.249) ~ 49.26 AT.

(39] () Using (9.6), Jm e .[ B

1 2
e

2 ] 1 .
[(1—e)+(1+e)u’d 1+¢[(1;¢)+ud

s 2 1+ e -1 |1+ ¢
_(1+e),|1_eta.n ‘ll_—eu+ C. Asf—m,

u = tan (}6) — oo and as § —» —m, u = tan(36) — —co. Thus, J

x

_x1 — ecost

0 3
T 2 tan=l Lt ¢ lim 2 tan=1.[Lt ¢
_tkineo[( 1—e2) ; l—cuj"*-,—ow[(h_eg) l—eu]o

=T li z(_%)'*- 13e2(§)= 121 7

€ €

(b) Using the expression for r from Exercise 37(a), the average radius (distance) will

be given by — 1(__ )It (l_ez)adg (1—<Ye g =afl - &

1 — ecosd 27 Jl—e’
@]146-“1 2and e = 0.223 = a ~ 1.50 AU.

A= 2
1( = e:olao' T= 01'223c080 is the equation of the orbit.

The minimum value of r occurs when r = a(1 — ¢) = 1.16 AU.
|__13.6 Review Exercises

= | = 2(: — 2z 4+ 1) — 1
e=j+l=i=doady=2:-1)-(19)= S
h—:—_“l—"'l. This is a rational function with a vertical asymptote at z = 1 and an

oblique asymptote of y = 2z — 2. The graph has a minimum point at (%, —;) when
t = 4 and then approaches the oblique asymptote as ¢ approaches 0. See Figure 1.
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Figure 1 Figure 2
£=cos’t— 2 = z+ 2 = cos®t. y=sint+ 1= (y—l)z = sin®t.
sinfl +cos’t =1'=z+2+ (y—-12 =2 (y—1) = —(z+ 1).
This is a parabola with vertex at (—1, 1) and opening to the left. # = 0 corresponds
to the vertex and as 1 varies from 0 to 2, the point (z, y) moves to (—2, 2) at
= §, back to the vertex at t = =, down to (—2, 0) at t = 27,

and finishes at the vertex at ¢ = 2=.

z2=+1 = z* = tand y = 2°*°. The graph is a bell-shaped curve with a
maximum point at t = 0 or (0, 1). As { increases, z increases, and y gets close to 0.
'S4 y

| ’ ‘w ’

-+

1
Figure 3 Figure 4

z=3cost+ 2and y= =3sint — 1 = 2 — 2 =23costand y + 1 = —3sint =

(= 2)* + (v + 1)? = 9cos® + 9sin’t = 9. As ¢ varies from 0 to 2, (z, y) traces
the circle from (5, —1) in a clockwise direction back to (5, —1).

All of the curves are a portion of the circle z7 + y* = 16.

Gty =16 — # = {16 — 2. Since y = {16 — &,

y must be nonnegative and we have the top half of the circle.
y LY

PRI R
LB e

(T e B P (RS VS S0 N 1

x ---(; ------- x

-
E

1
Figure 5 (C,) Figure 5 (C;)

it
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Cpz=—{16—1= =16 — (={1)? = =16 — ¢*.
This is the left half of the circle. Since y = —<¢, y can only be nonpositive.
Hence we have only the third quadrant portion of the circle.

2
o =l e e e £ ooty Lo it
Ca.z—4cosi,y_4smi=>4_cost,4—smi=>ls—cost, 6--snnt=>

2 2
i*'_s 4 llﬁ = cos?t +sin’t=1= 2* + yz = 16. This is the entire circle.

Ay y

Figure 5 (Cs) Figure 5 (C,)

Coy=—+16 — & = — 16 — ()2 = —{16 — & :
This is the bottom half of the circle. Since € is positive, r takes on all positive
real values. Note that (0, —4) is not included on the graph since z # 0.

B Choz=3y=1"=y= (:'tz'l”)s = t:”’;:go.

L 2
b
I
Figure 6 (C,) Figure 6 (Cy)
Coz=1ty=1*=> y:(iz"‘)e‘:zs/z;z,yzo.
Capzr=e'y=esy=(E"NP=2"y>0
[ y
E t =2mn
e t=Z4 mm
+ 2 x
:_ t=m+ ™
Figure 6 (Cy) Figure 6 (Cy)

Cyiz=1—sin’t = cos’t, y = cos’t = y = (£ 21/2)3 = tzsn;

0<z<land -1 <y< 1.
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dy _dyfdt _ 62 +4 _ 32+ 2
(a)cTz—dz/di_ B o O

(b) Si 3 +2 .
ince —5— # 0, there are no horizontal tangents.
There is a vertical tangent at 1 = 0.

2] 3-2
© &y » D:[3i + i] - 2 = 3‘2,_ 2
a° 21 21 943

dy _ dy/dl _ 94iny
(2) dr ~ dzfdl — T — 2cost

(b) % = 0 = horizontal tangent lines at ¢ = wn. % is undefined when

1 — 2cost = 0 => vertical tangent lines at t = § + 2wn, 3 + 27n.

i Dl 2sin t ]
(C) ;‘_y = U1 — 2cost = 2cosi — 4 .
dz? T 2°°94t (1- 2cosi)5
B r=—4sinf == —drsinfd 2"+’ =—dy=> 4+ +4y+ 4 = 4

= 1% + (y + 2)* = 4, a circle of radius 2 and center (0, —2).

Figure 9 Figure 10

r=10cosd=>r2=10rc036:>::3+y2=10z:>(1:2—101+ 25) + ¢ = 25
= (z — 5)? + y* = 25, a circle of radius 5 and center (5, 0).

r =6 — 3cosf is a limagon without a loop.

Figure 11 Figure 12
r= 3 + 2cosf is a limagon without a loop.
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r? = 0sin20 is a lemniscate with loops in QI and QIIL

Figure 13 Figure 14

r* = —4sin 24 is a lemniscate with loops in QII and QIV.
r = 3sin58 is a 5-leafed rose.

One leaf is centered on the line § = ¥ and the others are equally spaced 72" apart.

Figure 15 Figure 16
r = 25in36 is a three-leafed rose.
One leaf is centered on the line § = 37' and the others are equally spaced 120" apart.
2r = # = r = }0. Positive values of ¢ yield the “counterclockwise spiral” while the

“clockwise spiral” is obtained from the negative values of 6.

Figure 17 Figure 18
@8 r=e" 6 >0, is a spiral starting at, (1, 0) that approaches the pole as 8 — co.
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18] r = 8sechd = rcosd = 8 = z = 8, a vertical line.

smify

Figure 19 Figure 20
r(3cosf — 2sinf) = 6 = 3z — 2y = 6, a line.
r = 4 — 4cosf is a cardioid.

Su

Figure 21 Figure 22

L

r = dcos(}0) = 4(25220) = 2(1 + cosd), a cardioid.

— 6 = g — iy 6
23r=6 rcosB=>r+rcos8_6=:-r(1+cosﬂ)_ﬁ=>r_m=>
e = 1, a parabola. The vertex is in the § = 0 direction, V(3, 0).

‘Figure 23 Figure 24
r = 6cos26 is a four-leafed rose.
One leaf is centered dn the polar axis and the others are equally spaced 90° apart.
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8

i 8 - 3 e :
@r_3+cosa_l+%cosp=>e—§<l,anelhpse.

é (8, 0) or (8, 2m)

Figure 25 Figure 26
@r:l—_—%si—na#c=3>l,ahyperbola.
B i s _ 4rcosé _ 4 . cosf _1 -
27] y _4z=>r2s1n0_4rcosﬂ=>r_m_4 o mﬂr_clcotﬂcscﬂ.

28 2* + 3 — 32+ 4y=0= r* — 3rcosf + 4rsinf =0 =
r— 3cosf + 4sinf = 0 => r = 3cosd — 4sind.
[29) 2z — 3y = 8 = 2rcosf — 3rsinf = 8 = r(2cosf — 3sind) = 8.
B2 + v = 22y = r* = 2r°cosf sinf = 1 = 2sinf cosf = sin20 = 1 =
20 = £ + 270 = 6 = %, %% on [0, 27), which are the same lines.
In rectangular coordinates: z° + y* = 27y => 2° — 22y + ¥ =0 =
(z—y)2=0=>z—y=00ry=z.
v =% — 22 = ?sin®f = rPcos?d — 2rcosf =
r(cos?d — sin?f) = 2¢osf = rcos20 = 2¢osf = r = 2cosd sec20.

[32) #

¥° + 3y = r?cos®@ = r?sin®f + 3rsinf =
r(cos’ — sin®f) = 3sin# = rcos26 = 3sinf = r = 3sin 6 sec2f.
Br=tnd=z2+y=Ia+n’ =y
B4 r = 2cosd + 3sinf = r* = 2rcos@ + 3rsinf = z° + y2 = 2z + 3y.
(B8] ~* = 4sin20 = r* = 4(2sind cosh) = r° = sinf cosd =
.12 = §(rsin§)(reos0) = (= + y*)? = 8ay.
[36) r* = sec20 = rPcos20 = 1 = r?(cos?) — sin®f) = 1 =
rPeos?f — rlsin®d =1 = 2> — y® = 1.
Br6 =43 > Lan"(%’,. =43 :,«-Z: tan{3 = y = (tan{3) =
Note that tan {3 &~ —6.15. This is a’line through the origin making an angle of
approximately 99.24" with the positive z-axis. The line is rot y = 3z
B8r=—-6=+"=236=z +y = 36

BYr = (2-3+20959)2' r'(3) =3, r(3) =}, m = —1 using (13.10).
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@ r = 3%, r(%) = 3™, r(5) = /%, m = 2 using (13.10).

2 /2
[@DA = J ir2dp = I'/ 26in 20 6 = [—cosQB]: -9
0

[42)4 = 3 + 2sinf = sinf =} = § =%, % on [0, 27).
3 + 2sinf > 4 on [§, 3%]. Using symmietry,

A= 2'[ 5[(3 + 2sinf)? — 42] dé

= [ |, (4sin®0 + 12sin0 — 7) s
w

x/2
= J /e(lﬂsinO — 2cos26 — 5)df

. ¥/2 ’
= [— 12cos 6 — sin20 — 50]’/6 = !gﬁ — 5~ 6.02. Figure 42

% = 2cosiand i—i’ = 2sintcost = L = I:“-\lllcos’t + 4sin®t cos®t dt

= I;ﬂm(zcoﬂ)da = 2r {1 + e {u = sint}

= 2[ﬂm + ln|u+ ml] {Formula 21} = ¥2 + In(1 + 2) ~ 2.30.
ES(6) =} = f10) = ~ % 1= .L (1/6%) + (1/6%) df = La% 97 + 14

2
2
|:_ ]9 8+ 1 ' 1n|0 +{6% + ll:l1 { Formula 24}
—345 + In(2 + 5) + 2 — In(1 + ¥2) = 0.86.

@)% = ttand ¥ =4

1 1
d= 21rI (24 + 1) J16¢% + 16dt = 161[ 248 + 1di + 81rJ. &+ 14t
161r|:§ 1+ 2214 & — lnlt e e 12|] {Formula 22} +

81:'[%J1 + £+ %ln|i + 1+ tzl:lo {Formula 21}

167342 — {in(1 + 2)] + 8«12 + JIn (1 + V2)]
2r[542 + In(1 + {2)] = 49.97.

1
[48]7(8) = c = f(6) = ¢’. Using (13. 14), § = J 27 e’ cosB e’ + ¢/ do =
0

Il

I

24 1
2742 Io e*?cosfdf = 2m2 |:-%—(2 cosf + sin 6’)]o {Formula 99} =

222 [e¥(2cos1 + sinl) — 2] ~ 21.60.
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See Exercise 19, §13.3 for a graph of this form with a = 2. r® = a’cos20 =

27! = —2a%sin 26 = r' = —281020 o [0, 3. Using symmetry,
.Jcos29

/4 < 2
5= 2J 27 a{cos20sind |acos20 + (—2820)? gp
" T aycos 20 sin Ja cos2d + ( T===)

cos 28

r/4 2 .2
= 41:11[ c0s 20 \jancos% + a78in 28 5 g gp
0 cos 26

/4 x/4
= 4mr {a?c0s?20 + a2sin?20sinfdf = 4m2J' sin 0 dd
o J0

/4 .
= 4ma® |:—cos 9]: = —41ra2({-; — 1) = 27a*(2 — {2) =~ 3.684%.

[48] Since 1 is always an interior angle of the right triangle 4 0B, it must be acute.

1] |
r)

From the figure, cost = ' and sinl = 3 = |z| = acos?and |[y| = bsint =

(1) z = acost, y = bsintin Quadrant I

(i) z = —acost, y = bsintin Quadrant II
(i) =z = —acost, y = —bsint in Quadrant III
(iv) z = acost, y = —bsint in Quadrant IV

2 2
Since 1 = sin®t + cos®t = L+ %, the curve is an ellipse. { see Exercise 27, §12.3 }
a



Chapter 14: Vectors and Surfaces

a=<25>=fal = {2 +5° = 29
ﬂy | ¥
EZﬂv 5 }
=i ] A
8 x - x
i (-4,-7/1
Figure 1 Figure 2 Figure 3

B a=<—4, -T> =218l = (-4 + (-7)? = {65
B a=<-50> a1 = (=52 + 0* = |(-5) = |-5| = 5
@ a=—18 = 1a1 = [0° + (—18)° = |(—18)? = |-18| = 18

@-3» *

4443

Figure 4 Figure 5 Figure 6

Bl a= —4i+5 = 1a1 = {(—4)? + 5 = {41
B a=2—3=a1=|2+ (-3 =13
a+b=<2 —3>+<],4>=<2+1, -3 + 4> =<3, 1>.

a—b=<2 =35> —-<],4>=<2 -1, -3 —4> =<1, =T>.

2a = 2<2, —3> = <2-2,2-(—3)> = <4, —6>.

=3 = =3<1,4> = <-3:1, =3:4> = <=3, —=12>.

d4a — 5b = 4<2, =3> = 5<1, 4> = <8, —12> — <5, 20> =

<8 — 5, —12 — 20> = <3, —32>.

Note: In Exercises 8-12, the answers are given in the following order:

a+ b, a—b, 2a, —3b, 4a — 5b
B <-5, —1> <1, =9>, <—4, —10>, <9, —12>, <7, —40>
B <-15, 6>, <1, =25, <—14, 4>, <24, —12>, <12, —12>
<5, 22>, <-1, —2>, <4, 20>, <=9, =36>, <=T,=20>
2i + Tj, 4i — 3j, 61 + 43, 31 = 18§j, 171 — 17

—4 — j, —6i + 5j, —10i + 4j, —3i + 9, —251 + 23j
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@8a+b=<20>+<-1,0>=<],0>=—-<-1,0>= —b
{ Alternate answer: 3a}
[dc—-d=<0,2> — <0, —1> = <0,3> = —3<0, —1> = —3d
{ Alternate answer:

s

)
0
S

[Bb+e=<-1,0>+<2,2> =<1,2> =1
@6lf-b=<1,2>—<—1,0>=<2,2>=¢
I7b+d=<-10> + <0, =1> = <—1, —=1> = —<2, 2> = —}e
[8le +c=<2,2> + <0, 2> = <2,4> = 2<1, 2> = 2f
[0a=<5—-1,3—(—4)>=<4,7>

L y [ 34
] e-45 T
i .3
. I
PO, =3) (-6,00 T &
Figure 19 Figure 20 : Figure 21

Blla=<=2=174—(-3)>=<-9,7>
Blla=<—4—25—5>=<—6,0>
2Zla=<—4—(—4), -2 - 6> = <0, —8>
P(=4,6) AY

P(=3,-1) N
Figure 22 Figure 23 Figure 24

23]a = <6 — (—=3), —4 — (=1)> = <9, —3>
Pda=<—6-20-3>=<-8, —-3>
Note: In Exercises 25~28, let u denote the unit vector in the direction of a.

[25] (a) pal = .](—8)’ + 152 = ¥289 = 17; u=h=-8i+ 4

(6) —u = —(—fi + ) = B — 1

N Ty TR R O

28] (s) 1a1 = {52 + (—3)! = {34; =33 =Fi- &
(8 —u = =(ghi = i) = — i + i

20 (2) 1at = {2 + (-5)" = {29; =g =<L -%>
®) ~u= (K& - =<-f &>



EXERCISES 14.1 211

[Zg_](a)lal=m=6; U=
(b) —u = —=(<0, 1>) = <0, =1>

23] (a) 2<—6, 3> = <—12,6> (b) }<—6,3> = <-3, 3>

(30] (a) —3(8i — 5j) = —24i + 15] (b) —3(8i —5j) = —3i + §i
Note: In Exercises 31-32, let v denote the desired vector.

a=4i—7j=>l8l=‘{6_5- "=6(|%i)=q%i_i%j'
B3 a= <2 —5> = 1al = {20. v = —4(|+-.‘") = <“T',," ﬁ;>'
(B3] (2) a = 3i — 4] = ga1 = 5. jcal = |c[1al{(14.9)} = |¢|(5). Blel =3 => ¢ = & 3.

(b) None, since jcal > 0 for all ca.

L
Il
A
o
i
\%
Il
A
=
P
A"

(c) 1cal =0 = ca=0 = ¢ = 0, since a # 0.
(a), (b), & (c) are the same as in Exercise 33 except Jal = 13.
[35] Horizontal = 50c0s35" ~ 40.96. Vertical = 50sin35" ~ 28.68.
[36] Horizontal = 20cos40" ~ 15.32. Vertical = 20sin40” ~ 12.86.
[37] Horizontal = 20cos108" ~ —6.18. Vertical = 20sin108" & 19.02.
[38] Horizontal = 160cos7.5° ~ 158.63. Vertical = 160sin7.5" a 20.88.
Note: In Exercises 39-40, let v denote the plane’s air velocity,

r the plane’s ground velocity, and w the wind velocity.

(33 v = <300cos(—60"), 300sin(—60")> = <150, —150y3>.

w = <30c0s30", 30sin30"> = <1543, 15>.

Thus, r = v + w = <150 + 15¢3, 15 — 150{3> and jr§ = {90,900 » 301.5 mi/hr.

: ~1(15 — 15043 X o ] 3
Since tan 1( ) a2 —54.3°, the true course is 90° + 54.3" = 144.3".
150 + 1513

Figure 39 Figure 40

r = <400cos(—150%), 400sin(—150")> = <—200ﬁ, —200>. w = <0, 50>.
Thus,v+w=r=>v=r—w=7v=<—200~11_3, —250> =

—200+3

ivi = {182,500 = 427.2 mi/hr. Tan™ (%)-) x 35.8" = the true compass
' heading is 35.8" south of due east, or in a direction of 270" — 35.8" = 234.2".
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The vertical components of the forces must add up to zero for the large ship to move

along the line segment AB. The vertical component of the smaller tug is
3200sin (—30") = —1600. The vertical component of the larger tug is 4000sin 6.
4000sing = 1600 = ¢ = sin™"(0.4) ~ 23.6".
(a) Consider the force of 160 pounds to be the resultant vector of two vectors whose
initial point is at the astronaut’s feet, one along the positive z-axis and the other
along the negative y-axis. The angle formed by the resultant vector and the

positive z-axis is the complement of 8, 90" — 6.

Now cos(90° — @) = v_-_mlnl_sggn_em: = z-component = 160 sin @
and sin(90° — 9) = w_ml%om- = y-component = 160 cosf.

(b) 27 = 160cosf => 6 = cos™* (&%) ~ 80.28" on the moon.
60 = 160cosf = 0 = cos™*(}) ~ 67.98° on Mars.

3p+4g =—-6 (E)

3B, +E; = p=2and ¢= 3.

[43] p<3, —1> + ¢<4, 3> = <=6, 11> = {

[44] Let ¢ = <¢;, ¢;>. Thenc = pa + ¢b & ¢, = pa, + ¢by and ¢; = pa; + gb,.
There are three cases to consider:
(2) b, # 0and b, #0 = g;‘ # :—:{since a and b are nonparallel } =
a by F# agby = ayby — arby # 0 =
the system of equations has a unique solution p and ¢ by Cramer’s rule.
(b) b, = 0 and b, # 0: ¢, = pa, and ¢, = pa; + g¢b,.
Since a # 0, a; # 0 and hence p = ¢;/a;. Thus, ¢ = (c; — pas)/b,.
(¢) b % 0and b, = 0: Similar to the argument in (b),
we can find scalars p and ¢ such that ¢ = pa + gb.
The geometric interpretation is that any c in V), is the sum of two vectors
parallel to a and b.
[45]]a + b] = 121 + Iblif a and b have the same directions.
To see this, consider Figure 14.4 with a = A_’B, b= B_(E', anda + b = R‘
[46] (a) Since the point (a,, a,) is the terminal point of a and jal is the length of a,
we know from trigonometry that cos§ = laTll and sinf = I%’
Thus, <a;, a;> = <lalcosb, falsin 8> = Jal(cosfi + sinfj).
(b) Let u be any unit vector.
Then by part (a), u = jul(cosf#i + sinfj) = cosbi + sin6j, sinee jul = 1.
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[M@r —xo) = C‘#If—folz-: de(z—3) +(y—w)l =

This is a circle with center (z;, yo) and radius c.

[MB]lr — 10 = ca & <z — 2, ¥y — Yo> = <0y, ;> &
(z=129) = ea,and y = y, = ca, & z = a,¢ + Ip and ¥y = a,¢ + Yo,
which is a parametric equation of a line through (zj, ¥g)-
[d9]a + (b + ¢) = <ay, 3> + (<by, by> + <cyy €2>)
= <ay, e3> + <by + ¢y, by + >
=<a; + b + ¢, a5 + b, + >
= <a; + by, ay + B> 4+ <y, >
= (<ay, 6> + <by, by>) + <cyy 69>
B0la+ 0 = <ay, a> + <0, 0> = <a; + 0, a3 + 0>
0a = 0<ay, a,> = <0ay, 0a,> = <0,0> =0
Also, p0 = p<0, 0> = <0, p0> = <0,0> =0
(52] 1a = 1<ay, 0;> = <lay, 1a,> = <4y, 0,> = a

B3l (2 + ¢)a

(a+b)+c¢c

<8y, ;> = a

(p + 9)<ay, 0>
<(r + 9oy, (2 + Qa>
= <pa; + qay, pa; + qa>

<pa,, pa> + <qa;, qa;>

p<ay, ;> + ¢<ay, @8;> = pa + ga

p(a — b)

p<a1 — bll Gy — b})

]

<pa; — pby, pa; — pby>
<pay, pa;> — <pby, pb,> = pa — pb

Il

(58] If pa = 0, then <pa,, pa,> = <0, 0> and hence pa, = 0 and pa, = 0.
Since p # 0, ¢, = a, = 0, or, equivalently, a = 0.
If pa = 0, then <pa,, pa,> = <0, 0> and hence pa; = 0 and pay = 0.
Since a # 0, either a, # 0 or a, # 0, and hence p = 0.
Note: In Exercises 1-6, use (14.13), (14.14), and the 3-D generalization of (14.7).
(2) d(4, B) = |4 -2 + (-2 —4)* + 3+ 5) = {4 + 36 + 64 = {104

() M4, B) = (24, 45D 88 3) (3.4, )

(¢) The vector in V; that corresponds to AB is
<4 —2, -2 —4,3 = (=5)> = <2, =6, 8>.
(101 () (31,3 () <1, 6, —8>
(a) {53 ) (-3 -1,1)  (¢) <7, =2, 0>
(a) {33 (b) G 3, =2) (c) <1, —4, 4>

B B8 M
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B (a) V3 (®) (3 5 3 () <-1,1,1>

6 ()9 (®) (—4, -1, 2)  (c) <—8, —1,4>

(a) <1, 3, 0> (b) <=5, 9, 2> (c) <—22,42,9> (d) ¥4l
(8) <—3,2, —=2> (b) <5,2, —4> (c) <21, 10, —19> (d) V14
B (a)4i—2 —3k (b)2i—6j+7k (c)11i — 28j + 30k (d) V29

[10) (2) 3i — j + 3k (b)i—j+ 5k (c) 6i — 5 + 24k (d) 421
0D (a)i+k (b)i+2 —k () 5i + 9§ — 4k (d) 2
[i2] (a) 2i + 3k (b) 2i — 3k (c) 10i — 12k (d) 2

(e) 3441
(e) 3414
(¢) 3429
(e) 3421
(e) 342
(¢) 6

[[3]2a = <4, 6, 8>; —3b = <—3,6, —6>;a+b=<3,1,6>; a—b =<l,5,2>

Z

Figure 13a Figure 13b Figure 13¢

42 = —2i+4j + 6k; —3b =6 —3k;a+ b= —i+4kja — b= —i+ 4+ 2k

z (-2.4,6)

0,6, =3)

Figure 14a Figure 14b Figure 14¢

[Bla=<—4,10, =2> = jal = 120 = 2430. u = & = ﬁ<—2, 5; w1

ial
[6a=3i—7j 4+ 2k = jal = {62. u =2 = L (3i — 7j + 2k).

al 62
[T (a) 2a = 28i — 30j + 12k (b) —la = =} + 5 — 2%
2a _ _2 s 1E%
18] (a) 2a = <—12, —6, 12> (b) —3a = <2, 1, —2>
(c) l%& =3<—6, —-3,6> =3<-2 -1,2>

M3 -1,andr=3= (-3’ +(y+1)?+(:=-2°=3"=9
B4, -5 Nandr=5=(z—4)2 + (y+5)2 +(z—1)2 =52 =25
RO Q-50,1)andr=4 = (z+5°+ ¢ + (: = 1) = (})* = §

2200, =3, —6)andr=3=2+ (1 +3)>+(z+ 6> = ({3’ =3
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[23] (2) Tangent to zy-plane = r = 6; (z + 2)® + (y — 4)* + (2 + 6)% = 6% = 36

(b) Tangent to zzplane = r=4;(z+ 2)* + (y —4)’ + (2 +6)* =4 =16

(c) Tangent to yzplane = r=2; (z+2) + (y— 4> + (z+ 6> =22 =4
(24) (a) Tangent to zyplane = r=2;(z—3)’ + (s + )? + (2 —2)? =22 =

(b) Tangent to zz-plane = r = 1; (z — 3)2 + (v + 1)2 + (z — 2)2 =12 =

(c) Tangent to yzplane = r=3; (z —3)* + (3 + 1)* + (: —2)* =3 =9
[25] The center of the sphere is the midpoint of AB, namely, (=3, %. 0).

The radius is } - d(4, B) = {89. (z+3)2+@w=-32++2=%
[26] The center of the sphere is the midpoint of AB, namely, (2, 0, —3).
The radius is } - d(4, B) = 3{248. - (=2 4+ 4* + (2 + 3)* =62

[27] The center of the sphere must be (1, 1, 1) and
an equationis (z — 1) + (y = 1)? + (z— 1)? = L.
28] (2, 3, —1) = (z — 2)? + (v — 3)* + (z + 1)? = * is an equation of the sphere.

Substituting z = 1, y = 7, and z = —9 into that equation yields 1 + 16 + 64 = 2,

or r* = 8l.

R +4z+4)+ (¥ -2+ 1)+ (A +22+1)=-2+4+14+1=
(z+ 2+ (=12 +0G+1)?=40-21 —1),r=2
BO(z* —6z+9)+ (1 —10y+25) + (2 +62+9)=-34+9+25+9=
-3+ (@—-5"+(2+3)?%=9 08,5 -3),r=3
BI (2 — 8z + 16) + y* + (2 + 8z + 16) = —16 + 16 + 16 =
(z—4)? 4+ ¢ + (244> =16; C4,0, —4), r=4
B4 -2+ +40* + 20+ 1) +42 =3+ 1 + 4>
G-D?+ @+ 1) +2 =200 -1,0,r=12
B2+ +4y+4)+2=d=>224+(y+2°+2 =400, -20),r=2
Ba2+ 4y + (P —2+1) =%=>zz+y2+(z—%)z'—‘%; c0,0,3), r=3
[35] All points inside or on the sphere of radius 1 with center at the origin
[36] All points outside the sphere of radius 1 with center at the origin
All points inside or on a rectangular box with center at the origin and having edges
of lengths 2, 4, and 6 in the z, y, and z directions, respectively
[38] All points outside or on a rectangular box with center at the origin and having edges
of lengths 2, 4, and 6 in the z, y, and z directions, respectively
All points inside or on a cylindrical region of radius 5 and altitude 6 with center at
the origin and axis along the z-axis

[40] All points whose projection onto the zy-plane lies outside or
on the ellipse (z2/4) + (4°/9) > 1
All points not on a coordinate plane
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All points between the spheres of radii 2 and 3 with centers at the origin

[43] Following the hint, let A = (z, 3, 0), B = (z,, ¥5, 0), C = (z3, v3, 0), and
= (0, 0, z;). Then,

P, = (‘1 THn '; Y2 0)‘ P, = (%:, %! %4)' Ps = ("'z Tants 0),

Pl.“(f:'f:?l') Pz (i]__";_£§,£;_y3:o)’udp5= ;l)‘yét%-»
P, P, P,Pj, and P3P} all have the common midpoint,

P= (:q+z,+z3 Y + yg + ¥s _1)_
4 4 ' 4

[44] (2) In the zy-plane: V, = (k/2, k/2, 0); zzplane: V, = (k/2, 0, k/2);
yzplane: V3(0, k/2, k/2); z = k plane: V,(k/2, k/2, k);
y = kplane: Vg(k/2, k k/2); z = k plane: Vg(k, k/2, k/2)
(b) Using symmetry, the length of cach edge will be equal. d(Vj, Vi) = k2.
Ik(+q) 1|

BA
The direction of the force is in the same direction as

[45] The magnitude of the force is |F| = for some positive constant k.

the unit vector ~==. Thus, F =

s BA
|BkA| |52
[46] (a) The force caused by the charge at (1, 0, 0) is F, = m (v — i),

. k : i k
at (0,1,0)is F; = I'v—_qjlf*(v —j),and at (0,0, 1)is Fy = ﬁ(v - k).

Now, F—Fl+Fz+F3—kq(lv_ll|3+|:_1|3+|:—_l:k|3)'

(b) Since the particle is to be placed equidistant from the three points,

lv—il=fv=3=1Iv-klL Thus,F:kq[h——lfi—_-%"'k):l=o=>
v=gi+i+k)or Pz, y,2) =5 8-

arb=(=2)(7) + (3)@) + ()(5) = =14+ 12 +5=3
B be=@)(1)+@)(-5)+0(B)2)=T—20+10=—3
B (&) a(b+c)=<-2,831>-<8, —1,7> = —12

(b) a-b+ a-c =38 + (=15) = —12
[M (a) (2 —c)'b=<-3,8 —1>-<7,4,5> =6

(b) a*b—=c+b=3—=(-3)=6
(2a + b)-3c= (<—4, 6, 2> + <7, 4, 5>)-<3, =15, 6>

= <3, 10, 7>- <3, —15, 6> = —99

B (a—1b)-(b+ c) = <=9/ —1, —4>-<8, -1, 7> = —99

7 = = = = —-3
compe b = b jci® = <N, 4, 5> m<1. 5, 2> -



EXERCISES 14.3 217

3 ik s e |

comppe = ¢ |bl(c b) = T=( 3) o

compy, (a + ¢) = (a + )-I-L| =<1, -2,3>- =<7,4,5> =0
compcc=c-|—1-c=‘i—l LlT lel = 430

(11] Using (14.19), cosf = ﬁ ﬁ.‘% == a.rccosT:% =~ 97.5".

89 W6

1 o~ by
ﬁ_'f]cosﬂ m m#ﬂ—&!CW&m~88.ﬁ
@3] cosf = m =& = 0 = arccos § = 62.5°

- - _4 = 41 s .
@mﬁ_m_mﬁﬂ_mccosm.\.ﬂ).ﬁ
(15] Since a-b = 0, a and b are orthogonal by Theorem (14.21).
(16] Since a-b = 0, a and b are orthogonal by Theorem (14.21).
Mab=c"=2c=15. a:b=0= (c+3)(c—5)=0=¢= —3,5.
@Bla-b=4+44—-3" ab=0=48=3c" = c= 4.
{8 PQ = <=2, 7, 5> and RS = <—6, 1, 11> = PQ. RS = 74
5.§=<—5,—4,l>and§f°=<l,-—2,5>=>5:?-1?}"=8

—_ st BT
COSG—W#Q—COS m~482

— -1 4 ~ o

[22) cos b = - 3°=>9_cos m~77.0
—82
comp_.PS—PS—R—< 7,3, 6>« hem <1, =5, —10> = =8
(23] |QR|Q Tﬁ- ) Tizs
82

comp?sQR = QR E.PS = <1, -5, —10>'T92<—7, 36> = Tod
Note: In Exercises 25-30, W denotes work.

B W=aPQ=<-15-3><-247>=1

@8 W =a-PQ = <8, 0, —4>-<5, —1, —5> = 60

(27) Since the force vector is 32 = Ta(i +j+ k), W= T(l +i+k)-(=3) =

Ial —
—443 ft-lb.
[28] Since the force vector is 5k, W = 5k - (i+ 2j + 3k) = 15 joules.

[29] Since the force vector is 20(cos 6 i + sin@ j) { Exer. 46, §14.1} = 20(%{5 i+3i),
W = (1043 i + 10 j)-(100i) = 100043 ft-Ib.
[30] The force vector is 20(cosB0" i + sin 60" j) = 20031 + %-ﬁ j)-
The direction vector is 100(cos 307 i + sin30° j) = 100(343 i + }j). Thus,
W =20 i+ 343 3)-100(343 i + §j) = 100043 ft-Ib. Note that the force in
relation to the direction of movement is exactly the same as in Exercise 29.
[31] Following the hint, PA = v; — v, and PB = —vy; — V. Now,
PA-PB = (Vi =vg) (=vy —vg) = =vi-vy = ViV + Vo vy + V3V,
= —qv) + Vo = - + 7 =0.
Thus, P4 and PB are orthogonal and A PB is a right triangle.
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[32] A(a, 0, 0), B(0, b, 0), and P(3a, 3b, %c) = '
PA = (38, —35, —j}c) and PB = (—3e, 35, —3c). Now, cosf = LA-PB _

T s IPA”PBI
__ﬁ4c L ! = # = cos™* g =g =
?
I+ a® + b 4 c?

[33] From the figure, a = b = ¢ = 1 = § = cos™(F}) = 109.5".

[341f 3_:4 = <1y, U, 73> and 515 = <ZIy, Y3, 23>, then their projections onto the
zy-plane are <z, ¥;, 0> and <zy, y,, 0>, respectively.

57 + DY

0 is the angle between these projections and cos@ = - — =
7+ % Jzz + ¥

B5](a) a; = a-i = 1allilcosa = 1a1(1)cosa = cosa = laTli

a, = a-j = lal]jjcos f = jai(l)cos B = cos B = '
a3 = a-k = Jallklcosy = 1a1(1)cosy = cosy = i_l

a1+a,+a3

=1
lal®

(b) cos®a + cos®f + cos’y =
[36] (a) Using Exercise 35(a), cosa = ﬁ%, cos f = 3353, and cosy = {%o'
(b) The direction angles of i are 0°, 90, 90°; j are 90°, 0%, 90°; k are 90°, 90°, 0°.
The direction cosines of i are 1, 0, 0; j are 0, 1, 0; k are 0, 0, 1.
(c) Using Exercise 35(a), let 8, = a, = a3 = 1, and hence a = <1, 1, 1>.
Two unit vectors are + la (i +j + k) since ya1 = 3.
Bld= (P + m® + 21)'? = (Kcos’a + K cos?f + kzt:osz‘y)l/3
= [kz(coszc + cos’f + <:osz‘7'):|l/2 = k by Exercise 35.
Since | = kcosa, cosa = I/k = I/d. Similarly, cos f§ = m/d, and cosy = n/d.
[38] (a) The unit vector in the direction of & = <0y, 0,, 03> i I%ll<a1' ay, 43> =
<cos @y, cos f, cos 7> = <ly/dy, my/dy, ny/dy>, where

d =B +nm}4 nf)l/z. Similarly, the unit vector in the direction of b is

<ly/dy, mg/dy, ny/dy>. Thus, a and b are orthogonal < Ial |b| =0<¢
L My 88y e hi, + mym, + nyn, = 0.
dyd,
(b) aand b are parallel iff 2~ = i%l for some nonzero constant c.
l l cdy cd
Thus,d—ll= 32 = h= T 11, = Iy = kly, where k = d;>0.

Similarly, my = km, and n, = kn,.
B9a-a = <ay, 83, 63>+ <a), Gy, 03>

o + a3 + o = ({of + a2 + a)? = jaf?
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@a-b = <ay, a;, az>- <by, by, by>
= @b + ayb, + azbs
= byay + byay + baay

= <by, by, by> - <ay, a4y, 23> =b-a
(ca) b = (c<ay, ay, a3>) " <by, by, by>
= <cay, cay, cag>-<b;, by, by>
= ca; b, + cazb, + cagbg
c(ayby + a3b, + aghy) = c(a-b)
c{a+b) = c(<ay, @y, 83> <by, by, by3>)
= c(aydy + agby + agbs)

= cayby + caqgby + cazbs
= ay(cby) + ay(cby) + az(cbs)
= <ay, ay, a3>- Lcby, cby, cby>

&'(C(bl, bm 63>) = a: (Cb)
[42]0-a = <0, 0, 0> - <ay, a,, 23> = 0(a;) + 0(ay) + 0(az) =0+ 0+0=0
[43]1f ca + db = pa + gb, then (¢ — p)a = (¢ — d)b. Assume ¢ # p.

‘Then a = g — :b, that is, a and b are parallel, a contradiction. Hence ¢ = p.

Similarly, ¢ = d.
[44]If c is orthogonal to a and b, then ¢-a = 0 and ¢- b = 0 and

hence ¢ (pa + gb) = c+(pa) + c+(gb) = p(c-a) + g¢(c-b) = p(0) + g(0) = 0.
Thus, ¢ is orthogonal to pa + gb for all scalars p and ¢.
[45]]a + bl* =(a +b)-(a+b)
=a-a+ab+b-a+b-b=jar’ +2(a-b) + [bl?
[46] Using Exercise 45, [a + b2 + |a — bJ2 =
[1ar® + 2(a-b) + IbI7] + [1ai® — 2(a-b) + IbI¥] = 20ar® + IbI?)
[47]la- bl = 1allblllcos 8] = gailbl < cosf = +1.
Thus, a and b have the same or opposite direction.
[48] Using Exercise 45, |a + b]? = 1a1®> + 2(a-b) + Ibl2.
Also, (121 + [bl)* = 1ar® + 21aillbl + [bI>. Thus, the equality holds
iffa-b = Jajlb] & cosé = 1 & a and b have the same direction.
[49)a = b + (a — b) = 1a1 < Ibl + la — bl = 1a1 — bl < la — bl
(0(a+b):(a—b) =a-(a—b)+b-(a—b)
—a+a=a'b+ba—~bb=a:a—b:b
[61] Using Exercise 45, 3(la + b]2 — la — bl?) =
%I:Ia\l2 + 2(a-b) + Ib]? — 1a® + 2(a-b) — |b|’:| [4(a-b)] = a-b.
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(62] compc(a + b)

[ axb=

B axb=

B axb=

@ axb=

B axb=

axb=

m axb:

axb=

axb=

[[0axb=

1

J
1

6 —2

o O w

o N E

(=R

X O wo X

(@ +b)- ke

- (i) ()

compega + compeb

-2 3|,
—4

=1{.

-2

(= X ]

0

0 4

—

-

1 -2
2 1

-5 1
3 6

0 1
1 2

—4i + 9

Since a x b = 0, a and b are parallel by Corollary (14.31).
(1Z] Since a x b = 0, a and b are parallel by Corollary (14.31).
@8b x c = <4, 12,5> and a x (b x ¢) = <12, —14, 24>;

(4b - c=<—-4,3, —4>and a x (b — ¢) = <3, 12, 6>;
axb=x132>axc=<-2 =9 —4>,and (a x b) — (a x c) = <3, 12, 6>

k =

51 4+ 10j + 5k = <5, 10, 5>

k =

4i — 13j — 33k = <4, =13, —33>

k =
—k=<—4,2 —1>
k =
28) = <—4, —28,0>
k =

—6i — 8 + 18k

k = 21 — 4j — 10k

k=
0i +0j + 0k =0

k = —40i + 15k

k=
0i+0j +0k=0

k = —12j

axb=x<l32>and (axb) xc= <16, -2, —5>
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Note: In Exercises 15-18, let ¢ be a nonzero scalar.
(5] (a) PQ = <—1,4, —3> and PR = <2, -3, —1>.
A vector perpendicular to the plane is c(ﬁl x };é) = ¢<13, 7, 5>.
() 4 = 1Pk x P4 = 1238 = 303
[l (a) PQ = <5, —1, —8> and PR = <7, 1, —6>.
A vector perpendicular to the plane is c(I?}Z X }3—@) = c<—14, 26, —12>.
(b) 4 = 3|PR x 70| = 11016 = {354
{7 (a) PQ = <—4, 5, 0> and PR = <—4, 0, 2>.
A vector perpendicular to the plane is c(ﬁi X P?)) = ¢c<—10, —8, —20>.
(b) 4 = 3| x 24| = 44563 = T
(a) Fb = <1, 0, —3> and PR = <6, —2, 1>.
A vector perpendicular to the plane is c(ﬁi X }?b) = ¢<6, 19, 2>.
) 4 = i|Pk x O] = Wav1
l@"t x 5]”' _ <=3, -1,1> x <1, =4, =3>] _ |<7, =8, 13>] _ {282
|a&] - <=3, =1, 15] ~ fe=3,=1,1>] {11
~ 5.06

Q9] d =

Ee= I@k % cﬁ’l _Ik=2,7, -7> x<-5,6, =3>] _ |<21,29,23>] _ {1311
|@§| I<-2,7, -7>] I<=2,7, —=7>[ ~— 102
~ 4.21

@ axb= <¢2b3 - Gsbg, bldg = alb;;, ﬂlbg = ngl> and
b xc = <byeg — bacy, €. by — byicy, byey — byey>.
a-(bxe) = abye; — ajbye, + ;6005 — b c5 + azb ey — aghye; and

(a x b):e = aybye; — aghye; + byaze, — aybge, + aybacg — agbycq.

8, 6y 63
Comparing terms, we see that a- (b x ¢) = (ax b)-c. Also,| by by by | =
€ € €3
by bs b, by b, b,
Gy €3 6 C3 L & 6y Cs =

(byeg — cobs)ay — (bycs — cyba) ag + (bycy — c1by)aa = a-(bxc) = (axDb)-c

BT AB = <1, -1, 2>, AC = <0, 3, —=1>, and AD = <3, —4, 1>.
o i 58 :
Thus, V = |(AB X AG)-ADI =0 3 —1|=|1(-1) + 1(3) + 2(—9)| = 16.
3 —4 1
R AB =21, 1,85, A6 =29 8, B acl AD = 20— T
e e i =i 8
Thus, V = |(AB x AC)-AD| =| 2 =3 2 |=|1(5) + 1(—4) + 3(1)| = 4.
§ =41
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[24) =: b x cis orthogonal to both bandc. a-(bxc)=0=

a is also orthogonal to b x c.

Since a, b, and ¢ all have a common initial point, they lie in the same plane.

<: If a, b, and c are coplanar, then b x c is orthogonal to a, b, and c.
Hence, a-(b x ¢) = 0.
[25] By (14.29), a x b is orthogonal to b. By (14.21), (a x b)-b = 0.

[26]No. axb=axc=>(axb)—(axc)=0=>ax(b—c)=0= aand(b—c)
are parallel. Thus, it is not necessary that b — ¢ = 0, but only that b — ¢ = ka for
some scalar k. For example, leta =i, b=2i+j,andc =1 + j.
Rflaxb=axc=>ax(b—c)=0anda-b=a-c=a:(b—c) =0 Itfollows
that jaglb — clsind = 0 and pajfb — clcosf = 0. Since jaj # 0 and sin# and cos§

cannot be zero at the same time, we must have [b — c] = 0,0or b = c.

i j k
[28] (ma) x b =| me; ma, mag
by by by

= (mayby — magzb,)i — (mayby — magh,)j + (mayb, — mayby)k
= m[ (agby — agbg)i — (aybg — aghy)j + (ayby — “2"1)1‘] = m(a x b)

= (aymby — a3 mb,)i — (a, mbg — azmb,)j + (a, mb, — a, mb,)k

= a x (mb)
i j k
29 (a+b)xc=|a +b a;+ by ag+ by |=
L €2 €3

[(“2 + b)) ez — (a3 + b3) C:]i = [(“1 + &) ez — (a3 + b3) Cljj +

[(a + b)) ez — (ap + b)) ey k.

i j k
axc=|(6 a6 063 | =
€ ¢ €3
(aze5 — cy03)i — (8365 — ¢ya5)j + (.0, — €18,) k.
i §j k
bwes| bk bl
€ ¢ C3

(bze3 — cgbs)i — (byeg — c1bg)j + (brey — eydy) k-
Hence, (a xc) + (b x¢) = (a + b) x e
(B0 a x b = (asbs — agby)i — (ayb5 — asby)j + (365 — azb;)k and
(8 X B)-c = (asbgc; — agbye;) — (aybacy — agbycy) + (a1bycg — agbycy).
bxe = (byes — czb3)i — (byeg — cb3) + (byecz — €yby)k and
a:(b xc) = (a,b,e5 — aye5b3) — (82by65 — y0,b3) + (a3b,c; — ageydy).

Comparing terms, we see that the result follows.
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i j k
Bllax (bxc) = qa aq ag =
bocy — cgbg  bycy — bics by — by
E“:(bxcz — ¢by) = ag(bsc, — blcs)ji =
[o1(8ycy — ¢ybg) — ag(bacs — cabg) Ji +
[Gx(bacx — bycg) — ay(byes — Cz”s)]k~
(a-c)b = (aye; + aye; + ageg)(byi + B3] + b3k)
= (81600, + azepby + ageghy)i + (ay008; + agerb; + a3c5d;)i +
(830105 + @5c9b3 + a3c3by) k.

(a-b)e = (a1, + aqby + agbs)(cyi + coj + c3k)
= (aybyc; + aabyc) + agbge))i + (a1b1¢p + agbacy + asbscy)i +
(aybye5 + agbycg + agbges) k.
Taking (a-¢)b — (a-b)c and comparing terms, the result follows.
B2(a+b)x(a=b) =(a+b)yxa—(a+b)xb {14.33(iii) }
—axa+bxa—axb—-bxb {14.33(iv) }
=0+bxa+bxa+0=2bxa) {14.33())}
B3ax(bxc)+bx(cxa)+ecx(axb)=
(2-¢)b— (a-b)e + (b-a)c — (b-c)a + (¢-b)a — (c-a)b =
(arc—c-a)b+ (b-a—a-b)e+ (c-b—b-c)a=0b+0c+0a=0
B4d(axb)xc==cx(axb) = (=c'b)a=(=c-a)b
= (cra)b— (c-b)a = (a+c)b — (b-c)a
[35] Using (14.33)(v), (a x b)- (¢ x d) = a.-[b % (e x d)] = a-[('b-d)c - (b-c)d] =

a:(b-djc —a-(b-c)d = (b-d)(a-c) — (b-c)(a-d) by (14.17)(iv) = ::; :; G

(36] Using (14.33)(vi), (a x b) % (¢ x d) = [(a x b)-d]e — [(a x b) -c]d.
B7 (a xb): (b x ) x (c x a) = (axb):[(bxc-a)c—(bxc-c)a]{Exer 36}
=(bxc:a)(a xb-c) — 0 {sincebxc:c =0}
= (b xc-a)(a-b x c) { by (14.33)(v) }
= (a-bxc)a-bxc)=(a-bxc)?
@ By (14.34), a parametric equation for the line through P(4, 2, —3) and parallel to
a=<},%>isz=4+3,y=2+2and 2= -3 + jL
@ P50 —25a=<—1,-4,1>=>2=5=1y=—4l, 2= =2 + 1
B PO,0,0a=j=2z=0y=1%z=0
@ P1,23)a=i+2%+3k=>z=14+4y=2+2t,2=23+31
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2 -5 = 4-—3y 5tg — 3y, = —2
6+2t, = T4+5y = 2—5vy = 1 = nosolution
—'3 == 2‘0 = 1 + 4‘00 210 + 41)0 = —4

Lines do not intersect.
[15a=<-235>b=<44 1> =

a-b -8+ 1245 -1 9 - .
=223 = = f = cos ~ 75" and 180° — 4.
1a1lbll {38433 (]38333)

Note: The answer in the first printing was for z = —1 4 tinstead of z = —1 + 4.
@8la =<3, -1,2>,b=<-1,-2,1> =

0=ch =S k22 Ly el Y & 847 and 180° = 0.
st = Jailbl J1446 (314 16)
07 a=<-3,8, —3> b = <10, 10, —-7> =

PR WL 1 R A R e
8% = Jailbl {228 = (1821249)

I8a =<3, 3 1> b= <4, -3, —9> =

cosf

cosf = Izl;lbbl = LZ;QQT-TO_TQ =0 = cos—l(ql_g_jelei) ~ 98" and 180" — 4.
3] (a) 2 =4 b)z=6 © y=-=7
(20 (a) = = -2 (b)y=5 () 2= -8
By (14.36), an equation of the plane through P(—11, 4, —2) with normal vector
a="6i —5 —kis6(z+ 11) —5(y —4) — 1(z+2) =0,0r 6z — 5y — z = —84.
E2]4(z—4) +2(y—2) — 9z +9) =0, or 4z + 2y — 9z = 101.
[23] By (14.37), the plane 3z — y + 2z = 10 has normal vector <3, =1, 2>.
An equation of the plane is 3(z — 2) — 1(y — 5) + 2(z + 6) = 0,
or3z — y+ 2z = —11.
RE1(z—0) —6(y —0) +4(z — 0) =0, or z — by + 4z = 0. ‘
[25] Letting y = 0 to find the trace of z + 4y — 52 = 8 in the zz-plane gives us
z — 5z = 8. The equation of the plane is z + ky — 5z = 8.
Substituting z = —4, y = 1, and z = 6 yields k = 42. *xr+42y—5z=28
['leﬁ" = <0, 2, 5>, ?Td =<1, 4,0> anda = OP x 04 = <—20, 5, —2>.
a is normal to the plane, so an equation is —20(z — 0) + 5(y — 0) — 2(z — 0) = 0,
or 20z — 5y + 2z = 0.
E0PF = <-2,2, —1>, PR = <0, -2, —1>,anda = PQ x PR = <—4, —2, 4>.

a is normal to the plane, so an equation is —4(z — 1) — 2(y — 1) + 4(z — 3) = 0,
or2z+ y—2:= —3.

— — —_— P~
28] PQ = <—4, —1, —=3>, PR = <0, —6,0>,and a = PQ x PR = <—18, 0, 24>.
a is normal to the plane, so an equation is
—18(z—3) 4+ 0(y —2) +24(z— 1) = 0,0r 3z — 42z = 5.
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(a)z=3

(b) y = —2

Figure 29a
(8) z=—4

Figure 29b
(b)y=10

Figure 29¢

(e)z=—2% o

Figure 30a

Figure 30b

Figure 30¢

The plane is orthogonal to the zy-plane passing through (3, 0, 0) and (0, 6, 0).

(3,0,0) 0,6,0) y

(0,0, -12) F =<

Figure 31

Figure 32

Figure 33

(32] The plane is orthogonal to the zz-plane passing through (8, 0, 0) and (0, 0, —12).
[33] The plane is orthogonal to the yz-plane passing through (0, £,0) and (0, 0, —3).
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[34] The plane passes through the points (—4, 0, 0), (0, —20, 0), and (0, 0, 5).

(-5,0,0)
/ . 10,0)
x R —
(CI,l 0, -2) .
Figure 34 Figure 35 Figure 36

[35] The plane passes through the points (—5, 0, 0), (0, 10, 0), and (0, 0, —2).
[36] The point of intersection with the three coordinate axes is (0, 0, 0).
The trace in the zy-plane is z + y = 0, in the zzplaneis z 4+ z = 0,
and in the yzplaneis y + z = 0.
The trace of the plane in the zz-planeis z 4+ z = 5.
Since the plane is orthogonal to the zzplane, the y-coordinate coefficient is zero.
[38] The trace of the plane in the yzplane is y + z = 4.
Since the plane is orthogonal to the yz-plane, the z-coordinate coefficient is zero.
[39] The trace of the plane in the zy-plane is 3z + 2y = 6.
Since the plane is orthogonal to the ry-plane, the z-coordinate coefficient is zero.
The trace of the plane in the zz-plane is z 4 22 = 4.
Since the plane is orthogonal to the zz-plane, the y-coordinate coefficient is zero.
A normal vector for the plane is <4, —1, 3> and an equation for the plane is
4z—1)—Uy—2)+3(2+3)=0,0ordz—y+3:4+7=0
[42] A normal vector for the plane is <—2, 3, —1> and an equation for the plane is
—2z—-3)+3(y+2) —1(z—4) =0,0r -2z + 3y — z+ 16 = 0.
Py(5, =2, 4), P,(2,6,1) = PP, = <—3, 8, —3> and
1—5_3¥+2_:-—4

= i =3 is a symmetric form for the line through P, and P,.
Pi(=3,1, —1), Py(7,11, —8) = P_;Pz = <10, 10, —7>; £ i{('] 3 _ ¢ 1_0 s = z_+71
s p—
Pi4,2, =3), Py(=3,2,5) = FP, = <~7,0,8> 254 =243, y =
B8 A5 ~7,4), Pi(-2 —L4) > PPy = <-7,6,0 255 = LT, 1= 4
@7z + 2y =17+ 92(E,); 2z — 3y = —172(E,)

2B =By =Ty =14 + 352> y=2 + 52
3E, +2E;, =2 T2=21-T:=2z=3—12 *xz=3—-tLy=2+06tz=1
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(48] 2z + 5y = 13 — 16z (E,); y —z—2y= -5+ 62(E,)
E, +2E;, = y=3—4z
2E, 4+ 08E;, » —z2=1—-2z2=32=—-14+27 kz=—-14+2{,y=3—4t,z2=1

[49] —2z + 3y = 12 — 9z (E,); t—2y= —8 + 5z(E,)

E,+2E,= —y=—4+z=>y=4—-2z

2E, +3E, = —z= -3z z=3z *z=3,y=4—-1z=1
[50) 5z — y = 15 + 12z (E)); 2z + 3y = 6 — 22(E,)

2E, = 5E, = =1Ty=34:= y= -2z

3Ey +E;, = 1Tz =51 +3z=>z=3 + 2z *xz=3+2,y= =2, z=1

B P, —1,2);32—-Ty+2—-5=0=
I3(1) — 7(—=1) + 1(2) — 5| _ 4
h p— = ~ 0.91-
182 + (=72 + 12 {59

BT PGB, 1, =2);2:+4y—5:+1=0=

h= I2(3) B — ) o 1' =-2L =L 313
12 + 8 + (-5)? {15~ {5
The normal vectors are a = <4, —2, 6> and b = <—6, 3, —9>. They are parallel
since b = —3a and hence, the planes are parallel. Since (0, 0, }) is on the first plane,

|—6(0) +3(0) — 93) — 4| _ 14
{07 + 3 + (-9  6{id
The normal vectors are a = <3, 12, —6> and b = <5, 20, —10>. They are parallel
since b = §a and hence, the planes are parallel. Since (0, 0, 1) is on the first plane,
|5(0) + 20(0) — 10(3) — 7| _ 3

52 + 207+ (-10)7  15¥21
0.45.

its distance from the second plane is h = =~ (.76.

its distance from the second plane is h =

@a:ﬁ=<1,2,2>mdb= CTi) = <—6, 2, 5>.
ax b =<6, —17, 14> and la x bl = ¥521. Also, c = AC = <3, 3, —4>.

_lexb)-c| _ gy _
Thu.s, d= I& 2 bl = ]-Sﬁ ~ 3.90.

- 'y
[56]a = AB = <—1,1,5>and b = CD = <7, 2, —2>.
axb=<—12 33, —9> and Ja x bl = {1314. Also,c = AC = <—3, —4, 2>.

axb)-c
Thus, d = I(Ta—;—ill = 311-5-4 = ?46 ~ 3.14.
[57) The points Q(1, 4, —3) {t = 0} and R(4, 2, —2) {1 = 1} lie on € and in the plane.
QP = <4, —4,5> and QR = <3, -2, 1>. QP x QR = <6, 11, 4>.
The plane is 6(z — 5) + 11(y — 0) + 4(z = 2) = 0, or 6z + 11y 4 4z = 38.
(58] The points Q(5, —1,7) {t = 0} and R(6, 1, 6) {1 = 1} lie on € and in the plane.
QP = <—1, -2, —7> and Gk = <1,2, —1>. QP x QR = <16, —8, 0>.
The plane is 16(z — 4) — 8(y + 3) + 0(z = 0) = 0, 0r 2z — y = 11.
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[59] Let D denote the projection of A onto the line through B and C.

— — e eee
Lata= T4 = =1, =10, 35 andc = FO = <& 5 75, 1as1B0),

and AD form a right triangle. §al = Y110 and ] compca = §F =

Thus, ZD = {({110)* = (67/490)* = .|5411/9o ~ T.75.

[60] Using the same notation as in Exercise 59, a = <3, 4, 4> and ¢ = <2, —4, 6>.

= — 2 _ Y4
1al = Y41 and compca = 7 T

Thus, AD = [(V41)? — ({14/2)? = }6 =~ 6.12.
Refer to Example 3 of Section 14.4. To obtain two points on the line, let ¢ = 0 and
= 1toget A(3, —4,1) and B(1, —1,3). a= AB = <—2, 3, 2> and
= TP = _laxb| _[<-19, -8 —7>] _ I 474 ,,
b AP..< 1,5 —3>. d T2l T ~ 5.28.

[62] As in Exercise 61, we have A(1, 3, 0) and B(5, 2, 3). a = AB = <4, —1, 3> and

= _laxbl _[<7,10, —6>] _ I_185 »
= AP =<2, -2, —1>. d= EY) 1% = |98 ~ 2.67.

,1,,,

[63] (10z — 15y + 6z = 30) - 35 © gt t+ti=1

64 (122 + 159 — 20: = 60) - & E+ §+ Z =1

Using the intercept form, an equation is g + % + ‘-i =1,0r 6z + 4y + 3z = 12.
[66] Using the intercept form, an equation is i + g + % = 1, or 5z + 4y + 10z = 20.

(a) From the graph, P = (0.55, 0.30).
(b) f'(z) = 2z cosz® = f(0.55) ~ 1.05. ¢(z) = —sinz — 1 = ¢/(0.55) ~ —1.52.
The vectors v = i + 1.05j and w = i — 1.52j are approximately parallel to the

tangent lines. cosd = YW —0.60 —0.23 = 8§ ~ 103",

IVIIWI (1.45)(1. 82)
_ The angles are 103" and 77",
y y

Figure 67 Figure 68

(68] (a) From the graph, P ~ (0.17, 0.50).
(b) f(2) = =3 + 322 = £1(0.17) = —2.91. ¢(z) = 52* = ¢(0.17) = 0.004.
The vectors v = i — 2.91j and w = i + 0.004j are approximately parallel to the

-w 0.99
tangent lines. cosf = IVIIWI (3 08)(1 00) ~032=0=T1".
The angles are 71" and 109°.
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[[ Circular cylinder with directrix z* + y*> = 9 and rulings parallel to the zaxis.

X - -
Figure 1 Figure 2
[2 Circular cylinder with directrix y? + z* = 16 and rulings parallel to the z-axis.
[3] Elliptic cylinder with directrix 43* + 922 = 36 and rulings parallel to the z-axis.

Figure 3 Figure 4

[@ Eliptic cylinder with directrix 2 4+ 52* = 25 and rulings parallel to the y-axis.
[B] Parabolic cylinder with directrix z> = 9z and rulings parallel to the y-axis.

Figure 5 Figure 6
[6] Parabolic cylinder with directrix z2 = 4y and rulings parallel to the z-axis.
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Hyperbolic cylinder with directrix y> — z° = 16 and rulings parallel to the zaxis.

Figure 7 Figure 8
Hyperbolic cylinder with directrix zz = 1 and rulings parallel to the y-axis.

@ The surface is an elliptic paraboloid with z positive—choice K.

The surface is a circular paraboloid with y positive—choice N.

The surface is a hyperboloid of one sheet with the z° term being negative—choice C.
[1Z] The surface is a hyperboloid of one sheet with the 3 term being negative—choice O.
(13] The surface is a hyperboloid of two sheets with the y? term being positive—choice Q.
The surface is a hyperboloid of two sheets with the z> term being positive—choice H.
(18] The surface is a cone opening in the positive and negative y direction and having the

form y? = Az’ + Bz*—choice P.
[16] The surface is a cone opening in the positive and negative z direction and having the

form z? = Ay® + Bz*—choice G.
[17] The surface is an ellipsoid with z- and g-intercepts larger than the zintercept—

choice A.
(18] The surface is an ellipsoid with z and y-intercepts larger than the z-intercept—

choice J.
(18] The surface is a hyperbolic paraboloid with z positive in the zz-plane,

z negative in the yz-plane, and “facing along the z-axis” —choice E.
The surface is a hyperbolic paraboloid with y positive in the zy-plane,

y negative in the yzplane, and “facing along the z-axis” —choice L.
Note: It may be an interesting review exercise to orally quiz students by having them

identify all of the choices A-R. The other choices are:
B. Elliptic paraboloid opening in the positive z direction
D. Cone opening in the positive and negative z direction
F. Hyperboloid of two sheets with the z* term positive

(opening in the positive and negative z direction)
L. Ellipsoid with y-intercepts being the largest and z-intercepte the smallest

M.Hyperbolic paraboloid with y positive in the yz-plane,

y negative in the ry-plane, and “facing along the z-axis”
R. Hyperboloid of one sheet with the z* term negative

(opening in the positive and negative z direction)
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[21] Ellipsoid with z-, 3, and zintercepts at +2, +3, and + 4.

Figure 21

Figure 22

[22] Ellipsoid with z-, 3, and zintercepts at +1, +3, and + 2.

B@ L +y-~=1

Figure 23a
E@) £+ -3 =1

Figure 25a

Figure 25b
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2 2
@) #-%-% =1 BE-2-5=1 .

Figure 26a
2,0 U
[27] (a) e

Figure 27a

e E+5-a=0 B =47+ 7 o

Figure 28b
(b) z’+%——-z=0 .

Figure 29b
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Figure 30a
() 2= — ¢

Figure 32a

B E+L-2=0 o

Figure 30b

(b)z:y?-—::2 .

Figure 32b

@1622—4;12—23-{—1:0@:2-%!’2 32=l;

[

y
Figure 33

174~ 1/18
a hyperboloid of one sheet with axis along the z-axis.

Figure 34
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2 2
8='+4y2+23=1s¢%+¥-+%=1-
an elhpsoxd with z-, 3, and zintercepts at + {2, 2, and £4.
3z =0y + 2 o = T+ 36; a paraboloid with axis along the z-axis.

isa]

Figure 35 Figure 36
¥

(36] 162" + 10097 — 254 _4009% ——?_1

a hyperbolmd of one sheet with axis along the z-axis.

P = 16y° = 42° & 2° 4, a cone with axis along the z-axis.

1/16 i/

Figure 38

a hyperboloid of two sheets with axis along the z-axis.

B3 9z + 4y® + 2 —36¢4+3’ +§%_

an ellipsoid with z-, y-, and zintercepts at £2, £+ 3, and +6.

Figure 39 Figure 40

LR
16y =12 +422 & y = f—ﬁ + %; a paraboloid with axis along the y-axis.
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[41) Cylinder with directrix z = e' and f'ulings parallel to the z-axis.

Figure 41 Figure 42

[42] Circular cylinder with directrix 2% + (y — 2)* = 1 and rulings parallel to the z-axis.
4z — 3y = 12 is a plane orthogonal to the zy-plane.

Figure 43 Figure 44

=+ +3=2ei+i+i=y

a plane with z-, ¥, and zintercepts at 6, 3, and 4.

2

@yz—gzz—zz—9=0¢%—zz—§9—z=l;

a hyperboloid of two sheets with axis on the y-axis.

Lz

Figure 45 ’ Figure 46

2 2
[6]36z° — 16y° + 92 =0 & % = 43—/9 ¥ 1617); a cone with axis along the y-axis.
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@ :=1v — 32 o @8- 7

F/gure 47

Mz=2zy+ 2 o

B
Il

Figure 49 Figure 50
Substituting % 4 z* for z° gives 2% + 22 + 4y* = 16, which is an ellipsoid.
Substituting y*> + 2* for y* gives y* + 2> = 4z, which is a paraboloid.
(53] Substituting ? + y2 for y? gives 7 = 4 — - %, which is a paraboloid.
[54] Substituting Jz’ + 2 for z {2> 0} gives J:’ +P2=ePa B ="
[55] Substituting y? 4 22 for 2% gives y* + # — 2* = 1,

which is a hyperboloid of one sheet.

(56 Substituting + {2% + 2 for z gives (£ ,Ir’ +P)r=1=23 (P + PP =1
(a) The Clarke ellipsoid is flatter at the north and south poles.

(b) Since a = b, these curves will be circles, or more generally, ellipses.

(4:)3(—171:'.::#:+""l’2"'2 f—1=(1+m):2+’_l{smcea.ab},
which are ellipses.

[ 14.7 Review Exercises

32 — 2b = (9 — 3j — 12k) — (4i + 10j — 4k) = 5i — 13j — 8k

@ a:(b=c)=(3i—j—4k)-(3i + 5 — 8k) = 3(3) — (5) — 4(—8) = 36
B 1-3bl = |-6i — 15) + 6k| = {(=6)® + (—=15)* + 67 = {297 = 333
@ b+ecl=]G+5+4)]={1"+5° +4° = (&2

B 1a =2a-a=3+(-1)* + (-4)* =9+ 1 + 16 = 26

B 1axar=1J0] =0
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=i = =27 =2 g =27 ~ 150.52"
cosf = alicl JQ_GT ]36-2' = arccosm

_ a-i _ . — bsi __ -1 =5 .,
c.oscar——“."i —réamﬁ&%, cosﬂ—-l—l—b |i|_m=>ﬂ~101.31,

cosy = T=7~14167'

ICIIII
u=—‘=q—(31—3-—4k)

@ Isl = m-r"%=_3"{’—
the desired vector is Tr( —3i 4+ j + 4k)
(Daxb =22 = 2 + 17k
@I(b+c)xa=(i+5 +4k) x (3i —j — 4k) = —16i + 16j — 16k

(i3] compy a = a‘l%l

compa (b x ¢) = (b x )35 = <30, =10, 5> -m<3, -1, —4> % 15.69
[15] (2a) - (38) = (2-3)(a-2) = 6(26) = 156

[16] (2a) x (3a) = (2+3)(a x @) = 6(0) = 0

[T(axec)+ (cxa)=(axc)—(axc)=0

{8 (axc)x(cxa)=(axc)x(=1)(axc)= —ll:(a.xc) x(axc)]= —1(0) =0
@ V= |(a xb)-c| = |<22, -2, 17>-<—1, 0, 6>| = |80| = 80

20 A = ila x bl = }]<22, —2, 175] = 3777 ~ 13.04

[21] Since a-b = 0, a and b are orthogonal by (14.21).

[22] The force vector is }g‘;

The work done is 183 -PQ = 1§(<4, 7, 4> - <2, 4, 3>) = 2(48) = 96 ft-Ib.
EB () {(—6)° + (-1* + 1" = rs
(b) M(A, B) = (5 = 1 —32— 4, 2 -%- 3) = (-
© (z+1)*+(+4)?+(z—32=4"=16
(dy=—4 ()BA=<61 —1> z2=5+64,y=—3+142+2—1
6] AB = <—6, —1, 1>;
—6(z—5) —1(y+3)+1(z—2) =0,0rb6z+y— z=25
Since the normal vector n for the plane must be orthogonal to both
Efq =<0,7,2>andi,n = BA xi= <0, 2, —7>. Using A(0, 4, 9) and n,
an equation of the plane is 2(y — 4) — 7(z — 9) = 0, or 2y — 72z = —55.

z ¥ F o , i =
@(54.:24_3_1) 30 & 6z — 15y + 5z = 30

=<3,—1,—4>-f§§<2,5 2>=T’= 1.57

LU

'3

[26] Solving each equation for 1 yields -’—E——3 =2 —y=

TN
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272z + y = 8 — 42 (B)); 4+ 3y= -1+ z(E,y
E, —2E, = —5y=10—-6z=y= -2+ §z
3By — B, =252=2-18z=>2=5-1
If welet z = 51, then z = =131 + 5 and y = 6t — 2.

[28] The plane’s equation has the form 5z — 4y + 3z = k.
Substituting z = 1, y = 3, and z = —2 yields k¥ = —13.
[29] The plane’s equation has the form az + 3y — 4z = 11.
Substituting z = 4, y = 1, and z = 2 yields 4a = 16, or a = 4.
Bl(z—4)’+(y+3)?=125
"R RN RTINS
82+3—§+12“1!0r64+ 9 +Z —1
[32] Substituting % {2 + y for z gives z = £ {22 + 4%, or 2 = 2? + ¢
B3)(a) PO = <—5,3, —1> and PR = <2, —4, 25;
— — ac R R
PQ x PR =<2,8 14> = u= z‘{6_6<2, 8, 14> = m<1,4, >
(b) Using P(2, —1, 1) and the vector <1, 4, 7> from part (a) gives us
(z=2)+4y+1)+T(z=1)=0,0orz + 4y + Tz = 5.
(c) ﬁ=<7, -3 z2=2+T,y=—1—-Tlz=1+ 3t
@) @P-QR = <5, -3, 1>-<7, -7, 3> = 59
QP - QR 59 59
e) cosf = = = @ = arccos & 15.40°
(¢) ]5}4 lok| {35 {107 {3745
(0 area = 3|78 x PR| = 32465) = 466 ~ 8.12
. —
7% x PRl o6
(8) d="F—— = ~ 2.75
IPQI 135
[34] Direction vectors for the given lines are a; = <2, —4, 8> and a = <7, —2, —2>.

ay - a 8 1 > .
cosf = —1 = = 6 = arccos ~ 85.03" and 180" — 4
: Pilled = J34457 T~ 2
[35] Setting each factor equal to t and solving for z, y, and z yields z = 3 + 24,

y==1-44,2=5+8 and z=-1+T4,y=6—2t, z= -] — 21

24+ 1y = —4+ 51, to — 59 = =6
1+ to= 2—20(;:? to+21lu = 13‘02—1,‘0021
4+Tig = 1'—4120 7‘0+4Uo = —3

Lines intersect at (1, 0, —3).

Direction vectors for the given lines are a; = <1, 1, 7> and a, = <5, —2, —4>.

ay " a
cosh = i-82 _ 325 _. g _ —25 ; 121.46" and 180" — 8
Rl =~ e areeos 12205 o
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Let P = (1, 3, 0) and @ = (3, 2, 5) be on the line.
Then, PA = <2, —2, —1> and PQ = <2, —1, 5>.

— -
_ |PG x PA| _ 1<a1, 12, —25] _ g
i _ - I ¥
Using Example 3, §14.4, d IFbI I<2, =1, 5>] 30~ -
Blz? +* +2 — 14z + 6y —8z+ 10 =0 &

(z =7 + (v + 3)* + (2 — 4)? = 8% a sphere with center (7, —3, 4) and radius 8.

~ Figure 39 ~ Figure 40

4y — 3z — 15 = 0 is a plane orthogonal to the yzplane.
The trace in the yz-plane is y = ¥.

3z — 5y + 2z = 10 is a plane passing through the points (339. 0, 0), (0, =2, 0),
and (0, 0, 5).

(0, -2,0)

(®.0,0

X

Figure 41 Figure 42

Parabolic cylinder with directrix y = 2> + 1 and rulings parallel to the z-axis.
Elliptic cylinder with directrix 9z° + 4:° = 36 and rulings parallel to the y-axis.

x
Figure 43 Figure 44

MR +4y+92 =06 y= —L& — 2

9
a paraboloid with axis along the negative y-axis.
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2 AR 2 2 !fz O o
@2 4z = 0 — 4y ¢>§+9—/71—9/4—1,

a hyperboloid of one sheet with axis along the z-axis.

‘Figure 45 Figure 46
222 + 42 — P =08 P = l—z-/% - -11724; a cone with axis along the y-axis.
22—422—y’=4<:'%2—z2—‘1§:1;

a hyperboloid of two sheets with axis along the z-axis.

Figure 47 Figure 48
:’+2y’+4z’=16¢ri’g+¥;+§;=1;
an ellipsoid with z-, y-, and zintercepts at + 4, +242, and +2.
P -4y =42 2= %2 — y% a hyperbolic paraboloid with z positive in the

zz-plane, z negative in the yzplane, and “facing along the z-axis”.

Figure 49

@z:g—:z—y2¢z=9—(zz+y2);

a circular paraboloid with vertex (0, 0, 9) and opening downward.



Chapter 15: Vector-Valued Functions
@ (0) = <0, 1>. r(l) = <3, —8>.
r=3tandy=1—-9 = y=1—-(31)2 =1 - 2%

To determine the orientation, examine r(?) for increasing values of 1.

y y
r(0)
x
o) w(1)
x
r(l)
Figure 1 Figure 2

@ r(1) =<0,1>. 1(2) =<-7,2> z=1—-Ffandy=1=>2=1—¢°
Sincey=1t>0,z< 1.
B (1) = <0, 3>. 1(2) = <7, 6>. z=i3—landy=1’+2:
pe el 1)1./:4: 2/3

andy=(z+ 1) " +2for—-9<z<T.

Figure 3 Figure 4
@ (3) =<2 —2> r(r) =<1, —3> £=2+costand y = sint — 3 =>
cost=z—2andsint=y+3 = (z—2)7 + (v + 3)? = cos’t + sin’t = 1.

Starting at (3, —3) {1 = 0}, this circle is traversed in a counterclockwise direction.
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B r(-1) = <2,3, —=1>. r(0) = <3, 2, 1>.

z=3+t,y=2—-i,andz=1+215’I3=21y=';1,

the symmetric form of a half-line with end point (2, 3, —1) {¢ = —1}.

Figure 5 Figure 6

r(0) = <0, 0,3>. r(}) = <3, —3,0>. y= —3sintand z = 3cost =
¥® = 9sin’tand 2 = 9cos?t = y? + 22 = 9. Similar to Example 4,
this is a circular helix along the positive z-axis with endzpoint (0, 0, 3).
r(0) = <0, 4,0>. r(}) = <5,0,9>. y = 4costand z = 9sint = 116 + Sél =15

C is an elliptic helix along the positive z-axis with end point (0, 4, 0).

Figure 7 Figure 8
x(0) = <0, 1, 2>. (}) = <], 2, 25>. Since z = 2, all points lie in the plane
2=2 z=tantandy=sect =y’ — z° = 1. Since —j<t<§ y>0.
z=c¢ costand y = e'sint = 2z’ + y* = % = ¥ = ¥ = r=¢".
Since 0 < t < 7, y = ¢ sint > 0 and Cis in quadrants I and II.
y 5 4

Figure 9 Figure 10
2 2
[0z = 2coshtand y = 3sinht = & — % = 1. z = 2cosht > 2 since cosht > 1.
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This is a twisted cubic. See Example 3. z =, y = 2%, and z = 3° =

y=2%andz=32. teR=2>zcR z€R,and y> 0.

364,16, 4

Figure 11 Figure 12
[12] This is a twisted cubic like the one in Example 3 except the roles of z and z have
been interchanged and 0 € 1 < 4. The end points are (0, 0, 0) and (64, 16, 4).
[13] Sinee z = 3, all points lie in the plane z = 3.
z:t’+landy=t=.'rz=y’+l.

Figure 13 Figure 14

[14] Since y = 4, all points lie in the plane y = 4.
==Bsintandz=25cost=>§%+az-;—5=1.
8lz=1t y=tand z = sint =

y = z and Cis a sine curve along the line y = z, orthogonal to the zy-plane.

x

Figure 15 Figure 16

6lz=1ty=2tandz=¢ =>

all points lie in the plane y = 2z and on the cylinder z = ¢*.
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@7 x(2) = 3sin ()i + (4 — £27%);, with 0 < 1 < 5,

has end points (0, 4) and approximately (—0.40, —7.18).
p

-

=0
Figure 17 Figure 18

@8 x(t) = 51" **i + 75}, with 0 < t < 2m,
goes through the points (1, e™*) = (1, 0.37) when t = 0, 2~.

- JZJ(%%)’ @
=5J at? + JJl+u du {u = 2t}

I:% ln|u+ ,ll + u |:| {Formula 21} =
g‘[ﬂﬁ +In(4 + Jﬁ):l ~ 23.23

+ (%) a= j:j(s)’ + (89)7 + (61)dt

I J(2t)2 + (tcost + sint)? + (—tsint + cost)® di

1+5£2dt EJ{- 1+ 4 du{u'—ﬁt}

%[‘2‘\]1-{‘11 +§lnu+Jl+u|:lr{Formula.21}
= 6 + e in({5 + 6) ~ 1.57

[21] L

2x
I J(—etsint + ¢* cost)? + (e')? + (¢ cost + ¢' sint)? dt
0

2 ar
= J "3t = {EJ e dt = {3(e?* — 1) ~ 925.77
0 0

@z = K'J(a)’ + (12c0831)* + (—12sin30) dt = r'm it =
J148(2r — 0) = 4737 ~ 76.44
@I = f {697 + 3O + () dt = J’: 0 + 42 + 4)dt = 3]1 E+2)d=

1
3J (2 +2)dt="1
0
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L= J'z J(—40? + (4% + (4% dt = 4]2 2% + 14t
0 [v]
= %IZ“JI +vldu {u=421) = %[%Jl + u? + %lnlu + Jl + u’[]:ﬁ
{Formula 21} = 12 + {210 (242 + 3) ~ 14.49
35 (a) 8%(a® + o) = b%(a® ™" cos®t + a? ™" sin’)

= b*a? " (cos®t + sin’t)
— a’(b’ eﬁﬂt) — a*?

(b) The curve C starts at the point (4, 0,4) {t =0}

and “spirals” on the cone 2> = 1:? + ¢

toward the vertex of the cone. Figure 25

(c) z= 4¢ ' cost, y =4e 'sint,and z = 4¢”F = J(%)’ * (%)2 t (5%)2 =

\J[—4e"(aint + cos t):l2 + [4:"((:081 — sil:li):l2 + [-4e = J48e7% =

o0
4{3¢*. Thus, [ = J 43¢t dt = 4{3 ,l_’."&, [—e 15 = 443.
0
z° !Iz 2 s 2y 2 2 2 2
[26] (2) ;-5+3-5+? = sin®1 sine + sin’t cos’a + cos®t
= sinzt(sinzor + cosza) + cos®t = sin®1 + cos’t = 1

(b) Planes that contain the zaxis are of the form y = kz. Thus, we may show that

y/z is a constant. -g: Iﬁiigit_%i% = %tana >y= (-2 tana)z, where%t&na

is a consiant. Thus, C lies in a plane which contains the zaxis.
2 2
(c) Cis the intersection of the ellipsoid E—; - %5 - f; = 1 with
the plane y = (% tan a) z, an ellipse.
(a) Let Az + By + Cz = D be the equation of an arbitrary plane.
Then z = at, y = bt%, and z = ct® = A(at) + B(b1®) + C(ct®) = D,

which is a cubic equation in t. This equation has at most 3 roots.

(®) L= I:J(S)’ + (62)? + (31°)% dt = 7 { see Exercise 23 solution }

(a) In the first figure, let the horizontal axis be associated with the variable t. Since
the slope of the line segment is m, z = mi. Now, when the rectangle is
transformed into a cylinder, the line segment 0 < t < 27 {z=10} is
transformed into the unit circle 2 + y* = 1, where ¢ = 0, 2 correspond to the

point (1, 0). Moreover, z = costand y = sin{ is a parametrization of this circle.
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(b) Let ¢ = 1, correspond to the point P. In rectangle ABCD, P has coordinates

(1py m1y) and its distance from A is d(4, P) = Jt% + m? = {1 + m?4, {The
shortest distance in a plane between A and P is a straight line distance.} On the
cylinder, the length of the helix from A to Pis

t t
L= J.O.J(—sint)2 + (cost)? + (m)?dt = I°ﬁ+ midt = {1 + m’to
0 0
The distance L is equal to the minimum distance d(A, P).

M (@ t=1>0=>t>1and2=1>0=1< 2 Domain D = [1, 2.
®) () = ¢ - 7% - je - 97
(2) D= {t:1#0) v = —4 - )i je - 97
a = {1:1 0}.
(b) r'(1) = —tl,i + 3cos3tj; r'(f) = t%i — 9sin3tj
Bl (a) D= {i:1% § + mn}.
(b) r'() = sec’ti + (2t + 8)j; (1) = 2sec®t tanti + 2j
[4 (a) Since the domain of sin™! is [—1, 1], D = [-1, 1].
o) r() = 26575 4+ (1 — ) s ,
vty = (42 +2) &+ 11 — 27
B (a) D= {t:1# § + mn}.
(b) r(?) = 2ti + sec’tj; (1) = 2i + 2sec’t tantj
B (a) D= {t:1 # 0).
(b) F(9) = 37225 — 17 — g ei(t) = —B P54 273 + otk
() D= {t:t> 0}.
(b) ¥(4) = 2_fﬁi +24 + k() = _ﬁ; + 4%
(2) Since the domain of In(1 — #)ist< 1, D = {t:1< 1}.

(b) r() = —Li + costj + 2tk; (1) = _ﬁ,i — sintj + 2k

B (@) r==itandy=1=>z==4’;y>0
(b) 1(2) = —4i + 45 () = —1%i + 2t; r'(2) = —8i + 4

Figure 9 Figure 10
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[0)(a) z=e*andy = e** = y=(—e,1‘—),=;1§;220
(b) £(0) =i+ j; r'(1) = 2e*i — 4e~*5; '(0) = 2i — 4j
2
11 (a) z=4costandy=23int=>%+%= 1

(b) () =

—242i + {2j; ¢'(f) = —4sinti + 2costj; ¥(YF) = —2{2i — 2]
AY

{7 }

Figure 11

Figure 12
2 2
@I(a)::=23ectandy=3tani=>%—%=l,zz2sincelil<§ .
(b) x(3) = 242i + 3j; r'(t) = 2sect tanti + 3sec’tj; ¥'(§) = 242i + 6

@(a)::=iaandy=t_s=>y=-%,z>03incei>0

(b) x(1) =i+ 3 () = 3% — 34 v(1) = 3i — 3

r(l)

Figure 13

Figure 14
[(a) z2=Pandy=2=z=y"

(b) x(=1) =i — j; (1) = 2ti + 33§ ¢(—=1) = —2i + 3§
@5](a) z=21—landy=4—t =y = —iz+%

(b) x(3) = 5i + j; ¥() = 2i = §; ¥(3) = 2i — j
y

r'(2)

r'(3
(3) @)

Figure 15

Figure 16
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[6(a) z=5andy=1> = z = 5sincey € R.
(b) =(2) = 5i + 8; r'(f) = 3¢25 ¢'(2) = 1
@@=(@) = (26 — 1)i + (=5 + 3)j + (8 + 2)k = r'({) = 6£*i — 10tj + 8k.
P(1, —2, 10) occurs when z = 8¢ + 2 = 10, or t = 1. r'(1) = 6i — 10j + 8k.
A parametric equation for the tangent line to C at Pis
z=1+6t,y=—2—10t, z = 10 + 8%
MEe(t) = aii + (1 — 10)j + $k = r(1) = %i 42 = t%k.
P(8, 6, 1) occurs when z = 4/t = l,ori = 4. r'(4) =i + 8j — jk.
Anequationisz =8 + ,y =6 + 8, z=1 — 1.
[@r(t) = e'i+ te'j + (1> + )k = r'() = €'i + (L + 1) e'j + 2tk.
P(1,0,4) occurs when z = ¢ = 1,0ort = 0. r'(0) =i + j.

Anequationisz=1+t,y=1 z= 4.
[20)x(1) = tsinti + 1 costj + tk = r'(f) = ({ cost + sind)i + (—isint + cosi)j + k.
P(3,0,3)occurs when z =t =2 r(}) =i—-}j+ k
Anequationisz=% + 4, y= =5, z=3F + 1
Bhr(t) = i+ e'j + (2 + 4k = r'(1) = 2¢*i — e7*j + 2tk.
P(1, 1, 4) occurs when z = ¢** = 1,0r ¢ = 0. r'(0) = 2i — j and ['(0)] = 5
Two unit tangent vectors: £ Q‘E (21 —3j)
[22]x(1) = (2 + sin®)i + costj + tk = r'() = costi —sintj + k.
P(2, 1, 0) occurs when z =t = 0. v'(0) =i + k and |'(0)] = {2
Two unit tangent vectors: + ;I‘-2 (i+Xk)
23 x(1) = (ac"’ cost)i + (ac*’ sint)j + (be"')k =
r'(f) = (ape"’ cost — ac" sin)i + (ape"* sint + ae”’ cost)j + (bpe Yk =
I = & Jazp’ + o + b2u?. Now, r'(f) -k = bue* = Ir'(n]iklcos 6 =
r’(i)-k bu
T POl T [P0+ @+ o
Z4r() = (3t — )i+ (3)j + (3t + Hk =
r(f) = (3 — 3)i + 6tj + 3(L + )k = |r(1)] = 18(# + 1).
(1) u 31+ _ 3

Since cosf = -I—, it follows that if u = k, then cosf = m(_tz-i-_l) = m,

a constant. Thus, u = <0, 0, 1>.

which is a constant.

[25] Since r(1) = r'(%), it follows that z = ae’, y = be’, and z = ce' for constants a, b,
and c. Let s = ¢/ > 0. Then z = as, y = bs, and z = cs, which is the graph of all
points on a half-line in a fixed octant that approaches the origin O.

The octant is determined by the signs of q, §, and <.
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DiJe()]* = D,[x(¥) -x(1)] = 2(2) - ¥'(1) + x'(2) -x() = 2[x(8) - x'()] = 2(0) = 0.
Thus, |x(#)]? is a constant and C lies on

a sphere with radius |r(1)] and center at the origin.
2,
Pl L (6% — 4tj + 3k)dt = [26%i — 2¢%) + 3tk ]; = 16i — 8j + 6k

J" (=541 + 8% — 3%) dt = 2J'(—3t2k) diine -2[:%]1 = —2%
-1 0 0

/4 ’
(sinti — costj + tantk)dt = [—-costi — sintj + lnlsectlk];/ =

(1- ]&;)i - i+ @)k
1 2 2 1
L (e + Y3 + (2 + 1)K dt = Bc(‘ N+ q5+ t.an"tk:lo =

@

0

(e —Pi+3i+fk
B r() = i + (6t + 1)j + 8k = r()) = i + (3£ + 9)j + 20'k + ¢
r(0) = 2i — 3j + k and 1(0) = 0i + 0j + Ok + ¢ = c = r(0).
Thus, 1(f) = (32 + 2)i + (317 + t — 3)j + (2¢* + )k
B r(l) = 2 — 435 + 641k = 1(1) = 2ti — *§ + 4k + .
1(0) =i+ 5] + 3k and r(0) = 0i + 0 + Ok + ¢ = c = x(0).
Thus, (f) = (2t + 1)i + (5 — #*)j + (4 + I)k.
B3 (1) = 6ti — 123) + k = r(d) = 3821 — 41°j + tk + ¢,.
r'(0) =i+ 2j — 3k and r'(0) = 0i + 0j + Ok + ¢; = ¢; = r'(0).
Hence, (1) = (34 + 1)i + (2 — 42%)j + (¢ — 3)k and
() = (£ + )i+ (20— 1)j+ (32 - 3)k + ¢,
1(0) = 7i + k and r(0) = 0i + 0j + 0k + ¢; = ¢; = r(0).
Thus, r(t) = (£ + t+ 7)i+ (2t — )i+ (§1* - 3t + Dk
Ba (1) = 6ti + 3j = (1) = 3%i + 3tj + ¢;.
r(0) =4i — j + kand '(0) = 0i + 0j + 0k + ¢; = ¢; = r’(0).
Hence, r'(1) = (34 + 4)i + (3¢t — 1)j + k and
() = (£ +4)i+ 32 — 0)j + tk + 5.
1(0) = 5j and r(0) = 0i 4+ 0j + Ok + ¢, = ¢, = r(0).
Thus, r(t) = (& + 4)i + (3 — 1 + 5)j + tk.
[35] From Exercise 19, r'(0) = i + j. An equation of the plane is
z-1D+1y—-0)+0(z—4)=00rz+y=1.
[36] From Exercise 20, '(5) = i — %j + k. An equation of the plane is
(z—35—-3v—-0)+1(z—F =0orz—Fy+2=r.
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B7 (1) u(t)-v(1) = tsint +  cost + 2t sint =
Di[u(?)-v(f)] = tcost+ sint — #*sint + 2{ cost + 24° cost + 64° sint
= (1 4 5¢%)sin? + (2> + 3t)cost.
(2) u(t) x v(t) = (2 sint — * cost)i — (2t sint — > sin?)j + (1 cost — ¢? sint)k
= Dy[u(f) x v(#)] = (2¢* cost + 41sint + *sint — 3¢ cos )i
— (2tcosi + 2sint — 3 cost — 3?sini)j
+ (—tsint 4 cost — #? cost — 2t sinf)k =
[(£ + 4t)sint — £ cost ]i + [(3* — 2)sint + (£* — 20)eosi |j +
[-3tsint + (1 — #)cost ]k

B8] (1) u(t)-v() = 2te™® — 6t + £ =
Dy[u(d) - v(f)] = —2te™" + 27" + 2™ — Be™" + 20 = 21 + 4te™ — 47
(2) u(®) x v(f) = (6t + t?e7")i + (Pe™" — 21)j — (B2e™")k = Dy[u(1) x v(1)] =
[6+ @—= e i+ [@—)e" —2]i + [(8t = 8)e k.
Note: For many remaining exercises, we will use the notation
u(t) = <wuy, uy, uz>, where up = f(f) for n = 1, 2, 3.

Similarly, v({) = < v, v;, v3>, where va = gn(#) for n =1, 2, 3.
39 (2) ,li_‘}}'[“(‘) +v(i] = lim < + v, 4 + v u3 + v3>

= L ok Ji g o B o Tl g ok i g

S by i &, 'l'_u.na 4>+ lim v, sﬁ-ﬂ Y2 'li_r.n‘ vs>
= :h-'o‘}-;< Uy, Uy, B> + '1'_11’1='<v,. Un, Ug> = 'li_lau(t) + ‘lm v(1).
(b) Jim [u(®)-v(})] = lim [uy 9 + wyv; + ugvg]

Jim, v Jy o+ fim o i+ Jim s fi o

=< Jin 0, i v, Jim 45> <Em v, Jim v, lim v>
= tlx_x.n‘.lu(t)-'li_x‘n“v(i)
(c) lim cu(t) = Hm <ew, cuy, cuz> = <c lim u;, ¢ lim u;, ¢ lim u3> =

c'li_xa<u1, U, ug> = c'li_x.ndu(t)

lim (R u(®) = Jim <f(8) wy 1) g, () ug>

t—*a

< i £(4) Jim, w, Jiz f(9) i vay Jin 9) Y, ws>

dim 1) <lim e, jim o, fim w>

‘Ii_ra f() 'li_l,‘}' <y, Uy, US> = ‘r_lﬂ ) ‘li_f,'}, u(?).
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[41] Let u(t) = <wu,, 1y, uz>. Now, 'lirpau(i) =b = <by, by, b3> =

'l_i_l.n‘ % = bli ‘IL[IL Uy = bg, and ‘l'_u‘z}‘ Ug = bs- Thus, Ye > 0, 361, 62, and 65,
respectively, such that |t — el < 6; = |y, — | < f;, [t —al < 65 =

|uz — bzl<:f;,a.nd]i—a|<5a = |ug — b3|<f.§.

Let § = min(4,, 65, 83). Then if |t — al < 4, Ju(?) — b] =

{w =0+ -0+ s =P < (§) + (&) + (§) =«

Conversely, if Ye > 0, 36 > 0 such that Ju(f) — b] < ¢ whenever 0 < |t — al < 4,

then, for the (¢, &) pair, J(ul - 5) + (u; — 8,)° + Eus —b)l<e=
oy, — by| < ¢, |uz — by| < ¢, and |u; — by| < € =
'li_x’rh 4 = b, ‘h_r.r!’u, = b,, and 'li_r.r{‘ Uy = by = tli_1.1'£I u(t) = b. Graphically, this
means that as ¢ — a, the terminal point of u(t) approaches the terminal point of b.
@}i_{’}, [“(‘) X ".(‘)] = ‘“_Y;ﬂ“[(“a"s — wug)i — (hug — nug)j + (yv, — vluz)k:l
= [limw i = Jiy v iy ]
i I:tli—?}: %0 %~ B i u":lj
+ [‘l'_u'.no u lim v; — lim v lim u,]k = lim u(?) x Jim v(?)
Dy[u(t) + V()] = Dy<uy + v, up + v, 3 + v3>
= <uj + ], uh + v, vy + vh>
= <y, 1, ¥s> + <), v, v5> = w(1) + V(1)
[ u(t) x (1) = <ugvs = vatug, vy Uz — Uy Vg, Uy Ty — B UD.
D, [u(i) x V()] = < uy vy + wpug — vy uh — thug,
v Uy + viug — w vy — v vy,
Uy vy + U vy — vy uh — v U >
= <5 — VU, YUy — U, U Y — vup> +
<uhvg = vpuf, vy uy — ul vy, uwl v, — v ub>
= <1y, Uy, 3> X <"’l' ”’7! véi> +
<u, uh, US> X <y, Uy, Up> = u(t) x V(1) + u'(1) x v(i).
Dy <f(#) w1, f(1) ugy £(1) ug>
<[ + () uy, F(@) wh + (1) ugy £(D) us + f/(2) ug>
<f(t) uf, f(2) wl, f(§) u4> + < f'(2) uy, (1) uy, f'()ug>
f@Wu'(®) + f(H)u(y)

(45] D, [f( 1) “(i)]
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(48] Let u(f) = < m(1), n(t), p()>. Dyu(f()) = D, <m(f(1), a(f(1)), p(f(1))>
= <m'(f(1)) f(1), ' (F()) £ (1), 2'(F(1)) f'(1)>
= f'()<m’(f(1), »'(F(1), P'(F(1)> = f'(1) w'(f(1))
(47) Using (15.8), D¢[u(9)- v(2) x w()] = u(t)- De[v(?) x w(d)] + w'(d) -[¥(2) x w(t)]
= u(?) - [v(?) x w(2) + v'(2) x w(t)] + () -[¥()) x w(i)]
= [u(®)-v(t) x w'(8)] + [u(t) - v'(1) x w()] + [w'(9) - v(1) x w(t)]
D,[u(i) X u'(t)] = u(?) x v”(1) + w'(?) x w'(?)
= u(?) x v'(?) + 0 = u(t) x u"(1).

(49] (=a) J:[u(i) + v()] dt
= (J:(ul + 1) dt)i + (I:(uz + v,) dt)j + (I:(u, + v3) dt)k

b b
= I ("li + 1‘2} -+ ﬂsk) d! J
a a

+
(b) I:cu(t) e (cJ': wdt)i + (c'ru,dt)j + (CJ: ug dt)k

= c[q:ul dt)i & (I:u, at)j + (J: us dt)k:| = cJ:u(t) dt
(B0 Let R'({) = u({). RHS = c-J:u(i) dt = c-[R(H) — R(a)] (1)-
D,[e-R(#)] = Dyc-R(f) + c-R'(f) = c-R(1) {«¢ is constant} = c-u({). Thus,

LHS = J.bc'u(t)dt = [c-B.(b) - c-R(a)J = c-[R(b) - R,(a)] = c-r u(t) di
from (1).

b b
TR R D Lu(i) it + Lv(t) at

y=4+1=020" +1=12"+ 1 v(1) = r'(t) = 2 + 8tj; v(1) = 2i + 8j.
a(l) = (1) = 8j; a(1) = 8j.

Figure 1 Figure 2
B z2=4-9"=4—(31)> =4 - ¢°.
v(f) = (1) = —18ti + 3j; v(1) = —18i + 3j. a(t) = r"(¢) = —18i; a(1) = —18i.
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Bl y= 4cos2t = 4(1 — 2sin®t) = 4 — 82%. v(f) = costi — 8sin24j;
v(§) = 3431 — 4{3j. a(t) = —sinti — 16cos2tj; a(}) = —}i — 8j.

)

v(3mi4)

Figure 3 Figure 4
@ z=cos®t=1=sin’t=1-1i |y <2
v(t) = —2cosisinti + 2costj = —sin2ti + 2cos tj; v(3E) = i — {2i.
a(l) = —2cos2ti — 2sintj; a(3}F) = —2j.
[B] This is a circular helix along the z-axis. ¢ = 0 corresponds to (1, 0, 0).
v() = —sinti + costj + k; v(}) = —i + k. a(t) = —costi — sintj; a(}) = —j.

v(3arld)

Figure 5 Figure 6
This is an elliptic helix along the y-axis. v(f) = 4costi + 2j — 9sintk;
v(3) = —242i + 2 — {2k a(t) = —4sinti — costk; a(¥) = —242i + § {2k
@ =032=42 = ¢ + 2 =5 = 5a.
The curve lies on the circular paraboloid 5z = y* + 2%
vil) = 2ti+j+ 2k v(1) = 21 +j + 2k
a(1) = 2i; a(1) = 2i.

Figure 7
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This is a twisted cubic. v(1) = 2ti + 3#j + k; v(2) = 4i + 12j + k.
a(l) = 2i + 615; a(2) = 2i + 12j.

Az

p t=2 YO

Figure 8
v(f) = =267 — 30t + 1)7%5; v(2) = -k — §j.
a(f) = 4% + 6( + 1)7°5; a(2) = ki + 2j.
V@] = {(=9? + (—* = W3 ~ 0.60.
@ v(e) = 37% + 3775 v(4) = 4 + 15,
a(f) = =% — 17325 a(4) = —4i — &i.
' @] = ,](%)’ +@)’ = ﬁ; = 0.35.
@ v(t) = 261 — e*j; v(0) = 2i — j. a(f) = 4e®'i + &*j; a(0) = 4i + j.
Vo)l = {(@)? + (—=1)? = {5 ~ 2.24.
@B v() = 2 — 2t v(1) = 2i = 2j. a(t) = (@2 — 2) e }; a(1) = 2i.
Ol = 1@ + (=2/9* = 2{1 + (1/&) =~ 2.13.
[I3]v(%) = (' cost — ¢ sint)i + (¢’ sint + ¢f cost)j + e'k;
V() = /(=i 4+ +K). a(f) = —2¢' sinti + 2¢' costj + 'k;
af) = (=2 + K. @] = (=07 + ()7 + (1) = B ~ 833,
{4 v(t) = (cost — tsin1)i + (sint + teos?)j + 2tk v(3) = —3i +j+ 7k
a(t) = (—2sint — tcost)i + (2cost — tsint)j + 2k; a(}) = =2i - i + 2k
V)] = {(=9?* + 1)* + ()? = {1 + §=* ~ 3.65.
[18) For all 1, w(1) = i + 2j + 3k, a(f) = 0, and |v(#)] = V14 ~ 3.74.
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v(?) = 2i + 181k; v(2) = 21 + 36k. a({) = 18k for all &
V@] = {2)? + (0 + + (36)" = 10{T3 =~ 36.06.
Let r(f) be the position vector of the particle. :
By Theorem (15.9), §15.2, Jr'(#)] constant = 1"/(1) is orthogonal to r’(t) for every &
that is, the velocity and acceleration are orthogonal.
@8 (1) = 0 = '(t) = ai + bj + ck = 1(4) = (at + d)i + (bt + €)j + (¢t + f)k,
where a, b, ¢, d, e, and fare all constants. Thus, z = et + d, y = bl + ¢, and

2z = ¢t 4+ f. These are parametric equations of a line.
Note: If the acceleration is zero, then the velocity and hence,
the direction of the part.icle is constant. Thus, it must move in a straight line.

3 (a) Ja(t)] = 32 ft/sec? = 2% mi/sec’.
Ia.(i)l = ,—i‘ = m = mo—ol’m = v =~ 5.015 mi/sec =~ 18,054 mi/hr..
(b) w={z % 4.35 rad/hr = T = 2% x 1.4443 hr ~ 86.7 min.

T—%’T' Q’k{w—"}—%’i{y—rorv—r}_ZrJ_ga

2
R %g @8—":;-“5)(_32) 92,597,380 ft & 4280 mi. Altitude = 280 mi.

Note: Since the time units for g are in seconds, T must also be in seconds.
I x(t) = v, cosa)i + (—%gdz + tyy sing + hy)j =
(1500cos 30%) i + (—3g#% + 1500sin30"1)j = 75043 ¢i + (—3igt* + 750%)]
(a) v(t) = r'(1) = 750{3i + (—gt + 750)j

v AT | 2 2
(b) h=2 ;‘;‘ 2 (1500)2;“’ (1500) ~ 8789 ft. { g = 32}
g. 2 2
(© =8 sxynZa » (1500)gsm60 » (150293 \3 ~ 60,892 f.
() 4= 2ogsiner _ 2(1500) sin 30° — 1500
7 7 v

[M(1390)| ~ [(750{3)* + (~750)* = 1500 ft/sec, which is the initial velocity.

22 r(t) = (1500c0s607)2i + (—%g#* + 1500sin60"1)j = 7501i + (—3gt° + 750{31)j
(a) v(t) = r'(t) = 750i + (—gt + 750-1' 3)i

) h = v3 sin’a (1500)’sm (1500) (3) .. ~ 26,367 f.
2¢ 2g
9,8 2

(5 dae 8 snyn2a _ (1500 gsm 120" _ (1500g) 23 ~ 60,802 ft.

29 sm a _ 2(1500) sin60° 15004_

(@ t=

I (1500J_ I ~ R750)3 + (_750{5)2 = 1500 ft/sec.
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@ Bsnle {(dg)/sin2a = {2505 = 405 = 89.4 ft/sec.

[24] The initial height of 1000 ft must be included in the j-component of r(%).
1(f) = t(vy cosa)i + (—3gt> + typ sina + hy)j = 1800¢i + (—3g¢* + 1000)j.
y = —lgi® + 1000 = 0 = ¢ = [2000/g ~ 7.9 seconds after firing. x({2000/9) =
1800 2000/gi =~ 14,230 ft from a point directly under the firing position.
[25] From Example 2,
la@®)] = v’k = w? = -81‘5 = w R F—gﬁ % 2.92 rad/sec & 0.46 rev/sec.
T=Usuw=% v=ui= 2-,11.! in km/day. Divide by 24 x 60 for km /sec.

6

(1) Earth: v = L”—(l"%%'” ~ 25731 x 10° km/day = 29.78 km/sec.
6

(2) Venus: v = 27082 X 107) _ 4 0955 x 10° km/day = 35.02 km/sec.

224.7
6
(3) Neptune: v = %ﬁ—g—‘rw) ~ 0.4696 x 10° km/day ~ 5.43 km/sec.

mg = |[Fl = G-————;’"M ——50M From Exercise 20,
(R + 4 (R + d)
T? R + d)4 2
k=;§=&T’ k41’ {k—R-i-d'}éTz ( d)"' 4;{(R+d)3.

28]l(a) T2 = 0.00346[1 + 3 ® % 0.00680 = T = 0.08246 days =~ 1.98 hours.

(b) 17 = 0.00346[1 + &5 [* = d = 3959(Yrrgdoms — 1) 22,216 mi.
291 r(1) = #(v, cos )i + (—39t* + 1vg sine + hg)j,
where v, = 100 mi/hr = 1462 ft/sec and tana = —g = a &~ —1.975".
Now, 1y cosa = 58 = 1 = T%S‘G ~ 0.3957 sec.
The drop caused by gravity is given by d = —4gt* ~ (- 16)(0.3957)* ~ —2.51 ft.
[30) From Example 6(b), d = "ﬁ‘g’ﬂ >R =t “Tfi’:-)sigﬁ s 5542.6 =
vy & T4.45 ft/sec ~ 50.76 mi/hr.
BR B,y = d—dh[(IZ + 0.006h%/%)i + (10 + 0.005*/%); | = 0.0004%i + 0.00754Ej.

When h = 150, | D, v] = /(0.009)?(150) + (0.0075)(150) = 0.14 (mi/hr)/ft.

D (2) x(t) = ti — §% = 2()) =i — 1§ = [#()] = 1 + &)/%

=1 = 1
(1) I"(t)lr ) 0+ tg)1/2 (1+t’)1” i=
TO = e g 2 Tl = e
N(t) =

Tl @ QO+ 1+ t’)"’
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(b) z=tand y = =12 o y= —%1,-3

T(1) = i — Jiad N(1) = —Fi - i

y y
1 &
T x
Figure 1 Figure 2

B () 1) = =% + 2 = v()) = —2ti + 2 = |r@)] = 2 + 1)

= 1 ' —_ - t 2 ]. s
T(1) ml (?) (12 i 1)1/21 + (i’ T 1)1]2.] =

T(1) = —

s S ; SO =
= T()] = .
T+ 072 W+ ey” ™0l = 2

Nt)=——l———T'(t)= - ! i— L J.
( (0] A8 ({1+8y
() z=—1?and y = 2t = z = =4y’

T(1) = —i + Fiand NQ) = ~Fi— i
B (a) () = i + 3t = () = 32 + 3§ = @] = 3(+* + 1)'/%.
T() =

- T . B
(40 Wy

2 . 1 :
i+ i=T'(9)
e 17 (7

2
= T = 21 | N(?) = 1 i-— ! j.
l ()I ] (©) * + 1)1/2 0+ 1)1/23
(b)) z=*andy=3t= 2=k’ T(1) = q§;i+ ql.;,sam-m(l) = ﬁi—ﬁj.
y Ly
=g
x 4 E?
Figure 3 Figure 4

(a) () = (4 + cosd)i — (3 —sint)j = r'({) = —sinti + cos?j = ['()]| = 1.
T(t) = —sinti + cos?j = T'(f) = —cosdi — sintj = |T'(3)] = 1.
N(f) = —costi — sintj.
(b)) z— 4 =costandy + 3 =sint= (z—4)> + (y +3)* = 1.
T(§) = —4 + 3{3j and N(§) = —}{3i — §3.
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B (a) r(?) = 2sinti + 3j + 2costk = r'({) = 2costi — 2sintk = [¢'()] = 2.
T(1) = costi — sintk = T'(f) = —sinti — costk = |T'(1)] = 1.
N(f) = —sinti — costk.
(b) z = 2sintand z = 2cost = z° + 7 = 4 in the plane y = 3.

T({) = \[L;i - %zka.ndN('i’) = —--jl-zi o tk'

z AZ
£ 4
x D\Y \\
x
P4
Figure 5 Figure 6

(@) () = i + 3% + Pk = 0(8) = i + 1] + 2k = [P@)] = (1 + 5%

TH) = —L—0p 14 1) + 2tk) = T'(1) = PR (JRE =511+ ) + 2k
(?) a 51‘.2)1/2( J ) (O] 1 51,)3/2( )
= T = |5 . N(t) = = . —51i + j + 2k).
l ()l 1+ 58 (O] ® 25:,)1/2( 1+] )

(b) z:t,y:it’,andz:tzzb y:%r’andz:r’.
T(1) = 1+ + 2K) and N(1) = = (=51 + + 2K).
Note: Exercises 7-12 use (15.18) and Exercises 13-18 use (15.19).
y=2—-S =2y =-322= ¢ = —6z At P(1,1),y = -3, "
K= lv"| > 6 n
b+ @ [+ 37 10
y=12' = ¢ = 42° = y' = 122%

_6,

6~
6 =~ 010

— el
At P(1,1), K = = ~ 0.17.
) 173‘/2

12 .
3
2 2 2 [l+(4)2] ,
@ y=.e(”)=>y'=2ze(=)=>y”=(4::2+2)e(IE ),

At P(0,1), K = 2 s = 2
[1 0 |
y + (0)

Wy=mc-n =y = by v =gy
1

= 1 = s
At P2, 0), K = — A= #n 0.35.

(I y=cos2z = ¢y = —2sin2z = y' = —4cos2z.

At P(0, 1), K = [1__'_(3_)2]72 = 4.

(@) y = secz = 3 = secztanz = y'' = sec®z + secz tan’z

=~ 0.30.

x - 14 s |
At P(§| 2)! K — [1 + (23)2]3/2 e 133/2
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We=fH=t=-1=fFH=1adf'() =0 y=g() =t =
d) =3 and ¢"(f) = =3 AL P(3,2),t=2+1=42and
p = [fOg") = g0 _ [(1)(=3) — D) L
[ + eT” [0 + @7 1
@ =1, =0, ¢(f) =2t + 4, and g"(1) = 2.
(1)(2) — (4)(0)
. %m’ v (4)’]3’|’ § G
@B () =1 — 21, f*(2) = =2, ¢(t) = —3#, and ¢"(1) = —6t
(1)(0) = (0)(=2)
AtP(o,l),z=3.|1—y=0andK=|[(—1)?To)2]372—|=
[36] /(1) = 1 — cost, f'(1) = sint, ¢'({) = sint, and ¢"'(f) = cost.
(1)(0) — (1)(1)
= %m]—s/—l, = 2+/¢ ~ 0.35.
A7) f*(#) = 2cost, f*(1) = —2sint, ¢(f) = —3sint, and ¢'()) = —3cost. At
(B)(=203) - (-(-1| _ 45
(32 + (=" 2?7
[38] /(1) = —3ecos®¢ sint, fr'(1) = 3(2costsin®t — cos®t),
(1) = 3sint cost, and ¢”({) = 3(2sint cos’t — sin®t). At P32, i42),
t = cos™ (37) = cos™ (Y} 12) = o™ ([§({2)°) = cos™ (}42) = { and
(=a)@ - @@ _ -3 _,
[(=?+@T7 ~ 7 ¥

] o= winl ok i 1 i %
@9 (2) ¥ = coszand y'' = —sinz. AtP(%,l),K—[l_'_—on]a—ﬁ—I:p_-K_l.

At P(1,3),i=z—1=0and K
%=0.
AtPE—1,1),t=cos(l1—y) =Fand K

P(1, 33), t =sin"'(}z) = and K = # 0.50.

K = {with ¢ = ${2}

(b) Since ' = 0 and the graph is concave down at z = 3, it follows that the
center of curvature is on a vertical line 1 unit below P, that is, (3, 0).

Y |y
P(mi2, 1
il (w12, 1) |
+ N
L\ J=s 20, 1)
-z = %
2
Figure 19 Figure 20

[20] (2) ¥ = secztanzand y’ = sec®z — secz tan?z.
= 1 o P o
(b) Since ¥ = 0 and the graph is concave up at z = 0, it follows that the center of

curvature is on a vertical line 1 unit above P, that is, (0, 2). Note: The graph of
the secant is actually above the graph of the circle of curvature on 0 < Jz| < 1!
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—a® £ g - — | O
Bl vy =¢ andy'_e.AtP(O,l),K—1+lzsz_2s—n$p_?2._2&.
(b) Since y' = 1 at z = 0, it follows that the center of curvature is on the line with

slope —1 passing through (0, 1), or, y = —z + 1. The center C is a distance of
242 from (0, 1) on the concave side. If a is the side of the isosceles right triangle
with hypotenuse CP = 242, then @’ + a* = (242)° = a =2 and hence, the

center of curvature is (—2, 3).

Figure 21 Figure 22
E(e) v = ~Landy' =& AtP(1,1), K= L 17l i
= 2
> ’ (- p=1/K =1z
(b) Since y' = —1 at z = 1, it follows that the center of curvature is on the line

with slope 1 passing through (1, 1), or, y = z. The center is a distance of <2
from (1, 1) on the concave side. Thus, the center of curvature is (2, 2).

By =—c*y == Ka) = ma—/r

_ @+ 2Pt = (DA S22

K'(z) (1 + e—h)s

=

(—e )1+ 22 [1+ ) -3¢ =02 1-22 =0 = z=hy2
Since K'(z) > 0 if z < Iny2 and K'(z) < 0 if z > In{2,
(In 42, l/ﬁ) is the point of maximum curvature.

v = sinhz, ¥’ = coshz = K(z) = [1 +:‘i):::z]3/z = coslhzz' K(z) is maximum

when cosh z is minimum, i.e., when z = 0. .(0, 1) is the point of maximum curvature.

[25] Parametric equations for the ellipse are z = f(#) = 2cos?and y = g({) = 3sint.
fi(Y) = —2sint, f'(1) = —2cost, ¢(1) = 3cost, and ¢""(1) = —3sint.
K = |6sin’t + 6cos?t| _ 6
[4sin?t + 9cos?1 ]P? ~ [4 + 5cos?t /%

cos?t = 0, i.e., when t = 5 "%’ (0, + 3) are the points of maximum curvature.

K(?) is a maximum when

[26] Parametric equations for the right branch of the hyperbola are
z = f(1) = 2coshtand y = g({) = 3sinhi.
f!(1) = 2sinh1, f'(1) = 2cosht, ¢'({) = 3cosht, and ¢''(f) = 3sinh? (cont.)
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|6sinh?t — 6cosh?i] i 6
[4sinhzt - 9(:09112!]3/2 [4sinhzi + Qc:osh:i]a'/2

K(1) is maximum when sinh?t and cosh?? are minimum, i.e., when ¢ = 0. Thus, Kis

K(t) =

maximum at (2, 0). By symmetry, (=2, 0) is also a point of maximum curvature.

27 v = } = L = K(z) = 1 = z 5
2y =z7¢ == K2 z’[l n (_b,]a/z R

_ 0+ ) - @@ + ') _
- 1+ 223 -

(1+z2)1/2|:(1+z’)—3:’:|=0=>1—2zz=0=>z=ql;,(z>0).

K'(7)

Since K'(z) > 0 when z < ﬁ and K'(z) < 0 when z > 11-;, (?l;, —%1!12)

is the point of maximum curvature.

. |sin z|
¥ = cosz, y' = —sinz = K(z) = s
28] 2 (z) 1+ coe®s "

K(z) is maximum when sin z is maximum and ¢os z is minimum, i.e.,
when z = § + 7n. (3 + mn, (=1)") are the points of maximum curvature.
Note: In Exercises 29-32, the curvature is 0 only when 3’ = 0 from (15.18).
Ay=z-12 > y=4"-2z3y" =12 -24=0=z= =2
(£42, —20)
B0y = tanz = ' = sec’z = y’ = 2sec’ztanz = 0 = z = wn. (wn, 0)
Bl y = sinhz = y = coshz = y' = sinhz =0 = z=0. (0, 0)
By=e"2y=-2">y = (4z* — 2)e"2 =0=
z= iTl'i' (:t {l"z’ c_ln)
[33] Since r = f(8), if we let z = r cosf and y = rsin6, then z and y are also functions
of 0. # = —rsinf + r' cosf. ()2 = r?sin?0 — 2rr' sinf cos§ + (r’)’ cosd.
/' = —rcosl — r'sinfd — r'sinf + r'’ cosé.
v = reos + r'sinfd. () = % cos?d + 2r+' sinf cosf + (r')? sin?6.
y' = —rsinf + r'cosf + r' cosf + r' sinfd.
[ - 1] A L A—7
Simplifying K = E(zl’z)"%yf;:]'!m gives us 2([}.2')2 +",J]:;';2|
B4 r = a(l — cos#) = r' = asinfd = r" = acosd.
gl |2(a2 sin%6) — a*(cosf — cos’6) + a(1 — 0056)2] =
- a® sin®9 + a%(1 — cosa)z:la'n -

K

30 — 34% cosf]| _ 3a?|l — cosfl 3.

(20 — 20® 0s8)*? ~ (20%)*%(1 — c0e8)*/?  2{Za(1 — cos)'/*
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[35] r = sin20 = r' = 2c0520 = r'" = —4sin24.

|8 cos? 26 + 4sin?20 + sin®26) 8(cos? 26 + sin®26) — 3sin’6
K= 373 = = 573
[4cos?20 + sin?26 ] [ (cos?26 + sin?26) + 3cos?26 |
_ _ 8 — 3sin%20

T (1 + 3c0s?28)%%

r=¢ = r'=a" =3 r = o, ( )

|2a’e’“° — g2e?%® 4 ezu' c"‘(l g a’) 1
[azchf & ez“:lslz = cau(l 3 a2)3/3 = ¢40(1 F 42)1/2‘

The equation of the circle of curvature is

K=

!

M- +e-=rF=() = L+ T e = il -

(v) |l + (v) l
The center of curvature must be on the normal line at the point P(z, ), i.e.,
Ely-k= —%,(z — k). We must solve these two equations simultaneously for A
and k. Squaring [Z] results in [3 ] (z — &)? = (v")*(y — K)?. Substituting [3 ]

, 1 7P 1+ (v)?
into (1] yields [1 -+ (y’)n:'(y -0)= [%(f;,)—l > k=yt [%ﬂ]
The positive solution is the correct one since if the graph of fis concave up (3! > 0),
k > y and if the graph of fis concave down (3’ < 0), k < y. Substituting

3
(5- 17 = S o et [+ (7Y - 7 = LT

(z— h)z = [1 2 (y,)zjs' (y,)z > h=zx M The negative
@’ [1+w? %

solution is correct in this case. To verify this, there are four cases to consider,

depending on the signs of ¥ and 3''. For example, if ¥ < 0 and %’ > 0, then fis

decreasing and its graph is concave up—so h > =z is required and the negative

solution is necessary. The other three cases are done in a similar manner.

[38] At P(1,1), ¥ = —3 and y' = —8. h=z—y‘[1—;,,(—g)—2]=

2
1—_—6—3[i+9]=—4a.ndk=y+[———l +y,(,yl)]=1+[—3—1_+9]=—§
(39 At P(1,1), ¢ = 4 and 3’ = 12.
A=1—ﬂ;rl“]=-gmdk=1+[l‘f216]=§g.

@At PO, 1), ¥ =0and y' =2 h=0and k=1+ 240 =3

[ At P(2,0), ¥ = land ¢ = —1.
h“_.2—1[1 1]—-_4andk=0+[
= |

—

[42] At P(0,1), ¥ = 0and y' = —4, h=0andk=1+[1—;4o']=%'

We need to find the center of curvature for y = —gsz° at P(3, —1).
If the circular arc has this as its center, the curvature will be continuous at z = 3.
¥ = -1 and ¢y = —3zwhenz =3,y = —1 and ¥/ = —3. From Exercise 37,
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1|1 + (-1)? 1+ (-1)*
RO o 5 ) NEDSRTORIYY | o WY
-3 -s
@r=m=>y”=0=>K(z)=ETg‘=ja—/:=°'
Without loss of generality, let y = az* + bz + c¢. Thus, ¥ = 2az + b and ¥’ = 2a.

12al . . b
K(z) = . K(z) is maximum when 2az + b = 0,0rz = —
@ [1+ @az+ 87" ) 2

i.e., when z is the z-coordinate of the vertex of the parabola.
[46] Without loss of generality, let % -+ %: =1witha>b>0.
Parametric equations for the ellipse are z = f(?) = acostand y = g(?) = bsint
Hence f’(?) = —asint, f"(f) = —acost, ¢'(f) = bcost, ¢'(f) = —bsint, and

|ab sin?2 + ab cos?t| . lab|
[42 sin’t -+ 62 (:08,‘]3/2 I:(a’ - bﬂ)ainzt 4 62]3/?'

K(1) is maximum when sin’? = 0 or when { = 0, =, i.e., (£ g, 0).

K() =

K(t) is minimum when sin?# = 1, or when ¢ = §, ¥, i.e., (0, ).
Thus, since a > ), maximum curvature occurs at the ends of the major axis and
minimum curvature occurs at the ends of the minor axis.

2
Without loss of generality, let %2 - Z—i = 1 with a, b > 0. Parametric equations for
a
the hyperbola are z = f(i) = acoshtand y = g() = bsinht.
Hence f'(1) = asinh{, f"({) = acosh{, ¢'(1) = b cosht, ¢"'(f) = b sinht, and

lab sinh?¢ — ab cosh?i] L ab
? sinh?t + b7 cosh?t]*/* ~ [(a? + $%)sinh?t + 7 |*/*

K(1) is maximum when sinh?? = 0, or = 0. Thus, maximum curvature occurs at

K1) = [a

(a, 0) and by symmetry at (—a, 0), that is, at the ends of the transverse axis.
Let the curve have an arc length parametrization and position vector 1(s).
From the text, r'(s) = T(s) = cosfi + sind].
Case 1: If 5% = g, where a is a nonzero constant, it follows that § = as + b, where b
is a constant. Thus, r'(s) = cos(as + b)i + sin(as + b)j and hence
1(s) = %sin(as + b)i — %cos(as + b)j + ¢, where ¢ is a constant vector.
Ix(s) — ¢] = Flt'l‘ a # 0. This is an equation of a circular arc with center at the

terminal point of ¢ and radius I%'I'
Case 2: If a = 0, then @ is constant and so r’(s) is a constant vector.

Hence, 1(s) does not change direction and r(s) must trace out a straight line.

@O f(f) = 4and g() = 3. s= J;,l(4)= O du=51=t=le

‘Thus,z=$s—3andy =$s + 55> 0.
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"t — t

[50] f7(1) = 6t and ¢'(f) = 6¢% s = I {3647 + 364 du = I buyl + v’ du =
0 0

[20 + )] =20 + A —22 1= [(%—2)”’ = 1]”2.

5'42'—2)2/3 - 1:| and y = 2[(‘%2)2/3 - l:lan; s> 0.

Thus, z = 3 [(

¢ ¢
[BL f'(1) = —4sint and ¢'(1) = 4cost. s = J JTﬁsinzu + 16cos’udu = J 4du = 41
o 0

= 1= }s Thus, 2 = 4cosisand y = 4sin}s; 0 < s < 8.
[52] f/(1) = €'(cosi — sint) and ¢'({) = €'(sint + cos ).

“(cos®s — 2cosu sinu + sin’u) + e*¥(sin’v + 2sinwcosu + cos’u) du

Il

edu—‘r(e—l):)t—ln(l-i- Thus,

&)
= (1 + E)cos[ln(l + J%):I and y = (l - —sﬁ)sin{ln(l - :f—é)]' s> 0.
53] Let h(s) = J' k) di, z = f(s) = r cos h(1) dt, and y = g¢(s) = J" sin h(1) dt.
0 0 0
Let C be the curve defined parametrically by z = f(s) and ¥ = g(s). We will show
that the curvature of C is given by ks). = = cos[h(s)], ' = —sin[k(s)] b'(s),
¥ = sin[h(s)], and ¥"' = cos[h(s)] k'(s). Using the fact that h'(s) = k(s), we have

i o v =2y [K) cos’ (i) + Ks) sin [A(s)] _
[@)? + ()7 [oos? [(s)] + sin® [a(s)] ]*/*

Ik(s)l = Kk{s) since k is nonnegative.

54] (1) Let k = K, a nonzero constant. Using Exercise 53, we let h(s) = I Kdt = Ks.
0
Parametric equations for C are r = J cos(Ki) di = [ sin (Kt):l ,sm Ks

and y = Josm(ht ) di ._.[ e cos(Kt)] = —T{cus(l(s) + K'

Thus, Kz = sin(Ks) and Ky — 1 = —cos (Ks) give us (Kz)? + (&Ky — 1)* = 1,

which is a circle.

L
(2) If k= K = 0, then A(s) =J 0dt = 0,
Jo
L]

s
.~:=J cos0dt = s, and y = J sin0 dt = 0, which is a line.
0 0

Note: In Exercises 1-8, we use (15.22) for ar, (15.23) for ay, and (15.25) for K.

You could also use (15.24) for finding ay,.
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r(f) = i + (3t + 2)j, ¥(t) = 2ti + 3j, v(1) = 2%, and |r(9)] = Jaf + 3.

Using (15.22), oy = 220 _ 4t

POl @2+ 9"

. _lr@ x @] _ ekl 6
Using (15.23), ay = |"(i)| = s+ 9)1/2 = (“z Ty 9)1/3.

. 1 6 1 6
U 15.25), K = = 3 = g
sing (15.25), NFOP (a2 +9)? 48 +9° (@4 + 9)°”°

() = (28 — 1)i + 54j, ¥'(#) = 4ti + 5, r'(f) = 4i, and |'(9)] = {168 + 2.

- = vt _ 164
Using (15.22), a1 = Q) = a6 + 25)1/2.
_r@ xe@] _ j-20kl  _ 20

Using (15.23), ay =

(] (164 + 25)'/* ~ (16 + 25)'/%
P S 20 N 20 .
[FOP ~ @62 + 25)72 162 + 25 (166 + 25)°°
r(f) = 3ti + % + 3%, r'(1) = 3i + 3¢%j + 6k, r''(1) = 6¢j + 6k, and

® 4+ 361 64 + 121
Y@l =3 + 42 4 1. o = 18L& = '
I TN s+ 1) AR 1)

|18 — 185 + 18k 6t + 2 + 1)Y?
Ny = 172°

Using (15.25), X =

3(£f + 42 + 1)V T (1 + 42 + 1)
- _ ot + 2+ )7
N9 + 4 + 1)  3( 448 + 1)°7°
r(f) = 4ti + 1% 4 28%, (1) = 4i + 21j + 41k, v'(f) = 2j + 4k, and
) = 2{4 + 52 o = 201 = 20t
=l T+ (4450
—— I—lﬁj+8k| » 445 P ais 1 - 5
o4 + 537 (4 + 56)7° N4 +58) T (4 4+ 587
r(1) = t(costi + sinij), r'(f) = (cost — tsin?)i + (sin? + 1cos)j,
(1) = (—2sint — 1 cost)i + (2cost — tsind)j, and [r'(1)] = Jl + £.
R 0L DI
AE ST v fedt  (Leeye
1 24
K=ay: = .
ay i+ 1+ 12)3”
r(?) = coshti + sinhtj, r'(f) = sinhti + coshtj, r'’(¢) = coshti + sinhj, and

a =

'(2)] = {sinh?t + cosht. = —2coshisinht _ -, 0 — 1=kl
Il oL (sinh®t + cossh’t)”2 " (sinh?t + cosh?t)

1/2

= 1 . K= ay- 1 - 1 3
(sinh?t + cosh?)"/? N sinh?t + cosh® ~ (sinh?t + cosh?4)°””




268 EXERCISES 15.5
() = 4costi + 9sintj + 1k, 1'(f) = —4sinti + 9costj + k,
r/(f) = —4eosti — 9sintj, and |'(#)] = {16sin®t + 81cos’t + 1.

—65sini cosi
(16sint + 81cos’t + 1)/
|9sinti — 4costj + 36k] _ (8lsin’t + 16cos®t + 1296)'/2
(1ssm’t + 8leos?t + 1)'% T (16sin’t + 8lcos’t + 1)/
Fe _ (Blsin’t + 16c0st + 1296)"’_
N T6sin’t + Slcos’t +1 (16sin®t + 81cos?t + 1)*/?
(t) = ¢'(sinti + costj + k), ¥'(f) = e'(sint + cosd)i + e*(cost — sin?)j + €'k,

L

(1) = 2¢f costi — 2¢' sintj + e'k, and |r'()] = 3¢’ o = %% =3¢
(1) x (1) = c”[(sini + cost)i + (cost — sint)j — 2I(:| and
aN—{_e‘ =+2¢. K= “N'gzlz‘:‘:

Let (1) = f()i + g(1)j, where g(2) = [f{(§)]’ {y = 2*} and £'(¥) = 3.

Thus, f(1) = 3¢ + C. Since f(1) = 1, f({) = 3¢ — 2 and ¢{1) = (3t — 2)%

Hence r'(f) = 3i + 6(3t — 2)j, r"'(t) = 18, and |r'(4)] = fg + 36(3t — 2)%.

Let t = 1. r'(1) = 3i + 6j, r(1) = 18], and |r'(1)] = {45
108 _ 36 = Ioakl _ 54 _ 18
Let x(2) = f(1)i + 9(1)j, where g(2) = 2[f(1)]* — f(8) {y = 22* — z} and f'(1) = 3.

Thus, f(1) = 3t + C. Since f(1) = 1, f({) = 3t — 2 and

o(t) = 2(3t — 2)° — (3t — 2). Hence, r'(f) = 3i + [13 3t — 2)* — 3]j,

/(1) = 108(3 — 2)j, and |¢(9)] = |9 + [18(31 — 2)* — 3 ]".

Let t = 1. r'(1) = 3i + 15j, r’(1) = 108}, and |r'(1)] = 4234.

= 1620  105.00. o — 1324kl _ 324 _ o110
=T ™ oN

<)
(1]
L

aT=

234 {234
[11] Since v = 3_ is a constant, ar = ';s = 0. But ay is also equal to lr'Egl -1"(1),

which is T(#) - £/(1). Thus, the acceleration {r''()} is normal to the unit tangent
vector { T(?) }, and therefore normal to C.

@2 e'(#) = 0, then |r'()) x r"()] = 0, K = Igl =0, and = ¢, a constant.
Thus, the motion is on a line.
[13] Since the speed is constant, T = 0. Thus, a(t) = %’T(s) + Kv® N(s) reduces to
Kv®N(s). Hence, |a(9)] = Kv* = cK, where ¢ = ¢ is a constant and NG| = 1.
(I4] From Exercise 13, ¢ = v%. Thus, if the speed of Q is twice that of P, then c is four
times greater for Q than it was for P, and |a(f)] = cK is also four times greater.
Assuming that the acceleration of the particle is continuous, then f/(z) = 0 at a
point of inflection. By (15.18), K = 0 and thus, ay = Kv* = 0.
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(18]x(9) = f()i + o(8)i + Ok = r'() = ()i + ¢(DF = () = f"(i + ¢"(Dj.
@] = [(F)? + (@) ] and v(8) x () = [f() ¢"(1) — () f(t) k-
) x @ _ £ a0 = ¢
FOF - [(f’(t))’ = (g'(t))’:l"”' i.e., Theorem (15.19).
[T r(¥) = acosti + asintj + btk = r'(f) = —asinti + acostj + bk =

() = —acosti — asingj. |r()] = {a® + ¥ and

Using (15.25), K =

B2 4 a2)1/3
£ % () = oh indt — abconth + oK. Thim, K = % = 4.
(1) x x"’() = absinti — abcostj + a us, (a?+b2)3/2 T+ P
[8]r(t) = acosti + bsintj + ctk = r'(d) = —asinti + beostj + ck =

r'(f) = —acosti — bsintj. |r'(t)] = da? sin?t + b? cos®t + c? and

(1) x r"’(f) = bcsinti — ac costj + abk.
(8%c? sin®t + a%c? ;os’t - azbz)l/2

Thus, K = —
(4® sin®t + b? cos®t + C2)3/2

[_15.7 Raview Exercises ]
@ o — 2* = sec’t — tan®t = 1. v(i) = r'(f) = sec’ti — sec1 tantj; v(§) =2 — {2j.
a(t) = r"({) = 2sec®t tanti — (sec*t + tan’t sec1)j; a() = 4i — 342j.

Figure 1 Figure 2

@ This is an elliptic helix along the z-axis. v(f) = 21i — 3sintj + 5cos tk;
v(r) = 27i — 5k. a(t) = 2i — 3costj — 5sintk; a(7) = 2i + 3j.
B r(¥) = i+ @42 = 1Y) = v(d) = 2ti + (8t — 4)j, () = 2 + (8 — 128))j,
and |r(0)] = 21117 — 167 + 4",
() = (2 — sind)i + (1 — cos?)j = 1'({) = —costi + sintj, r'*(#) = sinti + costj,
and |r'()] = 1.
B (a) r(?) = e'(sint + cost)i + e'(cost — sint)j + e'k.
v(0) =i+j+kand Q)] =3 = T() = £+ + k.
(b) r(0) = 0i + 1j + 1k => the point corresponding to t = 0 is P(0, 1, 1).
Since r'(0) = 1i + 1j + 1k, an equation of the tangent line to C at Pis
z=hLy=1+tz=1+1
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S 1
L= Jl Jez'(sini-}- cost)? + e*(cost — sint)? + &2 df = I 3etdt =
Q 0

Y3(e — 1) ~ 2.98
u() - v(1) = (1% + 6tj + tk)-(i — 5§ + 8tk) = 1 — 301 + 82 = 9012 — 30t =
33t — 10). u(®) V() =0 t=10,5%.
u(?) x v(1) = (248 + 587)i + (2 — 4t))j — (58 + 66)k =
Dy[u(t) x v(§)] = (72 + 100)i + (2t — 16°)j — (154 + 12¢)k.
u(t)-v(t) = £ = 30 + 41> = 56 — 30 = D,[u(r) - v(1)] = 15 — 60
r(f) = 3i + 32 + 41°k, r'({) = 61j + 127k, and |r'(8)] = 9 + of* + 1665,
r(1) = 3i + 3j + 4k, r"(1) = 6 + 12k, |r(1)] = {9 + 9 + 16 = {34.
(0] [ (sin 3% + €*'j + costk)dt = —3cos3ti — Je~*j + sintk + ¢

1
L(«i + %5 — k) dt = [28% + 1% — ok} = 2i + 1j — k

@2 () = e"i — 4sin2tj + 3{Tk = u(t) = —e~'i + 2c0s24j + 2°%k + c.
u(0) = —i+ 2 = c=0,s0u(f) = —e~*i + 2c0s2tj + 262k,
[13] a(f) = 12tj + 5k = v(i) = 6£%j + 5tk + c.
v(1) = 6j + 5k + c and v(1) = 3i — 2j + 4k = ¢ = 3i — 8j — k and hence
v()) = 3i + (64 — 8)j + (5t — Dk r(d) = 3ti + (2¢* — 80)j + G — Dk + c.
r(l) =3i —6j + 3k +cand r(1) = =i+ 3+ 3k = c= —4i+ 9}
Thus, (f) = (3t — 4)i + (26* — 8¢ + 9)j + (3¢ — D)k
G [u()]® = u(®) - u®) = D, Ju@)? = u(t)-w(t) + v'(2)-u(l) = 2[u(t)-w'(t)].
(18] D [u(d) - w'(#) x v()] = u(t)- D, [u’(t) x u”(t)] + w(t)-[w() x u())]
= u(t)-[w(®) x w(?) + w() x w'(t)] + w() - [w'(1) x v()]
= u(?) -u'(?) x u"(t)
since u"(#) x u”(f) = 0 and w'({) x u”(?) is orthogonal to w'(%).
@By =(1+2)e" v = (2 + 2)e". At P(0,0), K = [ms—/, = 11.5
@ =-Q+ 9240 =200+ 93 ¢() =1 — 72, ¢"(§) = 2(1 — )2
=908 - O] _ 108
E(_g)_rz ) (4)3 /2 = 825/2 -
@8] x(f) = 275 + 11§ + 4tk = r'(d) = 4ti + 48] + 4k = r'(f) = 4i + 1282}
)] = 4 +  + 1 and #(3) x (1) = —482i + 16 + 328k,
[-48%i + 165 + 3262k _ (af® + o1t 4 1)*/2
WE+2+1° 4+ +1)77

At P(3,2),t=}and K =

Thus, K =
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@y =3 -3, 9-"=62=>K(z)=[1 +(3£‘f=_‘3)2 a75 2> 0, then

— 182 + 10)*/%(6) — (62)(3)(9z* — 182% + 10)/*(362° — 361) <
(92* — 1827 + 10)3

K'(z) = 0 = (9z* — 1827 + 10)(6) — (9z)(362° — 362) = 0 =

452 — 362 — 10 = 0 = # = B £ 13006 {3096 _, , . 1.009 since => 0.

K'(z) =

This gives a maximum since K"(z) > 0 on [0, 1.009) and K’(z) < 0 on (1.009, co).

By symmetry, another maximum exists at z &~ —1.009.

[20] ¥ = sinhz, ¥ = coshz. At P(0, l)’K=[lﬁ);jm =1l=p =-k= 1.
Since ¥’ = 0 and the graph is concave up at z = 0, it follows that the center of
curvature is on a vertical line 1 unit above P, i.e., (0, 2).
The circle of curvature is 22 + (y — 2)® = 1.
B r=2+sinf = r' = cos# = r” = —sinf. Use Exercise 33 in §15.4. At P(2, x),

2
s, s el |2t(|:(1)1)z (2)(20) j;’(f) |_ ﬁg wp= B L8

22] () r(®) = (2 + 1)i + 42j = () = 2ti + 4 = |r (t)l = 2‘112

Yy F_(i)lr'(t) = (# + 4)‘/"i & (2 + 4)“”j o
St # +44)mi (@ -+-2t4)3/2j S 1
|T'(‘)| =8 :
;
A |'r'(t)| NG +24)" il +t4)” 3
() z=+¢ +landy—4t=?z-—15y + 1.
T() = ﬁi + ;f-;j and N(1) = q"’-si = q’gj. Figura 22

23] 1(f) = sin2ti + costj, r'(f) = 2cos2ti — sintj, r’’(f) = —4sin 21i — cos 1j,
and Jr(0)] = |4cos2 91 + sin’t. = —8cos 21 sin 21 + sini cosi'
@l r (4cos®2t + sin’))'/?
_ |-(2cos2tcost + 4sin2isin t)kl 2|cos 24 cost + 2sin 2t sin f|

a,
= (4cos? 2t + .txm’t)l/2 (4cos?2t + sin’t)”2
() = 3 + ) + tk, ¢(t) = 3i + 38) + k, r()) = 61j, and |r(9)] = {9¢* + 10.
- 1863 6ti + 18tk 6102
i 8 - | _ _ 6410 lm-

o + 10)* o + 1002~ (9¢* + 10)



Chapter 16: Partial Differentiation

Note: In Exercises 1-6, let D denote the domain of f.
fis defined for all ordered pairs (z, y) = D = R%. f(z, y) = 22— ¢* =
f(—2,5) = 2(—2) — 5? = —29, f(5, —2) = 6, and f(0, —2) = —4.
[Z'I Since we can’t divide by 0, D = {(z, 3): z # 0}.
o= n==1/L3)=i=5adf(20=3=1
[8] Since we can’t divide by 0, u — 2v % 0, and D = {(x, v): u % 2v}. f(u, v) =

ul"2u=>f(2,3)=_i4=—g,f(—l,4)=:—3=g,&ndf(0,l)=%=0. .
l1—-r>0=>r<landD={(nshr<ls#0}
firys) =T —r — &/* = f(1,1) = —¢, £(0,4) = 0, and f(—3,3) =2 — L.
Bl 25 —2* — > — 22> 0= 22 + ¢ + 2 < 25.
D={(z,y,2): 2" + 1 + £ < 25}.
floy ) =25 —2* — 3 — 2 = f(1, =2, 2) = 4 and f(—3, 0, 2) = 2{3.
[6] Since tanz is undefined atz=%+7n,D0={(5,92:2# 5+ wn}
f(z, ¥, 2) =2 + tanz + ysinz = f(5, 4, 5) = 5and £(0,0,0) = 2.
Note: In Exercises 7-14, let z = f(z, ¥).
z=‘|1——z’—y2=ta+y2+z’=l,220.

The top half of the sphere with radius 1 and center (0, 0, 0)

Figure 7 Figure 8
2
2=4—2F — 4 =4 — (22 + %4) An elliptic paraboloid opening down with

zintercept 4, z-intercepts + 2, and y-intercepts =+ 1
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B :=2+¢¥-1232+y¥=z+1
A circular paraboloid opening upwards with vertex (0, 0, —1)

Figure 9 Figure 10

1= %,Iﬂz’ + 43 = 3622 = 922 + 49°.

The upper portion of a cone with vertex at (0, 0, 0)
@:=6—-22—3y= 25+ 3y+z=6.
A plane with interceptsz = 3,y = 2,and 2= 6

Figure 11 Figure 12

[E]z:.]72+4z’—9y’=>!-’;+7£2—i’-;=1,z20.

‘The upper half of a hyperboloid of one sheet with axis along the z-axis

M@:={F-a2 -1 -2-Z-1.50

The upper half of a hyperboloid of two sheets with axis along the yaxis

Figure 13 Figure 14

1=Jz2+4y2+25=>§’§—§%-%2=l,z_>_0.

The upper half of 2 hyperboloid of two sheets with axis along the zaxis
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y® — z* = kare hyperbolas with asymptotes ¥ = = z and a vertical (horizontal)

transverse axis if k> 0 (k< 0). If k = 0, we have y = £ =
y L)

R

Figure 15 Figure 16
3z — 2y = k = y = 3r — k. These are lines with slope 3 and y-intercept —}k.
2 — y=k = y= 12> — k. These are parabolas with vertices (0, — k).

y iyL
Figure 17 Figure 18

=k>9p= g These are hyperbolas with £ = 0 and y = 0 as asymptotes,
and y = z (y = —az) as the transverse axis if k> 0 (k< 0).
If ¥ = 0, we have the z-axis and the y-axis.
[@(z— 22+ (y+3) =k
These are circles with center (2, —3) and radius ﬁ, where k> 0.

y

Figure 19 Figure 20

422+ P = k= x. + yf = 1. These are ellipses centered at the origin with
intercepts z = + ﬂ/? and y = %+ J_k, where & > 0.

Since f(1, 4) = 4arctanl = 4(3) = =, an equation is y arctanz = 7.

(22] Since f(0, 2) = 4¢® = 4, an equation is (2z + y*)e’’ = 4.
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[23] Since f(2, —1,3) =4 + 4 — 9 = —1, an equationis 2 + 4y* — 2 = —1.
[24] Since f(1, 4, —2) = 16 + 1 = 17, an equation is Z’y + z = 17.

1 — 2 2 __ 1
@9z2+y,_k:>9: +v =%
(a) k> 0 yields ellipses. (b) & (c) k = 0 and k < 0 yield no curves.
26)In(22* + v*) = k = 22> + y* = ¢*. (a), (b), & (¢) Any F yields an ellipse.
@8;(’2*’2)/4 i z2 + yi o _41115.

(a) & > 8 yields no curves. k = 8 yields the point (0, 0, 8). 0 < k < 8 yields circles.
(b) & (<) Since ¢ > 0, k = 0 and k < 0 yield no curves.

[28] (a) If k > 1, there is no curve, If k=1, we get thelinesz =14 y =0, z=1 and
z=0, y=1t z=1for tin R. If 0 < k < 1, we get the lines z =1
y=4+{l—F, :=kand z= = 1—#, y=1 z=kfor {in R and using
the respective domains listed in the text.

(b) If k = 0, we get the four planes formed by |z| > 1 and Jy| > 1.
(c) If k< 0, no curves are formed.

B9 Bl Bl B BoO o)

1/4
[358] f(z, ¥) = kand z = rcosf, y = rsinf = r= k

4sin0 + 8sin6 cos?f + cos'd
Note: The figure shown is for k¥ = 1, 16, and 81.

W\
Y

-

Figure 35 Figure 36
1/4
[38) f(z, ) = kand z = rcosf, y = rsinf = r= k

4lsin8 + sin26 cos?8 + 3cos®d

BT z* + * + 2* = kinclude the origin (k = 0) and all spheres with center (0, 0, 0) and
radius Yk k < 0 yields no surface.

B8lz+ 2 + 4y® = k are elliptic paraboloids opening downwards with axis along the

z-axis and zintercept k.

[3%) z + 2y + 3z = k are planes with z-intercept & y-intercept £, and zintercept £.
2 3

22 4+ y* — 22 = kare hyperboloids of one sheet if k > 0, hyperboloids of two sheets if
k < 0, and a cone if k = 0. Their axes are along the z-axis.

2% + y® = k are right circular cylinders with axis along the z-axis and radius k.

k = 0 gives us the z-axis and k < 0 yields no surface.
[42)z = k are planes parallel to the zy-plane with z-intercept k.
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(43] The temperature is given by T = ]-2—9—2, where ¢ is a constant.
4y

(a) T=k=2" 4+ ¢ = (-i)z These are circles with center (0, 0) and radius -E

b)z=4,y=3, T=40 = 40 = £ = ¢ = 200.
ey
At T = 20, the equation in part (a) becores z% + 3% = (200)2 = 100.

@ (a) k= ;= 2+ 4 + 92 = (2.

6
(22 + 49 + 93’)1/
These are ellipsoids centered at the origin.

(b) V=120 = 2* + 4y + 92 = (;F5) = 400z% + 1600y* + 3600 = 1
[45] There are five: my, m, =, y, and 2. m, and m constant =>

2 & y’ + 22 = G—m‘_ﬂl, which are spheres centered at the origin.

The force F is constant if (z, y, z) moves along a level surface.
PV=}iT=P= ‘—EVI If’—’VT— = ¢, where ¢ is a constant, then V = éTare lines in

the VT-plane passing through the origin. The pressure is constant as a point moves

on a level curve.
(@) P = kAv®, where k > 0 is a constant.

(b) ¢ = kAv® => A = ﬁ, where ¢ > 0 is a constant.

A typical level curve (see Figure 47) shows the combinations of areas and
wind velocities that result in a fixed power P = e.

(€) d =10 = r=25. 3000 = k(x5%)(20%) =
k= 53=. Thus, 4000 = 3= Av® = As® = §x x 10°.

LA ‘ rr (temp)

i 3
T

Figure 47 Figure 48
(48] (a) F=10= y =33 or 104z — z 4 10.5 = 0 (}). If it’s 33°C, human skin is

neither warmed nor chilled by the wind. Skin temperature is approximately
33°C. Solving (1), we get z = (5 + 34142)® ~ 120.1 ¢ [0, 50].

Hence, F = 0 only when y = 33.
(b) 1400 = (33 — )(1047 — z + 10.5) =

1400 33z — 33047 + 1053.5 :
0Vz —z + 105 [“_ G + xﬁrg)J[.r (5 — 14143) |

By using the techniques in Chapter 4, we obtain Figure 48.

y =33 —
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Example: 5'11”” and 175 Ib are approximately 180 cm and 80 kg.

From the graph, we have a surface area of approximately 2.0 m?.
Using the formula, we obtain S = 0.007184(80)%4?%(180)*7%° ~ 1.996 m?.

=20, -1 2y Y
B0 e = Ptan™ (—F— _,=)=’ }
ery 2y = cr
() = = = ¥4 =taa() thn -
9L Sl 2 2 i i R x
d—di? —dy* =2y=1=22+y +ay=> _1./\/2
1. .2 1\2 +
1+ r z° -+ (y + d) 4
The center of the circle is (0, —%), which lies on the Figure 50

negative y-axis. The points (‘:!: 1, 0) satisfy the last equation.
When ¢ = 5, d = 1, and the equation of the circle becomes z° + (y + 1)? = 2.
Without loss of generality, let the two cities be located at F'(—c¢, 0) and F(c, 0). If
the plant is located at Pz, y), then the sum of the distances from P to each city is
equal to the constant M. By (12.5), this is the definition of an ellipse. See Figure
12.14.

B2l (a) az® + by’ + c = k=

2 2
G :c)/a + G —yc)/b = 1 (k> c¢). They are ellipses.

(b) A region of low pressure will occur when its atmospheric pressure is less than that
of the area surrounding the region. As we move away from the origin, the
atmospheric pressure always increases. p is minimum at (0, 0) and increases with

each level curve. Therefore, there is an area of low pressure near the origin.

:

2 ,_2 ) < 44z _442_
£ (=v}-’(0 03 + 3 0~ "3 2 (;,y}‘-!on(z.n)Z—y 2—-1 .
y+1 141 _
&l (;,.n-o'(‘:/z.w —cosz 2—0"
@ P+ 2 [
<=.v>~czs>(z—1)y+2) I ) 6) I
y* (« +!i)(z —!f)
B (=.v)-coo)? y’ P T v
— 0.
e e
(=.9)"’(1 2)2° — 7 + 2zy — 2y (=.v)-’(1 2)zz — 1) + 2y(z — 1)

ira Yz — 1) timi y - 2
(=, y)-o(l 2) (z + 29)(z — l) (z)=(L2)2+ 2y 1+ 4
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i 3z° — 2% y + 3y z—24° lim 7%(3z — 23/) + 3/2(3z —2) _
(=,¥)—(0,0)  + y T (59)(0,0) 2 + y
2 -
Gl #, i) SO S P
(= v)—(0,0) z° + (=, ¥)—(0,0)
: S _ Py 4 of — o Pz =9 + vz -y
8 1 = Y+ y = i —
(2,9)9(0,0) # + 4 (r,u)hgl(0 0) 7 + 9
(’+y’)(r.—y) GG—3) =0
(z,¥)—(0,0) + y (1-!)"(0 0)
v —dy+3 _ lim G-3@-1 _

lim
(,9,3)—*(2,3,1) z,z(y - 3) (=,v,2)7(2,3,1) 22(!’ -3)

: 1
g 2 A 2

2 _ A _ (z + 2)(z = 2)
) li £
(8 'S x)-lP(ﬂ 1,92 — 2 (s x)mcz 1,2)(z — ,)(3 + zz + ,2)
Him T4+ 2z 242 _1
(syt)—'(ZIZ):: + 24 2 “7+4+4°3
Note: In future exercises, L denotes the indicated limit.
5 B 5
(1] Along the path z = 0, L = 55-2- = 2, and along the path y = 0, L = r—"'; = 2.
Thus, L. DNE.
2 2
(i2] Along the path z =0, L = i—yi = %,andalong the path y = 0, L = 33? = %
Thus, L DNE.
—1)(y—2)
L= lim = . Along the path (y — 9) = (s — 1
(:,y)—'(l 3)(: = 1)2 F{g— ) ong the path (y ) m(z h

(t—1y-2 __ me-1? g
G-17+w—2" G- +m(z—17 1+m
Since different values for L can be obtained using different values of m, L DNE.
s (z = 2)?
nFenT-E -0
) {a—37 _1
Along the path (y — 1) = 8, % E =
ong the path (!’ 1) m(: )’ (y 1)(3‘ = 2) m(z = 2)3 m
Since different values for L can be obtained using different values of m, L DNE.
[1I5] Along the path y = 2z,
L = 2425 12 Along the path y = 0, L = —L = 0. Thus, L DNE.

622 -2z
Along the path y = z, as z— 0,

L= "';: — co. Along the path y = —z,asz—0,L = —-3—:—: — —oo. Thus, L DNE.

Along the z-axis (z = y = 0),

2
Z. = 1. Thus, L DNE.

&2

L=< 0 =0, and along thepathz =y = 2L =
2

|
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[18] Along the yaxis (z = z = 0), .

L=3—y:=3,a.ndalongthepathz=y= z,L=g—i;=2. Thus, L DNE.
y

(18] Along the path z = at, y = bt, and z = ci,

b PLESRR L AP P+ 4+ 2y
abct® abct® abe
values for L can be obtained using different values of g, b, and ¢, L DNE.

[20] Along the path z = 2 + af, y = 1 + bt, and z = ct,
(et + b4+ ca)® (a+b+ 0 _ (a+b+0)?
T SP(a)(by) abc®t® i abc®
can be obtained using different values of 4, b, and ¢, L DNE.
Note: In Exercises 21-24 and 33-34, we use the fact that as (z, y) — (0, 0), #— 0.

. Since different

. Since different values for L

2 .
207 086 sin’0 — r.cos sin’f — 0 for all 6. Thus, L = 0.
¥

3 _ .3 3 ¢
?;,+—’5 = '-igl‘““ﬁm = r(cos®f — sin®6) — 0 for all §. Thus, L = 0.
v

2
I -+ !l2 e
sin(zz 4= yz) sinr2 1for ¥

sinh (22 + ¥°) inh r* . . ginh . h
(24] (+ ; = s_rmrh —+1 {mnce‘}l_rglos'%w {8} = Jm,ocosl ¥ = 1}.

Thus, L = 1.
25)z+y—1>0=z+ y> 1. fiscontinuouson {(z, ¥): z+ y>1}.
(382> — y* # 0 = z° # y*. fis continuous on {(z, ¥): z* # ¥’ }.
E71 -3 >0 = |y < 1. fis continuous on {(z, y): z> O and |y| < 1}.
B8]25 — 22 — > > 0 = 1° + y® < 25. fis continuous on {(z, v): z° + ¥* < 26).
BA2+ v — 2 #0= 2 # 2>+ ¢y’ fiscontinuous on { (3, y, 2): 2 # 2* + ¥*}.
[30] tan z is defined if tanz # § + n.
fis continuous on {(z, y, 2): zy > 0 and z # ] + 7n}.
[Bl]z—2>0= z>2 fiscontinuouson {(z, 9, 2):z>2, yz>0}.
Be-F# -y -—220=322 49 4+ 72 <4
fis continuous on {(z, 9, 2): z* + ¥* + 2 < 4}.

L=1imi=o.

r=0]n s

i ? cos’ ¢ S
B4L =}i!‘n051_n(r2-f-72r—cosﬁ) {8} = }@°(2r+ 27 cos’f) ;c:s(r2 + ¥ cos’f) _

rli_l;no(l + cos®8) cos(r? + r? cos?f) = 1 + cos’f. Since L depends on §, L DNE.

e AR 4 .22 A
[38] A(z, y)=(z 2y)2 42 222’/ +2y 4; continuous on {(z, ¥): z° # ¥° }.
2 —y -y
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h(z,y) =In(3z+ 2y — 4 + 5) = In(3z + 2y + 1);
continuous on {(z, y): 3z + 2y > —1}.
BT h(z, y) = (z + tany)® + 1 = 2 4 2ztany + tan’y + 1;
continuous on {(z, y): ¥ # § + mn}.
h(z ¥) = "% = (&"#) = 2'; continuous on {(z, v): > 0}.
0z ) = 0 = W h(f(s, 9) = (P + 20) - 3P +2) =
(2% + 29)(=* + 2y — 3); F(g(1), h(2)) = (*)® + 2(1® — 31) = € + 2(# — 3i)
(0] o(f(z  2)) = [f(z % 9]* = (22 + ye’)’
flo(z, 9), Mz, 9) = (2 —29)(2z + ) — 3(z — 29) + (22 + y) =
) 27 — 37y — 2 —z + Ty

(R f(f(z, ), f(z, ) =22+ y) + 25+ y = 6z + 3y

[43) The statement f(z, 4 z w) = L means that

() Do)
for every ¢ > 0 there is a § > 0 such that if
0<Jz—a’+@— 0 +(z— 9+ (w— &’ <6 then|f(5, v, 5 w) — I|<e.
Let € = f(a, b) > 0. Since fis continuous, 3§ > 0 such that if
0< J(z— a)? + (v — §)? < 6, then|f(z, ¥) — £, B)| < ¢ = f(a, b) =
—fla, b) < f(z 3) — f(a, b) < f(a, B) = 0 < f(z 3) < 2f(a, b).
Thus, fis positive inside the circle of radius &, centered at (a, b).
(48] (a) Let f(z, y) = zand € > 0 be given. Choose § = .
H0< {(z— )+ (y— b)? <8
then m = Iz — al =|f(z, y) — e| < § = ¢. Thus, oo B iy 2 =
(b) Let f(z, y) = yand € > 0 be given. Choose § = ¢.
£0< {(z—a)?+ (y— b)? <8, :
then ,I(y - =ly—b=|f(zy —b|<$

[46]1f ¢ = 0, then (,Iv%xgl(‘.b)cf(z, y) = 0=0=0-L

=B

€. Thus, lim y
(=) (a,5)
lim
(z,4)=*(a,d)

If ¢ #0,then lim  f(z, 3) = L means for any positive number l'f:'l’

("-v)"(ﬂﬂ)
36 > 0 such that if 0 < {(z — a)? + (y — 8)* < 6, then|f(z, 3) — L| < § =

ef(z, v) — ¢E| < €. That is, given € > 0, 38 > 0 such that if
0< J(z —a)? + (v — §)? < §, then |cf(z, ) — cL| < € or

ol T = 5

Note: We sometimes denote f-(z, ) with fz, g-(r, s) with g, etc.

fly) =28 =2 + 3y + 1> f: =I87:3y3 — 9% = 6zy® — 27y + 3
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B f(z9) = —37)° = f = 5(° — )48 = 155%(=° — ')
fy = 5(s° — §*)4(—23) = —10y(z* — ¥)4

B frn)=f+& =5 =3+ = = +",)uz= b=

B fs)="F-F=>h=-4-kh=3+3
B f(z, y) = z¢¥ + ysinz=> fr = ¢ + ycosz fy = z¢¥ + sinz
B fs 1) = S oy
¢
fe = ¢ lnzy + zvy—e 1nzy+z,f,—e 'ﬁf"=§F

£ty v) = m,l}”_f Y =4in(t+v) — jln(t —v) =

St 1 1 - -2 ; LN
ft(i, ”) = 2(1 e 1)) — 20 =2 L') — 2(12 L ) _12 oy '02'

$
™+ A7

St v) = 2t + v) ¥ 2(t 1_ 1) = 2(t22: ”2) - 2 i v
_'T!—i

f(x, w) = arctan =

» : 1 ' " L
MEN =T S A RN e e

B flz,9) = zcos% = o= cos!-, - ysmg, L= z(—mng)( -—,) (g)zsing
[0 f(z ) = {42° — ¥* secz =

fo(z 3) = (48" — v")'/? secztanz + —454‘5“,—2-)-;,—,, fu(z y) = (‘i;i_%
@D f(z 3 2) = 32*2 + 29 = falz 9 2) = 622 + ¥; fy(= v 2) = 2335 film 3, 2) = 37
02 f(z, 3 2) = 2°§° 2 + 22 — Byz = fe(z, 9, 2) = 22°2* + 2;
fulz 9, 2) = 3282728 — 55 fi(s, 4, 2) = 42%y%2® — By
@3 f(r, s, 1) = r*e* cost =
fr(r, 5, 1) = 2re?* cost; fi(r, 8, 1) = 2r% ¢** cos§; fi(r, 5, 1) = —r* ¢** sint

e B2 - 1 L
f(z: Ys i) =Teh sin 3y = f’(za Y, ‘) - m(zr) =1+ sindy
3cosdy(z* — 1
fy(zl i) =— smdy(s )

(1 + sin3y)? (@ w ) =1 -+ sm3y
O8] f(z, v, 2) = z€* — ye* + ze~
fo(2, 9, 2) = € — ye 1J‘v(~"v y:’)— —&F —ze i fi(m ) =z 4+ &7

18] f(r, s, v, p) = rtans + wrs'c( )-—vcos2p = fr(r, 5, v p) = 3% tans;

(v2) 2
fn(f' 8, v, P) = 12 gec?s o+ %ﬁ.; fw(f. s, P) = %043 c( ) _ cos 2p;
fe(ry 8, v, p) = 20sin2p

@D 1(g v w) = sin™' g + sinvw = fy(q, v v) = ks - J(g0) "/ * - v =
: =amyr’
q

v o o =
Zm'l—==1 — qv' fo(g, v, w) = m + wcos vw; fu(g v, W) = vcosvw
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@8 f(z, 9, 2) = ayze™" = fo(=, 9, 2) = zyz- """ -yz + g2e™" = yo(zyz + 1)
£z 0 2) = z2(zyz + 1) fi(z, w, 2) = zy(zyz + 1)
[ w=zp* = 22%9° + 42 = 3y = w. = y* — dzy® + 8z = w.y = 4y° — 12237
wy = 4::1[3 - fizny2 — 3= wy: = 4:3/3 - lZ:r:y2

_ 2 _ (z+ 90 — (z"(1) _ 2 + 23y
e A 7 il P
v, = EH V) — (P + 2z +y) _ 2y
: (z+ 9)* =+
- _ _(z+ 9)%(22) — (2)(2)(z + ¥) - 22y
Wy = ——_—i(z+y) = Wyz = (z_'_y)i (=+y)3

w=1c & v~2 cosz =
wr = 3z%¢ Y — y?sinz = Wey = —622¢"" + 2573 sin g

wy = —22%7% _ 2y % cosz = wys = —6z%¢ % + 2y~ 3 sinz

2
Bw=""+ 5=

z
2 2
W = szze(’ ¥ 2x73y3 = Wey = 4rye(= ) + 6z 3y™4;
2 2
vy = 2967 — 35724 = 1wy, = doyel” ) 4 628y
23 w=4* cosh?zl = wr = 2z coshf’ = wgy = -—2% sinh-g;
2
2 1z z i PR 22z 1 2
wy = z° sinh-(—%) = —%" sinhf = wy. = —£37 sinh3
e i g

Bo={2+@2+2=(2+y+"*=>
we =32 + ¢ + 2) 7 (20) 2 wey = —ay(s® + & + F)7
vy =32+ 7+ D)2 2 v = -1 + P+ D)
Bl w =322 + 229* 2 — y2 >

-3/2

we = 613°7 + 202 = wey = 187972 + 8y° 2 = weys = 187y + 16y°z
w=wtv? — 3w >
wy = 2utut — Qud?i?
27 » = vsec(rt) = ur = tvsec(rt) tan(rt) = ury = 1 sec(rt) tan(rd) =
Uror = 1[ 1 sec(rt) sec?(rt) + 1 sec(rt) tan(rt) | = £ (sec rf)(sec? rt + tan? ri)
4ys® (2 + 2%)(1295%) = (492°)(42°) _
T+ A &+ A9 =

129222% — 4ys® _ 427 (3yz® — 1Y) i 422 (322 — 2Y)
(2 + 2% ~ (2 + Y = T

[29) w = sinzyz = w: = yzcoszyz = wry = zcoszyz — TYZ° sinTyz =

= wy, = 8utvl — 90°2 = wy,, = 84%v — 187t

= Uy =

EBlv=yhln(s® + ) = v, =

Wzys = cOSzYz — zyzsinzyz — 2zyzsinzyz — 2y 2  coszyz =

(1 — z%y*2%) cos zyz — 3zyz sin zyz
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Bw= 2 = 267 + A7 wy = 2207 + A =

wyy = —22%(y% + #)7? + 822 + A) =
Wyys = 82°2(8° + 7)7° — 482°¢%2(y* + )™t =
8z%z(y* + )74 I:(y2 + 7)) - ﬁyl"] = %f—)
w= 11— 3% = wr = 4r°5°1 — 352%™ = wer = 1207551 — 357%™ =
Wrrs = 361757 — Bt ™ wrs = 120%5%t — Bste™ = wryr = 361757 — Bst®e™;
w, = 3r¥s?1 — Bse™ = wyr = 12r°6%1 — Bste™ = wyrr = 36r%5%1 — GstZe™t
w=tanuy + 2In (v + v) = w. = vsec’(uv) + 2(u + v)”' =
wyy = 2uv sec’(uv) tan(uv) + sec’(uv) — 2(u + v)"2 =
wuve = 4u sec’(uv) tan(uv) + 4u’v sec?(uv) tan?(vv) + 2u’v sec’ (wv) + 4(v + v)™%
wy = usec’(uv) + 2Au+ v)~' =
wyu = sec’(uv) + 2uv sec’(uv) tan(uv) — 2(v + v)~2 =
Wouv = Wuuy SINCE Wyy = Wuy
wyy = 24% sec?(uv) tan(uv) — 2(v + )77 2 Wou =
4u sec’(uv) tan(uv) + 4u’v sec’(uv) tan®(uv) + 2v’v sec*(wv) + 4(u + %)™ = Vuee
Note: In Exercises 33-36, let w = f(z, y). In each exercise, wzz + wyy = 0.

w=ln.lz:’ +y¥=ih@E’+¢) =

S 2 iR
w:=;§=?10ss=y y Wy = y =>wyy=%—-
©+y (= + ¢')° T +y (& + v)°
-— 22 —_— 21.‘3/
@w:arcta.n—yzbw,,: / = y = Wz = ’
’ L+waf] 747 @+
1/z % =2y -
Wy = = = W, = -
Thre Fre T @ +v)

[35] w = coszsinhy + sinz coshy =
wr = —sinz sinhy + cosz coshy = wer = —coszsinhy — sinz coshy;

wy = coszcoshy + sinzsinhy = wyy = cosz sinhy + sinz coshy.
Bflw= e cosy + e Vcosz =
Vsinz => wzz = e “cosy — € 'cosz;

¥

we = —e Fcosy — e
wy = —e “siny — e TeosT => wyy = —e “cosy + e “cosz.
B7]w =cos(z — y) + In(z + y) = wz = —sin(x—y)+z—_}—_—y=>

Wee = —cos(z — ¥y) —

(J-‘T-ly)z; wy = sin(z — ) + :_}_y:f"
wyy = —cos(z — y) — (7_-:_;)7 Thus, wez — wyy = 0.
Bu=(y—20" - {y=2 = w. = —6(y - 2° + (y— 297 =
Wee = 24(y — 22) + (v — 20wy =3y — 2 — Yy - 2977 =

Wyy = 6(y = 22) + §(y = 29)7°/%. Thus, wee — dwyy = 0.



EXERCISES 16.3 285

T _e2
BYw=e "sincz=> w: = ce***coscz =

—¢3 =
Wrz = —c? e Fainen; wy = —c? e sinez. Thus, wee = w,.

knT
@ rv=iT=§r =855 = faidp=-5F

AVATOP _kn V. —kaT _ —knT _ _q 4 L
Th“"’ﬁﬁ'é—v‘TE > achalln | s 1 since PV = knT.

v = (sin aki)(sinkz) = ve = k(sin aki)(cos k) = vee = —Kk*(sin akt)(sin kz);
v, = ak(cos aki)(sin kz) = v, = —a°k*(sin akt)(sin kz). Thus, v,, = o’ vzz,
[@A2)v = (z— ai)‘ + cos(z + at) = vz = 4(z — ai)a — sin(z + ai) =
vez = 12(z — af)® — cos(z + af); v, = —4a(z — af)® — asin(z + at) =
v = 12a%(z — a?)® — a’cos(z + at). Thus, v, = a° vz-.

@B u(z, y) = z* = y*; Wz, 9) = 22y =>

tz = 2zand uy = —2y; v2 = 2y = —uyand vy = 27 = us.
—2zy
£ =51 =5is= d
(44] u(z, v) m.v(&r) p e ks e
it y -2 —2zy
= —%——— = —1uy and = "
BT i T A T

[45] u(z, y) = ¢ cosy; ¥z, y) = " siny = u = e” cosyand yy = —e” siny;
v: = e°siny = —uy and vy = €* cO8Y = us.
[46] u(z, y) = cosz coshy + sinz sinhy; %(z, y) = cosz coshy — sinz sinhy =
4z = —sinz coshy + cosz sinhy and uy = coszsinhy + sinz coshy;
vz = —sinzcoshy — coszsinhy = —uy and vy = coszsinhy — sinzcoshy = us.
[47] There are 9 second partial derivatives: wzz, Wey, Wzz, Wyz, Wyy, Wys, Wiz, Way, Wss

w,: hm (z;yaz t+’3 ﬂ)—f(z’y’z'i’”)

@3] (a) T = 10(z* + 1*)* = T:(z, v) = 402(z* + 9°) = T=(1, 2) = 200 deg/cm
(b) Ty(z, v) = 40y(z* + v*) = Ty(1, 2) = 400 deg/cm
(a) f(z ¥) = 300 — 222 — 3y* =
fo(z ¥) = —4z = fz(4,9) = —16 (depth in ft)/(distance in ft)
(b) fu(z ¥) = —6y = fy(4, 9) = —54 (depth in ft)/(distance in ft)
(&) V=100/( + ¢* + #) =
Ve(z, 9, 2) = —=2002(2” + ¢* + 7)™ = Va(2, —1, 1) = —13° volts/in
(b) Vy(z v, 2) = —2009(z + v’ + )72 = Vy(2, -1, 1) = §§9 volts/in
(€) Vi(z, v, 1) = =2002(z* + * + )72 = Vi(2, =1, 1) = =32 volts/in
B2 (a) T= 42> — ¢ + 162 = Te(z, 3, 2) = 8z => T=(4, —2, 1) = 32 deg/cm
() Ty(z y, 2) = =2y = Ty(4, —2, 1) = 4 deg/cm
(¢) Ti(z, y, 2) = 32z = Ti(4, —2, 1) = 32 deg/cm
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- -10)2/z ‘-0, 2
B3 Oz, 3) = g?og[c 0.02(y-10)"/22  ~0.02(y+10) /az:l ok

- - 2 z -0. 2 £ )
%g _ —%Q[e 0.02(y-10)2/52 | —0.02(y+10)3/ z] +

200] -0.02(y-10)2/22/0.04(y — 10)? —0.02(y+10)2/22/0.04(y + 10)?
o (M, om0

z z z
8C/0z ~ —36.58 (ug/m®)/m
is the rate at which the concentration changes in the horizontal direction at (2, 5).
35 =3 z'?_z(_)[e-o.uz(y-10)'-’/92(—0.04(: — 10)) + c—o.oz(y+10)’/=2(—0.04(zyz+ 10)):|
dC/dy ~ —0.229 (pg/m®)/m
is the rate at which the concentration changes in the vertical direction at (2, 5).

312 2 2 3 ar _ _ VR
BD = VR + I%w SR~ e
JI/8R is the rate of change in the current w.r.t. resistance.

) W’ VL : oy .
3= —m is the rate of change in the current w.r.t. inductance.
=—Fr =¥ x3
(55l (2) Sp, ) = TTi=g = K10,08) = F ~ 357,
5(100, 0.8) = 128 = 4.81, and S(1000, 0.8) = 125 ~ 4.98.
26 i 251
. o ? T 5p
e 5y 08) = Hm gt = L =8
R R o S .l
® 5 lo+ 201 — Q) [¢+p(1 =

(<) q=1-'->‘g—'§;p(p—l)=p2—p. Since%—gzoforpzlwhenq=l,

as the number of processors increases, the rate of change of the speedup increases.

e, 9) 1 OE g=1 ;
E= = = = —————5<0since0 S ¢g< 1
Lo £ ¢+pl—0 " " [g+p(1 - 9] e
(8) T = Toe " sin(wt — A7) = %—17‘- = Towe *“cos (wi — A7)
is the rate of change of temperature w.r.t. time at a fixed depth z and
0T = —TyAe [ cos (wt — Az) + sin(wt — Az)]
is the rate of change of temperature w.r.t. the depth at a fixed time 1.
2
(b) 83—2? = ToAze"*’Ecos(wt — Az) + sin(wt — ,\z)] +
T‘,Aze"\’[-sin (wi = Az) + cos(wt — ,\z)] = 2\ T,e™** cos(wi — Az).

b2 e OF m b BT

W o1 W.
—Ja2402 ! v
B8] w = (sin az)(cos by)e ¥ ***"* = v, = a(cos az)(cosby) eV =
Wee = — a?(sin az)(cos by) e~ Y2497 *. wy = —b(sin az)(sin by) e~ (o242 s
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-J 2 -Ja 2,
wyy = — b*(sin az)(cos by) e Lt R P (sin az)(cos by) & ™

3422
wss = (a? + b?)(sin az)(cos by) ¢ horts, Thus, wee + wyy + w:: = 0.

[(59] (a) V = 27.63y — 0.112zy = 8 V/dz = —0.112y ml/yr
is the rate at which lung capacity decreases with age for an adult male.
(b) dV/dy = 27.63 — 0.112z ml/cm is difficult to interpret because we usually think
of adult height y as fixed instead of a function of age z.

Iz, 1) = 1000¢™*%°% sin®(Z1) = 91 = 1000-°-2% (3) sin’ (3§ cos (751) (3)-
9I/8t = 0 ft-candles/hr is the rate at which light intensity changes with respect to
time at a fixed depth of 5 meters when ¢ = 6. 5— = —100¢~"1%% 5in? (510).

8I)0z = —1007? ~ —60.65 ft-candles/m is the rate at which light intensity
changes with respect to depth at a fixed depth of 5 meters when 1 = 6.

7. 9¢ e > Mo ¢ I 8 Wt ¥ 20 W —apg -1
& = g—ka—k T(bg P P2 Py Py Pa n)( OGPy )
= —a"gf = —a;, for every k
=61 ~%;32  TOik_1 “%ir+1  “%jn =8;p=1
@ ( iPr Py " Prar Prg **Pn )(—djth ‘ ) =0+

a;; = 0 since b; > 0.
z=9—zz—yz=?%;=—2y=?slop¢of1a-.tP(1,2,4)ia—

and an equation of lis (z — 4) = —4(y — 2), or, z = —4y + 12.
Thus, parametric equationsare z = 1,y = 1, z = —41 + 12.

Figure 63 Figure 64
[64] Cis the intersection of the plane y = 2 with the upper half of the ellipsoid

2
z + % + -3’—; = 1 and [is the tangent line to C at the point P(1, 2, ¥11).

4
= {36 - 92 —4y* > gi o 9_292 7 slope of I'at P(1, 2, 11) is
— 077 —
—T-s,andanequatlonoffm z— {11 = —q=(z —1),0r,z= —— -+ r

Thus, parametric equations are z = t, y = 2, z = fl-l-(—Qi + 20).
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[65] £.(0.5, 0.2) ~ £(0:48,: 0:2) = 4f (:(':961‘)"2) + 3f(05,02) , 4.0079600438

£(0.5, 0.18) — 4£(0.5, 0.19) + 3£(0.5, 0.2)
2(0.01)

f(z, ¥) = y* sin(zy) = fa(z, y) = y>cos(zy) = f:(0.5, 0.2) ~ 0.0079600333.
fu(z, ) = 2ysin(zy) + z3*cos(zy) = £,(0.5, 0.2) ~ 0.0598334499.

.48, 0.2) — 45(0.49, 0.2 5, 0.2
[68] /2(0.5, 0.2) = £(0:45:0-2) f(:(ﬁn? ) + 3(0.5, 0.2)

£(0.5, 0.18) — 4£(0.5, 0.19) + 3£(0.5, 0.2)
2(0.01)
f(z ) = 2 + 4% = fe(s, 9) = o* + 125°" = f:(0.5, 0.2) = 0.128.
fu(z, y) = 32% + 82>y = £,(0.5, 0.2) = 0.26.
_, f(0.61, 0.8) — 2£(0.6, 0.8) + £(0.59, 0.8) _

f(0.5, 0.2) ~ ~ 0.0597349919

= 0.1279679978

(0.5, 0.2) = = 0.2599

fo=(0.6, 0.8) =~ ony ~ 1.8369
fu(0.6, 0.8) = [0:6. 0.81) — zfgg:gi)oz.s) + £(0.6,0.79) _ 4 120
fe=(0.6, 0.8) ~ £(0.61, 0.8) — 2,:821 ;;.s) + £(0.59, 0.8) _ o 2104
Fug(0.6, 0.8) w 106, 081 — 2f23:1 )0;8) + £(0.6,0.79) _ | aray

D (2) w=fz, 3) = 59° — 2y = Aw = f(z + Az, y + Ag) — f(z, 1)
= 5(y + Ay’ — (z + Az)(y + Ay) — (5¢" — =)
= 53 + 10yAy + 5(Ay)? — oy — zAy — yAz — AzAy — 59 + zy
= 10yAy — zAy — yAz + 5(Ay)? — AzAy
(b) dw = fz(z, y) dz + fy(z, 3) dy = —ydz + (10y — z) dy
(¢) Since dr = Arand dy = Ay, dw — Aw = AzAy — 5(Ay)’.
B uwu=2zy—y +3z2=
Aw = (z+ A)(y + Ay) — (v + AY)? + 3(z + Az) = (3y — ¥ + 32)
= 1y + Ay + yAz + (Az)(Ay) — ¥ — 29Ay — (Ay)? + 3z + 34z
—zy+ 3° — 3z
= zAy — 2yAy + yAz + 3Az + AzAy — (Ay)?
(b) dw = fe(z, y) dz + fy(z, 3) dy = (v + 3)dz + (z — 2y)dy
(¢) Sinece dz = Az and dy = Ay, duw — Aw = AzAy — (Ay)’.
Note: In Exercises 3-6, the expressions for ¢, and ¢, are not unique. See Example 2.
B Av =[4y+ A9 - 3(z + AD)(y + Ay) + Az + Az) | — [44® — 32y + 22
= 83Ay + 4(Ay)’ — 3zAy — 3yAz — 3AzAy + 24z
= (—3y + 2)Az + (8y — 32)Ay — (3Ay)Az + (4Ay)Ay.
Since f = —3y + 2 and fy = 8y — 3z, ¢; = —3Ayand ¢; = 4Ay.
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M Aw = [2(1 + A7) — (y + Ag/):l2 - [2z - y:]z
= (s + A — 4 + Ad)(y + Ay) + (s + Ay — (47 — day + )
= 82zAz + 4(Az)? — 4zAy — 4yAz — 4(AzAy) + 2yAy + (Ay)?
= (8z — 4y)Az + (—4z + 2y)Ay + (4Az — 4Ay)Az + (Ay)Ay.
Since f;: = 8z — 4y and fy = —4z + 2y, ¢, = 4Az — 4Ayand ¢, = Ay.
B av =[(+29*+ @+ a9 - [+
= 327 Az + 32(A2)? + (A2)® + 3PAy + 3¥(Ay) + (Ay)?
= (32)Az + (3y°)Ay + [32Az + (A2)7]Az + 334y + (Ay)?]Ay.
Since f = 322 and f; = 3y%, ¢, = 3zAz + (A2)? and ¢, = 3yAy + (Ay)’.
Av =[2(z + A2)* — (2 + A)(y + Ay)® + 3(y + Ag):l —[22* — =® + 39]
= 42A1 4 A7)’ = 259Ay — K(Ay)? = v Az — 2yAzAY — A:t:(Ay)2 + 3Ay
= (4z — v*)Az + (=2zy + 3)Ay + (2Az — 29Ay)Az + (—zAy — AzAY)AY.
Since fr = 4z — 3’ and fy = —2zy + 3,
€ = 2Az — 2yAyand ¢, = —zAy — AzAy.
w=1" — 2%y + 33® = dw = wodr + wydy = (32 — 2zy)dz + (—2* + 6y)dy
w=52% + 4y — 32y° = dw = (10z — 33®) dz + (4 — 9z3°) dy
w=2siny + 2y°"° = dw = (2zsiny) dz + (z* cosy + 3y’ dy
w=ye 2 — 3z = dw = (=29 — 1223 dz + (%) dy
00 w = 2™ + (1/4%) = dw = 2" (zy + 2) do + (2™ — 25™%) dy
w=In(z* + y*) + ztan"ly =

dw = (zz?:y, + ta.n'ly) dz + (3723? + ﬁ,)dﬂ

@Bw=In + ) = dvo= v dz + wydy + w, dz =

2r’y 227
[Zz ln(y’ + 22)] dz + (m) dy + (m) dz
w=2g" + ¢ 2 dw = (223°2) dz + (32°%%2) dy + (274 — 2¢7%")dz
_ myz
it o
vy + 2) (2 + 2) (2 + )
dw = dz d —|d
g [(z+y+z)’:| +|i(z:+y+z)2 y+ (z+y+2) 5
w= 22" ¢ ylnz = dw = (2:::") dz + (zzze" + Inz)dy + (zzyew + g) dz
[ w = 2%z + 4yt — 2%t =
dw = (222 — ) de + (48%) dy + (2 — 2zzd) dz + (1298% — z2%) di
w= 2’7 2 dw= (e ") dz + (3PP 0Y) dy +
(2P o) dz + (=227 20 dt + (422 %47 20%) do
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@f(zy) =2 -3 +42— 2 + 6 =
= (2z — 973" + 4)dz + (—6z°y — 6y%) dy.
= —2y=38 dr = —2.02 — (=2) = —0.02, and dy = 3.01 — 3 = 0.01 =
df = (—324)(-0.02) + (90)(0.01) = 7.38.
R0f(z, v) = 2* = 20y + 3y = df = (22 — 2p)de + (—2z+ 3)dy. =1, 9 = 2,
dz = 0.03, and dy = —0.01 = df = (—2)(0.03) + (1)(—0.01) = —0.07.
Bl flz 9 ) = 22 — 392 + 2% + 24"/ %2
= (22 — 377 dz + (=32 + y V22 dy + (3:°2 — 6yz + 24" %) dz
z=1y=4,2z=2,dzr = 0.02, dy = —0.03, and dz = —0.04 =
df = (13)(0.02) + (—11)(—0.03) + (—32)(—0.04) = 1.87.
Rfzny)=sy+zz+yz=>df =(y+ )dr+ (s + 2)dy + (z + 9) dz.
z=—1,y=2,z= 3, dz = 0.02, dy = —0.01, and dz = 0.03 =
df = (5)(0.02) + (2)(—0.01) + (1)(0.03) = 0.11.
23] (2) S(z, y, 2) = 22y + 22z + 2yz =
= (2y + 22)dz + (2z + 22)dy + (27 + 29) d=
t=8,y=4z=5anddr=dy=dz=%%in. = £t =
dS=(18 + 16 + 14) (£ d5) = = &5 = +1#%
(b) Uz, 9, 2) = zyz = dV = (y2) dz + (z2) dy + (zv) dz =
= (20 + 15 + 12)(£ tf5) = £ 35 £t°.
24](a) h(z, ¥) = (* + y2)1/z = dh = |:(—:;—2+—'y-2717{|dz+ [W]dy.

z=3,y=4,and dr = dy = £0.02 = dh = (£ + §)(£0.02) = +£0.028 cm.
(b) A(z, v) = 3zy = d4 = (Jy) dr + (32) dy = }(4 + 3)(£0.02) = £0.07 cm®.
28] (a) P = 15,7005°/*RD = 15,700(0.54)°/%(0.113/2)(2) ~ 380 Ib
(b) dP = 5—d5+ 8L ir + 4Eap

5/2

= 15,700 (3)5*/*RD a5 + 5°/*DdR + S**RaD] =

P =345 4 4B 4 4D = 52 3%) + (£2%) + (£2%) = £11.5%
1 S NS T = Fagw g _1
(T)R'Rﬁﬂg*?ﬁ;:’ IR = ik Em, Engsa-
_p2(1 98 1 4Ry 1 dRy
3R+ ydhs) = B+ L5 + A7)

R, = 100, R, = 200, Ry = 400, an ‘%‘l fg—? % = +0.01 =

RZ

R = %2 {from (1)} and dR = (42)*(d5 + 555 + 750)(£ 0.01) = =+ # ohm.
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2 = = —£2 ___dW.
3 ]—_—”f:?'d& SAJA"FJWJW [W]JA"‘[(A W)]

When making scientific measurements, we do not usually know whether a

measurement is too high or too low. This is the reason we have included both the
“4” and “—7 signs. It is possible that one measurement can be too high and the
other measurement can be too low. To obtain the maximum error in the calculated
value of s, we choose the signs of dA and dW to match the signs of s, and sy,
respectively. Hence, A = 121b, W = §1b, dA = +} ounce = % 315 Ib,

and dW = 2 & = ds = (—5)(—2) + (%) = 2 = +0.0185.
@]PV—ET:P—E-—-}dP——kFT-dV+T}de P =05 V=64, T = 350,

dV =70 — 64 = 6, mddT—345—3so=_5=>k—%}i ll,fsa.nd

dp.= 18 1;452(350) ) + &/ 175( —5) = 121 ~ —0.05 Ib/in.2.
Using Exercise 27,
Y= -t = wY + e W =
P - 4) = Eplin - (0] =
BUPY=kr= v=tf = 4f = WD diT/(;T/P’)dP %’ ERAT_JTP

i — 4P = 0.8% — (—0.5%) = +1.3%

Br=sm=bau-W-F=—tu-2Li=d4-29

€L = +1%and 42 = +3% = & = 1% — 2(—3%) = +7%.
T D P 3
[32) F = =PR*/(8vl) =
dF = TR gp 4 ALPR gp o AF _ P 4 4dR _ 39 4 4(—2%) = —5%.

BT =828 + 49 + 922 = dT = T 43/;‘4_ A7 (4zdz + 8ydy + 18zd2).

z=6,y=3,2=2,dz=10.1,dy =03, dz= —0.02 =
dT = $[24(0.1) + 24(0.3) + 36(—0.02) | = 2.96.
B4 4 = %a’ sin 8, where a is the length of the equal sides and # is the angle between
them. Thus, dA = (asinf)da + (34° cos)df. a = 100, § = 120°, da = 1, and
A = —1" = —;% rad = dA = (5043)(1) + (=2500)(—%5) ~ 130 in.2.
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B8k = =

acot

a!h=——5’°3°2" do 4 — 22 B + 1 dz.
(cot @ — cot f) (cota — cot B)° (cote — cot B)*

do = df = £30" = &880 = & 00 & +0.000145,

. . 2000 csc?15° x
=15", § =20, = 2000 = dh = ——2000 csc’15" _ (_
@ =15, f = 20", and z = 2000 = ey t20),( T570)

4 —2000 cse? 20° 1 g
T TR T - -
(cot 15" — cot 207)% 21, 0 + (cot15° — cot20°)?

Approximating, dh ~ 7.0448 + 1.0316dz. |dk| < 10 = |7.0448 + 1.0316 dz| < 10
= —16.527 £ dz £ 2.865. Thus, we choose |dz| < 2.865 to assure us that
[dh] < 10, that is, the maximum error in £ must not exceed =+ 2.9 ft.

_ zy(lnz — Ing) [ = 1  lz—lny —¢
282 = (z— y)In2 ===y 73+ "3 (z — v)? e
zy =1  lnz—Iny 2
[z—y'yln2+ In2 '(z—y?]dy

z = 30, y = 60, dz = (0.10)(30) = 3, and dy = (0.10)(60) = 6 =

a7 = (-2 + 4)® + (glg — 1)(6) = 12 — 6 = 6 min.
S =2mrh + 2ar* = dS = (27h + dwr)dr + (2xr) dh = 2r[(h + 21)dr + rdh].
r=3, k=8 and dr = dh = £0.05 = dS = 2x(14 + 3)(£0.05) = £ 1.77 in.%.
[38] § = 2zy + 22z + 2yz = dS = (2y + 22)dz + (22 + 22)dy + (22 + 2y) dz.
z=09,y=6,z=4,dr=0.02 dy = —0.03, and dz = 0.01 =
dS = 2(6 + 4)(0.02) + 2(9 + 4)(—0.03) + 2(9 + 6)(0.01) = —0.08 in.”.
The exact change in surface area is

AS = 2[(9.02)(5.97) + (9.02)(4.01) + (5.97)(4.01)] — 2[(9)(6) + (9)(4) + (6)(4)]
= —0.0814 in.%,

3
(3] fo(z, 9) = (_+"T)E and fy(z, y) = G ;i ok are continuous except at (0, 0)

which is outside the domain of f. Thus, fis continuous on any rectangle R not

containing the origin and by (16.17), fis differentiable at every point in its domain.

3 y+zz—z——2zy—2u
@fs(?& Y, ) ( +.'/ +22)2 !

4 =y = 2yr — 29z
fulz, 9 2) = F+7+ ) » and
=+ — z2 — 2z —
fs(z‘ Yz ) (:: + y i3 za):
at (0, 0, 0), which is outside the domain of f, by (16.17) fis differentiable on D.

Note that in this case a rectangle is actually a “box shape” in three dimensions.

2zy_ Since fe, fy, and f; are continuous except
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4 0) — f(0,0 . -
@ () £0,0) = Jip OTh0D —JO0 _ yp0-0_4

0

= 0,0 + &) — f(0, 0 y g

Thus, fz(0, 0) and fy(0, 0) exist and equal 0.

(b) Consider L = @ y;_.(o 0);—, Along the path y = 0, L = 0, whereas along

the path y = 7, L = §. Thus, L DNE, and f cannot be continucus at (0, 0).
(¢) Since fis not eontinuous at (0, 0),
it cannot be differentiable at (0, 0) by the contrapositive of (16.18).

42 (a) £(0,0,0) = mﬂﬂ + A0, 0’2 £(0,0,0) _

0—0_
= 3l =0

Similarly, £,(0, 0, 0) = £:(0, 0, 0) = 0.
Thus, fz(0, 0, 0), £(0, 0, 0), and £:(0, 0, 0) exist and equal 0.

(b) Consider L = ("y.‘)h_x'n(u' o.u)W Along the path y = 0, L = 0,

whereas along the pathz = y = 2z L = % Thus, L DNE,
and fis not continuous at (0, 0, 0). Hence, fcannot be differentiable at (0, 0, 0).

2 2
(43] Let f(z, y) = —+-9——1=0andg(z,y)=(zzol) +(y-;1) =T

Then, fo(z, 3) = 35 fi( 3) = 3y, 92(% ¥) = §(z — 1), and gy(3, ¥) = §(y + 1).
For the first iteration with (zy, 3,) = (2, 1) we have:

f=(2,1)  fy(2,1) Az, L) -f(2,1)
9=(2, 1)  gy(2, 1) Ay b -9(2, 1)

Az -3 Az, —0.1471
= =
| Ay & Ay, 0.1618
Thus, 75 = 2, + Az = 1.8529 and y, = 3, + Ay, = 1.1618.
In a similar manner, (z3, y3) ~ (1.8460, 1.1546), and (z4, y;) = (1.8460, 1.1546).

(44] Let f(z, y) = +"’——1—0andg(:,y) (’——21—)2—(”—_%)2_1=o,

Then, fz(z, ¥) = 3z, fu(n, ¥) = §u, 92(z, ¥) = 2 — 1, and gy(z, v) = =3(y = 1).
For the first iteration with (z;, ¥;) = (—1.5, —1.5) we have:

f(—15, -18)  f(-15 —15) || Az —f(—1.5, —1.5)
9:(—1.5, —1.5)  gy(—15, —15) || Ay —(—1.5, —L.5)

-3 -3 | Az < Az —0.1157
5 5 2 A #
Thus, z; = 7, + Az; ~ —1.6157 and y, = 3, + Ay, ~ —1.6986. In a similar
manner, (z;, ¥3) & (—1.6105, —1.6874), and (z,, y4) =~ (—1.6105, —1.6874).

o Bies

1
1
5
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Using Definition (16.20)(ii) and following the technique used for two equations with

first approximation (z;, y;, z;) we have:

fo(21, 91, 1) A2 + filzy, 9, 2)Ay + filzy, 3y 2)Az % —flz, 3, 2)

9=(21, 91y 2)AZ + 0y(21, 11y 2)BY + 0:(23, 4y, 7)Az & —9(z, 4y, 1)

he(ziy 31y 2)AT + hy(zy, ¥y 2)AY + he(zy, 9y, 1)Az R =h(z), ¥y, 7)

Writing these in matrix form and suppressing (z;, g;, #) for each function gives us:

L & £ Az =f
9= v 9 || Ay |=|—yg
hz  hy ks Az —h
ercises 16.5
i g—t: = g—:f% + a:’g—;‘:’ = (sinv)(2z) + (z cosv)(y) =
2z sin(zp) + y(z* + y*)cos(zy)
3;} - 31:% & 31:% = (sinv)(2y) + (x cosv)(z) =
2y sin(zy) + (s + ¥*)cos(zy)
B %2 =520t + 420 = ((sing) + (v + 20)(y cosz) =
¥ sin:siny' + y(zsiny + 2y sinz)cosz
%L; = a:’g—: + at:g—; = (v)(zcosy) + (u + 2v)(sinz) =
zysinz cosy + (zsiny + 2y sinz)sinz
B Je=4udy, 9u8v_ (o4 4 29)(ng) + 24)(2) =
2(rIns + 2r + s)(Ins) 4+ 4rlns = 2r(Ins)? + 8rlns + 2slns
0w = Gudu y 988 - (u 4+ 20)(5) + (2u)(1) =
2(rlns + 2r + s)(E) + 2rlns = 2 h“ + 41"2 + 2r + 2rlns
@ §L = Gudty qudv_ (ui)1) + (te)(s) = (v + ts) = s(2r + 8)¢" " *
%—‘: = %1_;’%: T %‘T‘,’% = (ve')(1) + (L™)(r) = (v 4 tr) = r(2s + r)e”(”")
§r =028y 82001 0100 = (32)(e') + (1)(ve") + (20)(223) =
3226% 4 ye© + 42392
§ =570+ 0208 4 2100 - (3)(ae!) + ()(e°) + (20() =
333'+c’+2z‘y
B §5=3:02 + 450+ 2200 = ()() + (p+ WD) + (D = + w=y
G Ge2P  £:00 ., 220w - ()(—1) 4+ (p + u)(=2) + (9(2) =
¢—-2p+v)=z—4y
gr = groz g—y%” = (n3)(3) + E)v) = 3in(uot) + 3F ¥ =

3ln(uvt) + 3 + %‘
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+ 9098 — (ny)() + @)(ut) = tin(uwt) + FF 2 =

o1y
T
T

<

tIn(uvt) + --- +1
+ 5% = (lny)(s) + G)(w) = vln(uwt) + 2F =
vin(uvd) + % + v

2y

Il
il
2T
<

>

rdz _ (2w cos 2)(2uvd) + (—v? sinz)(#) =
"v’t’|:4cos (uf?) — uf® sin (uf?) |

+

&=
oy
Il
o
e
Ny
L3

% - %’;%— + g-g— (2w cos 2)(u*1) 4 (—w? sin 2)(0) = 2u*ve® cos(ut®)
% = g—;ﬂ%—w + g—%— = (2w cosz)(u?v) + (—w’ sinz)(2ut) =
2n‘v’i[coa(ut’) — ut? sin (ut’):l
@ 52 =020u . 3000, B00w _ (2u@) + (60)(~1) + (~Bu)()) =

4z -3y +2r—5) -6z +y—r+25) —8(—z+2y+r+3 =
—34y + 6r — 24s

—9sdt | 2s3r , 9sQu . 9sdv
- Fﬁ 0r5§ 6u6y+0vay

= (1)(2292) + (O(s%2) + ( ")(ﬂ’) + (ue®)(22)
= 27922 4+ 229’2 + 22"V + Pyl = 3% 2 + zzz(l 4 z-yz)e""

2
e =524+ 52a =0 + 3] = - S n)

dydi — + 1)] (t+1)° (t+1)*
1 I,)(—25") % (u 1 u)(3t’ — %)=

dw _ Swd Swdv _
@ =525+ 52% = (v
312 — 21 — 272
c"ﬂ' + ‘3 = t?
_ Owdr 610 ds , Swdy
=5+ s+ 2%
= (2r)(2sint cos i) + (—tan v)(—sini) + (—s sec?v)(4)

= 4sin®t cost + tan(41) sint — 4cos sec?(4t)
% = G2t + 29 + 924 = (n°s)(2) + 3297)Q) + (49 A))

= 23 (4yz + 92z + 20zy) = 3(21 + 1)(3¢ — 2)%(5¢ + 4)3(904% + 35¢ — 12)
Note: Exercises 15-18 use (16.22).

s 2 dy Fz(z,9) _  62° + 21y
8 F(z, ) =22 + 2Py + y* — 1 0=>da:__1-‘,(z,y)__,z+3y2
B F(z,3) =2 + 2% - 35® + 22 =0 =
dy _  Fe(zy) _ 45 + 415° — 31° + 2
s~ Fy(z, ) — 4’y — 97y’
OF(z ) =62+ {73 —3y+4=0=

dy _ _Fuz, ) _ 6+T= 247y _ 12y + ¥
&~ TF(5y) ‘T#‘*:ij’_y 6{zy — z

-1/3
z/

= y1/3
s‘-1/.':! v “(7:)

F’(’! y)
A=+ =0 ¥ = _ .
i d iz = " Fy(z 9)

WIS oo
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Note: Exercises 19-22 use (16.23).

- - 2289 i 8z Fe(z, v, 2) _
@9 A(z, 9, 2) = 222° — 3y + =’y +4z_0=>3-:-c “FEy )
it pe_ Rlnud_ 2y -32
622 —6yz+4 Oy Fiz,3 2 6z —6ys + 4
Fz('ﬁ % 2 )

- B gl P gy -
[20] Az, g, 2) = =2 + 22%y — 43’z + 3y 2—0:‘»3; s 05

2+ 4zy and & Pymyd) 287 —8yz+3
21z — 4y 3_!' “Fimwn 22z — 4yz
Bl Az, g 2) = zc¥ —2ge" + 322 —1=0=
8z_ _Fe(z 92 _ — 2yze®* 4 3yze”? sl
9z~ " Fiz, v, 2 zyew — 2zye®* 4 3¢77
8z _ _Fy(m w2 _ _zze’ — 2e7 4 372™’
Oy~ " Fiz, 32  zye — 2zye” + 3e )
o il o . 8 _ _Felz v 2) _
B2 Az 9, 2) = y2° + 7 +cos(apz) —4 = 0= & = s

_ 22y — yzsin (zy2) L _Fy(z 9,2 _ _zz — zz sin (zyz)

2z —aysin(zys) 0y Fiz, 4,2 2z — zysin(zyd)
BBl v=rh=m O =GV e 4 LD = e 4 (xr) G

r=4h=79=00,ad 8 =002 =

4V = (567)(0.01) + (167)(0.02) = 0.88 ~ 2.76 in.%/min.
(b) §= 2xrh = %5 = Qﬁd—t + 84 = ot 4 2y dh

(147)(0.01) + (81r (0.02) = 0.37 =~ 0.94 in.?/min.
@ Let s denote the length of an equal side, and # the included angle. A = %s’ sinf =

A = OAds | GALD — (s5in0) 98 + (3% cos0) . 5 = 20,0 = 60", & = 0.1,

and % = 9 = £ = 84 = 10{3)(0.1) + (100)() = {3 + 17 =~ 5.22 ft*/hr.

v_8T . dV _ 8V dT . OV 4P _ (8\dT _ (8T\dP m_ -
Ev="_T = & - gLdl =34 (?—)F T = 200, P = 10,
d

i =2,and 8 = } = &V — (£)(2) — (£9)(}) = —6.4 in.*/min
= _ 3V _ dh_ 0hdV _ Ohdr _ (3 \dV 6V
V"s’"zh:’h_, e V?T+rt_(wrz)l+( )dt
- v _ d
V—40,r—5,ﬁ—6,ad-di;:%:>
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00 007184':0 4257705750728 Jz + 0.7252%425,-0.275 %]

o

s _ 9Sdr  9S 9y _
@di— zdi T ydt —

=
(V51

z =13, y=86,a£=2,a.nd3—=9=>
fi-f ~ 0.007184[ 2.45687(2) + 0.63354(9) ] = 0.07626 m?/yr = 762.6 cm?/yr.

o .
T_-[_(P+;}§)(V b =
dT _ 0T dP | 8TV _ ] dP | 1 2
L=+ 5% <dv-ag {7+ @) + v - 9(-24)]

e dP 228\ dV
Ho-og+ (P- 3+ %]

8 (1Y 0 (& 16R _ _1 3R _ (R\?
B5R) = (Eh) 2 -nh=-n==-)
@Letu:tz,v:ty,andw:f(u,u).%—::%l:a—g-f--‘a—’;—'%:

% = w* f(s, 9).

fu(, v) ez + fo(u, v)+y. Also, w = f(u, v) = 1" f(z, y) => S=
Since t can be any real number, we let { = 1 and it follows that
zfz(z, ¥) + vhu(z, ¥) = nf(z ).
B3] f(tz, ty) = 2(12)® + 3(t2)*(ty) + () = £2(22° + 3y + ¢°) = £f(z,9) =
n=3. zf(z, 9) + vh(z v) = 2(62° + 623) + ¥(32* + 3¢?) =
3(27° 4 32%y + ¥°) = 3f(2, v).

40,3
(=) =t’f(z‘,y)=u=2.

_ W) _
f(tz, 1y) o— (11)2 + (1?’)2 = 12(1,2 + yz)
4 2,3 5 -89
ofe(3) + 1= 3) = =[’(’213;)’4] + [&, +’y,’;,] =
27 y(2? z°
9’?,,” + 5;), ’(,”(+ o Ry - L = 25 )

B8] f(tz, #y) = arctan ¥ = arctany = (5, 3) = "f(z, 3) = n = 0.
the(z, ) + vhy(z v) = [1:}?] % g[mj] il
B8] f(t=, #y) = () (tg)e™ ) = Paye?’® = Pz, y) = n =2
2fa(z, 4) + 4hu(2 v) = z[ye” ‘%Ie”’ ] + ylze!”" 4+ gt | =
2zye’/* = 2f(z, y).

Wr = WzZr + WyYr = wz(cosf) 4 wy(sind) and
Wy = w’z, + Wyyo = wz(—rsiuﬂ) -+ Wy(r COSB) =
w2 cos’d + 2w.wy cosd sind + wd sin?f +
r,[wir’ sin?8 — 2w.wy 1* sinf cosh + wlr* cos :'

w3(sin?0 + cos?0) + wi(sin?d + cos®d) = wd + wi.

2 —

w?-+1%w,_
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B8] wr = wezr + wyyr = :
wrr = (wszr)r + (wyyr)r
(weezr + weyyr)zr + wezrr + (Wyazr + wyyyr) yr + Wyyrr

Weol? + 2WeyZeyr + Wyy¥? + WaZer + WyYrr.
Similarly, Wy = WeeZs + 2WeyToly + Wyyd? + WeZpp + Wyl
Hence, wrr + Wy = Wer(2F + 23) + 20ey(zryr + T,%) + wyp(3? + 72) +
we(zrr + 2gg) + wy(yrr + Ypo)-
zr = ¢ cosf, zp = —c"sinb, yr = ¢" sinf, and y, = ¢’ cosf =
Wrr + Wpg = Wez e (cos?0 + sin?f) + 2wgye® (cosd sin — sinfd cosd) +
wyye* (sin?8 + cos?8) + we(e"cosh — e"cosh) + wy(e" sinh — e sinb)
= &"(wez + tyy). Thus, wee + Wyy = € 2 (Wrr + Wp,).
[39] From Exercise 38, w, = wzz, + wyyr,
Wrr = WeeT + 2WeyTrYr + Wyyl? + Welrr + WyYrr, and
Wog = Wsols + 2WsyZy¥p + Wyy¥s + WrTgp + WyYpg

Hence, wer + ,-}510“ + 3w, = wu(z? + rl,z?) + 2w=y(zryr - %z,y.) +

wrs(97 + 57) + weler + Lzao) + w(ver + Bus) + Hweze + wywr) =
0z <(cos’8 + sin®f) + 2w y(cosB sinf — sinf cosf) + wyy(sinf + cos?d) +
wz((l —-}.cosﬂ) + w,(() - Tl.sin 9) + -}.(w, cos® + wy sinf) = wzz + wyy.
[40] Let v = f(u) + g(w), where x = £ — atand v = z + al.
v = f'(W)u + ¢(w) w = f(u)(—a) + ¢(u)(a) and
we = —af'(u + ag"(w)w, = ¢ f'(w) + ¥ ¢'(w) = a’[["(¥) + ¢"(w)],
v = F(8)ue + #(8) e = (1) + ¢(w) and
vz = f'(u) u: + ¢'(W)we = f'(u) + ¢(w). Thus, v, = a° ves.
Note: fand g are both functions of a single variable —
so a derivative symbol is used rather than a partial derivative symbol.
41 w: = —sin(z + y) — sin(z — §) = wee = —cos(z + y) — cos(z — ).
wy = —sin(z + y) + sin(z — y) = wyy = —cos(z + y) — cos(z — ).
Thus, wzz — wyy = 0. Note that this is a special case of Exercise 40 with
f(z) = cosz, t = y,and a = 1.
[4Z] Let u = z* + ¢°, and hence, w = f(x).
we = fi(w)ue = F/(1)(20) and w, = f(8) v, = fi(x)(29).
Thus, ywe — zwy = 2zyf'(u) — 2zyf'(u) = 0. See note for Exercise 40.
Uz = Wuls + WU = Wz = (Wulz)s + (Weve)e
= [(wunts + wuuvs) vz + wetss | + [(Wontz + wowve)vs + Wy vss |

wuu(‘u::)2 + (wuu + 100!4) Uz ¥z + Wuv(”;)z + wytzz + Wyvrz.

Il
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Ws = Wulz + Wl = Woy = (Wutz)y + (weva)y
= [(wuuty + wuvy) vz + wytzy | + [(wouty + wouty) vz + wovzy |
= Wyu Uz ly + Wuu Uz Wy + Wou iy ¥z + Wou Uz ¥y + Wullzy + Wulzy.
Parametric equations for the line passing through A(z,, y,) and B(z,, ¥,) are
o(t) =z, + (23 — 7y)tand Y1) = y; + (¥, — yy)ifor 0 < t < 1. On this line,
fcan be written as a function of the single variable ¢. Hence, the one-dimensional

mean value theorem applies and there exists t* € (0, 1) such that if z* = z(¢") and

g = o), then we have f(x(1), (1)) — F=0), 0)) = [ (=", )]t ~ 0) =

f(zas ¥2) — f(3, 1) = g_jz.% + g‘g% = fo(3, ¥*) (32 — 2) + fy(z"s 3°) (32 — w1)-

By Exercise 45, f(z2, ¥,) — f(z1, %) = 0 = f(z2, 32) = f(z1, 3) for all
(%95 ¥) and (zy, y;) in R. Since these points are arbitrary, f must be constant on R.
Following Exercise 45, parametric equations for the line passing through A(z, 3, %)
and B(z3, ¥y, 2) are #{(t) = 7, + (33 — ;) 4 9(?) = 3 + (v — )t and
#(1) = 2z + (2, — z)tfor 0 < ¢ < 1. On this line, f can be written as a function of

the single variable t. Hence, the one-dimensional mean value theorem applies and

there exists 1* € (0, 1) such that if z° = 2(1*), ¥y" = y(1*), and 2* = 2(1"), then we

have (1), (1), £1) — £(a(0), 0, 40) = [F (=, v, ) 1 - 0) =

f(IZ) y?) 12) — f‘(zh yla 21) =g‘£% +’g‘£% + gé% =

B 1 ) - 5) + 50 07 ) — ) + 6 7 ) - 5).
By Exercise 47, f(z3, Y3, ) — f(z1, %1, 21) = 0 = f(23, 93, 23) = f(2, 9, 7,) for all
(29, 2, 2) and (2y, ¥y, ) in R (which is a “box shape” in three dimensions).
Since these points are arbitrary, f must be constant on R.
[49] (1) wr = uezr + Uyyr = Uz cosf + uy sinf and
vy = vsZp + WYy = vz(—rsind) + vy(rcosf) = r(—v: sinf + vy cosf).
Thus, ur = uz cosf + uy sind = vy cosd — v; sind (Cauchy-Riemann) = L v,.
(2) vr = vzzr + vyyr = vz cosd + vy sind and
Uy = tizzg + uyYy = uz(—rsinf) + uy(r cosf) = r(—uz sinf + uy cosd).

Thus, v» = v; cosf + v, sinf = —u, cosf + uz sinfd = —%u,.

u=rsin9=si_nqmdu=rcosv=cos0:,ur= _sinﬂ,u.=cr9,

,,2 T

Y = —%—Q, and v, = —-s—i%-ﬁ. Thus, ur = 71.0‘ and v, = —%.u,.
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Exercises 16.6

Note: Exercises 1-6 use (16.26) and (16.31).
Vi(z, 9) = fe(z 9)i + fo(z )] =

I ’)" i
Vi(—4,3) = —§i+ §
Vf(z, 9) = =5i + 7j = Vf(2,6) = =5i + Tj
V£(z, 3) = 3¢° tanyi + 3* sec’yj = V£(0, =38+2j
V(s 9) =[In(z — 9) + 725 )i — 7 E5i = Vf(5,4) = 5i — 5
Vi 3 2) = folm 3 i+ fiz 9 2)i + fa(z 3 Dk = —dzi+ 2] + 3pPk =
Vf(2, —3,1) = —8i +j — %
B Vi(z, 9 2) = y’¢"i + 2zye”j + zP e’k = Vf(2, —1,0) =i — 4j + 2k
Note: Exercises 7-20 use (16.25) and (16.32).
Duf(z 3) = Vf(z y)'u = fo(z ) + filz 1) v, ,
= (2 — 59)() + (=52 + 6)(D) =
Dyf3, -1) = ) + (—2)(B) = —5{3 ~ —7.07.
Duf(z, v) = (32% — 6zy)(—§) + (—32% — 3y )(”_) =
Dyf(1, =2) = — B3 = -1 + {3) =~ —20.49.
£ a=2i—3jand|al=m—4_3=>u—rn ﬁ-sj.

Duf(z, 9) = (";9—5)(;[—8) + (1—5) ]L)

——L_ ~ —0.03.
Duf(4, —4) = n— e s
a=—i+4jand|al=m=>u——:-i=_, JI—J

Dyf(z, ¥) = (2zIn y)(—#) + (’{‘)(ﬁ) = Dyf(5,1) =0 + ﬁ‘;—?{ = % ~ 24.25.

B E B8

[Ma=i+5andiar = {2 =u= i+ Lj

o 9z 5 i . —4y 5
Dyf(z v) = vy g 1({53) + m(m) =

Dy (3, ~2) =g+ =FH~16

8-_3[+4J =>u_- +'4" Duf(z) -'f) ( e )2(§)+(z__|_2:)2(5)

Duf2, -1) =F@) + 7 = -F

a=5i+j=>u_%i+q—j
Dyf(z, y) = (cos® () + (—2zcosysin g =
Duf(2 ) = () + (-2(F) = 5 ~ 0.0%.
a= i+ 3> us= —eit & Duf(n9) = ()(- ) + GeNE) =
Duf(4,0) = (1)(—gk) + (12(F) = & ~ 10.07.
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[5]a =i+ 2j — 3kand ja] = F»u_rwrg q=k

Dyf(z, 9 2) = V(5 3 2)u = falz, % 2wy + fylz 9 2w + filz 9 2 ug
= (yszn)(qt—‘) + (3211’1’)(]%) + (2:1;3:)(—%) =
Duf(2, —1,4) = (—16)(%1:) + (96)(%:) + (—16)(—33-4-) = 224 — 1614 ~ 50.87.

14

a=2i—3j+k=>u=£.4i—ﬁ.:j+ﬁk.

Dyuf(z, v, 2) = (22 + 43/)(?";1) + (3z + 4:)(—33-) + (3y)(¢1=) =

Duf(1, 0, —5) = (2)(k) + (=11~ ) + (k) = & ~ 950
a=3i+j—5k=}u=“—;:—si+mj ‘{_E;k'

Duf(z, v, 2) = (yzze”)(%) - (zz’c“)(ql—) + (2zc=’)(—ﬁ) =
Duf(-1,2,3) = (18 7) (&) + (-9¢7) () + (Be ) (—&) = 55 ~ 0.34.
a=21+31—2k=>u=r1+r-1—?k.

Duf(s 9 = L () + BRI () + (7 cons) () =
Dyf(4,9, %) = m (T;) + (ST;) (Tf;) + (T;)(_Ti?) = —ﬁl% ~ —1.63.
9)a==3i+k=>u= —ﬁi+ﬁk.
Duf(s 3 2) = (v + A(=5) + (= + () =
Dyf(5,7,1) = (8)(——) + (12) (T’) {—1—135 ~ —3.79.
a=6i+k:u=%i+#k.

Duttes ) = [ @) + (e van e + )i
Duf(0, 0, 4) = (16) (&) + (0) () = & =~ 1578,

Note: In Exercises 21-24, let v denote the unit vector in the direction of Vf(z, y).
These exercises use (16.28) and (16.29) in parts (b) and (c), respectively.

El() PO=(-3—-2i+(1—-0jj=—5i+j=>u= -&i+ i
Duf(z, 3) = (23¢ ") (=) + (—22% ") () =
Duf(2,0) = (8)(-F&) + (-8 (&) = - &,
which is the directional derivative of fat P in the direction from P to Q.
(b) VA(2,0) =4 —8 = v = T‘;)i—ﬁj:i—gi—%j,

which is a unit vector in the direction in which fincreases most rapidly at P.
The rate of change of fin that direction is |Vf(2, 0)| = {80.

(c) =v= _‘[Lii + f'.r.' j is a unit vector in the direction in which fdecreases most
rapidly at P. The rate of change of fin that direction is —|Vf(2, 0)] = —<80.
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@) Po=§i-5i=Fa-i)=>u=2i-%i
Dyf(z y) = [200s(22 — ] (E) + [~eos(2z = 9J(-F) =
Duf(=5 5 = (-1¥)({) + G (- ) = -HB.
®) V=5 = i+ {E = v= 2B+ By= 24 4
[VA(=5 9| = 315,
(© —v=4i-ki —|VA-§ 9| = -

23] (a) };é=2i—8j+3k=>u=q%i—{—§f-_.{j+%k.
i z 2 ¥ : ]
Dyf(z, 9,2 = [m](ﬁ) =+ I:mrz:l(“'\%—;) +
l:mﬂ(fﬁ) = Duf(-2,8,1) =
R + R + R = 7 =
(b) Vf(—2,3,1) = —ﬁi + ﬁ-‘j + ﬁk =v. |Vf(-231)]=1
(c) —v= {iﬁi - ﬁa:j - f:k. —Ivi(-2,3,1)]| = -1
24 (a) PQ = 3i + 2% — 6k = u = i + 2j — £k
Duf@ v ) = ()@ + (-5 - )@ + (5)-H =
Duf(0, —1,2) = (-1)3) + (=3)3) + (=D(—D
(b) Vf(U, -1, 2) =—i- %J = Zlk: V= _',liz—';i = ﬁ.l = —412_-!5:.
V£, —1,2)] = 421
© —v=Fei+ &i+ Hk —|VA0 -1,2)] = —§42L

=
e

BB (a) Tz v) = m—kz)l—/zmd (3, 4) = 100 = k = 500.
= +y

s ~ —500y
VIzy = =002 4
' (z’ & y2)3/2 (zz g yz)s/'b‘

Du T3, 4) = (=121 — 16)) - (i + i) = —T’;E
which is the rate of change of T'at P in the direction of i + j.
(b) T increases most rapidly in the direction of VT3, 4) = —12i — 16j.
(c) T decreases most rapidly in the direction of —VT(3, 4) = 12i + 16;.
(d) The rate of change will be 0 in the direction that is orthogonal to VT at (3, 4).
VT3, 4)-w = 0= (—12i — 16j)- (wi + wyj) =0 =

—12w — 16w, = 0 = w; = —Jw,. If w, = —3, then w; = 4. Thus,

janda=i+j=

the rate of change is 0 in the direction of w = 4i — 3j, or any multiple of w.
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(a8) Vf(z, y) = —4zi — 6yj. The depth of the water decreases most rapidly in
the direction of —Vf(4, 9) = 16i + 54j.
(b) The depth remains the same if its rate of change is zero.
Vf(4,9) w =0 = (—16i — 54j)- (wyi + wyj) = 0 = —16w, — 54w, = 0 =
w, = —%w,. If w, = —8, then w; = 27. Thus, the depth remains the same in

the direction of w = 27i — 8j, or any multiple of w.
27 (a) VV(z, 4, 2) = 2zi + 8yj + 18zk.

8=I°_0'=—2i+j—3k=>u=—ﬁi+T‘l=4j_q%k,
Ve, -L8)u = (@(-F) + (8 () + 69 (-F) = - &

(b) The maximum rate of change is in the direction of
VW2, —1,3) = 4 — 8 + 54k.
(c) The maximum rate of change at Pis
vV, —1,3)] = 4* + (—8)* + 54° = {2996 ~ 54.7.
28] (2) V1(z, v, 2) = 8zi — 2yj + 32zk. a=2i+6j—3k=>u=%i+$j—§k
VT4, —2,1)-u = (32)(F) + (A)F) + 3(-F) = —
(b) T increases most rapidly in the direction of VT4, —2, 1) = 32i + 4j + 32k.
() The maximum rate is
VT4, =2, )] = {327 + 4% + 327 = {2064 = 4129 =~ 45.4.
(d) T decreases most rapidly in the direction of
—VT(4, —2,1) = —3% — 4j — 32k
(¢) The minimum rate is —|V T4, —2, 1)| = —4+129.

[29] (2) Let the circle have radius r. Since a radius is always perpendicular to the

~3100

tangent line, it follows that a = zi + yj = rcosfi + rsindj is normal to the
circle at the point (r, #) and the unit normal vector is n = cosfi + sinéj.
The boundary is insulated iff VT(z, y) -n = 0, or, %—fcosd - %%sin 6 = 0.

Since aT %—f g: + a 5 ? %—Tcos 0 + %g—‘sin 8, the result follows.

(b) Since 3— = VN(z, y)- 0, 5 9T is the
rate of change of temperature in the direction normal to the circular boundary.
(2) Let B have coordinates (z, y) = (rcosf, rsin8).
The unit vector in the direction of /?B iscos @i + sinfj and the unit normal
vector to AB shown in the figure is n = —sinf#i 4 cosdj.
The boundary is insulated iff V\z, g) -0 = 0, or, §L(—sin0) + %%(coe 8) = 0.

; 9 :
Since %% = %g; %l'az aZ(—rsma) + %-g(rcos(?),

3

: - 107 ... T .
it follows that the boundary is insulated iff # 50 = 0, or, = 0.
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(b) Since 1%—-T V1(z, y)-n, 89 is r times

the rate of change of temperature in the direction normal to the boundary AB.
fle+ b y) —flz—h 3
31 (a) lim 5k

h=+0

mf(2+ h! y) —f(t, y) —f(z_ h! !I) +f(=’ y)
=0 2h

%1 f(z+h.y) f(z,y)_%um

Il
L]
=5

f(r_ hv y]z = f(zv y)

o
-,
4
o

z+ Kk — f(z,
K yz (CR)) {where k = —h}

Il

E—OO

1f(z 9) + 4§ Jim
3fe(z, ¥) + }f=(z, ¥) = f=(z, y). A similar solution holds for f;.

f(1 + 0.01, 2) — f(1 — 0.01, 2)

(b) f=(1, 2) = bk 30.00) "~ “) ~ 1.00003333 and
fu(1,2) = dihd 0'012)(0_0{)(1' 2—001) —0.11111235 =

Vi1, 2) ~ 1.00003333i — 0.11111235].

TR | éfl!(l 2) = ""

Thus, Vf(1, 2) =i — }j.

f=(z 9) = (L,2)=1 fi(z,9) =

(1+)

@(a) T:(3,3) = e 3) = =1 5 72 - 2 and

Ty(3, 3) ~ 1 4) T3:,2) _69-80 _ _55= vi(3, 3) = 2i — 5.5
2

(b) Maximum heat transfer from hot to cold is in the direction of

~VT(3, 3) = ~2i + 5.5.
(¢) VT(3,3)- lal = (2)(— T) + (= 55)(4-) —-— ~ —5.81 'F/mm

5
@f’.(z’ 9, Z) ~ (I+h, ¥, Z)Zh (I—,h, v, z) =

£(1,1,1) » AL 12)(0_0{)(0 9% L 1) o 0.327669

fy(r, v, Z’) %f(:’ v+ h, Z)z_h,f(z,y— h, z) i

Al 1, 1) x £ 10, ;)(0 01f)(l 099 1) . _dosiima

felz 9 2) = flz 9,2 + ’l) f(:c, Y 2 — k)

=

(L1, 1.01) = £(1, 1, 0.99)

Duf(z, v, 2) = Vf(z v 2)-u ~ (0.327669 — 0.234474 + 0.130048)/{3 ~ 0.1294



f T + h’ Y 2) — z — b, Y z
@fx(r, % Z) ~ ( ) f( ) =

2h
Ll 1, 1) 0L s 12)(0_6 1f)(o.s)e, L) sosi
z h z) — -
fls g e DAY T )Mf(z» y—hi)
A1y = ;)(o._of)(l’ 0.991) » —1.194589
fi(z, 9, 2) = Lol h)z'hf(z, pr=h)

(1, 1, 1.01) — £(1, 1, 0.99)
2(0.01)

Duf(%, v, 2) = Vf(z, 3 2) -u ~ [2(0.762596) + 1104589 + 0.929418 /6 ~ 1.4898
[38) V(cu) = (cu)=i + (cu)yj = cuzi + cuyj = c(u=i + uyj) = cVu
B6 V(s +v) = (v + v)zi+ (8 + v)yi = (ve + vz)i+ (uy + vy)j =
(;lgi + uy3) + (vz1 + vj) = Vu + Vo
V(uv) = (u0)zi + (uv)y) = (uzv + wvz)i + (uyv + woy)j =
(uvzi + uvyj) + (u=2i + uyvj) = w(v=i + vyj) + o(v=1 + 2j) = uVov 4+ 9Vu

B8 V) = ()i + @i = (B 2)i + (B )i =

[(vuei + vuyd) — (uvei + unyj)] = LYESUVY 4 4 g

v
B9 va" = (x™)z1 + (a™)y] nu™ tugi + nal uyj = nu"'l(u,i + uyj) =
nu" " Vu

£(1,1,1) ~ ~ 0.929418

Sl

Vi = V(h() = (h(t)ei + (u)yi = W(s) wei + ()] =
W(w) (e + uyj) = %’-:Vu
(8) uw =cosfi + sin@j = Dyf(z, 3) = fe(z, y)cos® + fy(z, y)sind.
(b) 6 =5 = u=—H3i+1i Duf(sv) = (22 + 29)(—3{3) + (22 — 29)(3) =
Duf(2, =3) = (=2)(=4{3) + (10)(3) = 5 + {3.
@0 =5=u=}i+ 3
Duf(z 3) = [43(zy + )°] () + [z + 20)(ay + )] G43) =
Duf(2, =1) = (@) + (0)G3) = 2.
8] VS(z, ) = folz 9)i + fulz, )i = 0 = fe(z,3) = filz, v) = 0.
Thus, by Exercise 46 of §16.5, f(z, y) is constant on R.
Fz,y2=42 -y +32-10=
VF(z, y, 2) = 8zi — 2yj + 6zk = VF(2, —3,1) = 16i + 6j + 6k.
Tangent plane: 16(z — 2) + 6(y + 3) + 6(z — 1) = 0.
Normal line: z =2 + 16¢, y = —3 + 64, z = 1 + 61
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[

Fz, 9, 2) = 92° — 4% — 2522 — 40 =
VH(z, y, 7) = 18zi — 8yj — 50zk = VF(4, 1, —2) = 72i — 8j + 100k.
Tangent plane: 72(z — 4) — 8(y — 1) + 100(z + 2) = 0.
Normal line: z =4 + 72t, y =1 — 81, z = =2 + 100L
Hz9,2) =422 + 99 — 2 =
VH(z, y, z) = 8zi + 18yj — k = VF(-2, —1, 25) = —16i — 18] — k.
Tangent plane: 16(z + 2) + 18(y + 1) + (2 — 25) = 0.
Normal line: z = —2 + 16t,y = —1 + 181, 2z = 25 + L.
Ay, =42 -y — 2=
VH(z, y, z) = 8zi — 2yj — k = VF(5, —8, 36) = 40i + 16j — k.
Tangent plane: 40(z — 5) + 16(y + 8) — (2 — 36) = 0.
Normal line: z =5 + 404, y = —8 + 164, 2 =36 — 1.
F(z, 9, 2) = zy + 29z — 22 + 10 = VF(z, 9, 2) =
y—P)i+ (z+ 22)j + (2y — 2z2)k = VF(-5,5,1) = 4i — 3j + 20k.
Tangent plane: 4(z + 5) — 3(y = 5) + 20(z — 1) = 0.
Normal line: z = —5 + 41, y =5 — 3t, z = 1 + 201
FAapy2)=2" 209+ 2 +79+ 6= VFzy 2 =
(32" — 29)i + (=22 + 7)j + 32k = VF(1, 4, —3) = —5i + 5§ + 27k.
Tangent plane: —5(z — 1) + 5(y — 4) + 27(z + 3) = 0.
Normal line: z=1 — 5¢, y =4 4 51, 2z = —3 + 271
Fz,9,2) =2 cosy— 2> VHz, 9,2 =
(—2¢7% cosy)i + (—2¢ " sing)j — k= VA0, 5 1) = —i — {3j — k.
Tangent plane: —1(z — 0) — y3(y — §) — 1(z — 1) = 0, or, equivalently,
2+ 3y =5+ (:—1) = 0. Normalline: s =4,y =3 + {34, z =1 + ¢
Fz, 9,2) = lnzy — z =
UFz 5,9 =di+di-k= VAL2,00 =2+ -k
Tangent plane: 2(z — 3) + 3(y — 2) — z = 0.
Normal line: z:%-?—Zt, y=2+14t, = -t
F(z, 9y, 2) = ln(?%) -z
VA5 y 2 =—i+4i—tk= VA0, 2 1) =—i+}i-k
Tangent plane: —z + }(y — 2) — (2 — 1) = 0.
Normal line: z= —t,y =2 + }t,z2=1—1
F(z, y,2) = tyz — dz2° + y* = 10 = VH(z, 9, %) =
(vz — 42%)i + (32 + 39)j + (zy — 1227k = VF(~-1, 2, 1) = =2i + 11j + 10k.
Tangent plane: —2(z + 1) + 11(y — 2)'+ 10(z — 1) = 0.
Normal line: z = —1 — 2, y = 2 + 114, z = 1 + 104
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afe 1) = B=y 23— =3
Vi(z, y) = —2zi + 2yj = Vf(2,1) = —4i + 2j.

-

E

Y5} A e
kN x
T

Figure 11 Figure 12

02)f(-2,1) = -8 =3z—2y= y= 3z + 4. Vf(-2,1) =3i — 2.
@f(—3,5}=4=:’—y5y=z’—4.
Vi(z, ) = 2zi—j = Vf(-3,5) = —6i —].

y Ay
P I
Ip
[ S
X e x

Figure 13 Figure 14

@32 =6=12w=>y=2 Viz 9) =vi+zj = VG, 2) = 2 + 3.
@5 F(1, 5, 2) = 30 = 2> + 3* + 2%, a sphere with radius {30 centered at O.
VF(z, 3 z) = 2zi + 23] + 2zk = VF(1, 5, 2) = 2i + 10j + 4k

Figure 15 . Figure 16
@ A2 -2,)=-T=z-2 -9 =
z 4+ 7 = 2% + y?, a circular paraboloid with vertex (0, 0, —7).
VHAz 9, 2) = =221 — 2y) + k = VF?2, —2,1) = —4i + 4] + k.
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F(3,4,1) = 14 = z + 2y + 3z a plane with z-, ¥, and zintercepts of
14, 7, and &, respectively. VF(3,4,1) =i + 2j + 3k.

Frgure 17 Figure 18
F(3, =1,1) = 9 = z* + y* = 7%, a hyperboloid of one sheet with axis along the
z-axis. VH(z, 3, z) = 2zi + 2yj — 2zk = VF3, =1, 1) = 6i — 2j — 2k.
F(2,0,3) =4= #2 + 3%, acircular cylinder along the z-axis.
VH(z, y, ) = 2zi + 2yj = VF2,0, 3) = 4.

Figure 19 Figure 20
[20] F(2, 3, 4) = 4 = 2, a plane parallel to the zy-plane. VF(2, 3, 4) = k.
Note: In Exercises 21-24, let F(z, g, z) denote the function resulting from transposing
all terms to the left side of the equation.

2%0. , 2
21 VF(zo, Y0, 2) = "z‘l + :o zok

2 2 2
Tangent plane: %(t— ) + —yﬁg(y._ %) + :‘;_0(, —z)=0=

b

z’o O 0

— = =
7 7*# R R

2
Y% "o Zo . % zﬁ

R+ R4+ = 4242

a e B
which equals 1 because Py(zg, 3o, ) satisfies the equation of the quadric surface.

2z, 2 2
VH’o»yovlo)=%’l ?yg + z°k

2
Tangent plane: f}’(z— z,) — Tf"(y — ) + %‘3(: —z)=0=

TTy W , Mo _ T3 Yo, %
= — =3
F=gea=4 3
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. 2 2
@ V‘Fttna Yo ZO) = _a_zzol 2 _6?79] zok

2 2
Tangent plane: -;zf"(: —zy) — I%Q(y- — %) — ?ZQ(, —z)=10=

[24]) VF(z,, yo, 2,) = —1 -+ 26%3 — ¢k

2
Tangent plane: a_;’(: — ) + fﬁg(y — ) —c(z— z) =0=

2 2 23 242

+ez—cz =
a

2 2
2(:—3 + ;’—g - czo) + ¢z + ¢z = 2(0) + c(z5 + 2) = ¢(z + z0).

[25] The nermal to the hyperboloid is 2zi — 4yj — 8zk and to the plane is 4i — 2j + 4k.
The tangent plane of the hyperboloid is parallel to the given plane when these normal
vectors are scalar multiples of each other, i.e., when 2z = 4¢, —4y = —2¢, and

—8z = 4¢. Substituting for z, y, and z into the equation of the hyperboloid yields
(207 — 203 —4(~1)? =16 =2 32 =16 = ¢ = i%‘&

There are two points: (sj;z 2{4; %-?) and (—-8—{?, —%?, 5"5—2)

[26] The normal to the given surface at (zg, g, ) is

V Kz, 9o, 20) = %:0,-1/3i + gyo—lﬁj + %20-1/3 k, and the tangent plane is
Rl T3y — yg) + 2 /*(2— 2,) = 0. Let A, B, and C be the
7-, 3, and zintercepts, respectively. To find the z-intercept, let y = 2 = 0, and then
h—xy) =t g 202/35 L. on/s(az/a . L
1/3 2/3

Ty T — 29) + Y

Similarly, B = y, and C = z 1/302/3'
Thus, A2 + B + C% = (5% + 9"® + 2,7/ %)a"® = (&*)e"? = &%
Without loss of generality, let Az, 3,2) = 2> + ¢* + 22 — a’ = 0.
VHz, y, 2) = 2zi + 2y] + 2zk. At (zg, yp, 2), the normal line is given by
T =1y + 2251, y = yg + 241, z = z5 + 2zt z=0=>0=::0+2z0t=> f= %
Letting ¢t = —1 3 givesy =z = 0.
(28] F(z, g, 2) =47’ + 99® —2=10 = VF(z, y, z) = 8zi + 18yj—k.
At (2o, ¥, 2p), the normal line is parallel to a = 8z,i + 18y,j — k.
I?é = Ti — §j — k is parallel to a if 829 = 7¢, 18y = —5¢, and —1 = —
If -1 = —c thenc=1,2 =39 = —F and z = 4(})? + 9(—5)* = iﬁ
Thus, the point (zg, ¥y, 29) = (§, —5 $41) satisfies the given conditions.
Direction vectors for the normal lines are given by VF and VG. The vectors

are orthogonal & VF(z, 4, 2)-VG(z, ¥, 2) = 0 & F.G: + F,Gy + F:G: = 0.
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BYFzy2)=2+9¥+2 - =0andCG(g, 9, ) =2* +* — 2 =0=

FeG: + FyGy + F.G: = 42" + 49 — 42 = 4(2* + o — #) = 0,
since z° + y* — 2% = 0 for every point on the cone.

(31 Step 1: fe(z, ¥) = 2z = fx(1.3, 1.1) = 2.6.

fu(z 9) = =8y = f(1.3, 1.1) = —3.63.
95(% ¥) = 22 = ¢:(1.3, L.1) = 2.6. gy(z v) = 2y = gy(1.3, L.1) = 2.2,
£(1.3, 1.1) = 0.359 and (1.3, 1.1) = —0.1. Using (16.35) gives us
7 —0.359 = 2.6(zr — 1.3) — 3.63(y — 1.1) and
7+ 0.1 = 2.6(z — 1.3) + 2.2(y — 1.1).
Step 2: Letting z = 0 yields 2.6z — 3.63y = —0.972 and
2.6z + 2.2y = 5.9 as the traces in the zy-plane.
Step 3: Solving yields y ~ 1.1787 and z &~ 1.2718 = (z,, y5) = (1.2718, 1.1787).

[32] Step 1: fz(z, y) = cosz = fz(1.2, 0.3) ~ 0.362358.

fu(z, ¥) = siny = f,(1.2, 0.3) =~ 0.295520.

9=(2, ¥) = 2z = ¢-(1.2, 0.3) = 2.4.

9y(z, ¥) = =2y = g4(1.2, 0.3) = —0.6.

f(1.2, 0.3) ~ —0.0232974 and g¢(1.2, 0.3) = 0.05. Using (16.35) gives us

z + 0.0232974 = 0.362358(z — 1.2) + 0.295520(y — 0.3) and
z— 0.05 = 2.4(z — 1.2) — 0.6(y — 0.3).
Step 2: Letting z = 0 yields 0.362358z + 0.295520y = 0.546783 and
2.4z — 0.6y = 2.65 as the traces in the zy-plane.
Step 3: Solving yields z = 1.1991 and y =~ 0.3799 = (z;, ¥,) = (1.1991,0.3799).

Note: As in (16.39), let D(z, 3) = fee(3, 9) fos(3, 1) — [feslz 9.

@

Also, let fz, frz, fy, and fyy all be evaluated at (z, y).
fe=—-2c—4=0andfy=-29y+2=0=z=—2andy=1.
fee= =2, foy =0,and fyy = =2 = D(-2,1) =(-2)(-2) - 02 =4 > 0.
Since fz- < 0, f(—2, 1) = 4 is a LMAX by 16.40(i).
fe=2z1=2=0andfy,=2y—6=0=>z=1andy=3.
fee =2, fey = 0,and fyy =2 = D(1,3) =2(2) — 0> =4 > 0.
Since fzz > 0, f(1, 3) = 2 is a LM/N by 16.40(ii).
f==2=—1=Oaﬂdfv=8!l+2=0#:=§andy=—i.
fee =2, foy = 0, and fyy = 8 = D}, —1) = 2(8) — 02 = 16 > 0.
Since foz > 0, f(3, —1) = —1is a LMIN.
fe=4-4r=0andfy=3-2y=0=>r=1landy=3}.
fos = —4, fey = 0,and fyy = =2 = D(1,§) = —4(=2) — 02 =8 > 0.
Since fee < 0, f(1, 3) = L is a LMAX.
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B f=24+2y=0andfy=22+6y=0=>z2=3y=0. foz =2, foy = 2, and
yy = 6 = D(0, 0) = 2(6) — 2% = 8 > 0. Since fox > 0, £(0,0) = 0is a LMIV.
Note: We will use the notation SP for saddle point.
fe=21—3y—6=0andfy = =3c=2y+2=0=>z=HEandy=-H.
for = 2, foy = —3,00d fiy = -2 = D, -H) =2(-2) - (-3)’ =
-13< 0= (1, —H, f(8, —1)) is a SP by 16.41. There are no local extrema.
fz =327 + 3y = 0 and fy = 3z — 3y* = 0. From the first equation, y = —z°.
Substituting this into the second equation yields z = z* = (z* — 1))=0 =

z=0,1and hence y = 0, —1. fzz = 6z, fzy = 3, and fyy, = —6y =
D(0,0) = 0(0) — 3> = =9 < 0 and D(1, —1) = 6(6) — 3% = 27 > 0.
Thus, (0, 0, f(0, 0)) is a SP and since fe=(1, —1) > 0, f(1, —1) = —1is a LMIN.
=22+ y=0andfy=z=0=>z=0andy= —22=0. foua =2, fzy = 1,
and fyy = 0 = D(0, 0) = 2(0) — 1 = —1 < 0 = (0, 0, £(0, 0)) is a SP.
fe=z+2+1=0andfy=22—y—8=0=>z=3andy= —2.
fezs=lfey=2,andfyy = =1= D3, =2) = 1(=1) =22 = =5 <0 =
(3, =2, f(3, =2)) is a SP.
[0)fe = —4z2—2—14=0andfy=—-21—3y—5=0=>z= —4andy = 1.
fox = —4, foy = —2,and fyy = —3 = D(—4,1) = —4(=3) — (=2)* =8> 0.
Since frz < 0, f(—4, 1) = 3 is a LMAX.
[f=2*+z—-6=0andfy=-2°+32=0=z=—3,2andy = +4.
zz = 22 + 1, foy = 0, and fyy = —4y = D(z, y) = —4y(2z + 1).
D(2,4) = =80 < 0 = (2, 4, f(2, 4)) is a SP.
D(—3, —4) = —80 < 0 = (=3, —4, f(—3, —4)) isa SP.
D(2, —4) = 80 > 0 and frz(2, —4) > 0 = f(2, —4) = —ZCisa LMIN.
D(—3,4) = 80 > 0 and fos(—3,4) < 0 = f(—3,4) = & is a LMAX.
[2f:=2*—32=0andfy =3 —4=0=>z=0,3andy = +2.
oe = 22 — 3, foy = 0, and fyy = 2y = D(z, y) = (22 — 3)(29).
D(0,2) = —12 < 0 = (0, 2, f(0, 2)) is a SP.
D(3, =2) = =12 <0 = (3, =2, f(3, —=2)) is a SP.
D(3,2) =12 >0 and fe=(3, 2) > 0 = f(3, 2) = —2 is a LMIN.
D(0, —2) = 12 > 0 and fe=(0, —2) < 0 = f(0, —2) = ¥ is a LMAX.
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@Bf=2" -6z +4y=0and fy =4z+2y=0. fy=0=y= —2z
e =025 622 = -4y =62 —22° + 82 =024 —2)(1 + 2) =0 =
£=0,4, —1and hence y = 0, —8, 2. fez = 62° — 122, foy = 4,2nd fy = 2 =
D(z, y) = (62° — 122)(2) — 4% = 122(z — 2) — 16.
D(0, 0) = =16 < 0 = (0, 0, £(0, 0)) is a SP.
Note: fyy may be used in place of fes in (16.40).
D(4, —8) = 80 > 0 and fyy > 0 = f(4, —8) = —64 is a LMIN.
D(—1,2) = 20> 0and fyy >0 = f(—1,2) = —3 isa LMIN.
df=2"4+4y—9andfy =4z —2y. f, =0 = y =2z
fo=0=2>4+82—-9=0= 2= —9,1and hencey = —18, 2.
fer = 21, foy = 4, and fyy = =2 = D(z, ¥) = (21)(=2) — 4* = —4z = 16.
D(1,2) = —20 < 0 = (1, 2, f(1, 2)) is a SP.
D(—9, —18) = 20 > 0 and fyy < 0 = f(—9, —18) = 162 is a LMAX.
[8)fr =4 +32=0and fy =3 —9=0=z=—2and y = £ 3.
fex = 122% fo, = 0, and fy, = 6y = D(—2, {3) > 0 and D(—2, —<3) < 0.
Thus, (—2, —43, f(—2, —3)) is a SP, and since f.-(—2, ¥3) > 0,
F(=2, {3) = —48 — 643 is a LMIN.
6 f= = —12+1l=()andf,, =z+4+3y—12=0= z= —4, 3 and hence y = 16, 9.
foz = =2z, fay = L,and fyy = 1 = D(z, 9) = (—22)(1) — 1> = =2z — L,
D(3,9) = -7<0= (309, f(3,9)is a SP.
D(—4,16) = 7> 0 and fyy > 0 = f(—4, 16) = —320 is a LMIN.
[ f: = e siny=0and fy = e* cosy = 0 = siny = cosy = 0 {e° % 0}, which has

no solution since sin?y + cos?y = 1. Thus, fhas no extrema or saddle points.

[8f: =siny=0and fy = zcosy=0=>z=0and y = 7n.
{cosy = siny = 0 has no solution.} fer = 0, foy = cosy, and fyy = —zsiny =
D(z, y) = —cos’y = D(0, wn) = —1 < 0. Thus, f has SP at (0, 7n, £(0, 7a)).
O f(zy) =4 +23+85™" =472 +y=0andfy=2—-8y>=0=
Py=4andzy’ =8 = £ =2""and y = 2*/°.
fer = 8273, foy = 1, and f,y = 16y7% = D(2'/3,2*%) =3 > 0.
f=(22,2Y7%) > 0 = £(2'°,2%%) = 6V is a LMIN.

f,:%:ﬂaﬂd&:

Gt = = 0 = no solution since (z, y) = (0, 0)

.
(z+ )

is not in the domain of £ Thus, f has no extrema or saddle points.
Bl fe = (22 + 3y2)c_(’z”2)(—21:) + 2:c_(’2+'2) - 2=e'(’2”’)(1 - 2 = 397).

fo = (2 + 397) " Loy 4 6y PO = 29 13 _ 2 _ 342),
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fo=0andfy=0=2(1—-22-33") =0and 33 — z* — 3¢y*) = 0. Hz =0,
theny =0, £1. If1 — 22 — 3% = 0, then 22 = 1 — 3y, y = 0, and hence
z = 1. The five critical points are (0, 0),.(0, 1), (0, —1), (1, 0), and (—1, 0).

Since f(z, y) > 0 for all (2, y), f(0, 0) = 0 is a LMIN. Since f(z, y) =0 as
 + y’ — 00, 2 maximum value will occur at one or more of the critical points.
f(£1,0) = ¢ and f(0, £1) = 3¢~'. Thus, (0, £1) = 3¢~ are maximums.
(£1,0, f(£1, 0)) are SP.
B ) fo= 2 12 = tand fy = Sy — ) =0
v*(2 — z*) = 0 and zy(4 — y°) = 0. If y = 0, then z can be any value,
and hence, there are an infinite number of critical points.
(b) If z = + 2, then y = 0, + 2. Thus, four critical points are (+ {2, 2) and
(£ 42, —2). Any point on the line y = 0 { zaxis} is also a critical point.
@BP +4P=1=-1<z<land-J1 -2yl - 2
(1) On the upper boundary y = %JT:’,
fail—) =14+ {12 =iz W) =-1-201-2)""
B =0=r==dl-2’2=—1 f(—ﬁ,z—‘ﬁ)=l+ﬂ.

(2) On the lower boundary y = —3J1 — 2%,

flo =31 = @) =1-2—{1 -2 = k). ¥(z) = -1+ 21— )"
b/(=)=o=~.==m=>z=q*.;. fidp—p) =1- {2
At the intersection of the upper and lower boundaries, f(—1, 0) = 2 and f(1, 0) = 0.
Using Exercise 3, the MIN is f(}, —%) = —3 and the MAX is f(—]%‘ 2—&-5) =1+ 12
24In R -2<z<2andiz| <y<2
(1) Ontheliney = 2, f(z,2) = =22 + 42+ 7T = &(2). K(x)=0=>z= 1.

f(1,2) =9
(2) Ontheliney =z, f(z,2) = =32 + Tz + 5 = h(z). ¥(z) =0 = z=1.
G D=1
(3) Ontheliney = —z, f(z, —2) = —32> + 2+ 5 = &(2). h(2) = 0= z = i
f(é: -% = ]%

At the corners of R, f(0, 0) = 5, f(2,2) = 7, and f(—2, 2) = —9.
Using Exercise 4, the MIN is f(—2, 2) = —9 and the MAXis f(1, 3) = .
[25](1) Ontheliney = —1, f(z, —1) =2 =22+ 3 = h(2). ¥H(zx) =0 = z=1
f(1, =1) = 2.
(2) Ontheliney = 3, f(z,3) = 2® + 6z + 27 = h(z). k(z) =0 = z = —3.
This value is outside R.
(3) Onthelinez = —2, f(—2,9) = 33* —dy +4 = h(y). K(y) = 0= y=3
f(—2,3) =& (cont.)
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(4) On the line z = 4, f(4, v) = 3y> + 8y + 16 = h(y). k'(y) =0 => y = —4%.
This value is outside R.
At the corners of R, f(—2, —1) = 11, f(4, —1) = 11, f(—2, 3) = 19, and
f(4, 3) = 67. Using Exercise 5, the MIN is f(0, 0) = 0 and the MAX is f(4, 3) = 67.
[26] (1) On the line y = —2, f(z, —2) = 2> — 8 = h(z). k'(z) =0 = z = 0.
f(0, —2) = —8.
(2) On the line y = 2, f(z,2) = 2> — 122 = k(z): h'(z) =0 => z=6.
This value is outside R.
(3) On the line z = —3, f(—3, ) = —y* + 11y + 27 = (7).
h'(y) = 0 = y = 3. This value is outside R.
(4) Onthelinez =3, f(3,3) = —y* — Ty — 9 =h(y). M) =0=>y=-1.
This value is outside R.
At the corners of R, f(—3, —2) = 1, f(3, —2) = 1, f(—3, 2) = 45, and £(3,2) =
—27. Using Exercise 6, the MIN is f(3, 2) = —27 and the MAX is f(—3, 2) = 45.
The boundaries of the triangle are z = 1, y = —2, and y = 2z.
Thus, —1 < z< land -2 £ y £ 2z
(1) Onthelinez=1,f(1,3) =1 +3y— 4 = h(3). K(¥) =0=>y= 1
f(1,1) = 3 and f(1, —1) = —1.
(2) On the line y = —2, f(z, —2) =2° — 6z + 8 = h(z). M(z) =0 = z = 2.
These values are outside R.
(3) On the line y = 2z, f(z, 2z) = —72% + 62 = h(z). k(z) =0 = z=0, 3 7
£(0,0) = 0and f(%, §)
At the corners of R, f(1,2) = =1, f(1, —=2) = 3, and f(—1, —2) = 13. Using
Exercise 7, the MIN are f(1, 2) = f(1, —1) = —1 and the MAX is f(—1, —2) = 13.
[28] (1) On the parabola y = 2%, f(z, 2%) = 2 + 2° = &(z). M(z) =0 =z =10, -2
f(0,0) = 0 and f(-3, §) = 3-
(2) On the line y = 9, f(z,9) = 2* + 9z = Iz). h'(z) =0 = z = 3.
This value is outside R.

32
a5°

wWies

At the corners of R, f(—3, 9) = —18 and f(3, 9) = 36.
Using Exercise 8, the MIN is f(—3, 9) = —18 and the MAX is f(3, 9) = 36.
(28] Let f be the square of the distance from P(2, 1, —1) to the plane 4z — 3y + z = 5.
fayY=E-2"+@-1)+[6-4+3)+1) =
(=27 +(y— 1)+ (6 — 4z + 3y)%. fr = 34z — 24y — 52 = 0 and
fy=-2424+20y+34=0=>z=LBandy=%. (B 8 =%=>d=1/{2.
Let P(0, 0, —2) be a point on the first plane.
As in Exercise 29, f(z, 9) = (2 — 0)* + (y— 0)* + [z + 3y — 4) + 2]* =
P+ + (2 +3y—-2° fo =102+ 12y — 8 = 0 and
fr=120+2y-12=0=>z=2andy=3 (%% =1=>d={14/7.
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1327 =16 = 7 = 1_63 Then, f(z, y) = 2* + ¥° + 16 is the square of the

zy
distance from a point on the graph to the origin. fz = 2: - 21133 = 0 and
fy —23/—& =0=>y=2andny’ =24 =y = +12"% and z = ;t2/121/‘
These solutlgus give 4 points but only (2/121“. 121/4) and (—2/121“, 1/“) are
valid since zy = 2 > 0. Both of these points produce the same distance.
£ = :763 = 2= 122‘5 . Thus, the following 4 points on the graph give minimum

distance. (—qa— '\l_ ﬂ:—f{%—) (—q%-, —‘*ﬁ-i, :t-%%)
B2 z+ y+ 2= 1000and P = zyz = P = z3(1000 — z — y) = 1000zy — z°y — z°.
P: = 1000y — 22y — y* = 0 and Py = 1000z — z* — 2zy = 0 =
9(1000 — 2z — y) = 0 and 2(1000 — 2y — z) = 0 =
1000 = 22—y =0 =1000 — 2y — = . = y = 1420 Also, z = L0,
[33] Since we are asked to find the relative dimensions, without loss of generality, let

V = 1 unit and let z be the height of the box. Then, zyz = 1, 0r z = flg, and

A=zy+2u+2yz=zy+§+%. A==y~z%=0andAy=z—-2—,=0=r

@

Py=2=sP 232z —y) =0=2=0,y=0,0rz=y
Since z, y > 0, we must have z = y. Thus, z = —zl-g= % {z= -2-5}
The box should have a square base with height } the length of the side of the base.
As in Exercise 33, let A = 1 unit. Thus, 1 = zy + 22z + 2yz = z = ?—ﬁtmd

v=,y,=M Vs_2($+v)(!f—Qtyz)—zy(l—zy)@)_oand

20z+y) 4(z + 7)°
2z + 9y —22%y) —zy(1 —=)(2) _ , , Y1 -2 — 29) s
= Gt e

(1 — y* — 2xy)
2z + 9)°

Thus, 2= y = {3 and 2 = = = 4(1— %~ W

The box should have a square base with height } the length of the side of the base—
the same shape as the box in Exercise 33.
(35]) Let F(z, y, 2) = 162> + 4y® + 922 — 144 = 0.

=0=>1—-2"—219y=0=1— ¢ — 2zysince z, y > 0.

2

Then, 2z = —§r = ~322, 5, = P = & and v = 20)(20)(29) = 8au.

Ve = 8yz + Szy(z,) = 0and Vy = 82z + 8zy(zy) = 0 = 182* — 322* = 0 and

187 — 8y =0 = 2 = §land p* = 32 16(37) + 43 + 92 — 144 =0 =

2 =¥ :=4/\3, z=3/{3 and y = 6/{3. .
Thus, the dimensions are 8/43, 6/43, and 12/43.
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B8 Let Az, v ) = (3)" + () + (})' ~1=0. Then,z = -Fz = C’= i

2

y = —?:—%;’!,and V = 8zyz. Ve = 8yz + 8zy(z) = 0 and
2

Vy = 8zz + 82y(zy) = ¢’ — ¢®2> = 0and b*°2 — 2y’ =0 =

2 2
& Lgf and g% = b_g_’ Substituting into%z + %5 + % = 1 yields
[ a c

2=2 =42 y=1L and z= L& The dimensions are 28, 2 and Z
P=521 foir= Eamd p=- g The dimensionrary /. 42,

V = zyz = zy(12 — 4z — 33) = 12zy — 4z%y — 3%
Ve=9(12 — 82— 3y) = 0and Vy = 22(6 — 2z — 3y) = 0 =
12—-82—3y=0=06—2r— 3y {sincez,y>0} =>z=1,y=4%,and z = 4.

@V:zyz{with§+!+%=l}: V=c;py(1_§_%).

wLolio

1—272 - 5 =0=1- %—ZT!' % Z. Substituting into V- yields
% -%=0=:=4 Simiady,y=} andhence s = §.

[39]) Let z = base length, y = base width, and z = height.
C=2(2my) + 222+ 2yrand 8 = zyz = C = dzy + 3§ + 1.
=4y—1?6=0and0,=4z—-y—_0=>
y2° =4 =2y’ = z = y = Y4 ft, since z, y > 0. Also,::%:i%sﬁﬁ.
[40] The perimeter of the window is P = z + 2y + zsecf = 12. So,
=%(12—z—zsec9)andthearea.isA=ry+%z(%ztan9)=zy+-izzta,n0=
6z — }2°(2 + 2sech —tanf). A, = —1z%(2secf tand — sec?d) = 0 =
2tan9=sec6{since:2¢0andsec0¢0}=>28in6=1=>0=§.
A;=6—-§z(2+23ec6—tan0)=6-§::(2+443—ﬁ)=6—§z(2+ﬁ)=0
== 12= =24 - 12{3and y =6 - 2{3.
Let ¢, w, and h denote the length, width, and height of the box. Then,
£+ 2w+ 2h =108 = ¢ = 108 — 2w — 2k So, V = Lwh = wh(108 — 2w — 2A).
Vo = 108h — 4hw — 2h* = 0 and V, = 108w — 2u® — 4wh = 0 =
h(54 — 2w — k) = 0 and w(54 — 2h — w) = 0 = 54 — 2w — h = 0 and
04 —2h—w=0{h,w# 0} = h = wand hence 3h = 54, or h = 18.
Substituting gives w = 18 and € = 36.
[42)Let a = zi + yj + zk. lal=m=8=§zz=64—z’—y2.

Since we want to maximize the sum fof the components, we assume z, y, z > 0.

fa)=z+y+ f6t— 2 .
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2 o S ;PN
_.Oa.ndf,,—l—(64_32_y2)1/2—0=>

r=y=q§5andz=:%. Thevectoris%(i+j+k).

P e o B
2 (64 — z° — y’)ln

Consider a figure similar to Figure 16.76. The fourth device must lie on the lines
y = zand y = —tan 15°(z — 4). Hence, z = —tan 15°(z — 4) or

dtan1s _ _42—-3) _,
1+tanl15" ™ 1 4 2_4_)—2 3.

The fourth device should be placed at (z;, 35) = (2 — 34_ 2 — 34_ ).
Without loss of generality, suppose angle P, P, P is 120° or greater.
Since P, is located inside the triangle P, P, P,, angle P, P, P, must be greater than
120°. Thus, P, cannot be located so that all angles are equal to 120"

T =

(45] fmn(m, B) =tgl 2(y — mz, — b)(—z;) = 0 and
fb(mv b) :tg12(yk - Moy — b)(—l) =0=

n i (3 n
kgx (maf + bz,) = Z z;yg and kE_II(mk +:4).= kglyk =

n n n n
[E6 > d = ) [yk—(mzk+b):|: B2 yk—(mz ::,‘+nb):0byExercise45.
k=1 k=1 k=1 k=1
3 3
@Y d=1"+42+7=66 Y 5,=1+4+7=12
k=1 k=1

w i

3
> ny =1(3) + 4(5) + 7(6) =65,and ), 1, =3 +5+6=14=
k=1 k=1

66m + 12b =65and 12m + 3b =14 => m=}and b= §. Thus,y =}z + %

-sz_.ll'I Ez,,_lg zz,‘yk_fﬂ andz:yk 10 = 117m + 19b = 57
k=1

and 19m + 4b = 10 => m = 22 and b = £%. Thus, y = 28z + &L,

[49) We will fit the data to a line using the method of least squares.

10 10 10 10
kz 7 = 54,785, ¥ =z, =723, 5 5,9, = 54,277, and Z ¥ = 708 =
=1 k=1 k=1 k=

54,785m + 7235 = 54,277 and 723m + 10b = 708 = m = %‘gig-‘ 1.23 and

b= -3 ~ —18.09. Thus, y ~ 1.23z — 18.09 and z = 70 = y = 68.
[50] We will fit the data to a line using the method of least squares.
Zz,,-—382 Zx‘—l5 E:tkyk_SM and Zyk_3:>

38.2m + 156 = 8.04 and 15m + 6b = 3 = m = 2& ~ 0.77 and
b= —58 ~ —143. Thus, y ~ 0.77z — 1.43 and z = 2.5 = y ~ 0.50 in.
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[51] The least squares criterion is satisfied when the sum of the squares of the distances is

minimal. The sum of the squares of the distances ffrom P to each city is f(z, y) =
[(E-2+ @ -3]+[-1* + (v - 2] + [(= - 5)* + (v - 6)]

Then, fo(z, ¥) = 2(z = 2) + 2(z—7) + 2(z — 5) = 0 and

fu(z ) =2(y—=3) + 2(y—2) + 2(y—6) = 0 = 6z = 28 and 6y = 22 =

z=%andy=%‘.

(52] Let f(z, 3) = é:x [(z—2)* + (v — w)7]

Then, f:(z, ¥) = k):1 2(z — z) = 0 and fy(z, 3) = &Zi:l 2y —w)=0=

—
]

=P nady= S usi=i T nadr=4 3 n
k=1 k=1 k=1 i
53] (a) f(a, b, c)=E21(z,, — az, — by, — ¢)®
= fa(a, b, ) =kz_:12(zk —az, — by, — ¢)(—z) =0

fi(a, b, ¢) = P Az, — azy — by — )(—yy) =0

fe(a, b, ¢) = él Uz, — az, = by — )(=1) = 0

= (kzz:lzi) Y (kz:zl z,y,,)b ¥ (kz::l z,)c = tglzkz,,
(& mm)e+ ()0 + (L n)e= £,
(Zn)e+ (En)renc=La
(b) Thesystemisa+ b+ ¢ =2,a+ 2b+ 2c =2, and ¢ + 2b + 4c = 3.
Solving yields ¢ = 2, b= —},and ¢ = }.

Y2k

Thus, z = 2z — Jy + },or, 42— y— 2+ 1 = 0.
[64] We want to maximize P. p+ ¢+ r=1=r=1 -p—4q
So, P =2pg + 2p(1 — p — q) + 24(1 — p — ¢) = 2p — 2p* + 29 — 2pg — 2¢".
Po=2-4p—-2g=0and Py =2-2p—4=0=3p=g=r=1}
P= % at these values, which is a maximum. Thus, P < §for all p, ¢, and 1.
[55) fe(z, ) = 32’ sinz + z° cosz — y = 0 = y = 3z°sinz + z° cosz.
f(z9) = —2+8y+1=0=y=1Lz—1).
Their point of intersection in R is approximately (—0.35, —0.17),
which is a critical point of f. See Figure 55.
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P

A

Figure 55 Figure 56

=Y

@L(’vy):!l—iij:ﬂ:}y:il—i_

+ z

1/4 2564
8257 -

o) =z—-3y " =0=3y=

Their points of intersection in R are approximately (% 1.04, 0.48),
which are critical points of f.

Note: In Exercises 1-10, the equations listed first result from equating gradients and

letting conditions equal 0. Let [1], [2], [3], etc., denote equation numbers.
(16.43) = —4y + 8z = 2zA [1], 2y — 4z = 2y [2], and 2* + 3* — 1 = 0 [3].
Adding [1] plus twice [2] = 0 = 2zA + dypA =2M(z+ 2y) = A =0orz = —2%
If A = 0, then from [[1], y = 2z and using [3] we find that
(z,9) = (:‘1?, %) or (——ﬁ, —ﬁ) If z = —2y, substituting into [3] yields
(5, 9) = (Q??.’ —%) or (—-f;, :ﬁ) f(z, ¥) = 0 at the first two points, which are
LMIN, and f(z, y) = 5 at the second two points, which are LMAX.
4r+y=22[1], z—2y+ 1 =3A[2],and 2z + 3y — 1 = 0 [3].
Substituting y = 2A — 4z {from [1]} into [2] yields z = A — },
soy= —4) + § {from[1]},2nd 22 + 3y — 1 = —) + § {from [3]} = 0.
Hence, A = &, z= -, andy = §. f(—&% 3) = 755 isa LMIN.
Note: To convince yourself that this is a LMIN, pick another (z, y) satisfying the
constraint —say (%, 0). Substituting into f yields %, a value larger than ,%%.
(16.45) = 1 = 2zA [1], 1 = 29A [2], 1 = 222 [3], and 2* + o* + 2% — 25 = 0 [4]).
From [1], [2], and [3], 2=y = z,and using [4], s =y =z = ﬁ
f(f’s, 353. j";) = 5{3 is a LMAX and f(—%, —35;, -ﬁ) = —5{3 is a LMIN.
2z =A1],2y=A[2],2: = A[3),and z + y + z — 25 = 0 [4]. From [1], [2],
and [38],z=y=zandusing[4],zc=y=2=%. A%, %% = 825 is a LMIN.
2z = A[1], 2y = =X [2],22= A [3],and z — y + z — 1 = 0 [4]. From [1], [2],
and [3], z= —y = z, and using [4], 2= —y = z = }. f(}, —3 3) = }is a LMIN.
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1 = 8zA[1], 2 = 2y) [2], —3 = —A [3], and 42% + ¢* — z = 0 [4].
From [3], A = 3. Substituting into [1] and [2] yields z = 3 and y = 1.
Using [4], z = £5. f(3 3 &) = 35 is a LMAX.
See Example 4 for an example using 2 constraints.
2e=A[1], 2y = =X + 2yu [2], 22 = =2zp [3],z — y — 1 = 0 [4], and
v — 22 —1=0[5) From [3], z=0o0r g = —1. If z = 0, then from [5],
y = 1, —1 and from [4], ¢ = 2, 0. This gives us (2, 1, 0) and (0, —1, 0).
If p = —1, then [2] gives A = —4y. Using [1], 2z = —dy = z = —2y.
Substituting into [4] yields y = —1. But substituting y = —3 into [5] gives z* < 0,
which has no real solution, and hence p # —1. f(0, —1,0) = 1 and f(2,1,0) = 5
are both LMIN. (Note that the intersection of z — y = 1 and 3> — 2% = 1 defines 2

separate curves when y > 1 or y < —1. The two points found give the square of the
minimum distance between these curves and the origin. No maximum exists.)
—2z=2+2zu 1], 2y=A+ 2w 2, 1=2[8Lz+y+z2—1=0[4], and
22 + y* —4 = 0[5]. From [3], A = 1. Substituting into [1] and [2] yields
20(p+ 1) = -1 =2y(p + 1) = £ = y. From [5], z = y = + 2 and using [4],
2=1F22. f(42,42,1 — 2y2) = —3 — 2{2 is a LMIN and
f(—2, =2, 1 + 242) = -3 + 2{2is a LMAX.
B ya=Ar[] 2t =2yu2) oyt=-A[3), sy2=p 4]z~ z—2=0[5],
and y* + 1 — 4 = 0 [6]. From [1] and [3], yot = —zyt = yi(z + 2) = 0.
If yt = 0, then f(z, y, 2, ¢) = 0. If z = —z, then from [5], z= —1 and z = 1.
Multiplying [2] by y and [4] by t yields 2y°y = 2y = pt = p(2y* — ) =0 =
p=0ort=2y" If p =0, then zyz = 0 {from [4]} and f(z, 9, % 1) = 0.
If 1 = 232, then from [6], y = + f; and t = §.
fa, 325 -1,% = —5% is a LMIN and f(1, —%, -1,% = % is a LMAX.
(10 2z = 3A [1], 2y = 4A [2], 2z = p [3], 2t = p[4], 3z + 4y — 5 = 0 [5], and
z+1—2=0[6] From [1]and [2], z= ) and y = 2)\. Substituting into [5]
yields 3(3)) + 4(2)) —5 =0 = A =}, and hence z = § and y = {. From [3]
and [4], z = ¢ = jp. Substituting into [6] gives us 4 = 2, and hence z = ¢ = 1.
fG 4, 1,1) = 3isa LMIN.
[I1] If fis the square of the distance from P(z, y, z) to (2, 3, 4), then we have f(z, v, 2) =
-2+ =3+ (@=-4andygnp,2) =2+ + 22 —9=0[1]
Vf= AVg = 2(z — 2) = 2z [2], 2(y = 3) = 29) [3], and 2(z — 4) = 222 [4].

From|[2]],[3]|,a.ndl[4],,\=’;2=y;3:‘;4=>y-:%zandz:h.

Substituting i 1] yi = 6 — 9 R
uting into [1] yields z -_{;E, and hence y :}:m, and z = % 1=
The positive values lead to a minimum distance,
whereas the negative values give a mazimum distance.
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Let fbe the square of the distance from the point (z, y, 2) to the origin.

Thus, f(z, 9, 2) = 2 + ¥ + 2, 9(5, 9, 2) = z+ 3y — 22 — 11 = 0 [1],

and k(z, ¥, 2) = 22— y+2—-3 =0[2] Vf= Vg + uVh =

2z = A 4+ 2p [3], 2y = 3A — p [4], and 2z = =2 + p [5].

Solving [3], [4], and [5] for z, y, and z, respectively, and then substituting these

expressions into [1] and [2] gives us the system 7TA — 34 = 11and —3A + 3p = 3.
Solving yields A = u = 2, and hence 2 = 3, y = 2, and z = —1.
[I3] Let z and y be the base dimensions and z the height. g¢{z, y, 2) = zyz — 2 = 0 [1]
and C(z, 4, 2) = (292 + 222) + 22y + 32y = 2yz + 22z + }ry.
VC = 2AVyg = 24 Jy = y2) [2], 2z + §z = 22X [[3], and 2y + 2z = zy) [4].
Multiplying [2] and [3] by z and y, respectively, and then subtracting yields
2z — y) = 0, or ¢ = 3. Multiplying [2] and [4] by z and z, respectively,
and then subtracting yields Zzy — 2yz = 0 = y(7z — 42) = 0,01 z = [z
Substituting into [1] gives z = 3—‘;7,, y= T.J’T,-’ and z = —2574-7’—
Let ¢ and w be the base dimensions and A the height. The box has
fixed volume V and V(¢, w, h) = €wh. We want to minimize the surface area
S(¢, w, k) = 20w + 2¢h + 2wh. VS = AVV = 2w + 2k = whA [1],
20 + 2h = {RA[[2], and 2¢ + 2w = €w) [3]. Multiplying [1] and [2] by ¢ and w,
respectively, and then subtracting yields 2A(2 — w) = 0, or £ = w. Multiplying [1]
and [3] by € and A, respectively, and then subtracting yields 2w(€ — k) = 0,
or £ = h. Thus, £ = w = h and the rectangular box is a cube.
W(z, ¥, 2) = zyzand g(z, ¥, z) = 2z + 3y + 4z — 12 = 0 [1].
VV =2AVg = yz=2A[2]), zz = 3) [3], and zy = 4A [4].
From [2], [3], and [4], zyz = 222 = 3yA = 4z = y = }zand z = =
Substituting into [1] yieldsz = 2, y = §,and z=1. ¥(2,3,1) =}
Wz, 4, 2) = zyzand g(z, y, 2) = 2z + 3y + 5z — 90 = 0 [1].
VV = AV = yz=2A[2), 2z = 3) [3], and zy = 5 [4].
From [2], [3], and [4], zyz = 222 = 3y) =520 = y = irand z = Zr.
Substituting into [1] yields £ = 15, y = 10, and z = 6.
V(r, k) = wr’h and o(r, h) = 2xr® + 2wrh — S = 0 [1].
VV=AVg= 2rrh = (47r + 27h)A [2] and 77" = 2x7A [3]. From [3], A = .
Substituting into [2] yields & = 2r, and the height is twice the radius.
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V(z, v, 2) = (22)(2y)(22) = 8zyzand ¢(z, 3, 2) = 42° + 4y° + 22 — 36 = 0 1]
VV = AVg = 8yz = 8z [2], 8zz = 8y) [3], and 8zy = 2z) [4].
From [2], [3], and [4], 8zyz = 82°) = 8y?)A = 22X = y = zand z = 2z
Substituting into [1] yields 122° = 36 = z = {3, y = {3, and z = 243.
Thus, the dimensions are 243 x 243 X 4&.
WA’ =f(z,5,2) =s(s—2)(s—3)(s — Dand g(z, 9, 2) =z + y+ z—p = 0 [1].
Vf=AVg= —s(s — y)(s — 2) = A [2], —s(s — z)(s — 2) = A [3], and
—s(s — z)(s — y) = A[4]. From [2], [3], and [4],
s—z=s—y=s—zz>z=y==z From[llz=y=2=1p
Let &, B, and v denote the three angles of the triangle.
f(e, B, ¥) = sinasinBsiny and g(a, B, ¥) = a+ B+ v — 7 = 0[1].
Vf= AVg = cosasinf siny = X [2], sine cos § siny = X [3], and

sine sin § cosy = A [4]. From [2] and [3], cosca sin § siny = sina cos § siny =
cosasinf —sinacosf =0 {siny #0} = sin(f — a) =0= f—a=71n
Since 0 < @, # < m, we have n = 0, so # = «. Similarly, using [3] and [4],

B = 7. Since all angles are equal, the triangle is equilateral.

Refer to Figure 21. The strength of the 1'%
beam is given by f(z, y) = K22)(2y)? = 8ksy?, . .
where k is a constant. I Rae i LB (12,0)
oz, ¥) = £2/12% + ¢*/8% = 1 = 0 [1]. 16 ]
Vf= AVg = 8k = %zA [2] and : > |
16kzy = &y [3]. Multiplying [2] by 2z and ' ‘L..ﬂu__..i
[38) by y = 3%22) = 5153/2). = ¢F = 527.
Substituting into [1] yields 32? = 144 = z = 443 Figure 21

and y = §{6. Thus, the width is 2z = 8{3 in. and the depth is 2y = 26 in.
22 f(z, v) = 27%y*"% and oz, ) =2C+yL — M=0[1]. Vf=AVg=
1274/5y* = Ca [2] and #2'/*y™"/® = L) [3]. Multiplying [2] by 5L and [3] by
5C yields Lz-usyq/s = 4011/511-1/5. Multiplying by £/* ylfs gives us Ly =‘4Gz,
or y = 40Z [4]. Substituting into [1] yields z = 2L and by [4], y = 4.
B8] f(z, y) = y—cosz + 2zand g(z, y) = z* + 23> — 1 =0 [1]. Vf= AVg=>
2 + sinz = 2z) [2] and 1 = 4y [3]. Now, [2] = z# 0 and [3] = y # 0.

T ceo 1y _ 2 4sing o z
Thus, all extrema must satisfy o A= =5 ¥ =rorr
Graphing y = m and 2 + 2y — 1 = 0, on the same coordinate axes,

gives the points of intersection as approximately (0.97, 0.17) and (—0.87, —0.35).
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f(0.97, 0.17) ~ 1.55 is a maximum value and
f(—0.87, —0.35) =~ —2.73 is a minimum value.

'8 M
E a X x
Figure 23 Figure 24

Rdf(z,y) =iz + 3’ andg(z, y) =2 + " =1 =0[1] Vf=2Vy=>

' =2z [2]and ¥ = 292 [3]. From[1},z=0=>y=+landy=0 =
z=x1. Ifz# 0and y # 0, then §y = ) = 1z* = y = z°. Graphing y = 2°
and z? 4+ y* — 1 = 0, on the same coordinate axes, gives the points of intersection
as approximately (0.83, 0.56) and (—0.83, —0.56). Evaluating these points in f gives
£(0.83, 0.56) =~ 0.14, f(—0.83, —0.56) = —0.14, f(0, 1) = &, £(0, —1) = —3,

f(1,0) =& f(=1,0) = —}. Max = } at (0, 1); min = —} at (0, —1).
[__16.10 Review Exercises |
36 — 42 + 992 2 0= D = {(z 9): 42° — 93* < 36}, f(3,4) =12 =
36 — 4z° + 9y = 122 = 144. The level curve is the hyperbola 93 — 427 = 108.
@ D={(zy:2y>0} f(2,3) =In6 = Inzy = In6.
The level curve is the hyperbola zy = 6.
B D={(z,92: 2>+ ¢} f(0,0,1) =1,
and the level surface is the hyperboloid of two sheets ? =1 = y2 = 1L
D=A(z, 2 v# 5, 2% § + ma}
(5, 3, 0) = }, and the level surface is the graph of secz = }(z — ).
Bl lim 3‘;’5 +5 - 3(0)2(0) +5 —95
(=)= (.0) y* + 4 0 +4 4
B oy, a.-:)z:zlz%# T (= y.:)l—i»'?l.a.-z)(—z:v(zz)(fzg)l) o
(=.v.z)l-i'n(11.s.—2)z_"_?—l = '—_11;"(—'3_)_1 - :3§ el
Along the path y = z, the limiting value is 0.
Along the path y = 0, the limiting value is 1. Thus, the limit DNE.
4
Along the path y = z, the limiting value is z"_:TJ:‘ = %

Along the path y = 0, the limiting value is 0. Thus, the limit DNE.
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- - _ r?ginf cosf _ 35iD 20 I
flz,9) = B )3/2 smsz cosf 7 = k= r = csin20,
where k and ¢ are constants. If ¢> 0 (or ¢ < 0), we get half of a four-leafed rose.
J -
i, 1 1222 pre.
r—0

In order to determine the partial derivatives, we must define fat (0, 0). (We will not

be able to define f continuously.) Since f(z, y) = 0 along the path y = 0

(= )"((l 0)
and lim _ f(z, y) = 0 along the path z = 0, define fat (0, 0) to equal 0.

(=, 9)7(0,0)
f04 4 0) = 0,8) _ Ui~
-0

(1) f(0, 0) = Jlim

= 0. Similarly, fy(0, 0) = 0.

z :’v
(2) Along the path y = z, L = - v}-'(o D)m i 1 and along the

path y = 0, L = 0. Thus, L DNE and f cannot be continuous at (0, 0).

@D f(z, y) = * cosy — §* + 42 = fo(z, y) = 32% cosy + 4; fy(z, §) = —2° siny — 29
@2 f(r, ) = rPe™* = f.(r, 5) = 2re”* + rPse™ = re"’(2 + rs);

fo(r, 8) = PP r= 13"

2
TDf(s 59 = 5EG = fula v = LA =200 22y

2
frle 09 = = e ) = )

04 f(v, v 1) = uln'?" = ful, v 1) = ln%’; folu, v, 1) = u-m.% =5
fl(“l Y t) = I';’-}—i-(—fi)z= —.%
fannd) =22y +1=felnpnt) =202+ i fy(n 92 9) = r""“; s
e
fi(r, 9,2 0) =220+ & filzn, 9, 2, 1) = ﬁ

[16] f(v, w) = v* cosw + w? cosv =

fo(, w) = 20 cosw — v sinv; fu(v, w) = —v® sinw + 2w cosv

0Df(z o) =y —329° + 2 — 3y + 2=
fo =32 = 39° +42° and fy = 2%y — 91y” = 3. feels, 3) = 62" + 122°;
feul(z, ) = fye(z, 3) = 62y — 95%; fyy(s, ) = 22° — 18zy
@ 1z 5, ) = 2" = fel 4 2) = 20" fylz, 9, 2) = 2279e"> "’ and
-22

yZ- y2-22

fe(z w 2) = =222, fop = 287 fyy = 2220207 + 1)

2-32 -2 2-32
iz = 222(212 s I)Cy z ;f:y =SJyzs = 4316”2 X ;f:x =fz: = —4:26’ ' 3

2_:2
fos = fay = —42%yze" "
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= 2:’—1{—:’
p e el = e TR

o e 92 — 2 —
Sumlarly, Uyy = Q’;:—+#]§ and Uzz = W.

Thus, ez + Uyy + uz; = 0.

B0 (s) dw = (12:-" 1 +2)ds+ (39 tan™ P — 1) dy

(b) dw = (2z sinyz) dz + (z*z cos yz) dy + (z*y cosyz) dz
21 (a) Av = w(z + Az, y + Ay) — w(z, 9)
= (z+ Az)® + 3(z + Az)(y + Ay) — (v + Ay)? — (2 + 32y — ¥)
= 22Az + (A2)? + 3zAy + 3yAz + 3AzAy — 2yAy — (Ay)?
= (22 + 3y) Az + (3z — 29) Ay + (A2)? + 3AzAy — (Ay)*.
dw = wz dz + wy dy = (2z + 3y) dz + (3z — 29) dy.
b)z=-1,y=2 Az=dz= —-11— (—1) = —0.1,and Ay = dy =
21 —2 =012 Aw = 4(—0.1) — 7(0.1) + (—0.1)? + 3(—0.1)(0.1) — (0.1)?
= —1.13 and dw = 4(—0.1) — 7(0.1) = —1.1.

@ iR =LEav + $Ear=d-av - Lo R =4 — 4 = 3% - (-2%) = 5%.

oV 3
2
@]f(z'y)=y’zj1’=fz—z%%% dfy—(—:(iﬁ,!:) Since fr and fy are

defined on the domain of f, fis differentiable throughout its domain.
2

B (s v ) = 525 = fo = ~Cip fy = 7oty and fy =z, Since fi, f

and f; are defined on the domain of f, fis differentiable throughout its domain.
Sz = Sullz + Solz + Swwz = (v — w)(2) + (v + w)(4) + (v — ¥)(=1) =
v+ 2w+ Su = 12z + 18y.
sy = sully + suty + swwy = (v = W)(3) + (v + w)(-1) + (v — W)(2) =
5v — 4w — 3Ju = 18z — 22y.
B e = zotr + a9 = (3)(1) + () = (3 + De* = @ + 35 — ¢+ 27
70 = o7y + 2930 = (3e°)(1) + (*)(3) = (31 + 3)e® = (2r1 + 351 — 2 4 3)H.
7 = 223y + 2y, = (3°)(8) + (F)(—1) = (35 — 1) =
(2rs 4 3s* — st = 1),

d _ OQwds , duwdy 4 Qud
=hatautE =

(sin yz)(—3e™*) + (22 cos y2)(2t) + (zy cos 32)(3) = 3¢~ *(91° cos 31> — sin31°)
[28) By (16.22), F(z, y) = 2° — 453 -3y +2—2=0and y = f(2) =

dy _ _F_ -4 +1_¥W -4 41
EE —12zy" — 3 12zy° + 3
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[29] By (16.23), F(z, v, 2) = z’y + zcosy — 22° = 0 =

8z _Fr _ 2 — 21y anda"— F‘,_zsiuy—z2

9z~ "F: cosy— 3z Oy Fr  cosy— 3z
Bll(a) a= —3i—4j = u=—F—$j
Duf(z, ) = (62 + 53)(—3) + (~2y + 52)(—9) =
Duf(2, =1) = (N(=D) + (12)(~}) = -2
(b) The maximum rate of increase is |Vf(2, —1)| = |7i + 12j] = J193.

—'_-- ._ ——a- 4-_4
Bll(a) PQ=-3i+4—dk=>u= Hit+t&l ﬁk'

Dy Tz, 3, 7) = (62)(— ) + (4)(gx) + (-9(—F) =
DaT(-1, -3,2) = —4&.
(b) The maximum rate of change of T at P is
[VT(-1, =3, 2)] = |-6i — 12i — 4k| = {196 = 14.
[32] The population density increases most rapidly in the direction of ¥ Q.

(@) Vas3) = [J_(—-"’—)] + [°°'°W(—'”m)]j

@ + )"’ (= + ¢

b —b-l:g+y2
= Z;»e_:)ﬁi(‘ﬁ — yj). It increases most rapidly in the
4y
direction of —zi — yj, that is, toward the center of the city.
(B) V(= y) =
b
ae

-l:z+y2+c(tz+y2) o 2 — by 2
st 20 (g + 1ok
b y 2 2\1/2 b
If 2¢ — W > 0, or, equivalently, (z° + y°)"" > 7%
the direction is toward zi + yj, that is, away from the center of the city.

1”<~2L,

4

If 2¢ — 75 < 0, or, equivalently, (r.2 + )

e eibo
(2 + ¢)
the direction is toward —zi — 3j, that is, toward the center of the city.
B Az 9 2) =422 -2 —72=0 =
VF(z, vy, z) = 8zi — 4yj — Tk = VF(-2, —1,2) = —16i + 4j — Tk.
Tangent plane: —16(z + 2) + 4(y+ 1) — 7(z —2) =0
Normal line: z = =2 = 161, y = =1 + 4t, 2 = 2 — Tt
B4 Let x(t) = ti + ?j + °k, and hence r'(f) = i + 2j + 3°k.
1=2=>t=2andr'(2)=i+4j+12l:=>u=T1Ls-i(i+4i+12k).

Duf(z 3 2) = ((5) + @iEs) + ((FER) = Duf(% 4,8) = £

@ |
@
-

.
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]

2 2
Bfaud=5-5+5=0=Vwud =% -Yi+ Y A w0,

o

an equation of the tangent plane is 3?,—"(z- —zy) — 2—:’,9(1[ — %) + 2%3"(2 —z) = 0.
a

If z = y = z = 0 (the origin), then the equation becomes

[38] f(0, 5) = 1 = the level curve is %r’ + %yz = 1, an ellipse.
Vf(z, §) = i=i + &yi = VF(0, 5) = §j.

4

P 5 e 37
F(1, 0, 0) = 4 = the level surface is z = —4z> — 93 + 4, a paraboloid.
VFz y,2) = 8zi + 18y + k = VF(1,0,0) = 8i + k.
B8lfi = -4/ —y=0andfy= -2/ —z=0=> gt + y=0{F =4[y} =
= —1{y#0)},and hence z = —2. fo; = 8/7° foy = —1,2nd fy, = 4/¢° =
D(z, y) = 32/(z®) = 1. D(=2, =1) =3 > 0and fex(—2, =1) = =1 <0 =
f(—2, —1) = —6 isa LMAX.
Bfi=22=0andfy=3-3"=0=>z=0andy=+1. faz =2, fry =0,
and fyy = —6y = D(z, y) = —123. D(0,1) = —-12 <0 = (0, 1, f(0, 1)) is a SP.
D(0, —1) =12 > 0 and fzz > 0 = f(0, —1) = —2is a LMIN.
[40] Let z and y be the base dimensions and z the height.

Az, y) =22y + 2y + 222+ 2y2 = 32y + 222+ 29z V=222 2= Izyandso
C(:my)=3zy+zgz+2—zz~ Cg=3y—2;!v-=0amdcy=3z—2;¥-=0=}
3zy’ = 2V = 32’y = 2z = y. From C: = 0, we see that 3z° = 2V, and hence
sy =8V 2= ,—‘;: 2)*/® V2. To relate this value of z to 1,

note that V'/* = 2(3)™'/°. Henee, z = (3)*°(®) "’z = (;)z/s(g)a/az = 3=
The box should have a square base with height % the length of a side of the base.
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[ f(z,9,2) = zsyzand g(z, 9, 2) = 2 + 48" + 22 —8 = 0[1]. Vf=AVg=>
yz = 2z [2], zz = 8y [3], and zy = 42X [4]. From [2], [3], and [4],
zyz = 22°A = 8y®) = 428\ = 3* = 1z and /# = 2. Substituting into [1] yields

z=+[§ y== [} and z = & [§. These values represent eight points.
=% -3 - =18 =15 -3 5=
{8 J& {9 = 503 are LM,
&R D =18 -3 D =
=48 & {9 = 1({§ —{& — {3 = 333 are tMAX.

@@ f(z,y,2) =42 + 9+ 2, 9(z, 9, 2) =22~ y 4+ 2 — 4 = 0 [1]}, and
Mz, y,z) =z+2y—z—1=0[2]. Vf= AVg+ uVh = 8z = 2X + u [3],
2y = —X + 2u[4], and 2z = A — u [5]. Solving [3], [4], and [5] for z, ¥, and z in
terms of A and pgivesus z = 1A + dp, y= =) + pyand 2 = A — Ju
Substituting into [1] and [2] produces A — 3y = 4and —§) + Zpu =1
Solving yields u = $2 and A = 3. Thus, z = 30, y = &, and 2 = &. The two
constraints define 2 line in three dimensions that has arbitrarily large coordinates for
z, ¥, and z. Thus, f will have no maximum value. f(%g, ;53, % = ?%95 is a LMIN.
[43) From the geometry of the problem, we see that z = 0, and the problem can be
reduced to a two-dimensional problem in the yzplane with the parabola z = %yz and
the point (3, z) = (5, 0). If D is the square of the distance from (g, 2) to (5, 0), then
D(y) = (y—5)* + (2= 0)" = (y — 5)* + fv*. D'(y) = 2(y - 5) + {¥°.
D=0=9"+8r—40 =0 = y~ 2.66 and z ~ 1.76.
Thus, the point is approximately (0, 2.66, 1.76).
The volume of the cylinder is rr?h = 47h and of the cone is %trzh = “51rk. Thus,

V =4rh + grk = 100. The curved surface area of the cylinder is 2arh = 4wh and
of the cone is 7r{r* + A% = 2z{k* + 4. Using Lagrange multipliers,
f(k, b) = 4rh + 27k + 4 and ok, h) = 4xh + §7k — 100 = 0 [1].
Vf= AVg = 4r = 4r) [2] and 225 = 423 [3]. From [2], ) = 1.
@+

Substituting into [3] yields k/sz 4+ 4= % =

=4 ; ; K A AR A e
k—ﬁ~1.79a.ndnsmg[1]gwesh—, k=% m~7.36.
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CR ¢ o (s g

9P _ (T + sko)(C + sk)(1) — (T + sko)ky + (C + ski)ko]
s (T + sko)’(C + sk) '

0}’/38 = 0= TC + Tskl -+ Csko + Szkokl — S(Tkl -+ Sknkl =+ Cko + Skokl) =
TC = kb, = s = |IC.
™l kokl

Since 0 < z, y < 1, this occurs when z = y = 1.

(a) A maximum will occur when sin7z = sinwy = 1.

(b) Uz, v, 1) = 20~ 2* sinwzsiny = Uy = —40kr2 e~ 5in 7z sin 7y,

- 2
2e 2kxet

U = 20me™ %7t cosxz sin 7y, Uzz = —20m sin7z sin 7y,

—2kr2t _2kx2
Uy = 20me™ 7% ginrz coswy, and Uyy = —2072e 257

sin 7z sin Ty.
Uss + Uyy = —4072e* > ginrrsingy = U, = HUsz + Uyy).
(c) Uls, v, 1) = (20sin7z sinwy) e 22" = Te=°!, where ¢ = 2kr?.
Since [sin7z| < 1 and [sin7y| < 1, |T| < 20.

As 1 — 00, €' — 0, and the temperature U approaches 0°C.



Chapter 17: Multiple Integrals

@

3]

This is an R, region. Recall that an R: region lies between the graphs of two
equations y = f(z) and y = g(z), with f and g continuous, and f(z) > ¢(z) for every
z in [6, 8], where ¢ and b are the smallest and largest z-coordinates of the points
(z, y) in the region.

R:

This is an R, region. Recall that an R, region is a region that lies between the
graphs of two equations of the form z = f(y) and z = g(y), with fand g continuous
and f(y) > g(y) for all y in [c, &], where ¢ and d are the smallest and largest y-
coordinates of points in the region. .

This region could be considered as one R region or .two Ry regions. [B] Neither

Ry ‘This region could be considered as two R: regions or two Ry regions.

Rz and Ry [0 Neither Ry

Note that AA, = 1 for all k.

121 () Eélf(“u 1) AA, -
s E
= (4)):)__::11'(1:#, v.) {since each A4, = 4} E - :: 2: R
= 4[f(4, 2) + f(6, 2) + £(2, 0) + f(4, 0) + R
£(6,0) + £(8, 0)) L
= 4(8 + 12) = 80
(b) kzi: 1f(“k1 ) AAL Figure 12

(8) 3 Su A = S0, + (1, 2) + SO 1) + J(1, 1) + 10,0) +
4,00 +f(2,00=5+9+34+7+1+5+9=239

() S )by = f(L3) + f2,3) + S0, D) + S22 + (0, 1) +
f(2,1) + f3,1) =11 415494 13 47 4+ 11 4 15 = 81

() % S wbAy =) +SG D + [ D + G D +1G D +
B+ D=8+12+6+10+4+8+12=160

o

= 4[ f(6, 4) + £(8, 4) + f(4, 2) + £(6, 2) + £(8, 2) + f(10, 2) ]
= 4(24 + 32 + 8 + 12 + 16 + 20) = 448

(e) télf(“h v) AAL
=4[£(5,3) + f(7,3) + £(3, 1) + f(5, 1) + £(7, 1) + £(9, 1)]
=415+ 21 + 3 4+ 5+ 7+ 9) = 240
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3 % 3 2 3 3
J (127y* = 82%)dydr = Jl:th:g 58133/] 1dz=[ (36z — 24z7)dzr =
1 - 1
PR o R
[18: 6z l_ 36
J (4=y° +v)dzdy—l [2z’y’+ry:| dy—f( 6y° + y)dy =
[0t +4s | = -7
2 2 2
s 122 1NE o (%4 4 S8 =
IL_;& ydydz-L[;t’y ]1-:'&—[1’( 1" + 32 z°) dz

1
2
i[—-: +3 34 —%zs |l = 1ms

L
|

0

&

I

1

J'l : La SRR r_l [Bey+ ¢ [ e =

(42 + 5z + 1 — 8z — zs)dz—ZJ (—2° — 32" 4+ 42> + 1)dz {5zisodd} =
-1

"
£

1
2[—.—}.:7 -3+ 4+ I]o =42
2 (2 2 2
J. I,(‘lt— v) dzdy = I [Zz’ - zv]z’dy = J (68 + 4* — 24" dy =
0ly2 0 y2 0

2
[29 +it -t ] =g

g

1

-1 1 i
@J’ J’V (zz + yz) drdy = f [:;23 0 :y’ ]V 1 dy =
-y-1 0

0 -y-1

1 1
[0 +3w+ 1%+ 22 Jar=[B6 - 0* + o+ 0+ 4ot =
2 (2 2 = 2
[ I c”‘dydz:f [ze'/‘] dz=I :.(c—e(‘z))dz=
1J23 1 23 1
2
[%cz’ - %c(,z) :Il = (4e — ')y m —21.86

x/6 (%72 w6 . 5
J (:cosy—ycosr)dgdz:J l:zsmy—%y2 cosz]:/ dz =
° o

m |

o
x/6 6
L (z — 4n? cosz)dz = [5:: e L smz:]:/ = —ihrlx —0.48

(a) To apply Theorem (17.8)(i), we first examine the y-values. In this case
0 £ y £ ¥z. The smallest z-value is 0 and the largest z-value is 4.

([ e

¥

Figure 21 Figure 22
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(b) For Theorem (17.8)(ii), we note that y* < z < 4.

2(4
The smallest y-value is 0 and the largest g-value is 2. I J : f(z, y) dzdy
0Jy

22(a) T <y<2and0<z<4= [[pf(z )dA = I:J;f(z, v)dyds

2(y2
) 0<z<y and0<y<2 = [fofla i = [ [ ey
JJl

Figure 23 Figure 24
23
B 0Sy<sFand0ss32= [pfa Ndd = [ [T 1 ) dyis

(b) ¥/ <z<2ad0<z<8 = J[rf(z ) dA =

o0
b
[
-
N
w
~,
_
H
&
8.
N
au
<

w

25](a) 2 <y<NTand0<z< 1= [[pf(z y)dd = Jljff(f, y) dydz
®) 7 <2< and0 <y <1 [[ofa vid = [ [27 1@ naza

Figure 25 Figure 26
8(a) 0 < y<l— Pand-1<2<1 = [Jpf(z y)dA = J.l I 12 f(a, y) dydz
-1J0
B -1-yP<z<s{1-Pand0<y<l=

[Jrf(z y)dd = J‘I%f(:, y) dzdy

0
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BT -1<2<2and -1<y<d= [[(y+2)dd =
R

4 (2 4 4
J‘ J (!f+2z)dzdy=J [yz+22]2 dy=J (3y + 3)dy = B
-1J-1 -1 -1 -1
2 (4
Wecouldalsousej [ (y + 2z) dydz.
-1
2 (2245
15y£22+5and—25:52:%{(:—;/)&1:]'2[: (z — y)dydz =
r2 2 2
J [zy -1 ]kﬂ dz = J (=6z — 12)dz = 2] (=12) dz = —48
-2 1 -2 o
[29] The region R is bounded by y = 1, z = —2y, and z = 3y.
13y 1 3 1
2dA=JI 24:.1:[&“ ’=I54d =1
I}{w o) = o[i y]_,v Jdrtdy=1

/4 (COST x z
J'I(y+1)dA=j J (y+l)dydz=[f4[%y2+y R
0

R o sinz sin =

/4
r leos2z 4 cosz — sinz)dz = {2 — ¥ ~ 0.66
0
222
@0Sygzzand()SzSZ:”zscosrydA:Jr 3 coszy dydz =
R oJo

2 2
Io [zz sin zy ]:2 dz = L ? sinz® dz = }(1 — cos8) =~ 0.38

[32] The region R is bounded by y = 4, z = ly,and z = —y.

dry/z ar . 4 b
”c’/ydA = I r e h’dzdy:J [ye /”]gndy = I y(eu2 —eNdy =
R 0J-y 0 -9 0
8(e'’? — ¢) ~ 10.25
[33] () y = z + 4 is always the upper boundary, On1 < z< 2,y =9 — 4z
is the lower boundary, On 2 <z <4,y = %,_,3 is the lower boundary.

{1500 i = f :j’“ Fa, oidyds +J J:::s Fim v) by

4
9-4z 2
) z = 2y1/3 is always the right boundary. On1 <y <5,z = (9 — y)/4
is the left boundary. On 5 < y < 8, z = y — 4 is the left boundary.
5 (gy1/3 B y1/3
'”Rf(z, y) = LJ(”-::)HKI, y) it LJ.v—‘l flz, ) dzdy

y=2r+5
Figure 33 Figure 34
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$/3 (3?2 10 (2245
BD O (i nid = [ 27 f@nayda+ [ [ o vares
_ 25/3 24y 25 24y
0 [afe i = [T s gasar+ [ [P st dsay

-Ji::-s f(z, y) dydz + j?J'i::: f(z, y) dydz
s — 2 =
_zfﬁ f(z, y) dzdy + J_Jj;_y f(z, y) dzdy

&

B3 (a) [[pf(z y)dd =

(®) [[pf(z y)dd =

Figure 35 Figure 36

5-z)/2 3 ((5-2)/2
" fa y)dydz+[oj 2 fe v dya

T

@) fastn id = [° [

-2z
y+2

ORI O TR i O " I W P T

—(y+2)/2
ez

@) [Jpf(z v)dd = j’ 1(z, v) dydz + j L f(z, 1) dyd

ol i
I

®) [faf@wia= [ [ s ndeas+ [ [ 2 5 daty

0J1-y

y=e

Figure 37 Figure 38

B8 [afmid= [ [*" f@ayds+ [ fia ) dyas

®) [faf iid = [ [ e gasty+ [ [0 a9 dzdy

0J arcsin
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The upper boundary of the region is the parabola y = 4 — z°

and the lower boundary is the lower half of the circle 2% + y> = 4 for —1 < z < 2,

Figure 39 Figure 40
The upper boundary of the region is the line y = z — 2
and the lower boundary is the parabola y = z* — 4. These intersect at z = —1, 2.
The right boundary of the region is the curve z = aﬁ {ory= 22}
and the left boundary is z = [y {or y = 22 }. These intersect at y = 0, 1.

_41_2 +
z=2y( )..

x =3y

Figure 41 Figure 42
[4Z] The right boundary of the region is the line z = 2y

and the left boundary is z = 3y for -2 < y < —1.
[43] The upper boundary of the region is y = &*

and the lower boundary is y = arctanzfor —3 £ z £ 1.

Figure 43 Figure 44
The right boundary of the region is z = Iny {or y = ¢}

and the left boundary is z = siny for # < y < 27.
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[43] R is the region bounded by y = 2, z = 0, and ¥ = 2z

12 2 y/2 2 2
J J e(yz) dydz = J Iv e(ya) dzdy = I [zc(’z) ]y/ dy =
0J2z 0Jo 0 0

,J . . [ ) ] = }(e* — 1) = 13.40.

[46] R is the region bounded by z = 3, y = 9, and z = @{ory:z }.

9 (3 322 3 2
1 3 1 1 3 — 1 3 . d —
J‘OJ‘ﬁsmz drdy [ujo sinz” dydz [O[ySIDZ .-Jo z

3 a
2 sinz®dz = —3fcosz® | = —}(cos27 — 1) ~ 0.43.
L sin2” dz B[cos: ]o 3(cos )

[€7] R is the region bounded by y = 0, z = 4, and z = 3* {or y = VT }.
2 (4 4 4
J J ycosz® dody = I J'ﬁycosxldydz= I By’ coszz]ﬁ dz =
0Jy? 0Jo 0 0

4
I %: cosz? dz = ‘[sm 22 ]: = %sin 16 =~ —0.07.
0

[48] R is the region bounded by y = 0,z = ¢,and y = Inz {or z = ¢ }.

[l e [t e b [ =P

O O P AL [T L L &
[(5ey ) — (ye — e )]o = je — 1~ 0.36.
[49] R is the region bounded by y = 0,z = 2, and z = 3 {or y = ).
8 2 223 2 2 =3
y ¥ Y
dzdy = I J . dydz = J — | dz=
Jojaﬁ TR A o (16+ 2y " 0[2(16 + :7)’/’}

0

(50] R is the region bounded by z = 0, y = 2, and y = z.
2 (2 2y 2
J J y* cos (zy?) dydz = J J y* cos(zy’) drdy = L y’[sin(zvz) ]: dy =

0Jz 0J0

2
J ¥ siny’dy = I:—:%,ct.\sy3 ]: = —l(cos8 — 1) = 0.38.

Bl Let f(z, 3) = ¢ ', Gly) = J‘ : Y2 4z and I = J': G(y) dy.
~ 128[6(0) + 26(3) + 260) + 6] GO) = J:f(z, 117 T I;Mz =1

o) = [faya=] .

1 .2
:/9d~
0

z(a)[-f(o’ D+ 26, P+ 2G D) + £, 3] = 1.0406.
G3) = J f(z, Dz = J’ 422 /9 4

3L D) + 207G D) + 2, D + S, 3] » 11820, (cont.)
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1 1
G(1) = J f(z, 1)dz = J &V e
0 0
B0 +2/G, 1) + 23, 1) + f(L, 1] ~ 15121,
Thus, 7% 355 [1 + 2(1.040601) + 2(1.182942) + 1. 512004 ] & 1.1599.

[52] Let f(z, ¥) = sin(2® + v°), G(3) = J:sin (2 + v*)dz, and I = J: G(y) dy.

=~ 128 [6(0) + 26(3) + 26(3) + G(1) ]
: ,

G(0) = J f(z, 0)dz = Lsm () dz ~
:(s)l:f 0, 0) + 2£(3, 0) + 27(3, 0) + £(, 0)] ~ 0.3205.
-]
z(a)[f("' D +2fG 3 + 23, ) + (L, 3] ~ 03532,
) = J’ fe, Pz = J' sin[2 + ()] ds =

0 o]
1220, D) + 203, D) + 273G D + £(1, 3)] ~ 0.5661.
lf(?-', 1)dz = J sin (22 + 1)dz ~
1280£(0, 1) + 2f(3, 1) + 273, 1) + A1, 1)] ~ 0.9212.
Thus, 1 ~ 378 [0.3205 + 2(0.3532) + 2(0.5661) + 0.9212 ] ~ 0.5134.

G = J

0

(53] Let f(z. y) = cos(,;?ev) G(y) I cos(z )dz, and | = J (;(y) dy.
1§85 [60) + 460) + 6]
G(0) = 0.f(r‘ 0)dzs = I:cos(:z) dz = %{—z")[f(o, 0) + 4f3, 0) + (1, 0):| ~ 0.9027.

l
Gl = J'lf(z, Ndz = J:ms(z’ &%) dg
840, ) + 473 B + £1, 3] » 0.7645.
61) = [ fte, Ve = [ cos(ae) s »
18[00, 1) + 4G, 1) + £(1,1)] ~ 0.5333.
Thus, 7 ~ =8 [0.9027 + 4(0.7645) + 0.5335] ~ 0.7490.

BELet f(5 3) = ——4——, G) = J” : [1}—4] b s j: Gla) dy.

+y =-1/3 + It + Y
o) [G(O) +4G(3) + G(l):l

G(0) = J-zxaf(z’ 0)dz = Ji/lja [1 _: z]d: &

MESMO (-, 0) + 4f(0, 0) + £(3, 0)] = 0.6640.



EXERCISES 17.2 339

P P o s

US:E;)”’)D( LY+ 450, D + £, 3] = 0.6250.

_ 1/3 - 1/3 1 »
6 =7 faa=[" [2—+ ,] iz

"’;ﬁ,;/”[f(- 1) + 4f(0, 1) + f(3, 1) ] ~ 0.3327.
Thus, J ~ =8 [0.6640 + 4(0.6250) + 0.3327 ] ~ 0.5828.

This is an R: region with upper boundary y = 4z — z* and —
lower boundary y = —zon0 < z < 5. J J dydz

[@ Thisis an R. region with upper boundary y = 1/(2* + 1) and 2
lower boundary y = z— 3on -1 <z < 2.

[B] Thisis an Ry region with right boundary z = (9 — y)/2 and

_— B Y o b J'z J‘(s—v)/zdzd
eft boundary z = y"on 2939 | J)-{o- &Y

[@ This is an Ry region with right boundary z = 4 — 3* and % B
leftboundatyz:-y—Zon-—2Sys2.J j 2 dz dy
-2

—y=2
2 (1722 2 2
H A=IJ » dydz:Jl[;li—(—zz)]dz=[—%+§z3]l=li1

-

Figure 5 Figure 6

® o= [[Taun oo Jus [ 1] -7

2 (y+4 2
A=J‘ J 2dtdv=[ (y+4+y’)dy=[y +2y’+4] =2
-1J-¥ -1

Figure 7 Figure 8
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3 2 3 3
A=I J" da:dy:[ P -y+Ddy=[b*-pP+ | =1
-2Jy-2 -2 =2

1 (3= 2 fd—z 1 2
A=IJ dydz:+[[ dydz:J'Z:dz+J.(4—2:)d:=1+1=2
0z 1)z 0 1 3

\.! -
y=x

i >
x+y=4
Figure 9
5/3 [z+1 3 *1
A=J r dydz+] J: dyds
-1 J-2z-2 5/3)7z-17
5/3 3
=f 3z + 3)dz + L/s(ls —bR)dz=3 4+ =16
-1
x eT L L3
A= J‘ I - dydz = J (e —sinz)de = I:e’ + cosz] =¢" — " = 23.10
—-xJsSinz - =%
Figure 11 Figure 12
2 _ 1 s |—'-—L s o % (1/(=22+1) _
2 = i—-*:—zi at a = i('{q‘_—) - 1) ~ 0.786 and —a. A = J_GI,Q dyd! =
e (1/(z241) k: 1 2 -1 2.3
2JJ ddr=2[ - — 1 |dz = 2tan” ¢ — 30" ~ 1L0L
0J 22 ’ ol +1 : 2

[13) The plane has z-, -, and zintercepts at 3, 4, and 5, respectively. An equation of the
planeis £ + § + £ = 1 & 20z + 15y + 122 = 60 & z = (60 — 20z — 159).
The trace of the plane in the zy-plane is 20z 4+ 15y = 60, or ¥y = %(12 — 4z).

3 ((12-41)/3
Jo Jo (60 — 20z — 153) dydz

2 4=z
OSyS4—zand05:$2givesusJ (4 — z°) dyds.
oJo

2 f4-y2
0_<_z$4—yzand05y52givesuslf y(6—=r)d'zdy~
olo
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Solving the equation of the sphere for z yields z = \I 25 = 2% = 35,

4 4_"I 2 2
05254—y&nd05y54@ku[] 25 = z° = y“dzdy.
oJo

[I7] S is the plane z = 3 over the rectangular region R in the zy-plane that has
upper boundary y = 2 and lower boundary y = —1from z = O to z = 4.

PR
i+

T y=3—x*
Figure 17 Figure 18

S is the hemisphere z = ,125 — 22 — 9% over the region R in the zy-plane that has
upper boundary y = 3 — 2 and lower boundary y = 3 — zfrom z = O to z = 1.
Sis the paraboloid z = z* + y* over the region R in the zy-plane that has upper

boundary ¥y = 1 — z° and lower boundary y = z — L fromz = —2toz = 1.
o4

Figure 19 ) “Figure 20

[20] S is the cone z = ,I z* + y* over the region R in the zy-plane that has right boundary
z = |y and left boundary z=0from y = 0 to y = 4.

21 2 2
V= IJ. (4 + y’)dydz:f [4:2y+§y3 ]ldzzf (42® + 3)ydz =
0Jo 0 0 ]
2
0+ ] -

1 1
8880, [19.4 P _ 12
03-2 dz-—[sz ]0_3-

R

0

1(2x 1
@]szj (z’+4y2)dydz=J' [z’y+§v3]2’dz=I
0J0 ] 0
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3 (2z 3

5 V=J I 0 — 2 dydz =J 22(9 — A2 dz = I:_g(g — 2% :ls e
0JO 0 0

" Figure 23 . Figure 24

@y [ e [ st [ 1020 0]
=¥

42:

28] v

2

szo (4 — 2z — y)dydz = I [(4 — 25y — EV ]
J

o]
(-2 -4 - 20 Ji = ,J (= 20 = 2[ @ - 9ds

16
3

2
2Io(z7—4z+4)dz—2 2 — 222 +4::| =20 =

~N

(4,4, 16)

g haE 1,3 12,4 1% _ 64
28 v= s ) g dz=3[a’ ]0=T

0o
2(4=z2 : 2

V=J“ri = (zz+y2)dyh=J( — 127% + 32* —%:s)dz=§§§53
0Jo 0 .

>
Figure 27 Figure 28
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11 1
@IV:JJ yadydz=%J(1—zlz)k= [ — iz
0J z3 ]

4 4
V= LJ 2’ dydr = L (%27/2 — &) dr = [1

X ﬁ'+y2=
Figure 29 Figure 30

Fre 4
By v= I J. 18=2% 2 dyds = J z(16 — 22)1/2 dz = [—?1,(16 - ::2)3/2 :l; =
0 0

(31) In the zy-plane, y = 4 — z° intersects z + y = 2 at (—1, 3) and (2, 0).

2 (4-22 2
V=J r’(z’+4)dydz=f (8 +dr— 22" +2° — 2)dz = 422
=112~z -1

[32) In the zy-plane, y = z° intersects y = z* at (0, 0) and (1, 1).

1(23 1
V=JOL (z+y+4)dydz=J (42 — 8z* — 2° + 12 — }a¥)dz = 152

[33] Note that Ay; Az, = {(}) = {5 for all jand k and that the (uy, v;) are midpoints of
the rectangles in the grid. (), v) = (4(1) — 3, 3(1) — 3) = G 3)-
(b, ) =GN - 33D - D =G P (1 w) =GO - £ - =G

The coordinates for the other five points are found in a similar manner.

1(1/2 1(1/2 4. -G
V= Io[o f(z, y)dydz = .I.o L sm[cos(zy)] dydz ~ bzl 'Elf(u,‘, v;) Ay; Az, =
=1=

() 5, 5 Mo ) = AUGY + 16D + G D +1G D +

(8' §) + f(% g) f(;—;, 1) (8' 8)] =~ (I]a)ﬁ.ﬁ'?&l =~ 0.4172.
(34] Similar to Exercise 33 with f(z, y) = ,Ia: v, V& (£)2.8543 =~ 0.1784.
As 6 varies from 0 to 3, r = dsin§ varies from 0 to 4, _
4sin¢

/2
and this is one-half of the area. ZJ I rdrdf
0 0

++

[ As @ varies from 0 to %, r = —4 cos@ varies from 0 to —4,
3
/2 (-4cosé
and this is one-half of the area. 2r J rdrdf
o Jo
] r-=0=>1+2cosﬂ—0=>coa9——-=>0=" 4 for 0 < 9 < 2r.
2

As @ varies from 0 to , v =1+ 2cos@ varies from 3 to 0,
142c080

2r/3
and this is one-half of the area. ZJ J rdrdf
0 0
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[4 As 6 varies from —F to § {or Fto 3¥}, r = 3 — 3sin @ varies from 6 to 0,

*/2 [3-3sing¢
and this is one-half of the area. 2J I rdrdf
-x/2)0
[B] The lemniscate should be vertically centered on the polar axis.
r‘=0=>4cos29=0=>29=§+1rﬂ=&0=§+§‘n.
As 6 varies from 0 to 5, r = 2cos 20 varies from 2 to 0,
/4 (2 cos 20
and this is one-fourth of the area. 4]' J.2 G rdrdf
0 [

[6 As 8 varies from a-rcba-ng to ¥, r = 5 is constant, r = 4cscf varies on the horizontal

x/2

line from 5 to 4, and this is one-half of the area. 2] J rdrdd
arctan (4/3) ) 4csco

One loop is formed as § varies from 0 to }.

/3 in 36 /3 i /3
A= j' J’s'"s rdrdf = I [42 ] 4 = r 85in?360 d6 =
0 0 0 0 JO

QU - */3
BJD (1 — cos60)df = 4[9 — 1sin60 ]o =4
8 ne loop is formed as 6 varies from —% to Z.
[8] One loop is f d as 6 varies fi Ito}

/8 [2c0s4¢ /8 /8
e zr ] rdrdd = 2]' P a = 4]” cos? 40 df =
0 o 0 o

*/8, . A /8 _ =
4[0 41 + cose) &0 = 2[0 + Joindo |/ = 5.
B From Figure 9, we see that 2 — 2cosf = 3 when 0 = ZF, 4%,

Ll 2-2cos# x

A= 2[ J rdrdf = J [(2 - 2cos€)z — 32 ]da
2x/3)3 2x/3

x

= I2'/3[2ws26 — 8cosf — 3:|d8 = [stB — 8sinf — 36 ]2'/3 =

83 — 7 ~ 4.65.

3 r=2-2c0s6

r=1+siné

Figura 9 Figure 12

2r (342sin¢ 2
A=I J+ e rdrM:J'%(3+28in0)zd9=
o Jo 0

2
;I (11 + 12sin6 — 2cos26) df = §[110 — 12cos6 —sin20 | " = I1r.
0
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x/4 N /4 x
4= 2J J'° S rdrdp = j 9cos20 df = 9[5sinze] s ]
o Jo 0 ()
From Figure 12, we see that 3sinf = 1 + sinf at § = %, 5.

/2 ing /2
s 2]' J“" pdrid = r -[gsin’e — (1 + sin8)? :|da
x/6)14siné /8

s ino |do l:e' in20 + 2 o:lm
—JI/6[3—4C0629—28111 :' = |30 — 2sin 26 + 2cos x/s""'

2x (2 2
@8[] (=* + ¢»)**da =J J (+®) rdrdo =I’¥da= sar,
R 0 Jo 0

@[22 + ¥*)%dA = J.'Jl (rcos8)?(r*)3rdrdd =
R odo

x 1 x x
9 cos? =1 3 =10 + 1sin26
Ljor cos“f dr dé ﬁj‘ocos 6 dé 75[ + 3sin ]0

2 2% b 2% 4
15 gz—_ri—!;,djl = Io L (cos?0) rdrdd = 3(4* — a’)J‘O cos?d df = §(¥* — o¥).
[16] In polar coordinates, z° + y* = 2y = r* = 2rsinfd = r = 2sinf.

This circle is traced out once as 6 varies from 0 to =.

T rJ-zsi"'r(cosg + sinf) rdrdf = %J [rs(coso + sin6) ]Zsinoda
R olo 0 o

x =
ng sin®0 cos6 dé + gj sin*6 do
0 0

x T
gl}sin‘() }o + g.[ %(% — 2c0s28 + }cosdd) df
0

=0+ 3|20 —sin20 + }sin4d ]; =,
[I7] The triangle is bounded by the linesy = 0, y = z, and z = 3.

In polar coordinates, these are § = 0, § = %, and r = 3secf.

/43 8 /4
({7 + a4 =J d J = gJ' sec30 df =
R 0 0 0

x/4
g[seco tan® + In|secd + tané)| :L {Formula 71} = g[\ﬁ +In({2 + l):l ~

10.33
@Bly=N2z—2"= 2> + y° = 22 = r* = 2rcosf = r = 2cosh.

5 3 x/2 J‘zcoso
T4y dA = J
if

/2
()rdrdé = gJ cos®0 df =
x/4 /4

0
g[(2 + cos’§)sin ¥ ]:;j {Formula 68} = §(2 — ${2) ~ 0.21.

Note: In Exercises 19-24, let R denote the region in the zy-plane.
[I9] R is the upper half of the circle z* + y* = a°.

a w ra -
J Jlaz—ﬂ c-(gzﬂﬂ)dydz = I J. c"zrdra'ﬂ = l —ic—az df = %(l - c"g).
—aJi 0Jo " o
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R is the part of the circle z7 4+ y* = a® in the first quadrant.

a x/2(6 /2
J ]"“"*’(zz + ) dydr = Jo/ J'o (+*) rdrdd = gasf: i =

0JO

=}
)

R is the region under the line y = zfrom z = 1 to 2.

2 (= x/4[25€CH /4
I I L dydz = J I %.)rdrdﬂ = Ir secf df =
0 o 0

1oi;‘-’+y3 sec

[lnlseco + tanHI];" =In(J2 +1) —Inl ~ 088

o B o R e
[22] R is the part of the circle z2 + y* = 1 in the first quadrant. I [ 123 \edty2 dydz

/21 /2 1 /2
= J' j e rdrdd = J“r |:rc' — c"] dd = Ir 1d0 = 3.
o 0 ] o [}

[23] R is the part of the circle 2% 4 y* = 4 in the first quadrant.
2 ’__ x/2(2 /2
f J A ”zcos(z’ + v drdy = J I cos (%) rdrdf = r I:ésin(rz) ]2,10 =
0Jo o Jo [ o

x/2
J lsind4df = %sin4 ~ —0.59.
0
[24] R is the region inside the circle z* + (y — 1)? = 1.
In polar coordinates, this region is bounded by r = 2sind with § = 0 to .

2 = * (2sing -
LJ_“,_';;’ﬂzdzdy - LJOS'" (rcosb) rdrdd = gjo sin®0 cosfdf = 0. Intuitively,

we see this is true since the plane z = z intersects the cylinder z* + (y — 1)®> = 1l in
a manner that would give us equal amounts of “positive” and “negative” volume.
[25] The height of the solid in the first octant is z = 25 — 22 — 3> = 25 — r* and the

projection of the solid onto the zy-plane is the region between the circles of

radii 3 and 5 centered at the origin. Thus, by symmetry in each octant, V =

725 i %
SJ' I (25 — 1'2)1/2 rdrdd = 8.[' [_%(25 - rz)s/z :l: o SJ‘r 41 i = 250
o Ja 2 ;

(28] The height of the solid above the zy-plane is z = {16 — 42% — 49% = 24 — 1%
The trace of the solid in the zy-plane is the region inside the circle z° + ¥ =1
Thus, by symmetry about the zy-plane, V =

2x 1 3x
zJ'o J'0-2(4 — M rdrdd = 2J (-3 - 8) o = %8 - 349) ~ 23.40.
o
[27] The upper half of the solid is the cone z = r and the trace of the solid in

the r9-plane is r = 2cos8 {2 + ¢* = 2z}. Thus, by symmetry in 4 octants,

x/2 [2C0S8 /2 /2
V= 4J I (yrdrdf = %Jﬁ cos®0df = %2,[' (1 = sin?@)cosf df =
o Jo ) 0

p |
%—’Jo(l — W) du {u=sind) = Q) = &
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The height of the solid above the 7f#-plane is z = 472, The trace of the solid

3 T(3sing 3 3
in the rf-plane is r = 3sind. V = I J (4r¥) rdrdd = I 8lsintg df =
olo

&l [30 — sin20 + gsm49:|

[29] The height of the solid above the rd-plane is z = Y16 — r°. The trace of the solid in
the r@-plane is r = 4sinf. Thus, by symmetry in 4 octants, V =

/2 (4si Al :
4J~- r.smo(ls s rz)l/zrdrdv as 4J"'/ [—%(16 = ’3)3/7 ]:S'Mdﬂ =
0

0 o
/2
-gJ: 64(cos®@ — 1)df = —25°|sinf — 3sin®0 — 6 ]:” = 128(3x — 4) =~ 77.15.

The height of the solid above the zy-plane is z =9 — r* and

the trace of the solid in the zy-plane occurs when 5 = 9 — 72, or 7 = 2.

V= J;'J:[(g — ) =5 |rirds = J:'[2r2 ~ 3 T = J 440 = 8x.

. —(=2+4y2) —— 2r (o —r2 e
‘lgrcx’éfn{e dA = a]g&L L e rdrdd =

2% a 2%
lim I [—%c"z odﬁ = hm (e~ ¥ 1)] = =30 — 1)(27) = 7.
0

a—*oo J g
oo 2 o,
[32] (a) Since J. e g = I e ¥"dy = I, we know from Exercise 31 that
=00 =00
# =1.1=1% = [ = {7. This is the area of the unbounded region that

z2

lies under the graph of ¥ = ¢~ and over the z-axis.

(b) uzﬁ&ndﬁdus dr =

(-] -]
1 -z2/2, 1 J | =
e dz = eV du = =-y7 = 1.
27,[—00 -0 ﬁ

T
_” (=" + ¢ I J"r/2 1+ 74 rdodr—’i’ry]1+r‘rdr. Let
R
) = rL+ T (FFLA0) + 47G) + 2/Q1) + 48) + f(2)] ~ 7.3067.

/2
I—j_[sm 4y dA_] I /nsm(wa)rdﬁdrzrj. sin (/) rdr. Let
0l 0

()= rsm(rus). I~ ’)3(4)[f(0 ) +45G) + 27() + 4(3) + f(1 )] ~ 1.0529.
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Note: Let S denote surface area. Also, let z = f(z, ).

Z=J4—22—y2=}f:=T4—._z_:_y;&ndfv—r_Iz—_y’.

Using the first octant portion and symmetry about the z- and y-axes,
S = [J (5 90" + Um0 + 144 =

1(1 = 5 — :

4[0[0\1(44_zi_y2) +(-J4—zg—y’) + ldydz.
- o 2 e | —z A o v .
z mﬂf ]==——1—32+y2an 5y 1—1_32+y2

Using the first octant portion and symmetry about the z- and g-axes,
1 (1=z P 2
S = 4J J == + Y + 1dydz.
oJo J(Jl s 32 + yi) (Jl ! 32 + yﬁ)
2= 11627 + 9¢F + 144 =

fe = 8z and f, = 3y ‘
34162% + 9y* + 144 2{162% + 9y* + 144
Using the first octant portion and symmetry about the z- and y-axes,

3 2
s=4I J"-" 8z Vi 3 + 1dyde
0lo (3J16z2 + 9% + 144) (2,|16:’ + 99 + 144) $e

2 2
T | [ S
Al ik T

d fy

= — an = y k
9(+*/25) — (/9) 25(v*/25) — (<*/9)
Using the first octant portion and symmetry about the y-axis,
5 [(3/5)y 2 2
S=2I J =z + y + ldzdy.
oo \J(gj(yﬂ/zs) o (z’/g)) (25.](,,’/25) - (12/9))
7= g/+§z2 > fr=zandfy=1 §= J.llez2 + 1% + ldyde =
0Jo
J'l 2 4+ 2dz = g[z, 2+ 2+ 2n(z+ 2 +2) ]: {Formula 21} =
0
i[8 + 2@ + {3) - In2 |~ 152.

R is bounded by thelinesz = 0,y = 2,andy=1z. z = y2=>f==03ndfv=2y.

2y
§S= I J J(zy)i' + ldzdy = J ,quz + lydy = %!(173/2 — 1) ~ 5.76.
0J0

2
0

r=1-fa—fy=S=[[|(-9"+(-)* +1dd =
R

@+ D7+ @[] raras = net D7+ PP + 2
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s={0-7 = f=0mdh = o—Lon
it |

_ [*[ds-v2 v _]’3149%7 3 = r =
s—.[olo T + ldzdy = a1 g_yzdzdy—Sody—&

The plane z = 1 intersects z = z° + y* when z° + 3°> = 1.

Inside this circle is the region R. § = j‘ [d22? + (29 + 144 =
'[ J (473-}-1)1/21'&1-19— lj 3677 - 1)ds = (5°* — 1) m 5.33.

S=”J0’+1’+1M=J§J Imaa:‘-{i[ jd6 = {27 =~ 4.44.
R oJo 0

[II) The upper portion of the sphere has equation z = .]a’ - -y =

= ——=—f —andfy = ———————. Thus, by symmetry about the
f (02 i yz)lli and fy (@ — 2 — y,)l/z » BY 8Y Y

lane, § = 2 8 dA. Changing to polar coordinates
——
zy-plane, JRI(G,_,_V,)” ging to po. )

ol i
+y =ay< r=asind,and § = ZaJ Jasno(a’ - ) rdrde =
0JO
1/2 Tasina 9"
2a [—(a - :| dd = —2a*| (lcosf| —1)do =
0

2(—2a’)J- (cos8 — 1) df {by symmetry} = —4a2[sin8 -8 ];/2 =
0

—402(1 — %) = 242(1 —2).
[12] In the first octant, 2> 0s0z> y> 0,01 0 < 9 < 2

g
§$= IRIJ(%)’ + (=29)" + 1dA = J:/ J {ar + 1rdrds =

iJO/ 35%7 —1)d6 = £(5°/* — 1) ~ 0.67.
@ Si0or = [ {(-527 + (-9 + 144 = u,ll + 3857 + 37) dA
= IZ']S ‘Il + B8rPrdrdf = 21[3( 823 9(1 + %-g—grz)anjo

0 Jo
= r[Eey™ —1 ]~ 1089 8%
The area of floor is 72 = 7(5)’ = 257 = 78.5 ft’.
The total amount of material is approximately 168.9 + 78.5 = 247.4 fit%,
44 = Areagppere = Aredcyiout = 4r(1)* = fﬂf(l -z - yz)—llﬁ 4 =

Eo)

2r [1/4 =
dar —J 'j (1 — ) ?rirdd = 4x — 27(1 — }{15) » 12.37 m’.
[s] o

C=6A = (1.2 x 107%)(12.37) = 1.48 x 10~* coulomb
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@8:=1 +cosy= fo=and fy = —siny = S = ﬁﬁma@.
Let Ptz o) = (& + o'y + L 6(0) = [ [+ oty + Lds and § = [ Gy d.
S e it [6(0) +26() + 6(1)]
6(0) = LI"(:, dz—f F5in
2 [ﬂ(& 0) + 2R3, 0) + F(1, 0) | ~ 1.1189.
o) = [ Aa s = JWJ~
7—,[F(o, D+ 2R D) + A1, 3] ~ L2190,
G = [:ﬂx, 1ds= J': A +an’l + ldew
2(,)[F(o. 1) + 2R}, 1) + F(1, 1) | ~ 1.4035.

Thus, S =~ J23[1.1189 + 2(1.2190) + 1.4035] ~ 1.2401.

3/4 (3/4
@B:=2%y = fr =32%yand fy=2" =S = LM L/4 ,lgz‘yz + 2° 4+ 1dzdy.

3/4
Let F(z, ¥) = J9z'y® + 2° + 1, G(y) = LM .IQz‘y’ + 7° 4 1dz, and

o [ . 8/4-1/4
S= L/ Glv) dy. S =~ 2552[60) + 260) + 6]

3/4 3/4
o) = [ Ra = [ B+ Friden

/4 1/4
3
LG D + 2RG, D) + R §)] ~ 05270,

4
3/4 3/4
GG3) = L/d Mz, })dz = Jl“ _l-z + 25 4+ 1dz ~

onl—

3/4-1/4
EE G b + 2FG, ) + RS, §)] ~ 0.5662.

3/4 3/4
ll‘ﬂz,‘-})dz:J‘ '+ +ldm

Gl =

1/4

3’;(21)“[1"(4, ) +2R% 3) + PG, )] ~ 0.6232,
Thus, § ~ 2575/4[0.5269786 + 2(0.5662277) + 0. 6231878] 0.2853.

3(o

3(o 3
J (z + 2y + 42)drdydz = J-OJ—I(g + 2y + 42) dydz = Jo G +42)dz=%

0
1

1

2 1r2 1
o[ 1J (6272 + 5zy*) dzdzdy = I I (242% + 1023%) dzdy = J (72 + 15¢y") dy =
0J =1 0

5
120 1
J zdydzdz = J J 2’ dzdz = J (z* — P)ds = -
T+l 0Jz+1 0

T—-z 2 2 2
lJ" J zdydzdz = IIJ; (—222) drdz = [ (-—214) dz = __s_sg
1

0

I
|

o [
|



EXERCISES 17.5 351

2 £2 (T+y 2 (=2
J J J 2:%ydzdydz = J. J (22%y + 22%y%) dydz =
-1J71 0 -1J1
2
J (27 + 32® — 2 — 3% dz = 33 = 64.125
-1

r3 (3y (v2 ; 303
I I yJ 2z + vy + z)dzdzdy:] I v(y’zn + P+ —1—y— 2)dzdy =
2Jo 1 2Jo

3
I (99 + Lyt — By? — 3g)dy = 1381 = 15122
2

(1) zintegrated first The trace in the zy-plane is z + 2y = 6.

— i 3[6-2y [(6-5-2y)/3
J' J'(s )/zJ(e 2y)/af($, ik dzdydz;J J‘ vJ( z-2y)/ f(z, , 2)dzdz dy
0 oJo

0 0 [}

(2) z integrated first The trace in the yzplane is 2y + 3z = 6.

3 - 6-2y—-3z 6-3z)/2 (6-2y—3z
J. J(s zy)/SJ Y f(z, v, 2) dzdzdy; J J.( i J i f(z, 3, 2) dzdydz
0Jo 0 0 0

(8) yintegrated first The trace in the zzplane is z + 3z = 6.

6 ((6= 3 ((6=1=3 2 2(6=3 Oz =3 2
I J( . J.( e f(z, v, 2) dydzdz; J I ll( A f(z, y, 2)dydzdz
0

0 0 oJo [}

(1) z integrated first The trace in the zy-plane is z° + ¥ =09

J.iSJjJ;——’I f(zy 3, 2) dzdydz; J 3‘[_9;!'_22'[?(;;, v, 2) dzdzdy

(2) z integrated first
The trace in the yzplane is the rectangle —3 < y < 3and 0 < 2 < 2.

[ [ [Fte s dasiea [ [P ste 9 deina

(3) yintegrated first
The trace in the zzplane is the rectangle =3 < z < 3and 0 < z < 2.

r JQJ"I%‘-_’—"_J.(I, ¥ 2) dy dzdz; I J.s I J—f(z, ¥, 2) dydzdz

(1) zintegrated first The trace in the zy-plane is 42 + ¢ = 0.

3/2 [Jfo_az2 J‘9—4.-.'2-y2
1_3/2]_ ik f(z, y, 2) dzdydz;
3 Jg__yz/') Yumdr2=y2
J-_J—J?-TT/'JL fz, y, ) dzdzdy

(2) zintegrated first The trace in the yzplaneis z + 3> = 9.

3 [9-y2 9—z-y2/2 I J. 9—z J.Js i—y2/2
f_ajo J-m“ f(z, v, 2) dzdzdy; =) ~{orwis f(z, 3 2) dzdydz

(3) y integrated first The trace in the zzplane is z 4+ 427 = 9.

J>3/2 ]‘9—4=?J’m f(z, v, 2) dy dzdz;

-3/2)a —'IS 4;2—"
O(Yo=i/2 [Jo-az?=s ;
dydzd
J I—*J?——:/J b e e LT e L
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(1) zintegrated first The trace in the zy-plane is 362° + 9y = 36.
v [a41i-22 [J36-s6s2-9y2/2
J.-J-z x-szI-Jss-ssﬂ—M/zf(” y A drdyis
r IJL—ﬂ/z J‘.{ss_sss'l-syz/:

—a)=d4-y272 --Jss-assz-sgz/nf(z’ %) dxdrdy
(2) zintegrated first The trace in the yzplane is 9y® + 42 = 36.

J" J.] 36-9y2/2 JJss—syz—q 32/6

_2) —y36-9y2/2 —436—9g2—411/6',(z’ % 7) dzdzdy;

3 (Y36-422/3 [36-9y2-4s2/6
I—SJ— l—-36—412/3 o 33—9v2—4;2/5f(z, Y Z) dzdydz
(3) yintegrated first The trace in the zzplane is 362° + 42° = 36.
j‘ J'a 1-22 IJas-ssﬂ—uz/s £

7, ¥, z) dydzdz;
—1) =3V1=12) =\36-3612-4:2/3 y Yy ) Y .

3 (Je=az/s J{se-se:?—u*/a
dydzd
J—J-‘{b-;ua —435-35:2-02/3}(:’ BAaes
44—y ({33
We will double the volume in the first octant. V = 2J J VJ &

0Jo 0

s 4
o [T 0 e = 4 6 = 4 - = 1

Figure 11

Figure 12
We will take 8 times the volume in the first octant.

2 2
V= s[ I “"JJ"" dydrdz = sJ (4 — 2)dz = 128,
olo 0 )
2 —22=2atz= +1 We will double the volume over 0 < y < 1.

1 (1 (4-2 1 1 1
V= QI J I dzdydz = 2J J (4 — 2)dydz = ZJ
-1Js2)0 -1J 32 -

1 1
2-‘2J (4 = 4% dz = 4-4J (1—-2)dz=16(3) = ¥.
0 0

(4—:-—422-*-23)12:
1
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Figure 13 Figure 14
We will double the volume in the first octant.

vzzrj“ﬁL dzdyd:_2JJl/ﬁ( y’)dydz=4j Fdr =2 =377,
i}

0

4J.1 \Il — ¥ dy — 2[1 le — 3 dy.
=1 -1

The integrand of the second integral is odd, so the integral is equal to zero. The first
integral is 4 times the area of a semicircle with radius 1. Thus, V = 4(37 - 1?) = 2r.

x
Figure 15 Figure 16
We will double the volume of the region from the front to the yzplane.

1 2- 1 92—
v=2J J' "J'J"”dzdzdy=2j' J = s dady
-2Jy2 Jo -2Jy2

1 P 1
= gJ @—y- yg)a/- dy = %I - (v + l)z:ls/z dy. Using Formula 37 with

3/2
u=y+§,du=dy.anda=%,V J

3 —_—2
J] J’ o Gy
0

Jar (9 — %) dydz

0J-1

st [(3)2 WPy = 87 ~ 1.95,

J (9 — 2%) dz = 108.

Figure 17
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r’[‘ dedyis
[

et dydz

T = ¢e)dr

¥k
I
J

=1e® — ¢’ + 3 ~ 738.60.

The solid lies between the two parallel cylinders
z=2"and z = z° from y = 0 to y = 2. Thus,

1022 (22
v =JI= J‘ dydzdz
oJ=3)o

&
/=22 y

Figure 19 Figure 20

204 22422 214
V=2JJ J. G dydzdr=‘2J‘J. (a* + %) dzdz =
0Jz2Jo 0J r2 5
2[0 («4:1:2 + %ﬂ — 7t = 3::6) dz = 1576 ~ 81.68.

§+%+§=1:bcz+acy+abz=abc:z:c(ab_:z—ay).
4 (b(a—x)/a b—bx— ab S Ffhla—

V=J J“ i J‘(“ Sty )dzdydz=£[ J"" Wi b w)di
0Jo 0 abjy ) o

= 5| [obs — boy — Jor* T e
——I I:b’(a—z) a— 1) — T(a ---2111-"‘|'-‘5):|d’r
- T:;Jo [268(a - 2) — 2Wfa — ) — (& — 20+ &) és

— ¢ [22p2, _ 2.2 L 123 71° _ _c %% _ abe
——5—2.ababr ab’z +§bz]0—2a2bT_6
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e =1 = ?P2? + a®c*y? + ¥’ = *H =

Sl
+

ol S
+

I

2= -711’—5-:2(0263 -0 — P = 2= :i:u—ch?"bz — B2 — P

j’ I(s/a) a’—r’J[c/(ub)lJ«’b’ -42s2-a2y2 g, 4o dy

8¢

j“/") (a?-22 Ja?b? — *2* — o*yPdyds

o

.,J 2 2
((:/‘) e %z’) — y?dydz {l.et A= — b—i:c }

I
I
I I:% A—*+ Asm'1 ﬁ]('/“)m dz {Formula 30}
I
I

Il
°-I2°

°18° °-I2.°

2
22 2

B - a sm"1 1] dz
b

3
"’(a -3 dz = 2—;—"" Zaf = jmabc

Il
&

(23] Q is the region bounded by the planes 7 =0,z =1,z = 2,z = 3 and
the cylinders y = \1=zandy =4 — 2.
[24] Q is the region bounded by the planes y = 0 and y = 4 — z and
the cylinders z = 2* and z = VZ.
[25] Q is the region under the plane z = z + y and over the region in the zy-plane
bounded by the parabola y = z* and the line y = 2z
Q is the region under the surface z = zy and over the triangular region in the
zy-plane bounded by the lines y = z, y = 3z, and z = 1.
[27] Q is the region bounded by the paraboloid z = 2% + 3® and
the planes z = 1 and z = 2.

[28] Q is the region bounded by the cone 22 = z? + y* and the planes z = 1 and z = 4.
g

-z

m= .Lfﬁ(z, v)dA = J:I: v dydr.
m = [[6(z, y)dA = ﬁlm(z’ + ¢¥)dzdy
R 1o

2 (4-2y

Bim= féj‘&(z. y, 9)dV = [J

4—z-2
J = v(zz + 3%) dzdzdy
0J0 0

[32] Note: Since the density cannot be negative, we will change ky to z + 1.
2 e
m= [[[d(z, y, 2)dV = J' 144_,2 J‘4 23y
e -2

i o |8 (z+ 1) dzdydz

1000 (f1000 (1000
B3 m = I [ I (1.225 — 0.000113z) dz dydz = 1.1685 x 10° kg
0 0 0

1 1 1 {1 (30,000
E4r= Z[“‘;&ng = iJ-oJ. I bgdzdydz = 10,170 ¢ ~ 99,666 N.
0lo
Q
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35 Az, = Ay; = Az, = § = Az Ay; Az =
3

Now,ul=v,=wl=zandu2=v2=w2=z,

D+

D + 4G,
+63 5D + 0@ 1D + 6@ 3 D)@ ~ 6.1420) ~ 07678

[36] Az, = Ay; = Az, = § = Bz, Ay;8z, = g5 Now,wy = vy = u =1
oy ot L 2E FETPIS R | S ENNGR
G =vy =w=§,43=v3=uy=gandy =9 =w =g

e 4
mx E E Z 5(1"i1 Vi wg)' AlkijAz‘i

6(%: %1 %) + 5(%! %i %) > 6(%’ 'é’ %) + 6(%! g! %)

P
Sh
~~
Gl
% g
wi—
-
00l
—
+

Exercises 17.6
Note: Let k be a constant of proportionality.

9 (Y3 9
9 (V= ? 52 31,347
OL oz + y)dydz:Jo(r 432 dr = 34T,

) )
Mz = LJ:? Wz + y) dydz = Io (2 + 1) dr = 1822,

My =

Thus, z = -,Mn— 1290 and ¥ = 7 = 2s-

8 1/3 8
Me=| |7 w?) dydz = [ 33y dz = &,
olo 0
Thus,i:#:%andi=%=§,.
B By symmetry, we can double the mass in the first quadrant to find m
2[4 2
m = QI J kzdydz = 2kj (4z — z%) dz = 8k
0Jz2 0
2 4 2 ;
My = J- J 2rk'lzldgulz = J kziz|(4 — 2*)dz =0
-2J =z -2
{ the integrand is odd since |z| is even, and odd - even - even is odd }.
2 14 2
M; = f ZJ‘ 2yk|zldyd: = I 116 — z*) kiz1dz = kJ (16 — z*)zdz = $k
-2)z
Thus,f:% :Oandy:‘MnT’ =
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z° = 2zat z = + 2 and §(z, y) = k|y} We can double the mass in the first

2
quadrant to find m. m = QJEI :(ky) dydz = }:J..Fl(tia:3 — Ddz = %%ﬁk.
0 Jz 0

2

]

W e r_ HJ::z(—ky) dyds + ] r: oy iy = Jfﬁ LK4s® — ") dz = 0

0 (z3
ince the integrand is odd. M: =
since the integrand is z I—ﬁj?:(

%kJ{_:_ (8:3 - zg) dz = 0 since the integrand is odd.
-2

2z
—ky?) dydz + Jﬁj akyz dydz =
0 E

Thus,f:%:l)andﬁ:%;-’:ﬂ.
Note: y > 0 = 8(z, ¥) = |zy| = Izly.

s G 1 1
m = I J‘ F 1zl ydydz = J §m e gy = J‘ ze 2= dp = %(1 - e").
-1J0 -1

0
1
e
My-:'[
-1J0

1 —-z2 1 1
M: = J- J‘ ylz|lydydz = :—I,I z 3% dz = %J z¢7 3% 4z = %(l — e_a).
-1J0 -1 0

—z2

1
zlz|ydy = I 1ziz| ¢=27% dz = 0 since the integrand is odd.
-1

-3
Th“9a§=%y=0andg=%=_:4(l e )~

T (sinz 1 ® i P 1 £ 2
m = ydydz = 3| sin“zdz = 3| (1 — cos2z)dz = .
oJo [} 0

T sin= T T L3 2
My = fojo zydydz = %J‘ozsingzdz = %J.o zdz — %.[o z cos2zds = %

B s o if* T 4
M=='[J y-ydydz = 3| sin®zdr = 3| (1 — cos®z)sinzdz = 3.

0J0 [¢] 0
M
™

=9

%

Thus,i:%:;w =

/4 sec z x/4 474

mz[ J 4dyd:z=I (4seca:-=2)dr:4[ (2secz — 1)dz =

—x/4)1/2 ~x/4 ;
8ln(2 + 1) — 7 =~ 391
x/4 s8C » x/4 , , J_*/‘ .
3 - —gdz= —1)dz=

M- J‘_'“ .[1/2 4ydydz J_.“ (2sec’z — ) dz : (4sec’z ) dz

4 — {-
z - _ M 4 — (x/4)

B try, = 0and j = Mz = S,

y symmetry, ¥ and ¥y = - M@+ 1) —7

2(] 2
m = f Jnrédvdz = Ll%fdz = B(lnm)2 ]':' = L(In2)? ~ 0.24.

My, 2(2In2 —1) M. N
o a0 1.61 dj="2=1ln2 ~ 0.23.
(In2)? Asg : 3
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9 9
[T s+ ayda = [ @™ + 1) de = 530 = 38

0
9 9
Iﬁ 2(:l: + y)dydz = J (3:7/2 + %za) dz = 37(159) o “'.ﬁ’-

0/Jo0
5 305,937
I —— r ; r — 3 (1259) — &

o

-
Il
ow

z1/3 8
o,[ 2(y2) dydr = éf 23 dz = —3—4 [0 I: + Iy 5‘08.

o

2 (4 2 6 9
J P Eizidydz = J 1z|(64 — z°) dz = TI (64z — z7) dz = B4k.
2 2

=)
=]
Wz = [ [ P =if =12
I
I
B=|

k
3
2 2 5
J 22’ kizldydz = J ki 1z)(4 = ) dz = ZkJ (42° — %) dr = 3k
2z . 1]

{ Note that in both cases the integrand on [—2, 2] iseven.} [ = Je + Iy = 24k
0 2z
@ = j' J' L g ]‘-LB 2(ky) dyds = 1 J' (105¢ — My de =
gkjf(lsz* — M) de = BTk

0 3 2z
L = J—ﬁj:z £2(—ky) dy dz + J;ﬁLa kydyds = ikjfﬁ (4z* = %) dz

=kl‘ﬁ(4zq—z8)dz=§—§ﬁk. Ip=1I + Iy = Y382k
0

(a) Position the square so that its vertices are (0, 0), (0, a), (q, 0), and (q, a).
I. = Iy are the moments of inertia with respect to a side and

e ra a
= 6[ J Vv dydz = §a361 dr = Ja*é.
oJo 0

(b) Position the square as shown in Figure 13.
The diagonals correspond to the z- and y-axes.
We will calculate Iy from z = 0 to (a/42) and
y = 0 to (a/y2) — z, and then quadruple it.
P 45[‘“’ ’E’J‘“’ pa s

0

= 45I(°/ﬁ (TE za) dz = 1‘11“45' Figure 12
(c) If we position the square as in Figure 13, then the center of mass is at the origin
and the moment of inertia with respect to the center of mass corresponds to I.
Since o = Iy, Iy = 21y = }a's.
(2) Position the triangle as in Figure 14ab. The altitude corresponds to the y-axis
from y = 0 to %ﬁ a. Since the figure is symmetric with respect to the y-axis and

the integrand is even, we will calculate Iy for z = 0 to ¢ and double it.
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J3a/2 g/{'n/zg 2. (V3a/2 ¥ 1.\3
25]0 J dody = 35| (& +4) s

0

SJ’ﬁalﬂ a.y? 342 Y

u + - g
=35[ —oat_, 3f3at _ (@) |, {5 ] 26(36¢) 3%
*1

+
@60 T @ ~ @@)EE) | @E) | T {3\192) T 9%
(b) Position the triangle as in part (a). Then a side corresponds to the z-axis for

T = —%a to %a. We will calculate I for z = 0 to %a and double it.

L= 25]‘I§“”J""ﬁ *e/2 2 dndy
o 0

_ a3as2(—y° | ay’ _J3{3e* 9 ﬁa 8
=uf o (F + =25 - 55 =

(¢) Position the triangle so that a vertex is at the origin as shown in Figure 14c.

Then the moment of inertia with respect to a vertex corresponds to Jj,.

'ﬁaﬂj‘(ﬂrn-v)/‘r
I, =4§ dzd
e Jo y/N3 (e ey

3a/2| (@ — /Es B 2
- of Sor| =gl -a"—wy(«—%-%ﬂdv
5[, —(y/r)]‘ 4. g [°

%

)

-
ki

36~l§ 243 |,

{3q* 9at 3~]_Iia 9a* | _ 5Y3a%s
= 48

2 " 15)@E6%E | B0 (3243

Ay

y=V3ix y==V3ix+ Vi
or

" T Via -y
,-% ' = :

=
)

Figure 14ab Figure 14¢c

The area of the square is a’, and so the mass is m = a%6.

1.4
Sp— _ (I:\r2 _ (3% 0\1/2 _ 4
Thus, [ = md :d_(m) -(Taé) =4,
(6] The area of the triangle is 1{34% and so the mass is m = 1{34%5.
2 §
Thus, ] = md?® = d = (Iy)v = (“ﬁa )1/2 g

1]3« ] :F-’Ti
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Position the fixed corner at the origin. Then é(z, v, 2) = Kz* + v* + ).

arara

]' Lk(zf + 9} + P)dodydz =

By symmetry, Z=§ =2 m = I
olo

¢re a
I J K1d® + o + o) dydr = I Kia* + 1a* + o’2°) dz = ka’.
0J 0 1]

a ¢rara ara
M. =J ] J. Kz* + =y’ + =) dzdydz:J J Kia* + §a’y” + 3a’2) dydz
oJolo oo

" M,
= Jok(%as + éas =+ %¢312) dz = 11;};46' Thus,Z2=§=2= T,T‘ = lli“'
5 ((10-22)/5 [10=2z =5y
(8 6(s w 2) = kiyl = bysince y 2 0. m = I‘ el kydz dydz =
0/ 0 o

5 ((10-23)/5 5
IcJ Iu = (10y — 22y — 5¢°) dydz = ch.o%(S - )%dz = k.
oJo

5 ((10-2z2)/5 (10-2z—5y
Mizm J I J' slydidyds
0J0O 0

§ -2
» kJ I(” W iy s = S = I:j As(s — 2 dz = Bk
0/ 0

5 ((10=22)/5 (10-23-5y
M:: = I j J ykydzdyaix
0

[+] 0

5r(0-2 5
kJ J'( . (103 = 2zy* — 5¢°) dydz = L-J' 5406 — 0)*dr = Pk
10-2z)/5 ((10-5y—=z)/2
I J'( ! J( B TR

10 z
= J J‘” 21210 - 2) —5y3]dydz—kI shA10 — 2)%dzr = %2

Jo
My: Me

Thus,f:-—m—-—l,y-—

T =peadi=pt =2

4 l
@9 m= J IT{:?/J :,i”(z + 2°) dydzdz since y = +z — 42 and when y = 0,
—\r-qz

z=1:=% §ﬁ. The integrals for Mg,, M:z, and Mzy have the same limits,
but the integrands are z(z? + %), y(z* + #), and Az’ + %), respectively.
Finally, use (17.26)(iii) to find %, g, and Z
[20] This is a hyperboloid of two sheets with axis along the y-axis. We need the part

I 2
where ] < y<2 m= Jﬁ I s [J—xzy’zz dy dz dz since for y‘z 1,

=N3)=N3-22) 1412432
= w]l + z? + 27 and the trace of the hyperboloid in the plane y = 2 is the circle
?4+2P2=8=2:=12 m The integrals for My, Mz:, and Mzy have the
same limits, but the integrands are z° 4?2, 2%y®2%, and z°y* 2%, respectively.

Finally, use (17.26)(iii) to find Z, ¥, and z
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Note: In Exer. 21-24, without loss of generality let é(z, y, 2) = 1.

a
m= J J (a2-2 IJ“L‘L’Z dzdydz. The integral for Mzy has the same limits,
i P o]

but the integrand is z z = Mzy/m and by symmetry, Z =3 = 0.
2 2
[22] Let the equation of the cone be % + !2 = i'-; for z > 0.
e e

_QIQ 2 _[* [da2=z2 [*
Thus, z = 3{2° + y" and m = J l—mj(ﬁ/ﬂ)m dzdydz.

—-a
The integral for M:y has the same limits, but the integrand is z
Z = Mzy/m and by symmetry, Z = § = 0.

3f9-z2[6=2
[23) (a) See Figure 23. m = I I’ o j " dydzdz
/0 0

the integrals for My., M:., and My have the

same limits, but the integrands are z, y, and z,

respectively.
3f9-z26-22
(b) m =J I [ dydzdz
oJo 0
319-22 —
= J I (6 — 2z) dzdz Figure 23
oo

3
- J (22° — 62° — 18z + 54) dr = 138,
)
3(g_g2 (6-22 3 fo_g2
Mzy = J r % J zdydzdzs = I r " o6 — 2z)dzdz =
olo Jo olo
3
J (—2° + 3z + 182° — 542° — 81z + 243) dz = 2533
0
3(o-z2[6=22 3(0-z2
My: = J I j zdydzdz = I J (6 — 2z)dzdz =
oo Jo 0lo
3
L (22* — 62° — 182% + 542) dz = 567,
3(g-z2 [6-22 3rg—g2
Me: =J r . J ydydzdz = [ r (18 = 127 + 2:) dzdz =
olo Jo olo
3
2[ (—2* + 62° — 54z + 81)dz = 122,
0

Thus, 7= =B y=Y=gair=2 =g

> U St | o . o
24 m= I J 3[ dzdydz. The integrals for My:, M::, and M:y have the same limits,
0Jz5Jd0

but the integrands are z, y, and 2, respectively. Then use (17.26)(iii).
a
L= I_ J_I%J_J:’%Lz;_zz(z’ + )2 + v* + ) dzdydz.
36 (373 =
@8 L = f J IJ:I""T?;—’(E + )@ + o) dzdydz.

0 J=2/3)~
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8 fb(1~=/a) fec(l—z/a—y/b
B = J'Jo( )L( D@+ P)sdidyi
o pbal-22/a2 pe1-22/a2-y2/82
1,=[ [ JJ i (2% + %) é dzdydz.

_5J1_,2/¢2 _g,l 1-22/62-y2 /b2

10
[28] When n = 10, bay ~ i%xz 6(z, w) ~ 1.2,
=1

” Then, m = (Area of R)- 65y =~ 1°(1.2) = 1.2.
[30] When n = 10, 65y ~ I!szl 8(zg, 1) = 2.7,
Then, m = (Area of R)- 6oy & [4(1)?](2.7) »~ 2.1.
10
When n = 10, 5,y ~ 1%&};1 8(z, ¥ps 2) & 1.3,
- Then, m = (Volume of Q)-8ay ~ 13(1.3) = 1.3,
10 -
[32]) When n = 10, 65y ~ ilokgl 6(zy Wi ) =~ 1.0
Then, m = (Volume of @) - 6ay ~ [} - §7(1)¥)(1.0) ~ 0.52.
(a) r= 41is the right circular cylinder of radius 4 with axis along the zaxis.
(b) & = —F is the yzplane. In general, this plancis 6 = § + 7n.
(¢) z = 1is the plane parallel to the zy-plane with zintercept 1.
(2) r= —3is the right circular cylinder of radius 3 with axis along the z-axis.
(b) ¢ = % is the plane containing the z-axis and bisecting the first octant.
(¢) z = —2 is the plane parallel to the zy-plane with z-intercept —2.
r= —3secd = rcosd = -3 = z = -3,
the plane parallel to the yzplane with z-intercept —3.
r= —csch = rsinf = -1 = y= —1,

=

the plane parallel to the zz-plane with y-intercept —1.
z=4r = 7= 41° + 432, a paraboloid with vertex (0, 0, 0) and opening upward.
i=d4—r 3z:=4-— (2 + ),

a paraboloid with vertex (0, 0, 4) and opening downward.

BEE B &

r=6sinfd = r* = 6rsind = z° + 3* = 6y,

the right circular cylinder with trace z* + (y — 3)* = 9 in the zy-plane.
reecd =4 = r* = 4rcosh = 2 + o = 4z,

the right circular cylinder with trace (z — 2) + y* = 4 in the zy-plane.
0 z=2r= 2 = 4% the cone 2 = 42° + 44

(037 = r= 922 = r?, the cone 92 = % + 3 .
; =9 —2 = 22 + ¢ + 2 = 9, the sphere with center at the origin and radius 3.
the sphere with center at the origin and radius 4.
(13 r = 2cscf cotf = rsin®d = 2cosf = r* sin?f = 2r cosf,
the cylinder with trace ¥’ = 2z in the zy-plane and rulings parallel to the zaxis.
r = tanf secf = rcos’d = sinf => r° cos’6 = rsin6,
the cylinder with trace z = yin the zy-plane and rulings parallel to the saxis.
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B2+ +2=4=2 @+ +2=d4=2r+7=4
8z + 3 =4z=> r* =4z
07)3z + y— 42 =12 = 3rcosh + rsinf — 4z = 12
y=z=>rsin6=rcosn9:tan8=l,or8=§{oreven6=§+'xn}
M2=d4—-9»=>2+’=d¢=>"=4=>r=2{orr= =2}
ROz +(y—22=4=22+y" —4y=0= 1’ =4rsind = r = 4sind
Bl -42+ ¥ =0=> 7" =42 = r =2z {or r = —2z}
22z —p* — 22 =1=>r"cos® — Psin’0 — 2 =1=

r2(cos?d — sin?0) — 2 =1 = r? cos20 — 2 =1

Rl +2=9=rsin’d+ 72 =9
A+ =9=>rcos’0+22=9
[25] The trace of z = 16 — 77 in the zy-plane {z =0} is r = 4.

16-r2

[[fqf(r, 8, 2)dV = .[:'J':J f(r, 0, 2) rdzdrds.

0
28] [[[of(r 8, 2)dV = r'rr"f(r, 8, 2)rdzdrdd, with r > 0.
Elz=4dandz=425 - = r=3. [[fqf(r, 8, 2)dV =
rm; f(r, 6, 2)rdzdrdd +I J J"“" #(r, 9, ) rdzdrds.

0

28 z = rand 7 =32 — P = r =4,
[[[qf(r, 6,2)dV = J"rPS?-"f(r, 9, 2) rdzdrd0, with r > 0.
0 JoJr

Note: In Exercises 29-30, without loss of generality, let 6(z, y, 2) = 1.
[29] (2) In cylindrical coordinates: z = r°, r* = 4, and z = 0.

27 (2 (2 2x (2 2x
V=J J‘J rdzdrdﬂz'[ J rsdrd0=4J‘ dé = 8.
0 JoJo 0Jo 0 -

2% 2,2 2r ox
(b) Mzy = J l I zrdzdrdf = J J. drdd = GJ dé =
0 JoJO 0 0
— 4
=5

2

By symmetry, Z=§=0. z = 7

and the centroid is (0, 0, 3).

2+yr=4 y

Figure 29 Figure 30
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[30] (a) See Figure 30. In cylindrical coordinates: z = r, r* = 4, and z = 0.

2 2¢r 2 2 2
Vi j' J [ il J '[ A= gj " — ez
0 0Jo 0Jo 0

2r (2 (T 2x (2 T
(b) Mzy = J J J zrdzdrdf = J I %ra drdf = 2J df = 4m.
0 JoJo 0 Jo
My

By symmetry, z=§=0. z = - = 3, and the centroid is (0, 0, ).

2
0

Let the cylinder have equation r = afor 0 < z < A.
2x 8 (h 2x (@ 2x
(8) I = 6J -[ J () rdzdrdf = MJ‘ I r3drdé = %ha‘&[ dé = irha*é.
0o JoJo 0olJo 0

) 4 = 5'[:"[:[:(,3 i 3 P rdededsie hsj:'J:(rﬂ 6in0 + 3h2r) drdd

2
= ba’éJ 1I-(%ail sin?6 + %hz) a0 = xhaz(%az + 11?)s.
0

[3Z] In cylindrical coordinates: z = r and z = r°.
r=rra>r= 0,1.

2x (1T
(8 m = EJ‘ J I 2rdzdrdo
; 0 JoJr

2% (1 2
- sI 'J (@ — )drdo = 16| o
0Jo 0
= %16
2x (1[T
My = EI J I 2rdzdrdf
o JoJr2
2% (1 2r
=5[ J!rs—- ®) d dﬂ:lél
0 oz( i el

sz

By symmetry, Z=§=0. 2= 7! =1
2x (1 (T 2% 1 2x
b) I, = ¢ r’dd&:Jf"—’ =lj = &nd.
(b) I Jo LLZ( yrdzdrd § g 0(r ) drdf = 356 " 40 = fwd
Note: Let k be a constant of proportionality.
[33] Let the sphere have equation 2% + y* + 2* = 4® and the line I correspond to the
zaxis. Then, 6(z, y, 2) = Kz + y’)l/2 = kr and by symmetry,

27 (O 2212
m= 2[ J J (kr)rdzdrdf
0 Jolo

8 (f2x a
= 2kJ. J r’(a® - rz)l/'l df dr = 4hJ r’(a® — 1‘2)1/2 dr
oJo 0

a
= 4kx[§(2rz = az)Ja2 — % + La* arcsin} 5 {Formula 31} =
(4kr)(&ah) = lkn2a’.
B4 é(z, 4, 2) = Kz* + y”)l/2 =krand r< z < 4.

2% (4 (4 2% (4 2x
m= [ I [ (kr) rdzdrdf = .k] J (dr? — r*)drd§ = %EI 6 = 28k,
0 JoJr o Jo 0
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(35] Since 1 corresponds to the zaxis, we will find Is.

_ [**[da2=r2 2 P Rl L i 1/2 -
L= LL I_m(r )(kr) rdzdf dr = 2kL o " (® — )/ dodr =

4k1rj ri(a® — 1")1/2 dr. To evaluate, let r = asind and dr = acos{ df.
0

8 /2 s 9
r=0,a$0=0,§.Thus,I,=4kxa[ sin0 cos?6 df =
0
4kra®[ 40 — dysindd — ggsin® 26 |1/* {Exercise 8, §0.2} = dkra®(F) = jkn"a’.
2= (414 2x (4 i B
@Iz = IO,JOI;(T’)(ET)TJZdrdg'= kIO’JD (41_4 . r5) oy gﬁkjotda - 4(11_261_”

2x ('3 (10,000
m= j I J‘ §rdzdrdd
0 Jolo

2x (3 10,000

- = -4y,2 4 1 -9y.3 |10,

= L L [1:2: = §(1.05 x 107922 + 2.6 x 1072 %" rdras
2x 3 2x

= ”%’J' ] rdrdd = “_sr”g[ 6 = 68,5507 ~ 215,356.2, or 215,360 kg
0Jo [}

(2) In cylindrical coordinates: r = 2sind and r* + 2 = 4. Also,

8(z, y, 2) = klz| = kzfor z > 0. By symmetry,

m= 2] r a aI 4= (kz) rdzdrdd
0

oJo

Izsm ; (4r — r*) drdg
olo

l
kr (8sin?8 — 4sin*9) df
I

k

0

w
k 5 — 2cos28 — Lcosdd |df = 2kx. Figure 38
0[2 2 ] 2 g

B M= J:]:“"’J%(rsine)(klzl)rdzdrda

t 2 H a
= 2[:[ stm I“"2 (rsing) zrdzdrdf {integrand is even w.r.t. z}
0Jdo o

*f2sine
?,kI J ‘ sind-3(4r® — r*) drdg
olo

32kjo[§sin‘a — Jein%6]d0 = 32KE) = 2rk

By symmetry,Z =2=0. § = yﬂ-‘r‘é = 2, and its center of mass is (0, ﬁ, 0).

The region in the zy-plane is z = Jl — ¢ from y = 0 to 1, which is the quarter
g ] e e
circle r = 1 for § = 0 to 3. J J' 1-’2[ e zdzdrdy =
0

0 0

x/2(1 l‘” x/2 1 /2
J I J. trd o drdrdd = %I J (4r = r®)drdd = %}[’ df = Ir.
o Jolo 2o Jo 0
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The region in the zy-plane is y = + -\lﬂz — 2? from z = 0 to 2, which is the circle

r = 2cosf for § = —F to J. I

[fe [ [+ Pasiyas =
1] z—-:

/2 (2cosé /2 (2cosé /2
I' /2_[ ] (F) rdzdrds = J /J rdrdd = },J" 32¢0s°9 df =
- - 0 -x/

J (1 = 2sin?8 + sin*f)cos df = “J (1 —2u + u')du {u =sind} =

4.8 — 512
s 18 = %6
[ (2) 2= psingcosfd = 4sin¥ cos = 4(3)(0) = 0,
y= psingsind = 4sin¥sin] = 4(})(1) = 2,
7= pcosd = deos = 4(3{3) = 243; (0, 2, 2{3)
) r=dJ? +* =402 +22 =2,0 = §, 2= 2{3; (2 5 243)
@ (2) z=1sin¥ cos¥ = (3N2)(—)) = -2, y = 1sin ¥ sin ¥ =
(3V2)(3N3) = 446, 2 = Lcos¥r = —}{2; (—342, {46, —}42)
) r= (=322 + QN6 =B =42, 0 = ¥, 2= -} (12, % —-12)
— 13 412 2 N i
@()P 12+ 1° + (— 2&)—1 =p= ‘Jﬁcosé—,, = 7 T5=>
b= cos“(—ﬁ), tand = ;_. =1 = 6 =  since 7 and y are both positive;
(110, cos™ (=), )
(b) r=.Jzz+y2=le+12=~l—2,0=i,z=—2ﬁ; (J_Z, T —24_2)
@ (&) P2=13+(J§)3+02=4=>p=2,cos¢=%=o=?¢=%,
b@ﬂ:%:ﬁ:B:;sincerand y are both positive; (2,5 3)
®r={C+ B ={i=26=f2:=0 2% 0)
[B (a) p = 3 is the sphere of radius 3 and center O.
(b) ¢ = £ is a half-cone with vertex O and vertex angle 2+ 5 = §.
(¢) @ = % is a half-plane with edge on the z-axis and makmg an angle of  with the
3 3
zz-plane.
[6] (a) p = 5 is the sphere of radius 5 and center O.
(b) ¢ = ¥ is a half-cone with vertex O and vertex angle 2-4F = 4.
(c) @ = % is a half-plane with edge on the z-axis and making an angle of I with the
4 i
zz-plane.
p=4cos¢=>p2=4pcos¢:z’+y’+z’=4z=z’+y’+(z—2)2=4,
the sphere of radius 2 and center (0, 0, 2).
B psecd =6 = p==6cosd = p> =Bpcos¢p = 2° + 3 + £ =62 =
2 + y% 4+ (2 — 3)% = 9, the sphere of radius 3 and center (0, 0, 3).
[B] pcos¢ = 3 is the plane z = 3.

[10] p = 4secd = pcos¢ = 4. This is the plane z = 4.
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A1) p = 6sing cosd = p? = 6psingcosd = z° + * + #* = bz =
(z—3)% + 3® + 2 = 9, the sphere of radius 3 and center (3, 0, 0).

2] p = 8sing sind = p? = 8p singsind = 2+ + P2 =8y=>
2> + (y — 4)* + 2> = 16, the sphere of radius 4 and center (0, 4, 0).

i3] p = 5csc g cscd = psingsind = 5, the plane y = 5.
p = 2cscpsecd = psing cosf = 2, the plane z = 2.
[@5]p = 5cscd = psing =5 = p?sin’¢ = 25 =
p? sin®$(cos?d + sin?) = 25 {associate p sin ¢ with cos8 for z} =
p? sin¢ cos?0 + p? sin’g sin?d = 25 = 2% + 47 = 25,
the right circular cylinder of radius 5 with axis along the z-axis.
psing =3 = p?sin’p = 9 = p?sin’@(cos’ + sin?0) = 9 =
p? sin?$ cos?0 + p? singsin®0 = 9 = 2% + ¢y =9,
the right circular cylinder of radius 3 with axis along the zaxis.
[T tang = 2 = sing = 2¢co8d = psing = 2p cos ¢ {associate cos with p for z} =
p? sin®p = 4p? cos’¢ {need p? for (17.31)(ii)} = p° sin®$(cos?8 + sin’f) = 47
= p?sin’g cos®d + p® sin¢ sin?0 = 47°, the cone z* + y* = 4%
[[8]tan# = 4 => sinf = dcosf = p sing sinf = 4psing cosb, the plane y = 4z.
[19] Note: Use csc ¢, not cscf. p = Bcot ¢ cscgd = psin’$ = bcosg =
p? sin®¢(cos?d + sin?d) = Bpcos¢$ = p? sin’¢ cos’d + p® sin’$ sin?0 = 62
the paraboloid 6z = 2% + y°.
EOp’-3p+2=0=(p—-2(p—-1)=0=p=1andp =2,
spheres of radii 1 and 2 with centers at the origin.
B2+ +2=d4=2p?=4=>p=2{p>0,50p# -2}
22] 2 + y* = 4z = p®sin’@ cos’d + p? sin’p sin?@ = 4p cosg =
22 sin’g(cos’d + sin’f) = 4p cosd = p? sin?g = 4p cosd = p sin’¢ = 4cos ¢.
233z + y— 4z=12 = 3psing cosf + psing sinf — 4pcos¢d = 12 =
p(3sin$ cosd + sing sinf — 4cos @) = 12.
24y =z = psingsingd = psing cosh = sinh = cosf = tand = 1, or § = %
Note: p = 0 is a solution. #§ =  includes this solution by passing through the
origin. sin¢ = 0 is also a solution. sin¢g = 0 = ¢ = 0, = which is the z-axis.
¢ = % includes the zaxis.
B8z =4—3* = 2" + ¥ =4 = p?sin’P cos’d + p® sin’P sin?d = 4 =
p? sinng(coszﬂ + sinzﬁ) =4 = psin?$ = 4 = p2 = 4csc2¢ = p = 2cscé.
@z’+(‘y—2)z=4=bzz+yz-4y=0=>
p? sin’$ cos?8 + p? sin’¢ sin’0 = 4p sing sinf = p? sin?$ = 4p sinp sinh =
psing = 4ginf = p = 4sinf cscg.
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B2 — 42 + ¥ =0 = p?sin’¢ = 4p? cos’¢ => tan’¢ = 4.
22—y — 2 =1= p? sin’¢(cos’d — sin?f) — p? cos’¢ =1 =
p*(sin’¢ cos20 — cos’$) = 1.
¥+ 2 =9 p?sin’¢ sin®0 + p? cos®p = 9 = p*(sin?¢ sin®8 4 cos’$) = 0.
P
B0 z* + 2 = 9 = p? sin’4 cos?d + p? cos’p = 9 = p?(sin’4 cos?d + cos’¢) = 9.
Let the hemisphere have the equation z° 4 ¥° + 2° = ¢* for z > 0.
[31] Let the hemisphere have the equation z° + 3* + 2> = a® for z > 0
Then, &(z, 9, 2) = Kz° + 3* + z’)”2 = kp.

m= jo’ ’u: (ko)(o? sin d) df dp dip = m]:’ ’JO p® sin ¢ dp dp =

%k:ra‘J"“sinéfM = 1krdl.
: 0
x/2(0 (27
Since z = p cosd, Mzy = I J. I (pecos$)(kp)(p? sing) df dp dp =
o Jolo

x/2 /2

2k1rJ J p*sing cosgdpdp = ’hasj sing cosgdp = Lkm I sin 2¢ d¢ =
0 0

M:v

]
i
P

1kra®. By symmetry, = § = 0.

See Figure 32. 8 varies from 0 to 27 and ¢ from  to 3.
From the diagram, psin¢g = 2 = p = 2csc¢. Thus,

2% [x/2 (265G ¢ 2 (x/2 2
v:J 'r J (02 sin ) dp do d8 = J ’J'ﬂgm’uua = g[ g = 1=
0 x 1]

r/4J)o

[P ([r/2[2cscd B D ki '/2. 2
Mzy = l Ir/4J (pcos¢)(p” sing) dp dp df = L J"/44oot¢ csc¢ de df

]

2 Le
4]0 [—icotzé] o = ZJ‘ df = 4m. By symmetry, 2 =3=0. z= 5" =

X
Figure 32 Figure 35
i - /2642 _
@Slnce 22 + y2 = P2 sln2¢, I, = J: J’OID' (pz$iﬂ2¢)(kp)(P281n ¢) a8 dp d¢ -
x/2 (0 /2
kalu Jo pssinsdb dpd¢ = %h—asj" (= cosz¢)sin¢d¢ "
0

0
%kwas[ (1= vY)du{u= —cos¢} = Jkma®.
4
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[34) Let the hemisphere have the equation z* + 3> + z* = @® for 7 > 0. We choose the

diameter that lies on the z-axis. Then, 3% 4+ 2% = p? sin’4 sin’8 + p?* cos?¢.

Iz = J'nr'fc(pz sin’4 sin?0 + p? cos®@)(8)(p? sin ¢) dp d6 dg
o JoJo

202

= %a%Jﬁ I 1Ir(sinacﬁ sin? + cos®¢ sin ¢) d6 dg
o Jo
w/2

= éa"&J Bsin% (8 — 1sin26) + (cos® sin ¢)8 :|" do
0 0

I e O 24
= ga°é A (wsin®¢ + 27 cos®s sin¢) dg

= lrd®s I:—é(2 + sin’¢)cos¢ — Zcos®s J:/Z {Formula 67} = &7d°6.
B4z — 2 =224+ 4°> =22 = 2= 0, 2. “Above the cone” means above the plane
z = 2. See Figure 35. As ¢ varies between 0 and }, p varies between the plane

z= 2(pcos¢ = 2 or p = 2sec@d) and the surface of the sphere (p2 = 4pcos¢ or

=i Th V= /4 (2x f4CO5 ¢ 2 dodf db =
p = 4cos¢). Thus, -—Io JD J‘mw(p sing) dp df dp =

gjmr' (B4cos®$ — Bsec®P)sin ¢ df dp =
0 0

/4
L%‘J': (8cos®p sin ¢ — sec’s tan ¢) dp = “T"[—?cos‘qﬁ - %t.an’q& ];/4 =¥

Note: The solid is a hemisphere of radius 2, which has a volume of §1r = 131'
2% [3x /4 3x/

1 2x 4 2%
= 2 5 =1 H i I — 2% :
v J'o L“ Io(p sing) dp dg d0 SIO Jw sin g dg do SEJO i = 24z
2% (W (2 Qx (T 2r
Bm = J I I (kp®)(p® sin¢) dp dg df = "%ch J sing d¢ df = %ij ) = 2kr,
0 J0OJ1 0JO 0
27 (¥ (6,373,000 3
= 4 ' 2 &
(38] (a) m= L JJG,MO.OOOKP sin @) dp d¢ do
— (" [619.09 3 _ 9.7 x 10~5 ,]3-3’3.000
= jo J.osmqs[ L 4 P 5,370,000 dp df =

2% x
(1.28 x 10”)[0 [—cos¢ ]o dpdd = (1.28 x 10'7)(2)(27) ~ 1.6 x 10" kg,

18
(b) Using the result from part (a), Hﬁ ~ 0.31 = 31%.

[39] This is similar to Example 6 with p = 8 and ¢ = &.
gt
-2 82+y2

2x (w/4 2
. %QJEL J sin g dp d = 28(3 — 1)[ " d0 = ({3 — 1) ~ 66.63.
o 0

27 (x4
(2 + ¥ + ) dzdydzs = J’ J Jﬁ (p®) p%sing dp d¢ do
oJo Jo

—4—z2
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The region is the wedge cut from the
hemisphere as indicated in Figure 40.

[ [$5 [, v

o Jy

{ where f(z, v, 2) = ,lzz + 32 + 2

and dV = dzdzdy}
x/4(x/2(2
= ["[7"[ (o106 sin ) dp b as
o 0

0

x/4(x/2 x/4 .
= 4J I singdpdl = 4'[ dé Figure 40
0 0 0

=T.

[0 (a) == Lsing cosb = 12(F)(-}) = —F = —342 in.

y=Lsingsind = 12(5)F) = 2 = 3{G in,

z= Lcos¢ = 12(-%5) = —642 in.
The hand is located at (—3+2, 346, —6+2).

() (2,9, 2) = (-8, —8,8) = 0 = 225", ¢ = zu-c:_tan—g—l(—s)z+(_8)2 =

arctan @ (hence the angle between the arm and the zy-plane is arctan ﬁ),

and L = J(—8)2 + (—8)? + 8% = {192 in. Thus, ¢ should be increased by
225° — 120° = 105°, ¢ should be decreased by (45" + a.rctaanz-s) ~ 80.26%,

and L should be increased by {192 — 12 ~ 1.86 in.
&l =02 oz 9z
[42](a) Az~ dz = 550 + a¢d¢ + 5740
= (—Lsin$sinf)Af + (Lcosd cos§) Ap + (sing cosf) AL
dy 8y
354 + ghd
= (Lsing cos8) A0 + (Lcos¢ sinf) A¢ + (sing sin@) AL

Ayzdy:%d0+

Arrdr=5320 + §2d6 + $2dL = (0)A6 + (~Lsind) Ad + (cosp) AL
(b) Az = dz = (—12sin ] sin 3T)(—;5) + (12cos T cos3T)(3E5) +
(sinZ cos?T)(0.1) = & — & =~ 0.0024 in.
Ay = dy = (12sin§ cos ) () + (12¢os T sin2T)(3) + (sin § sin2T)(0.1)
=Tt & 0.21 in.
Az dz = (—12sin E)(ey) + (cosT)(0.1) = =2 & _0,0033 in.
(2) ¥ = ¢ = 3z = ¢ = z = 1 vertical lines.
v=d = 5y = d = y = }d, horizontal lines.
(b) We must solve the given equations for z and y.
s=8c=z={u v="5p=y=}u
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(8) v = ¢ = jy = ¢ = y = 2¢; horizontal lines.
v=d=> éz: d = z = 3d; vertical lines.
M ue=ly=>y=2u v=4z= z= 3w
@ur=czrr—y=czy=r—grv=d=22+3y=d=>y=—izr+ }d
These are lines with slopes 1 and —3, respectively.
) —2(z—y=u)and2z+3y=v=>y= —2u+ lun
z—y=wand2z+3y=v=>z=3u+}n
(@Bus=c=>-5z+dy=cy=3z+ic v=d=22-Yy=d=
= 3z — 1d. These are lines with slopes £ and }, respectively.
(b) 2(u = —5z+ 4y)and 5(v = 22 — 3y) = y = —2u — $v
u= —=5z+4dy)and 4(v =22 = 3y) > r = —Fu — v

M 3; vertical lines.

@s=cax’=cpr=c
v=d=z+y=d=y= —z+ d; lines with slope —1.

1/3 1/3

M= =2z=u'", v=z+y=2y=9—z=v—1u

(@) u=c=>z+1=c= z=c— I vertical lines.
v=1d= 2—y® =d= y=Y2 — d; horizontal lines.

Mur=z+l3z=u—-1v=2-¢pP=3®=2—v=y=32 -0

(a) ¥ = ¢ = ¢* = ¢ = 1 = Inc; vertical lines.

v=d= ¢ =d =y = Ind; horizontal lines.

(b) u
(a) u

ef=>z=lnuw v=¢=y=Ilnw

c>e?=c=32%=Ic=> y = }In ¢; horizontal lines.
v=d= ¢ =d= —3z=Ind = z= —}Ind vertical lines.
M) u=e"=y= jine. v= "
(a) The vertices (0, 0), (0, 1), (2, 1), and (2, 0) are transformed into the vertices
(0, 0), (0, 5), (6, 5), and (6, 0), respectively. The sides of the rectangle are

segments of z =0, y =1, z= 2, and y = 0. In the uwplane, these are v = 0,

= r= —ilnw.

v =5, « = 6, and v = 0, respectively. This is a rectangle.

2 2
(b) zz+y3=l=>(§)2+(§)2=l=>%+§—5=l,anellipse.

(a) The vertices (0, 0), (3, 6), and (9, 4) are transformed into the vertices (0, 0),

(8, 1), and (2, 3), respectively. The sides of the triangle are segments of y = 2z,
y= —_%,:r + 7, and y = gz. In the uw-plane, these are v = 3u, v = —2u + 7,
and v = Ju, respectively. This is a triangle.

(b) 3z — 2y = 4 = 3(3v) — 2(24) = 4 = 9v — 4u = 4, a line.
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(i3] (a) The vertices (0, 0), (0, 1), and (2, 0) are transformed into the vertices (0, 0),
(=1, 3), and (2, 4), respectively. The sides of the triangle are segments of z = 0,
y=0, and y = —%z + 1. From Exercise 3, we have z = gu + v and
v = —}u + v In the uv-plane, these are v = —3%, v = 2u, and v = Ju + ¥,
respectively. This is a triangle.

M z+2y=1= v+ {v)+2(=fu+iv)=1=> —u+ 3v=25, aline.

(a) The vertices (0, 0), (1, —1), (2, 0), and (1, 1) are transformed into the vertices

(0, 0), (-9, 5), (—10, 4), and (—1, —1), respectively. The sides of the rectangle

are segmentsof y = —z, y =z — 2, y = —z + 2, and y = z. From Exercise 4,
we have z = —3u—3v and y= —2u—v. In the uw-plane, these are
v = —gu, v=u+ 14, v = —gu - %‘, and v = u, respectively. This is a
rectangle.

M2+ =1=[-2Cu+d) P +[=lQu+59) | =1=
7 7
L(91® + 24uv + 16v) + L(44? + 0w + 26" =1 =
13u® + 44uv + 41v° = 49, an ellipse.
Note: Let J denote the indicated Jacobian.

0z Oz
20 —2
t=ﬂz—v2and!l=2uv=>./=a(='y)= 9u B = * q —
9(x, v) g} gﬂ 2v 2u
U v

(2u)(2¥) — (20)(—27) = 44? + 4%

. e“sinv €' cosv
4]z = e“sinvand y = e cosv = J = 2 =
e“cosy —e¥sinv

—e® sin?v — ™ cos’v = —e®(sin’v + cos?v) = — e,
_zvc—ﬁu c—?u
(8lz=veandy= 2™ =3 J= =
2ue~? _uﬁc-—v
2uPve VeV — 2ue Ve = 2u(ay — 1),
v — o’ —2uy
v IR IV T, ,2\2
=gt y=agts=>J= (g™ (k)
s T —2uv u — o
(142 + 1)2)2 (u2 + u2)2
_ (P = o — ) — (“du)(=2u) _ gt gt oy (Pt
(u2 & u?)( (u2 + 172)4 (,u2 + u2)4
—l/(u2 + vz)z.
l= 2u+3v_ w,y = v—5w,andz= ‘u+4w:}J=a-8————(z, 2] Z) =
6z 9z s % Siw)
Gu Gv du
a—’@ay—gf—;—z 1)(—1) = —6
Ju dv Bw|™ i o ‘4 = (@)@) — 3)6) + (—1)(-1) = —6.
8z 9z 0z

8y v Juw
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08z = v + vu, y = 2v + v?w, and z = vow =

20w v
J=|2w 2 4 |=(20)(2uw — v*w) — w(2u’rw — wvw) + (24w — 2vu)
woouw  w
= 4u’v — 2v'v + W ? - 2w
Ay=0=22v=06z=2=2s+rv=2y=2zr=>z=v=>uz{0. J=2
As (u, v) traverses the vertices (0, 0), (2, 0), and (0, 2) in the positive direction,
(2, y) traverses the vertices (0, 0), (2, 0), and (2, 4) in a positive direction.

2(2-u
Thus, using (17.35), J;i[ (y — z)dzdy = JJO (v — u)(2) dvdu.

y
| ) 18

y =2 (0'2)“;

2x
&
f ,*a'i
()
et

©,0 & 0,
Figure 19a Figure 19b

ROly=3z=2u-—tv=u—2vv=0y=lr=26u—2v=u—20= u=0
z=4 = u—2v=4. J=5. As (u, v) traverses the vertices (0, 0), (0, —2), and
(4, 0) in a positive direction, (z, y) traverses the vertices (0, 0), (4, 2), and (4, 12) in

0 [2u+d
a positive direction. Thus, [[(3z — 4y) dzdy = I I 2 (=92 — 2v)(5) du dv.
R 2o

(0, =2)

0,0) y= %x

Figure 20a Figure 20b
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Bli?+=1=4®) +§0) =1= @ +P=1J=6
As (u, v) traverses the points (1, 0), (0, 1), and (—1, 0) in the positive direction,
(z, y) traverses the points (2, 0), (0, 3), and (—2, 0) in the positive direction.

2 1 m 2 2
Thus, {if (A2* + 3¢’) dzdy = J-,I-m(u + 92)(6) dudv.

1 1.2 o
2+t =

Figure 21a Figure 21b
[22] Since the transformation is not one-to-one and y > 0, we will restrict u, v to be
positive. =02 v =W > v=u(,v20). y=0=>u=00rv=0
Since 0 <2< 1= 0< 4 — ¢ <1, u=0is impossible.
y=20l—z=2l-z=uw 3 4+ - —-1=0=
(B -1+ =0=u=21=u=1(>0). J=4u® + 4’
As (u, v) traverses the vertices (0, 0), (1, 0), and (1, 1) in a positive direction,

(z, y) traverses the vertices (0, 0), (1, 0), and (0, 2) in a positive direction.

. 2 A 3
Thus, [} cydzdy = J J (0 — ?)(2u)(4e® + 40%) dvdu.
R 0Jo

o, °)| (1,0) x (o,o)l T w0 u
Figure 22a Figure 22b
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(23] The vertices (0, 1), (1, 0), (2, 1), and (1, 2) are transformed into the vertices (=1, 1),

(1, 1), (1, 3), and (—1, 3) in a positive direction. Solving for z and y gives us

z = }(u + v) and y = }(v — u). The line segments in the zy-plane are transformed
into the following boundaries in the uw-plane: y = —z+1,0<z2<1 =

v=1-1<2<l y=2—-11<2<2=3u=11<v<3 y=—z+3,
1€r<2=3v=3,—-1<u<l y=z4+1,0<z<1=>u=-1,1<v<3.

J =3 Thus, [[(z = v)® cos’(z + v) dzdy = rr (u? cos’v)(3) dudv =
R 1

3
%J cos’vdy = 3 + $sin6 — sin2 ~ 0.23.
1

(0, 1) 9

Figure 23a Figure 23b
[24] The vertices (1, 1), (2, 0), (4, 0), and (2, 2) are transformed into the vertices (0, 2),
(=2, 2), (=4, 4), and (0, 4) in a negative direction. Solving for z and y gives us
z=3%(v— u) and y = §(u + v). vy=02<z<4>v=—-1, -4 << -2
y=-z+42<z<4=3v=4—-4<u<0. y=z31<z<2=>
u=0,2<v<4 y=-z+21<2<2=3v=2-2<uv<g0. J= -1

Thus, j;i[sin(;—_-'r;)dzdy = —I:f:sin(%)(—%) dudy = %J: u[cos(-—l) - 1] y -
Y(cos1 — 1)(6) = 3(cosl — 1) ~ —1.38.

hY

=Y

Figure 24a Figure 24b
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The vertices (342, ¥2), (1, 1), ({2, 2), and (1, 2) are transformed into the vertices

(1, ¥2), (1, 1), (2, 42), and (2, 2) in a positive direction. z = u/v, y = v = v = gy,
v = g, and u and v are positive since z and yare. zy = l and zy = 2 =

u=landu=2 y=z=>v=1ufv=>u=0

,orv=qi. y=2z =
v = 2(u/v) = v = {2u. Both curves are traced out in a positive direction. J = %,.

Thus, [[(z? + 2¢%) dzdy =
R

I:J’f ("?2 + 21!2)(%,) dvdu = j:

Y =
4 SRS

£\

HRS
) xy =2

xy =1
A - -
Figure 25a Figure 25b

[26] The transformation is not one-to-one and it traces out two different triangles.

= {=y>r+v= (== +2w+v=0=>0v=—2u—1orv=0.

z=y=»u+v=u—u2=>u(ul+1)=0=u=00ru= -lLz=1=

v + v = 1. See the figures for the vertices and orientations of the curves. Notice

that S is oriented in a positive direction and S, is oriented in a negative direction.

We choose to integrate over S;. J = 1 + 2u. Thus, _g(‘iz — 4y + 1) dzdy =
1-v

1(l-v 1
LL (44* + 4u + 1)? kil ol 1,[0[ (4u® + 4u + 1):|0 dv

1 1 1

1 1 1 1 1 1 1

1 1—1—¢=-[d—-J dv=1-4=
‘Jo[ 1 -129+9:| i PR ) Y7y el B

Olee

y v
a1
xX=y 4
iR
@0 & x
x=\V-

1 -1

Figure 26a Figure 26b
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The vertices (—2, 0), (—1, 0), (0, 2), and (0, 4) are transformed into the vertices

(4, —2), (2, —1), (2, 4), and (4, 8) in a negative direction. The four line segments in

the zy-plane are transformed into four line segments in the uw-plane connecting the

vertices as shown in the figures. Since z= v — Zuand y = {u + v, J = -1
2![ + 4 (2u 4 -
ThllS, J;i[;__-ﬁ dzdy = “Izj.-u/ﬂ (ﬁ)(“é) dvdu = é 5 %ud‘u =i
$ )
0,4)

o

1 =
(2’:_1) |7 (4, -2)
v= =zu

Figure 27a Figure 27b

Y

(-1,0)

(28] The vertices (0, 0), (4, 2), and (4, 0) are transformed into the vertices (0, 0), (1, 0),
and (0, 4) in a negative direction. The three line segments in the zy-plane are

transformed into three line segments in the uv-plane connecting the vertices as shown

in the figures. Since z = 4u + vand y = 2, J = —2.

1 (4-4u
Thus, [[(Jz — 2y + 3¢®) dzdy = —I J (v? + w?)(=2) dvdu =
R 0lo

1
2J‘ [%(4 — 40)®? + 4? — 4u3:| du = I,
0

Ay

2

(, o (4,00 *

@0l @0 z
Figure 28a Figure 28b
PR
:—;+b—§+c—3=1{z= au, y = by, and z = cw} = w¥ + 0¥ + w® =1,

. . oz, v, 2
a sphere with radius 1. J = E)(('u,_v,w)) = abe. j';{j dzdydz = ]'gj’(abc) dudydw =

2x (% [1
abcf . LL(p’ sing) dp dg d6 = 4rabe = 37(6378)%(6356) ~ 1.08 x 10'2 km”®.
W= PAV = (101 x 10%)[$r({T0{T6 {12 — 3%)] ~ 7.1 x 10° joules
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[31) (a) Wehave ¢ = 45", 0 =0°, % = 0",z =2, y =0, and z = 1. Thus,
? = (N2 + (HO + OO =1¢ = (EH2 + (FO) + OO =1,
and # = (0)4' - (o)(n) +)) =1 The new location is (1, 1, 1).
(b) Now 6 = 90" and ' = (02 + (—)(0) + (HV) = ¢
v = O2 + ({)0) + (F)) = 3, and
7 = (=12 + (0)(0) + (0)(1) = —+2. The new location is (:}:2, ﬁ, —2).
(c) Now ¢ = 90° and ' = (— )( 2+ 00 + (M =F-L
Y= (2 + (0)(0)+(J—)(1) G bhand
# = (042 + (1)(0) + (0)(1) = 0.  The new location is (F-LE+LO)

-2 0 142
@()3‘;&&;,;) 12 0 2 [=(-1(-j-P=1
0 1 0

(b) Since the Jacobian is not zero, there is only one choice of motion. No.
B3]z = psingcosd, y = psing sind, z= p cos¢ =

sin ¢ cos@ pcos¢ cos@ —psingsind
J=%= sin ¢ sin @ pcos¢sinf@  psing cosd
cos ¢ —psing 0

Evaluating J along the third row gives us
J= cos¢(p2 sin ¢ cos ¢ cos?f + p2 sin ¢ cos ¢ sin"'ﬁ) +
p sing (p sin®¢ cos?d + p sin’4 sin?9)
= p? sin ¢ cos?¢ (cos?d + sin?6) + p? sin ¢ sin’4 (cos?d + sin?f)
= p? sin¢(cos’¢ + sin’¢) = p? sing.
B4z = rcosf,y = rsinb, z =z =
cos§ —rsind 0

8z 9, 2
=569

=| sinf rcosf 0 = rcos’f + rsin’f = r.

0 0 1
Thus, J‘{if F(z, y, 2) dzdydz = :i:Ig_]'F(r cosé, rsinf, 2)(r) drdf dz.

Uz Uy

6(% y) . a(u, v) - fu b 8
@a(u, v) (%) |gu g

{since z = f(u, v) and ¥y = ¢(w, v)}
UV Uy

futiz + fovz fuuy + fouy
Jutz + Ju¥z July + Guly

oty
9= Gy

= é g|{f(u1|1)=z=>f;=1,g(u,v)=y=>yy=1}=1.

{ using the hint }

{by a chain rule}
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Uy Uy

Az y) Owwv) [T T
v) 3(r, s) Yu Yo

{since z = f(u, v), ¥y = 9(y, v), ¥ = h(r, 5), v = Kr, )}

Tulr + Tu¥r  Tuls + Tul : T ,
= { using the hint in Exercise 35}
Yully + YuVr Yuls + YoulUs

& % ; (= v)
= by a chain rule} = —=%.
—_— {by } a(r, s)
Blz=1v" + 4 y = u—cosv=
3
a(z, v) L , 3 s sns
J= = = 2usinu —v°. J=0=> v = J2usinu.
d(u, v) 1 sinu
v AV
u
Figure 37 Figure 38

B8z = Hut — 0cosu+ 3,y =e+v=>

3z, 3) 1v® + 10sinu v

J=a(“ - i i =§ua+lﬂsinu—v.
J=10= v=}4® + 10sinu
[__17.10 Review Exercises |
0 (23 0
J- Jzn(zz —2y)dya'z=.[ II:IR(IS —z—=1) -2+ (z + l)z:ldzz -
—-1J=z =
2(v2y ™ 1V, — [1,2 CAR A5
Pl IIJI yhdy—jl(y—y)dy—[iy —]ny]l =3 —In2 =~ 0.81.
3(r2 3
] JI Hrd&dr:I (P +r—r)dr =4,
oJr 0
0522 0(s2 0
@ LJ:I (z 4+ 2)dydzdz = LJ: (z+ 2)(z — z)dzdz = L(z4 —%zs)dzz -2
2 i 2.3 1f*[* (a8 _ 2.7
B Jal, Yz dzdzdy:alu ﬁ(yz — y°2')dzdy =
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[ '/QJ. r“rcmﬂ’ sin g dp dg df = iJ'/Tﬂ a® cos®¢ sin ¢ dp df =
0 [} 0 0 0

*/2 /4 %/2
%aajo [—icos‘qS :lo df = —11_2“3(_%).[0 df = %
R is the region bounded by the right branch of the hyperbola (z°/4) — (3°/4) = 1

and the vertical line z = 4. [[ /(s 3) dA = I:J_‘lz_{_‘f(z, v) dy dz

R is the region bounded by the right and left branches of the hyperbola
(z2/4) — (¥*/4) = 1 and the horizontal lines y = 0 and y = 4.

4 Jy2+a
[nfts 9éa = [ [P0 s gy dedy

@ Ris the region bounded by the parabolas z = 3* — 4 and £ = —y® + 4.

. 2 (4—y2
These graphs intersect at (0, £2). [[qf(z, v)dA = I J zvq f(z, y) dzdy

-2)y2-

R is the region bounded by the pa»r‘a.lﬁolas y= —z* + 4and y = 37°.

1 (4-22
These graphs intersect at (£1,3). [[pf(z y)dA = J' J : f(z, y) dydz
-1J 3r
The region is bounded by the graphs of z = ¢', 2 = y°, y = —1,and y = L.
Y

y=x

%
y= —x*

Figure 11 Figure 12

The region is bounded by the graphs of y = z, y = —2%, z = —1, and z = 0.
r= 2+ 4cosf for 0 < @ < 7 is the upper half of a limagon with a loop.
It passes through the pole when ¢ = 3.

r=2+4cos 8 x=\/y!+l
Figure 13 Figure 14

= ‘]1 — 2% 4 4% is the upper half of a hyperboloid of one sheet with axis along the
y-axis.
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[I5) R is the region bounded by z = y* {y = + vz} and z = 9 from y = 0 to 3.
3ro 9 ]
j.ojyzyc"z dzdy = J‘ J:; ye = dydz = %J.ch"z dz = }(1 — %) ~ 0.25
[16] R is the region bounded by y = z and y = z from z = 0 to 1.

1 1(y 1
Ilﬁe’/vdydz=fj e'“dzdy:J [ye’/" i dy =
) 0Jy2 0 2

1
J (ve — ye¥) dy = ch’ —ge' + ¢ J:
0

le — 1w 0.36.

23
@v= leyﬂ dyds = %I;"‘“ 2.5-13.
27 (2(7-r2 ir (2 2x
8 v= I J j rdzdrdd = I l (77 — 3)drdf = l.OJ' do = 20m.
0 Jolo 0o Jo 0
(18] The trace of the surface described in the zy-plane is the circle (z — 2)? + ¢* = 4.
i=fmy =+ 2= I madfy =51
: @AM @

S=[[{T+1dA=1\2[dA =4{27 % 17.77
R R
since the area of R (a circle with radius 2 in the zy-plane) is 47.

[20] For the hyperboloid, z* + y* > 1.
Hence, the surface area that lies over the circle 22 + > = 1is 0

2 e’ = r=2 when ¢ = In2.
In2(2
J I rdrdd
0 Jef
In2
= ;J" (4 — ¢)d6 = 2In2 — ¥ ~ 0.64.
0

Figure 21

3r/2(a 3
. J (ryrdrdd = %— 9 = ira®.

r .[O-MJ’Z + P dydz = L

-a

[23] R is the quarter of the circle in quadrant I whose boundary is 2 + y* = 16. This
integral represents the volume between the cone z = .]r.’ + y* and the hemisphere

5 J32 — - 3°. These intersect when 22 + 3* = 16, or z = 4.
4 ({16-22 [{32-22- /2(=/4

'[ J o s’J 32-#2 sz:t’ + 3° + Pdzdydz = J" [, J“‘ﬁp(p2 sing)dpdp df =
0Jo {2ey2 -Jo Jo

/2 (x/4 2
256J' I' sing dg df = 256(1 — “T;)J'/ d8 = 64(2 — \B)r ~ 117.78
v} 0 0

[22] R is the quarter of the circle in quadrant III whose boundary is z* + 3* = a®
3x /2
J !

x

0
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[24] (1) See Figure 24 below. z integrated first The trace in the zy-plane is y = 27,

[ T2ttt [ 525,

-2

(2) zintegrated first The trace in the yz-plane is y = 42,
4(Jv/2 y—4z22 Il J‘ J' y—422
[ i ia m dedsan | [* [V pa g, dsdye
(3) yintegrated first The trace in the zzplane is 2* + 47° = 4.

2 [Ja-—z2/2 J‘ J" 144-_4;2 J"
I_J_ = =2'lef(z, 3, 2) dy dzdz; e =2+4x2f(z' ¥y, z) dydrdz
Note: Let k denote a constant of proportionality.

3 (22 3
[25] 6(z, ¥) = kiz| = kzsince z > 0. m=IJ (kx)dydz:kf 7% dz = k.
0Jz 0
3 (2z 3
Mx=II (&)ydydz:akj 2 dz = Y3k,
0z 0

3[2 3
M,:JJ’(h)rdydz=kJ- rsdz=§13k. Thus,i:%:%andﬁ:%:i-.
0J =z 0
[26) 6(z, ¥) = Kz + 1) sincez > —1. y> = z = 4 when y = +2.

2 4 2
m=I J 2k(z+l)dzdy=kj (12 — Iy* — %) dy = 34k
-2y -2

2 (4 2
My = J:Jy#(: + 1)zdzdy = kJ._Z (5 +8 - iyﬁ = %y“) dy = “_%sk‘

3=
i

By symmetry, § = 0. T =

27 6(r, 9) =7E=$

2x i
m= J ]“s'"'(é)rdrda
0 1

r=2+siné@

2%
- kL (1 + sinf) &0

= ‘ (2.4,0)
= 2k e
Figure 27 Figure 24
@6(2, y) = k|z| = kz since z 2 0.
1(s2 y
I: = IOJ’S y’(kI) dydz = ék'[o(z7 s 210) dr = (%k)(s’_s) — Elgk-
=[P arie = & - )i = gt Ip=Is + I = 185k
B ] o ® ydz = o(r z°)dz = k. o=+ =533

Let the triangle have vertices (0, @), (&, 0), and (0, 0). An equation of the
hypotenuse is az + by = ab, or y = —(az/}) + a. We need to find Jy,.

b= b b
Foo J l (az/ )+°z2(lu:)dydz = LI (_%24 % a:a)dz= 116“54"-
oJo 0
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Let the origin be the center of the circles and the z-axis the line through the center.

2% b
0 = = e = J' [ (r sin8)2(kr) rdrdd =
R 0 Ja
2
0 .
Without loss of generality, let §(z, 3, z) = 1.

2 4 4-2 2 4 2
m=V=I J I dydzd:zl I (4rz)dzd1:%J (4 = 1)%dz = 2.
-2Jz2)0 -2Jz2 2

2 (4 (4-2 2 (4
zz = J JI J ydydzdz = %J- I (4 = Z)z dzdz
=-2Jz2J0 -2J)z2

2 2
= %] (4—2)%dz = éj-z (64 — 4827 + 1224 — 2%)dr = 2048

1R(® — a"’)I "sin20 dg = 1 — %) -}(27) = i (b° — o)k

-2
2 4 (4-z
Mcy:J I I zdydzdz
-2)z2)0
2 r4 2
(]
= .[-2].-;2(42 — ) dzds = J_ﬂ(%ﬁ — 25" + 18 dr = mﬁg_
e ?and 3= yﬁ,"l =12
z=9-2- yz
X
Figure 31 Figure 34
k
§ s .
KA Z+y+(z+ 1)

The trace in the zy-plane of the top of the paraboloid when z = 9 is 92° 4+ 3 = 0.
U (adi=sz [® Kz* + %)
S A I dz dy dz.
g I-J-a 1-s2)9z24y922 + ¢ + (2 + 1)° e
[33] z* — y* + 2> = 1is a hyperboloid of one sheet with axis along the y-axis.
The trace of the solid in the zy-planeis 22 — y* = 1. 6(z, 4 2) = kN2’ + 2

B= I:I%ﬁl{ﬂe’_;k(} + A2 + 2drdzdy.

—1-z24
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[34] The solid lies between the cylinder 22 + 3* = 4 and the

paraboloid z = 9 — z2 — y%. Let §(r, 6, z) = & be a constant density,
327 (9—-52
(a) m= J j J 6 rdzdd dr
0

2/0

3 (2> 3
- 6J ,[ (9r — r*) d dr = 2“61 (9r = ) dr = Eré.
2J)0 2

3 (2% (fg—r2 3(2x
) iy = aJ‘ J' J’ sl = g.s[ J' 0 — ) rdddr =
2J0 JO 2J0
2 2 — 125 N — M" —)
78| (9 — r*)2rdr= 2xé. By symmetry, Z=§=0. 2= —= = 3.
2

arz2 —r2
(©) L= 5] J ’Jg " (*) rdzdf dr
2J0 o]
i il e L 428
= 6LJ° (9r° = r)dfdr = 215[2 (9% = r)dr = 2276.
2x (¥ (&
@8] Since 86, 0, ¢) = hoy m = [ [ [ (ko) sing) dp a0 =
2
%«;*kr’rsinuue = %a‘kj "3 = o'k
0 JO o

Bolz=2y=—2,andz=1= 1'=,lil,z-{-(—2)"'=2‘r‘2;tm'18=:§Z =_1=
§ = —%. Cylindrical coordinates are (242, -5l p= ,l?z +(-2)2+12 =3.

cos¢ = % =1 = ¢ =cos™']. Spherical coordinates are (3, cos™'}, —F).
p=12,¢=§,and0=§'—'=>

z = psing cosf = 12sin

120)(- ) = —343;

1

y= psingsinfd = 12singsin3E = 12(%)(%_3) =3{2; 2= pcos¢ = 12cos% =

12(?) = 643. Rectangular coordinates are (—342, 3{2, 643).
r = J(—3{2) + (342)? = 6. Cylindrical coordinates are (6, 3, 643).

B8l r= —cscl = rsinf = —1 = y= —1,
the plane parallel to the zz-plane with 3-intercept —1.
@z+3r2=9=>z=9—3r~2=>z=9—3z'2—3y2,
a paraboloid with vertex (0, 0, 9) and opening downward.
[M):=3r=r=4:= 7" =162 = 2% 4+ y* = 167, a cone.
psing = 4 = p’ sin®¢ = 16 = p? sin®¢(cos’d + sin’f) = 16 =
(p sing cosa)z + (p sing sinﬂ)2 =16 = 2 + y* = 16,
a right circular cylinder of radius 4 with axis along the zaxis.
psing cosf = 1 = z = 1, the plane parallel to the yz-plane with z-intercept 1.
Ep* —3p=0=2p(p—3)=0= |2+ + {2+ + 7 —3) =0,
the sphere of radins 3 with center at the origin, together with its center.
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MA@ 2+ =1ar=slar=1
() 22 + ¥* =1 = p?sin’¢ cos?0 + p?sin’@sin’d = 1 = p?sin’¢ =1
(@) 2=2" — y* = 2= r? cos’d — r* sin?0 = r’(cos?d — sin?d) = 7 cos20
B)z=22—y* =>p cos¢ = p? sin?¢ cos?d — p? sin?4 sin?f =

cosd = p sin’p cos20
[MBl(@) ? + 9’ + 72 —22=0=>7" 4+ 27 —-22=0
M) 2+ +2=21=0=>p>=2pcosg =0=>p—2cos¢ =0 =
p = 2cos¢
[47)(2) 22+ y— 32=4 = 2rcosd + rsinf — 3z =4
(b) 2z 4+ y— 3z=4 = 2psing cosh + psing sinf — 3p cosp = 4
[@8(a) On3<z<4, {16 —22<y<{25— 2. On4<z<50<y< 25—
G [ ae
) On0<y<7 {16 -y’ <z< {254

e 5 =
On{7T<y<43<z< ,1‘25 -7 J.ﬁj‘,%_:;dzdy + Iﬁflzs_vzdzdy
N16- 3

0
(c¢) For 0 < @ < arctan “[—3—?, 4 < r < 5. The vertical line z = 3 has equation

r = 3secd in polar coordinates. Hence, for a.rctanﬁ < 0§ < arctan g.

arctan(-ﬁ/s)JS J’arctan (4/3) J‘s

drdo drdf
A 41' T arctan (Y7 /3) 3sec0r é

Jsecd < r < 6. J

[ (a) On0<z<40<y< 25 — 2 J‘J‘ 25-22 4y dz
0Jo

(B)On0<y<30<z<4 onssyss,oszs,jzs—y’.
3[4 5
jj dzdy-l—J P”‘“’dzdy
0J0 3J0
(¢) For0 < 6 <arctan$, 0 < r < 4sech. Forarctan? <0 <3,0<r<s.
Jarctan (3/1)J4 secd

x/2 5
rdrdf + J [ rdrdf
0

0 arctan(3/4)Jo
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(a) We will subtract the volume bounded by the plane z = 1 and the cone

z= ,I 2’ + y? (all in the first octant) from the volume bounded by the sphere
z* + y> + 2 = 18 and the cone. The sphere and the cone intersect =
222 4 23% = 18, or z* + y* = 9. The plane and the cone intersect =

3 (5oa3 [{Te=aiys Lo !
Z4+¢y¥=1 I J 9"2J 18-2d-y2 dzdydz — '[ J 1_'2'[4—7—2 dz dydz
0Jo '—_M 0Jo e

(b) We will add the volume inside the right circular cylinder r = 1 to
the volume between the right circular cylinders r = 1 and r = 3.

2(1 I 2(3 I
I'/ J I 18-r2 dzdrdf + J.r/ J I l8-'21"ciz¢‘i1'419
]

0 0J1 1/r
(¢) An equation of the plane z = 1is pcos¢ = 1, or p = sec ¢.
x/2(x/4
J J’ la ? (p? sin ¢) dp d¢ d8
o Jo Jsecs
(a) We will subtract the volume above the plane z = 3 from the volume of the
sphere 72 + y?> + 22 = 25 (all in the first octant). The plane and the sphere
intersect = 7% + y? = 16.
5 4
I J 25—:2J425-s2-y2 By = J J’ 1s-=2JJns—s2—y2 iy
0Jo (1] 0Jo0 3
(b) We will add the volume inside the right circular cylinder r = 4 between z = 0

and z = 3 to the volume outside the cylinder and inside the hemisphere

21043 /25
z= 425 — 7 It/ I J' rdzdrdf + ]' J J zs_rgrd'zdrdv
0

o Jolo o J4
(¢) In the yzplane, the plane intersects the sphere at (0, 4, 3).

Thus, tané = § (not 3), and ¢ = arctan §. We will add the volume bounded by

3
p = 3secd {z = 3} to that bounded by p = 5.
/2 (farctan (4/3) (3sec¢
L J : )J (p* sing) dp d¢ df +
[} 0

L ey (6% sin ) o da o

0 arctan(4/3)) o
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(2] (a) s = ¢ = 2z + 5y = c = y = —§z + c, lines with slope —2.
(b) v=d = 3z — 4y = d = y = 3z — 1d, lines with slope 3.

(c) 4(x = 2z + 5y) and 5(v = 3:—4y)=>z=)%u+3%u.
3(u = 2z + 5y) and —2(v = 3z — 4y) = y = Fu — Lo

@ et - I
w97 & -3
(@ az+by+c=0=>aFe+S)+bFu—FZY+c=0=
(4a + 3b)u + (58 — 2b)v + 23¢c = 0, which are lines.
(f) zy-i—yz:az:(ﬁu-’-%v)z-{-(%u—%v)z:az=>
25u% + 28uv + 299° = 520a%, which are ellipses.

e B 1B a3
232~ 237 232 3

[53] The region is bounded by z 4+ y = 2, z = y, and y = 0, which forms
a triangle with vertices (0, 0), (2, 0), and (1, 1). They are transformed into a
triangle in the wv-plane with vertices (0, 0), (2, 2), and (0, 2) in a positive direction.
z=jv+vady=—ju—vY=>J=4

1(2=9 (2_u) itz 3V o 2
I J Y. Lo/ +’)d:niy = J J g (3) dudv = Y(e — 1)'[. vdv=e— 1= L72.
oJy 0o 0

(0,0) @0 *

Figure 53a Figure 53b



Chapter 18: Vector Calculus

@ F(z y) = zi — yj

Figure 1 Figure 2

@ F("'a y) = —zi+yj
B F(s ) = 20i + 3j

7N

[ F(z, y) = 3i + zj
B Fz ) =+ v)7(zi + vi);

all vectors are unit vectors pointing away from the origin.
I | '
\}1
%

’),\u

Y

¥,

X

Figure 5 Figure 6

6 F(z, v, 7) = zi 4 zk; all vectors are perpendicular to the y-axis.



390 EXERCISES 18.1
F(z, y, z) = —zi — yj — zk; all vectors point toward the origin.

z +z

‘JL
y -~

’\\"*

y
% x
Figure 7 Figure 8
F(z, y, z2) = zi + yj + zk; all vectors point away from the origin.
B F(z y 2) =1+ j + k; all vectors are constant.
P '
i [
St I .
¥
Pl ot il I y
x B :
Figure 9 Figure 10

F(z, v, z) = 2k; all vectors are parallel to the zaxis with length 2.
Using (18.3) with f(z, y, 2) = 2* — 34* + 4%,
F(z, 9, 2) = Vf(z, 9, 2) = 2zi — 6yj + 8zk is a conservative vector field.
(02 f(z, v, ) = sin(2® + 3* + ) =
Pz, 9, 2) = Vf(z, 9 2) = ?,(:os(z2 + 97 + zz)(zi + yj + zk).
3] s ) = asctan (a3) = F(z, 3) = VF(@ 9) = ;g 0 + 20)

14 f(z, y) = v*e™> ='F(z 3) = Vi(z 3) = ye™>7(—35i + 2).
@8] F(z, y, 2) = 2%z + g’zj + (y + 22k =

cwrlF =V xF = (48— 9M)i ., (G _ &F); 4 (G _ OM )y -

A-0i+ @ -0i+ ¢ -0k=i+7j+ ¢k
divF:V-F:%%+%%+%—f=2u+2zy+2.
(16 F(z, v, 2) = (32 + v)i + zy’z] + z°k =
VxPF=—zi— 2]+ (fPz2— 1)kand V-F = 3 + 2zyz 4 22z
A7) F(z, y, 2) = 3zyz*i + v* sinzj + ze¥* k =
V x F = —y’ coszi + (6zyz — €**)j — 322k and V-F = 3y2% + 2ysinz + 2ze%.
@8 F(z, y,2) = 2° Inzi + z¢ ¥j — (3° + 22)k =

3 o
VUxPF=—2%i+%Lj+e'kandV-F=232%Inz— ze ¥ — 2.
y 7 J
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@@ r=zi+yi+zk=>Ver=14+1+1=3.
B)Vxr=0—-0i+(0—0)j+((0—0k=0.
(@ m=("+y +z’)”2
Vi = ? i+ z k
T TEw ’+z’)”2 (z rr+ 7 e O"
m(z1+ yj + zk) = Irl
[20] (2) Let a = ei + fj + gk, where ¢, f, and g are constants.

r=zi + yj +zk=axr=(fz—gy)i—(ez—gz)j + (ey — fr)k and
curl(a x 1) = [e e)]i +|:f— (—f)]j + [9' = (—9)]1‘ =
2ei + 2f] + 29k = 2(ei + fj + gk) = 2a.
(b) diviaxr) =0+0+4+0=0.
(1) By (18.2), F(z, v, 2) = l—t‘il-r — M:—T;)—a/—,(zi + yj + 2k). Thus,

curlF = W[@w — 3y2)i + (332 — 3z2)j + (3zy — 32-‘!1)k:| =0.
z y z

(2) divF = (__.__:2 = y?6+ 33)_5/2 X
(2P + P+ A+ (P -2+ D+ (P +97 —2P) =0
[22]If F is conservative, then by (18.3), F(z, ¥, 2) = Vf(z, 9, 2) for some
scalar function f. Thus, curlF = V x (Vf) = V x (fzi + fyj + f:k) =
(fay — fy2)i + (fez — fo2)] + (fyz — fey)k = 0i + 0j + 0k = 0.
Note: In Exercises 23-26, let F = Mi + Nj + Pkand G = Qi + Rj + Sk.
BIVx(F+G)=Vx[(M+ Q)i+ (N+R)j+(P+S)k]
=[(Py+Sy) = (N: + Ra) Ji+ [(Ms + Q) — (P= + Sa) i +
[(N: + Rz) — (My + Q) ]k
= [(Py = Na)i + (M: = P2)j + (No — My)k] +
[(Sy — Ra)i + (Q: — S2)i + (R — Qy)X]
=VxF+VxG
ZV-(F+G) =V-[(M+ Q)i+ (N+R)j+ (P+8k]
= (M: + Q=) + (Ny + Ry) + (P: + S:)
=(Mz:+Ny+ P:)+(Q: + Ry + S:) =V-F+ V.G
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2BV x (fF) = V x [(fM)i + (fN)j + (fP)k]
=[&ur - fumi+[Lum - feni +{ Zum - Zum i
=[(fPy + f4P) — (fN: + L N)]i +
(M. + f: M) — (P + [ PJ5 + [V + fo N) — (FMy + fy M) ]k
= f[(Py — N:)i + (M: — P2)j + (N — My)k] +
[y P = £: N)i + (f: M = f= P)i + (fe N — fy M)X]
=f(VxF)+(Vf)xF
26V (F x G) = V[ (NS — PR)i + (PQ — MS)j + (MR — NQ)k |
= £(NS — PR) + £(PQ - MS) + £(MR — NQ)

oz
= (NS: + NzS — PR, — PR) + (PQy + P,Q — MSy — MyS) +
(MR: + M:R — NQ. — N.Q)
=[(Py— N:)Q+ (M. — P:)R+ (N- — M,)S | +
[(R: = 5) M + (S: — @:)N + (Qy — Rs) P
=(VxF)-G—-(VxQG)-F
Efculgradf=V x (Vf) =V x (fei + fj + f:K)
= (fiy = fuz)i + (foz — fiz)i + (= — feu) k= 0.
ZBldivcurlF = V- (V X F) = V-[(Py — N;)i + (M: — Pz)j + (No — My)k]
=2, - M)+ %(M, — Pe) +E(N: — My)
= Py: — Naz + M:y — Pzy + Noz — My,
= (Pys = Pzy) + (Nzz — Nz:) + (Mzy — My:) = 0.

[29] By Exercise 23, curl (grad f + curl F) = curlgrad f + curlcurl F.
By Exercise 27, curlgrad f = 0, and the result follows.
Since a is a constant vector, all partial derivatives are zero. Thus, curla = 0.

[31] By Exercise 25, curlF = V x F = V x (ﬁ)r = fE(V xr) + V(:—k) X T.
ke

The first term is 0 by Exercise 19. Now, V(ﬁ) = —4=(zi+ yj +2k) =
T

__f'%i r. Sincer x r = 0, the second term is also 0.
5
B2l (a) V-(Vf) = V(i + fyi + frk) = fer + fuy + fra = Vf.
(b) V2(fo) = V- V(fg) = V- [(f)=i + (fa)yi + (fo): k]

= V- [(fsz + fz9)i + (foy + fu9)i + (foz + fs0)X |
= —a%(fg, + fe9) + a—‘z,(fgy + fu9) + Faz(fgz + f29)

= (foo= + fe9= + fo0: + fozd) + (foyy + fudy + Fyoy + fovd) +

(fgzz + fr9: + fe9: + fiz9)
= f(922 + guy + 0:2) + 0(fzz + foy + faz) + 2(fr02 + fugy + fi92)
= fV%g 4 gV?f + 2Vf. Vg
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= 942 — P -2
Bfe= 57— —552>fre=— 7
?+y &+ + A

2y_22_22 : 222_12_.!/2
Also, = — and i ——
$0, fyy g )s/z and f. = > 2)5/3

Thus, fez + fyy + fsz = 0, which is Laplace’s equation, V2f = 0.
Bdlfor + fyy + fra =20+ 20+ 2¢ = 2(a+ b + ¢) = 0.

Define lim F(z, y,2) = atob lim
BBl Baine; i s TN e[(:.u.x)—v(zo. Vi)

li N . K , el
l:(""')_']{?m!oﬂo) (I, G Z)]J & I:(’-v.’)—’l(x?o-n.to) P(z, 5 Z):I

ui 4+ vj + wk, where a = ui 4+ vj + wk. Thus,(

M(z, y, z):li +

li F(z, 9, 2) =
2.9.3)_’1(120-30-30) (-‘!' ¥ 2) 2

means that for every ¢ > 0, 36 > 0, such that |F(z, Y 2) — a.l < ¢ whenever
0 < <z 4 2> — <z, Yo 20>] = (& — %) + (¥ — w)* + (2 — 2)* < 6.
Geometrically this means that as the point (z, y, z) approaches (zg, 3o, 7),

F(z, y, z) has nearly the same magnitude and direction as a.

F is continuous at Py(zq, ¥g, 7o) iff lim F(z, 3, 2) = F(zg, 0, 20)-
(‘nml)—'(‘o- Yos ‘0)

This happens iff each component of F is continuous. Geometrically this means that
the vectors F(z, y, z) for points near Py will have nearly the same direction and mag-
nitude as F(zq, yq, 2), i.€., there are no abrupt changes in the vector field near P,.
B0 £2(0.3, 0.5, 0.2) ~ f(0.35, 0.5, 0.2) — 2f(0.3, 0.5, 0.2) + f(0.25, 0.5, 0.2)

~ 0.0107.
(0.05)2

Fuy(03, 05, 0.2) = £(0.3, 0.55, 0.2) — 2£(0.3, 0.5; 02) + £(0.3, 0.45,0.2) _ o ooao
(0.05)

fur(03, 05, 0.2) (0.3, 0.5, 0.25) — 2;(0.(:;, :5?2 02) + £(0.3, 0.5, 0.18) _ o0

V3£(0.3, 0.5, 0.2) =

fe2(0.3, 0.5, 0.2) + f55(0.3, 0.5, 0.2) + f22(0.3, 0.5, 0.2) ~ 0.1454.
B foe(0.3, 0.5, 0.2) w 103505, 0.2) = 2/(03, 0.5, 0.9) + f(0.25, 0.5, 0.2) _

—-8.411.
(0.05)% &

fou(0.5, 0.5, 0.2) w 103, 085, 02) — 2/(03, 05, 0.2) + £(0.3, 045, 0.2) _ o o0
(0.05)

£r(03, 05, 0.2) 103 05, 0.25) — 2;(0.(96, ;)5; 0.2) + £(0.3, 0.5, 0.15) _ . (oo

V?£(0.3, 0.5, 0.2) =
fe=(0.3, 0.5, 0.2) + f,4(0.3, 0.5, 0.2) + £:.(0.3, 0.5, 0.2) = —0.2165.
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@ () ds= J(dz)’ + (dy)? = (3% + (3%)%dt = 31 + 1 dt.
P +y=081) + 1 =282 [of(z,y)ds =

J.: (282)(3{1 + ) dt = 84[1(1 + #)*/*] at = 14(2** — 1) ~ 25.60.

(2) dz=3dt [of(z,p)dz= J’l (28£°)3dt = 34[5:* :I: =21
o

@) dy = 3241, [of(z, Py = J’ (28£)(31%) dt = 84 [-116 L=1

B ) ds=\B?+ G2 =1 + o5t at o* = ™D = §.
Tofte i = [ QAT 28y e = i[r%z(l + 2587 =
3(26°7% = 1) = 0.29.

1
(2) dz = ddt. [of(z v)dz = L Gddt= 4.
1
@ v =400 [ofa iy =[ @AY=
B vy= z3+1 = dy = 32% dz.

[ 0Py ey = .[il[sa(za + 1)+ ol + 1)(3) |de =
3'[1_1 (a® + 22° + 2° + 22%)dz = sJ: (2% + 22%) dz = 31,
@ y=2+2c=>dy= 22+ 2)dz. [oydz+ (z+ y)dy=
J: [ +20) + (s + 2 + 20)(22 + 2) Jdo = J:(zf’ + 92 + 82) dz = 48.
B v*=z=dr=2ydy [o(z—y)dz+ zdy =

Kz[(”z"')(ﬂy) + ﬂ“v:f @5 — y)dy = —2f vy = -}

z=1y® = dz = 3y°dy. j’czyd=+zzys¢'y=I [:y:’(gf)(llglz)+(3/3)z s:ld = i
Note: Let I denote the required line integral.
(8) Ciz=1y=0,0<1<1= dr= dtand dy = 0dt.
Cpz=1y=10<1<3=dz=0dtand dy = dl
[o2vdz + (z + p)dy = [ 2yds + (2 + g)dy + [g,ovde + (z + y) dy =
1 3
I(0+t'0)dt+I[t~0+(1+t):|dt=0+‘7§=!5‘--
0 0
(b) Ciz=0,y=10<1<3=dzr=0dtand dy = dt.
Cpiz=1y=30<t<1=>dz= diand dy = 0di.

=Jz[0+(0+i)]dt+J:[3t+(1+3)~0:|dt=§+ 3 =6
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() y=3%x=2dy=3dan I = I:[;(:}::) +(z+ 32)-3]dz = 3J‘:(z9 S,
(@) v = 32* = dy = 6zdr. A
L= J:[2(3:3) + (z + 313)(61:)] dr = 3J: (12 + 22%) dr = 3_42.

(@) G:z=1,9y=12< 1< 8= dr=0dtand dy = dt.
Cpz=1,y=8 —2<1<1= dr.= diand dy = 04t
Jo(@® + v dz + 22dy = IB[(l +19):0 + 2]dt + J‘l—zl:(t2 +64) +0]dt =
2 12 — 195 = —183.
() Crz=1t,y=2 —2<1t< 1= dr = diand dy = 0dL.
Crprz==2,y=12<1<8 = dr = 0di and dy = di.
-2 8
[= L ((* +4) + 0]dt + L [+ )0+ (—=4)]dt = =15 — 24 = =30.
() y=—-22+4= dy= —2dz.
s J’;’ [ + (=22 + 4% + 2:(—2)Jdz = L”(s;’ — 20z + 16)dz = —93.
(d) y = 22? = dy = 4zdr.
1= JT' [(2 + 42%) + (22)(42) ] dz = I:' (42* + 92%) dz = 267,

t

B z=¢é,y=ctz=¢" = dr=€dl, dy = —e ' di, and dz = 2¢** dl =

1
[oz2dz + (y + 2)dy + £dz = I [24(ef) + (7 + #)(—e™) + e(2e¥) Jdt =
0
1
Jo(e“ — M — et 4 263 dt = L(3e* + 677 — 126 + 8¢ — 5) ~ 23.97.

[10] z = sint, y = 2sint, z = sin®t = dz = cosidl, dy = 2costdi, and
dz = 2sint cosidl. [oydz+ zdy + zdz =

/2
J [23in'l(coat) + sin’¢(2cost) + sint(2sin cos t):l dt =
0

x/2 . x/2
s 2 N P I 7
Jo [(2smtcost + 4sin tcost)]di = I:sm 14 3sin il) = 3.
() Crz=ty=2=0=>dr=d,dy=dz=0dt. 0<1<2
Copz=2y=tz=0=dy=didr=dz=0dt. 0 <1<3
Cpz=2y=3z=1=>de=dl,dz=dy=0dL 0 <t <4
Jcz+y+2de+(z—2y+32)dy+ Rz + y— 2)dz =
2 3 4
I:dt+J(z—2z)d:+J(7—:)41:2—3+20=19.
) [} )

b Ciz=0,y=0,z=1=>dz=dt,de =dy = 0dl. 0 <1<4.
Crz=ty=0z=4=dr=d,dy=dr=0d. 0<1<2
Ciz=2,y=tz2=4=>dy=dl,de=dz=0d.. 0<1<3.

4 2 3
1=J'(-:)d1+J(:+4)a+J(14-2:)a=—s+m+33=35.
0 0 0
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() Grz=2t,y=3,z=41=> dz = 2dt, dy = 3dt, dz =4dt. 0 <1< 1
1= ]: [(99(2) + (8)(3) + (3(4)] ét = J:wm = .
[2(a) Crz=ty=-2z=38 > dr=dtydy=dz=0dl. —4 <1< 1.
Cpiz=—-4y=tz=3=>dy=dl,dz=d:=0dl. —2L1<L5.
Cyir=—4,y=5z2=1=dz=4dt dr=dy=0dt. 2<t1<3.
Joz=y)dz + (v = 2)dy + rdz =

—f 5 2
J (t+2)dt+J (t-3)dt+J (~dt= =§ + P +4 =9
1 -2 3
() Ciz=1ly=-2yz=t=>dz=dl,dz=dy=0dl. 2<t<3.
Cprz=ty=—-2,z=2=de=dl,dy=dz=0dl. —4<1<1.
Cyit=—4y=42=2=dy=dl,dz=dz=0dt. -2 <L t<5.

2 -4 5
I=J(l)dt+J (t+2)dt+I (t—2)dt=—-1+F +3F =-1.
3 1 -2

© Gr=1+[(-4)=1Jt==5t+1,y=-2+[6- (-2t =Tt -2,
1=3+(2-3)t=—-1+3=di=—bd,dy=Tdt,dz=—dt. 0 <t <1

I = J:[(—n‘ + 3)(—5) + (8t — 5)(T) + (=5t + 1)(—1)]dt
= J:(lzu —51)dt = 2.
MCe=ty=2ts=3t=d="+2"+Fd=Al4d 05221
Joayzds = f: (62)VT4 dt = 314

[z = acost,y = asint, 2= bl = ds = Ja’ sin’t + a? cos?l + b di = Jﬁrz'-}- b2 dt.

2
01 2r. [o(ay+ 2)ds = J. ’(azs'mfcosi-f- bi)ya? 4 b2 dt =
0

{&+ b2[§a’ sin’t + 3bi2 ]z' = 27%bya? + b°.
[15] Refer to Exercise 7 for the parametric equations.
For each part, [oF-dt = [ 2y° dz + 2°ydy.

1 3
(a) W= L(o - 0)dt+} (P0+9dt=0+3=2%
0
3 (1
(b) W= J (0 + 0)dt+J (9t + 3¢2.0)dt = 3.
0 0
1 1
(€ W= J [02° +32°(3)]ds = 3. (4) W= J' [9:° + (3:")(62) ] d= = §.
0 0
Refer to Exercise 8 for the parametric equations.
For each part, [ F-dr = [;(2z + y) dz + (z + 29) dy.
8 -2
) W= Lu + o)+ L (2t + 8) dt = 66 + (—21) = 45.
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-2

W= (21+2)¢u+f( 9 4 0fdl = —8 448 = 5.

1

"
(©) W=I 2[4+( —3z + 8)(— 2)]&:—[:2(62—12)dz=45.
=y

1

(d) W [(25 + 22%) + (2 + 42)(42) ) do = L"(mg + 627 + 22) dz = 45.

1

07 F(z, 3) = % zi + yj) = %(ﬁ + ¥i)-

PR | S
i (2 + )Y
Let £ = acost, y = asintasivariesfromrto 0. W= [,F-dr =
- d. dy = = t)(—asint int 1) [dt = 0.
daIC"’ z + ydy aaL[(acos)( asint) + (asint)(a cos?) ]
8y =z2* = dy = 3z% dz.

W=JcFdt=[c(s® + ") dz + zydy = r[(r.’ + %) + (2")(3s%) | &z = 1§22,
W= [oydz + zdy + zdz = J [(12)(1) + ()(21) + (3t’):| d = 413,

BOW=[oedz+ dy+ e ds= L [(e')(l) + (D21 + (e's)(.'it’)] dt =

e? + e* + ¢ — 3 ~ 3039.95.
Let the object’s position be given by r(1). Thixs, r’(1) is the object’s velocity and
F(z, 3, 2)-¥'(1) = 0. Since dr = r'({)dt, W = [ F(z, 3, 2)- dr = 0.
[22] Let = = a cost, y = asinifor 0 < ¢ < 2. Then, dz = —a sinidf and

2
dy = acostdt. Thus, W= [,F.dr = L’J ‘(—a sint + acost)dt = 0.
0

[23] Let the wire be represented by a curve C as in Figure 18.10. Then the mass of the
piece of wire between P;_; and Py can be considered concentrated at (uy, v,). Its
mass is approximately &(u,, v,)As, and its moment with respect to the z-axis is
approximately v 8(uy, v.)As; and with respect to the y-axis is approximately

u, 8(uy, v.)As,. Using the limit of sums,
M: = ”l,i'ril.ozk:v,‘ 0(uy, v.)As, = [ y8(z, y)ds and
My = I}lwxlr_n.0 ; Uy S(uy, v)Asy = [oz6(z, 3)ds.

L
In Example 3, m = 2ka®. Now, M: = J. (asint)(kasint)adt = %:Eas and
0

My =J (acost)(kasint)adt = 0. Thus, F = '%! =0and § = —Bﬁ% = ira
0

R4 Let s =1t y=4—1"for =2 <1< 2and b(z, y) = kizl. ds = 1 + 4£> di.

2 2
m = f ki1 + 48 d1 = u[ i1 + 42 dt = Lar®/? = ).
-2 o
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2 2
M: = J (4 — ) ki1 + 4l dt = 21:[ (4 — )1 + 42 (1) dt.
-2 ]
Letu=1+4t’and du = 8idt. 1=10,2 = u=1,1T.
17 17 /
M: = %.kjl. [-}(17 — u) ]ull"' du = l—lsk[g(”)us/z = %usn ]1 = 3%’&(175 W 41).

2
My = J 1k|t] 41 + 41 dt = 0 since the integrand is odd.
=%

Thus,f:-‘%—’:ﬂand'=ﬁ=

[25] Let the wire be represented by a curve C as in Figure 18.17.
Then in a manner similar to the one in Exercise 23, m = [ 6(z, ¥, 2)ds,
My: = [ 28(z, 4, 2)ds, Mz: = [5yd(z, 3, 2) ds, and Mey = [ 28(z, 4, 2) ds.

Usez = %. = %'. and z = M,;";’ to find the center of mass.

[26)z = acost, y = asint, z = bt = dz = —asintdt, dy = acostdt, and dz = bdi.

0 < t<3r ds= {a® sin®t + a® cos’t + b¥dt = Ja® + b2 4.
3x

Let 6(z, y, z) = §, a constant. Then, m = I §a® + b*dl = 3wbya® + b2,
0

3n
My = J (acost)é a® + b di =0,
0

3=

Mz: = J (asin?)é o + b2 di = 2a64a® + b’, and
0
3x

My L (b)6a + B dt = 37286 {a® + P.

Thus,f:gn%izo,ﬁzyﬁ’r‘:%,wdizyj—‘—’:;wb.

[27] Define I. = I ¥*8(z, y)dsand Iy = fc 2% §(z, y) ds. For Example 3,

L = I (a sinf)?(ka sin1) adt = ka‘[ (1 — cos?¥)sintdt = ika* and
0 0
Iy = J' (a cost)*(kasint)adt = ka‘J cos’t sintdt = 3kat.
0 0
2 2
28 L = J 2(4 — kRN + 42 dt = 21:] (4 — )21 +42%dt
- 0
—1k17’17 21/2d_1k"2 1/2 1>/? 5/2) 4
“il[i( - u['u EEGh] BT T e
= gzkl:g(zss)u” P et L 3’2 ]i’ = L KH17"/? — 1177) ~ 5.4k
2 2 17
J 2kl + 48 dt = sz 21+t = 5&[ [2x - 1] au
- ° 1

2
17
sch (% — Yy = gﬁk[zz(n“’ ok :| ~ 26.9k.

Iy

[

I
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[29]If the density at (z, v, 2) is 6(3, 3, 2), then I: = [o (v + 2)é(s, 3, 2) ds,
Iy = [o(2® + #)8(z, y, 2)ds,and I = Jc(Z® + 31 6(z v, 2)ds.

3
GBI = J ()5 {a® + b dt = 3xa?5{a + b
o

Bllu = %k - -21—3 Sy = (mk - —) = uvy = (m %0)5.
10 o
> sin(upv) Az, =
k=1 k

Bu =R+ 5= v =300 + 58 +4 = o =

};jllnmmk - z In {5

it

l“’l

sin (f5k — %)% (&) ~ 0.1554.
1

A+

+

194} 4 2803 (3  3.7821.

=

O fr=3@y+2=2f=Sy+22+90) 2 h=2"+¢(3) =2 + 4>
Thus, ¢(y) = 4y’ and g(z) = 3* + ¢ Sof(z, ) =2’y + 22+ y* + ¢
B fo =62 +2 = f=32%" + 22y + g(y) = fy = 6%y + 22+ ¢(y) =
6z°y 4 2z. Thus, ¢’(y) = 0 and g(3) = ¢ So f(z, ¥) = 32°y* + 22y + c.
Bl fo=2zsiny+4¢® = f=1"siny +4¢” + g(y) = fy = * cosy + ¢'(3) =
z° cosy. Thus, ¢'(¥) = 0 and ¢(y) = c. So f(z y) = 2° siny + 4¢* + ¢
@ fo=22¢" +45° = f=7 ¢ + 42 + o(y) = fy = 287 + 12082 + 0(3) =
222¢® 4 12zy%. Thus, #(y) = 0 and g(y) = ¢ So f(z, y) = 2° . 4zy® 4+ e
B f- = —2y°sinz = f=2¢°cosz + g(3) = fy = 63" cosz + ¢(y) = 69° cosz + 5.
Thus, ¢'(y) = 5 and g(y) = 5y + c. So f(z, y) = 25° cosz + 5y + ¢.
B f = 5¢° + 49° sec’z = f= 52 + 4y® tanz + ¢(y) =
fy = 1529 + 12¢% tanz + ¢(y) = 152y” + 12¢° tanz.
Thus, ¢'(y) = 0 and ¢(3) = ¢ So f(z, y) = 523° + 43° tanz + ¢
fe=8zz= f=4s"24 gy, 2) = fy = g4(3, 2) = 1 — 6y2”.
Thus, 9(3, 2) = y — 39°2 + K2). fo = 42% — 09’2 + K(2) = 42° — 99°7 =
F(z) = 0and Kz) = c. Sof(z, 9, 2) = dr’z 4+ y = 3’2" + ¢
=y+:2f=ny+u+gnd=>f=z+0(n)=2+z
Thus, gy(y, 2) = zand g(3, 2) = vz + K2). a=z+y+ K@ =z+y=>
F()=0and Kz) =c. Sof(z, 3, 2) =zy+ 22+ yz+ ¢
fo = ysec’s — 2¢* = f= ytanz — ze® + g(y, 2) = fy = tanz + gy(y, 2) = tan=z
Thus, gy(y, z2) = 0and g(y, 2) = Kz2). fr = —¢¥ + F(2) = —e” =
¥(2) = 0and K(2) = ¢. So f(z, ¥, 2) = ytanz — 2¢* + ¢
Note: The j term should be * + 2y coszj”. fe = 2zsinz = f= z° sinz + g(y 2) =
fo = gy(v, 2) = 2y cosz Thus, g(y, 2) = y* cosz + K2).
fe=12%cosz— y’ sinz+ F(z2) = 2% cosz — ¥ sinz = F(z) = 0 and K2) = ¢
So f(z, v, 2) = 1" sinz + y’ cosz + ¢
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Note: In Exercises 11-14, we will show that the line integral is independent of path by

finding a scalar function fsuch that F = Vf, and then use (18.14) to evaluate the

given integral 1.
= +2y=f=a+2y+90y) = fy =2+ 2 + ¢(y) = 2° + 2zp.
So ¢'(y) = 0 and g(y) = c. Thus, let f(z, v) = z3* + 2%y { we may omit “ + ¢”}.
. I=f(31)—f(—1,2) =12 —(-2) =
02 fe = e"siny = f= e siny + g(y) = fy = " cosy + ¢'(y) = € cosy.
So ¢(v) = 0 and ¢(y) = c. Thus, let f(z, y) = €* siny.
I=fL5—-f0,0)=c—0=ec
@8l f = 6zy® + 22 = f= 32%3° + 2227 + oy, z) =
fo = 92%¢* + 9y(y, 2) = 929", So gy(y, 2) = 0 and g(y, 2) = K2).
fe=4zz+ KF(z) = 4zz+ 1 = F(2) = 1 and Kz) = z + c. Thus, let
f@ w2 =82% + 22 + 2 1=#(-21,3) —£(1,0,2) = —21 — 10 = —31.
Mlfe=wp+1=f=az+c+g(y,2)=>fr=12:+ g(p2) =22+ L
So gy(y, 2) = 1 and g(y, 2) = v + K2).
fe=zy+ F(z)=zy+ 1= KF(z) = 1and Kz) = z 4+ c. Thus, let
faswa)=zyz+z+y+2z I=f-1,1,2)—f403)=0—7= —T.
M = 4z3® and N = 253°. %—A; = -(%(4:1/3) = 12z% %—]: = a—ax(hys) =
Since % # %’—:, [ o F - dr is not independent of path.
M=6z2—2zy2a.ndN= 22y + 5.

= B s 49 — ON
ay (62 2zy°) 4zy # dzy = (2= y+5) =%
@7 M= ¢ and N = 3 — ¢siny.
%{ = a—ay(c’) =0# —¢c*siny = 3@5(3 — ¢ sing) = %_]:
8 M= yacosz and N = 3yzsin:z.
M L
o it B%(y’ cosz) = 33% cosz # —3y° cosz = (%(—3:;’ sinz) = %‘;l
If the line integral is path independent,
then F(z, y, 2) = Vf(z, 9, 2) and M = f-, N = f,, and P = f.. Consequently,
IM _ ON oM _ N _ _ 0B
W_fzy f‘—T!W; f"—flt—avwd fvi—f'v—a_y-

= = :aM _ON oM _,_ 3P
[20) M = 5y, N = 5z, and P = y°. =5=90 oM (= 9F

but %‘N =1 # 2= 6P Thus, I is not independent of path.

M=2 = 7? — 0M= ._6NOM apr
zy, N z+1,a.ndP gz.W 2z = 5 8z_u s

oN _ N
but = B 2z¢z_a7.
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22 M = e'cosz N = z¢' cosz and P = ze'sinz %1;1 = ¢’ cosz = %g,

M v ar ON _ v
but -a—z— d

= —¢'sinz # & sinz = 9. 2nd 5o = —ze sinz # ze’ sinz =

&

[23] Let r = =i + yj + zk. Then, —i;—l is a unit vector in the direction of the origin.

The magnitude of F is inversely proportional to the distance from the origin.

Thus, IFl = K(z, 3, 2) = 173 and F(z, 9, 2) = —K(z, y, z)lﬁ,

7S Y ST Y
(& + ¢ + 4
—CZ

= and f; = &z ..
T 2+t 2
N = —leln (22 2 2 = = = , 2)s
ow, f 26!](2 +y +Z)+!](y, Z) fy Iz+y§+ §+g!l‘(y 3)

with ¢ > 0. Then, f: = =2 — fy =
< ef z3+yz+zzfy

So gy(y, 2) = 0 and ¢(y, 2) = K2). f: = :ﬁgzﬁ—zz + ¥(z2) = ¥(z) = 0 and

Kz) = d. Thus, f(z, 4, 2) = —cln(2® + * + %) + d, and F is conservative.
[24] Let F(g, y, 2) = K(3, 3, z)l-f-l, where K(z, 3, 2) = cirjand ¢ > 0. Then, f= = ¢z,
fo=cyandf = cz f=}cs® + o(y, ) = fy = gy(w, 2). So gy(y, 2) = cy and
oy, 2) = 3cv® + K2). f: = P(2) 2 F(2) = czand K32) = §c + d.
Thus, f(z, 3, 2) = 3c(z® + v* + 7°) + d, and F is conservative.
28] If F(z, y, 2) = ai + bj + ck, then f(z, ¥, 2) = ez + by + ¢z + d and
W = [ F - dris independent of path. Thus, if P = (z, 3, %) and
Q = (21, 41, 2,), then W = f(z,, 9, 2,) — f(2o, Yo, %) =
a(z, — 7o) + b(y — %) + o(z — 2) = F'P_Q’~
(26] Let G(z), H(y), and K(z) be the antiderivatives of g(z), h(y), and k(z), respectively.
If we let f(z, y, ) = G(z) + H(y) + K(z), then F(z, 3, 2) = Vf(z, v, 2).
% (:’:_;;,;5 = 3— Let C) be the upper semicircle with end points (—1, 0)
and (1, 0), and C, the lower semicircle with the same end points. Then,
—y dz -+ zdy

[e¥ &=]q—>5 e

where z = cosf and y = sinf. Since they are not equal, J ¢ I - dr is not independent

df = = and F-d =J_'d9=—,
L v and [, Fde = | .

of path. This does not violate (18.16) since D is not simply connected.
M and N are not continuous at (0, 0).
Since the satellite’s orbit is circular, its velocity is orthogonal to the
gravitational force F. By Exercise 21, §18.2, the work done is zero.

From the proof of (18.4), f(z, ¥, 2) = l__l‘cl' where F(z, 3, 2) = Vf(z, ¥, 2).

_ b — 4
Since F is conservative, W = = Ti; - -HT = c(a-; - 2;) =é P 7 A

By (18.18), the kinetic energy must be ‘increasing at a rate of k units per second.
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O M=z24+y N=xf= N. =9, My = 1. Thus,§c(z’ + y)dz + (zy¥) dy =

Jo J.;:(yz—l)dzdy= J.:(yz_ 1~y — ¢) dy = —&.

-1
B M=z+ ¢, N=1+ 1> = N. = 27, M, = 2y. Thus,

i L 1
§c(r+ v’)dz + (1 + %) dy = I 1:3(2::- 2y) dydz:J (z° = 3z* + 2:%)dr =
0J =z 0
3
7—0-
B M=z N=2>—¢* = N = 2z, M, = 22%.

111 1
Thus, j;cz’y’ dz + (2 — ¢*) dy = J J (22 — 227y) dydz = I (22— 2%)dz = .
0J0 0 .
@y:pu=ﬁ:m=ﬁ?m=ﬁ?nmh@a+ﬁ@

2(4-y =, e
J:Jv (%z V2 iy 1/2) dzrdy

2
iL [2(4 - =y e - ) — 28 4 |y

1
J:[(4 = y)a/z _ 2y"“:|dg s [_%(4 _ y)"'" _ 4y1/3 :I: _

—182 + 23 + 4 ~ —0.08.

Ly |y
(2,2)
2,2 y=x
x-yi-\-x=4—y 4 y=-u+6
(1L,1
11 G.1) " l 3.0 %
s y= —%x +§
Figure 4 Figure 7

Note: In Exercises 5-14, let I denote the indicated line integral.
B M=zy, N=y+z=>N.=1, M, =1
2x 1 2>
Thus, I = [[(1 — z)d4d = I I (1 — rcosf) rdrdf = I 1 —lcos0)df = r.
R oJo 0
B M=y, N=2"= N, =23, My = 2y. Thus, I =
x (2 x
J](2z — 2y)dA = 2'[ J (rcoséd — rsinf)rdrdf = %‘I (cos® — sinf)df = —32.
R oo 0
M=rzy N=siny= Ne =0, My = z.
Divide the triangle into the two regions R, and R, as shown in Figure 7. ‘Thus,

I =[[(0—2)dA + [[(0—2)dA
R, R,

= (~adyiz+ [ [ (~i)dyds (cont)

1J-z/2+3/2 =z/2+3/2
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2 3
= [[(-9@s - s+ [ (-ax-Fa+ Pas=—f+ F = 3.

M =tan™'z, N =3z = N; = 3, My = 0. Thus,
I=[[3dA = 3[[dA = 3(J2)(J8) {since the sides have length ¥2and {8} = 12.
R R

A 2y 3
M=-Y _ N=2tan"'z= N. = = M,. Since Nz — M, = 0,1 = 0.
i e bl ”
@M:z’-{-yz,N:ZryﬁN,:Zy:My. Since Ne — My = 0,1 = 0.

MM=z"+4 N=zy=>N:=y My =0.
2% 14C08 9 2x
Thus, I = [[ydA = I J (rsind)rdrdd = I 3(1 + cos)3sinf df =
R 0 Jo 0
2
—%Luadu {u=1+cosf} = 0.
@M=y N=2"+y" > N. =25, My = z.
*/2 (sin 26 L [=%;.. 3
Thus, I = [[(2z — z)dA = J J (rcosd) rdrdf = BJ' (sin26)° cos @ df =
R 0 0 0

x/2 x/2 0
gj (2sin @ cos8)3cosd df = gJ' cos?#(1 — cos?)sind df = —gl ut(1l — o?)du
0 0 1

8 3N =218
—3(—3%) = 10s

@
.

@BM=z+y N=y+ 2 = N. =25, My = 1. Thus,
2r (2 2
= [f@e—=1Did= J 'J (Brcosd = 1)rirdd = J "(Yeosh — 3)d = —3n.
R o J1 0
@A M=1-12%, N=siny = Ne =0, My = —z°. Thus,
2 2 1M1 2 1
I=I J z’dzdy—f J z’dzdy:J. L;dy—f ddy=5% —§ =20
-2)-2 =11 -2 -1
A positive direction for the curve is shown in Figure 15.
Ciy=47 with0 < r € 4. Cp: y = 16z with 0 < z < 4.

4 0
A= ézd’y = I #(8z) dz + J. z(16) dz = 32 — 128 = 18

0 4

Topue

y = 16z /A C,
=1 4 (e
©.0) x
x
Figure 15 Figure 16

A positive direction for the curve is shown in Figure 16.
Ciy=2with0<z<1 Cpz=¢*with0<z<I.

1 0
A:%d:[ 324+J2-1dz=‘—3—1=5.
U sl Y=
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R is the region bounded by the upper branch of the hyperbola y* — z* = 5 and the

line y = 3. G,:y:iz’+5with—25:g2. Cyp:y=3with —=2<z<2.
2 -2
A=§ zdy+§ zdy:J d=+[ z-0dz
-2 ]z‘-l- 2
dr—?[ 2 45— lnz+\lz +5 ] {Formula 26 }
J“Iz +5 2 2 |

=2[(3 - §In5) = (=§In{5)] = 6 — §In5 ~ 1.98.
R is the region bounded by the first-quadrant branch of the hyperbola y = 2/z and
theliney=3—a2 Ciy=2/zwithl1 <z<2 Cuy=3—zwithl <z<2.

2 1
A=§ zdy +§ zdy:J :(—Q/tz)dz+l o{—1)dz =
G Cy 1 2
2 1 :
ol 14, _ —— K VS i LR 2
2‘[114: Lm_ 2nist ' -1 ] = 3 —2m2 ~ 011

z=acos’t, y= asin®t = dz = —3a cos’{sintdi, dy = 3asin®t costdL

A= %éczdy — ydz

2r i ) s
= Jo l:(a cos®1)(3a sin’t cos §) — (a sin®1)(—3a cos®i sin i)j di

Ol

22
= ‘%‘I sin?t cos®t(cos’t + sin’{) dt
1]

lI

-g-f (31 = cos20)- (1 + cos2e) ] dt

= 384 J. (1 — cos?24) dt = J- [1 i+ cos4t):| dt = §md’.
See the figure in the text for §3.7, Exercise 20 { Late Trig. Ed.—§3.6, #12}.
R is the lower half of the loop in the first quadrant.

3t o 36 61 — 348

2
t= il 3 ir = dtand y = —2t— = dy = .
e 1 YT E AT YTy

On the line segment y = 7, zdy — ydz = 0. Thus, there is no contribution to the
area from the line integral on this segment. It now follows that
346t — 3t*)  3:3(3 — 64%)
A= l§ dy — ydzr = J - dt =
2 c‘y yer =3 @ +1)° @ +1)°
192(¢2 + 1) 1 2 1
1 di = 3[ 31 dt = 3 _; —_
EL  +1)° (P +1)°. L 41
21 If F(z, y) = M(z, )i + N(z, y)j is independent of path, then by (18.16),

aM _ GN T — [[(ON _ oM =
i~ az,andhence,{cl“ dr—%chz-f-Ndy—_[ﬁf(az y)dA—O.

[22] Using Green’s theorem,
§cf(r) dz + g(y) dy = IRJ(%;’ —gi;)dA = {Rj(o —0)dA = 0.

il
.
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S |

dz — zd g
However,§ Mdz + Ndy = § Y {z=cosh, y=sinf} =
= y cl;a—_'_?r{ ' ¥ }

2%
J' —(sin’ﬂ + cos’ﬂ) df = —27. Green’s theorem does not apply since M and N are
0

undefined at (0, 0) and hence are not continuous everywhere inside the unit circle.

If curlF = V x F = 0, then by (18.21),
’ §oFrde = §oF Tds = [[(V x F)kdd = [J0dA =0
[25] Without loss of generality, let §(z, y) = 1. Also, let Mz and M, denote moments.
Since 6(z, y) = 1, the area A of the region is equal to the mass m. By definition,

2 aN _ aM _ ON _ M)\ _
My = ijsz. Let 3 = zand G = 0. Then, (3] ay) = zand
N= %zz + €y, M = C,. Without loss of generality, let C; = C; = 0.
It now follows by Green’s theorem, § 50+ dz + 1z°dy = [[zdA = My,
R

and similerly, §, —3y’dr + 0-dy = ”ydA = M;.

M
Ay = 2A§ dyand § = M_/T = —#é ¥ dz.

By Green’s theorem, —§§C ydz 4+ 0-dy = —lk“' —3y*dA = _”Jtyz
R

s

So,

i %‘fc“““‘* Py = Jk[[322dA = [[ks?dA = L.
R

R
Place the semicircle as shown in Figure 27. o4

On Ci:z=gacost,y=asin, 0 <1< 7=

dz = —asinidl, dy = a cosidi. <
OnCpz=14y=0,—-a<LtLa=> /‘_1/\\

dz = di, dy = (0 di. . BT ‘(a'o);
f=%§ —;%zdgw&-% :rdy

G
= (J. (a? cost)(a cos t) dt + r i’-[)dt) Figure 27

T O
a’
'[ cos®tdt = 0. {This can also be seen by symmetry. }

<
Il

1 g M= i - *uy =
W(J'o(a sin“1)(—a sint) dt + J_a()dt) = TL sin®tdl =

2?@[:(1 — ¥ du {u=cost} = 27“% =§£_—.
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28] Let z = acost, y = asint = dz = —asintdt, dy = acosidifor 0 < t < 2.
Also let the diameter lie on the z-axis, Then

2 2r
L = —k§ ¥ dr = —IEJ a® sin®*t)(—asini) df = 1a"kJ sin*tdi
c 3 B ( )( ) 3 0
= ‘a‘lcr' [l — 2cos2t + (1 4 cos4t)]dt = (&a*B(37) = ixa’k
12 ” 2 = \[% i ‘

Exercises 18.5

= s 2 2\1/2 = —
D s=fzng)=(~7-y) =>f=—m7—z“‘d
- =¥ e =
= B yz)l/z' = in +fi+1= = g z,a_ N

Ry is the region inside the circle 2 + 3° = o

2 a dA r'r * o5t (——Lsrry ) rdrdd
T ——73 = r* cos —Lt | rdr
ey (02 R yz)l/i 0 Jo (a2 =0t Tz)l/Z

- 2 20 ¢ 1'3
= aJo cos Jom dr | df

2x x/2 2x
aJ cos0 U a® sinstdl] df {r = asint} = aJ cos’0 (3a®) d0 = 2ra’.
0 0 0

B :=flny=y+d4=>f=0andfy=1= [ +2+1=12

Rzy is the region inside the circle 2% + 3° = 4.

I=[[[#+¢+ @+ 47 ]{2da = J'"J"[r? + (rsind + 4)7]Brdrdo
Rzy 0Jo

Il

2r (2
= EJ tI (r® + r° sin®0 + 8% sind + 167) drdd
oJo

2%
2 EJ (4 + 4sin® + $sind + 32) d8 = 76743,
0
B :=flz ) =6—20—3y=fo=—2andfy = —3=Jf2+f0+1= 4.
Rzy is the region bounded by z = 0, v = 0, and 2z + 3y = 6.

I = [[(z4 y){14d4 = mrJ(G-By)/z
Rzy

0

(z + y) dzdy
0

=Ta[ (32 - 0"+ 3o - ) Jar = W[ - - ey =5

@ :=fay)y=}l+P)=>fe=cand =y (R +A+1={2+v + 1L

Rzy is the region inside the circle 22 + 3* = 29, or r = 2siné. Sce Figure 4.

Frosineg
L= [[(2+ ¢+ 152+ ¢ + 1) 4 =I I e
Rzy aJo

= J (4sin®f + 2sin®6) df = f (3 — 3cos20 + cosdd)do = %F.
0 0
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Figure 4 | Figure 8

(a) z=fc(y,z)=%(12—3y—4z)=>,lkg-&-kg-}-l:ig;s.

Ry: is bounded by y = 0, z = 0, and 3y + 4z = 12.

4((12-3y)/4 &
I= J J( ne 112 — 3y — 42)¢°7° (3429) dzdy.
olo

M) y=Me)=312-2—4)= {2+ +1=[E

R:: is bounded by z = 0, z = 0, and 2z + 4z = 12.
3 (6-2z2
I= 112 — 2z — 42) 223 (2429) dz d=.
Iojn zl:s( z z):l 2 (Sr) zdz.

@e=Ku)=¢" s [BE+B+1=\{ly" +1

Ry:isbounded by 0 <y < 8and 0 <2< 2.
2(8
1= LL (yl/BJ + 23) éy_ua + ldydz.

(b)y:h(z,z)=z3=74h3+h3+1=~191:‘+l.
Rz;isbounded by 0 <2< 2and0 <2< 2.

2(2
I=J I (zz+223) 9z + 1dzda
o/0
@z=Ky2)=38—9=[B+8+1= [

Ry:isbounded by 0 <y <8and0< 2<6. [ =

m:[(z ~ 1) - 2y + 2] dzdy = I:ﬁ (4 — 3y + &¢? + AT dedy.

0
(b)y:h(z,z);8—4z=>«lh3—;+k3+ = {17.

Resisbounded by 0 <z < 2and 0 < z < 6.

I= J:J:l}z —2(8 — 42) + z]mdzdz.

(a)z=k(y,z)=J4—y’=»Jk3+k2+1=I2—,
4—y
R,,isboundedbyﬂﬁyﬁ?a.nd()s252—,|4—y2. See Figure 8. 1 =

I:Jz_w[(4 -+ P+ A Jﬁ dsdy = J’J’:—W 2J(L_+__z_:) Ly

0 4—y
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b) ¥ = k(z, =‘l4—12$-jh3-+h3+1= S
(b) ¥ = k(g 2) v
Ruisbolmdedby0<z<2&nd0<z<2—z
-y " "’2(4+22)
[@ Since [[go(z, v, z)d.S': [ pdA,

the value of the integral equals the volume of a cylinder of altitude ¢,

with rulings parallel to the z-axis, whose base is the projection of S on the zy-plane.
Let S be on the ry-plane, that is, let z = 0.

Then, j'j'g(z, Y, 2)dS = ” o(z, 3, 0)(1)dA = {i[f(z, y) dA.

[M:=flsy) =& -2 — ¢ =>f==—:17)‘72'““d

(a® = 2* =
- -y - —fi—fj+k
fy ﬁ Also,n = > ; .
(¥ —a ") Z+f+1
L= [Ponis= [f I L2 AR
Rzy ]fs +fy +
£+ 2 2 231/2
—_— 4 (e =2 —y dA
FJI' |: 2 — )/ ( ) ]
2
———dA. Since R:y is the interior of the circle 2% + 3? = a?,
R (a e y’)l/2 ;
oy

2% fa 2x
I= J J. a*(a® — r’)_l/z rdrdf = aSJ’ 4 = 2rd’.
0o Jo 0
[12] As in Exercise 11,

I=”]M,f§+f§+ld/1

Ry f2 + f3

= v _ [*[*"% 2 cos?d — r? sin0
}{;ry(n _22_ 2)1/2dA_JuJ° @ rdf dr

= 2 rscos20 r ° T e e
= IOJO ( ’,2)1/2 dé dr Om[&ln29 ]0 dr=0.

Note: Since the radical obtained in changing from dS to dA is the same as the radical in

the denominator of n, we will only compute F - < —fz, —fy, 1>,
and denote this value by A

_ - 1/2 T

2 = f(z, &‘) in (:2 i _1/2) = f: W d.’y T (21 +yy2)1/2.
2 —5

A=F . <—f, =f, 1> = ( 2 22)1/2 (:2 y)1/3+3

”' AdA. Rzy is the interior of the circle 2 + y* = 1.
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1(2x
I =JJ (—2cos8 — 5sinf + 3)rdf dr z

1
= ﬁwJ rdr = 3.
)

z=f(z, y) =12 -3z -2y = f- = —3and fy = —2.

A=23+2y+ z=12. L4yl=1

12
I= [[AdA = J J (12) dydz = 24. Figure 13
Rzy odo
@Blz=f(r,y) =6 —22—3y= fo = —2andfy = —3. A=22+3y+ z=6.
By (18.25), the flux of F through § is _”F ndS= [[ AdA =
Rzy
(6-2z)/3 3
JJ (6) dy dz—J (12 — 42) dz = 18.
olo 0
@B:=f(zy) ="+ = fe =2and fy =
A= 2227 + 2) — 29(¢*2) + (= + ¥ + z)
1= u RdA = ” (222 + v) — 2% + v°) + 2(2 + #7) ] dA.
Ry is the quart.er cucle in the first quadrant determined by z* + y*> = 4.

x/2
I = J I (—4r° cos®8 — 21° sin%0 cos ¢ — 2r° sin®0 + 2r*) rdrdf
o Jo

/2
j' [_grs cos®9 — i" 5 sin%f cosd — -r 7 sin38 + :I dé
0

J % (1 — sin 9)(‘.059 “sm’ﬂ cosf — 2‘56(1 - c0829)sin0 + 8]10
0

~d

[ 128(sin 0 — Lsin®0) — $sin®0 — 28(—cosf + Lcos0) + 80 ]”’
[0 - —%—(m—’55)+4u]—4w—i.
[I7] The cube has six surfm. The unit outer normal vectors are +1i, +j, and +k.
[[F-ndS= [[F-idS+ j]’F-(—i)oiS+J'j'F-de+_|'fF-(—j)dS+
s S 5, S

}IF kdS + ”F (k) dS.

Let the six integrals be I, through Is. F(z, y, 2) = (z + y)1 + zj + ::zk

Mz=1= 1=[L00+50)dydz =4

@ s=-1= L=\ ~(~1+ 9)(1) dydz = 4.

B)y=1= I3=[1 ] 2(1)dedz = 0.

@y=-1= 1, = 1_[ —2(1) dzdz = 0.

(B) 2=1= Ig= [ [t r(1)dedy = 0.

6) z==1= Ig= [ [ z(1)dedy = 0.
Thus,fst-ndS:4+4+0+0+0+0=8.
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(18] Refer to Figure 18. On S, {z = 4}, the unit outer . M2 Siz=4
normal (upper) isn; = k. On S, {z = 2% + ¢#*},
i+ fi—k _2zi+ 25—k

1B+f+1 [Rsfel
F(z, 9, 2) = zi — yi + zk.

[[FendS = [[F-kdS + [[F-n,dS

it is (lower) n, =

 Spz=x 4y 4
= [[4dA+ [] [222 -2 — (£ + yz):ldA. Figure 18
Rey Ry

Ry is the interior of the circle z° + y° = 4.
2x (2 2x (2
I = J [ 4rdrdf + I I (r? cos®6 — 32 sin®f) rdrdd
= J 8df + 4[ (cos®8 — 3sin?0) df = 167 + 4(—2x) = 8.

Volz, 9,2 _i—kj— kk
9 z=Ky 2 =gz 92)=2—Hy,2) >n= -
k(l) ﬂ( ) k(!) Ivg(z’y,z)l Jk’-}-k’-}—l

M — Nk, — Pk,
So, [[Fmds = jj y ] + B+ 144 =
,]k,,+k’

II [M = Nky(y, 2) = Pkuy, 3] dydz.

[20] The unit outer normal isn = i Fl& 62 = (cq/lrls)r, withr = zi + yj + zk.

Thus, ij nds = ul rordS = jjr—i;fds— hlzjjds
J] S is a surface integral and equals the surface area of a sphere, 47 [r|2.
s
Hence, [[F-ndS = (qu-i)(‘hrlrlz) = 47cq.
g rf
[21] Divide the surface into subregions P = {S:} and let (z4, y;, 2.) be on S;.

Let T} be the corresponding tangent plane at (z, y,, 2,). We approximate the mass
my of S, by 6(z;, v, 2.)AT, and its moment with respect to the zy-plane by

2. 6(zy, Y, 2)ATy. In the limit, Mzy = ”l’i.rgogz,, 0(zp i 2.)AT, =

I[ 28(zy, i, 2,)dS. Mz and My: are derived in a similar manner.
o 1/2
and

(a) For the metal funnel, z = f(z, 3) = (2? + ¥°)
iz, 9. =2 =24+ 4% So,m= J'sfﬁ(z, 9 7)dS = ”(z’ + ) {2dedy =
‘EJ J (r*)rdf dr = 2*1‘_2] rdr = 8572, Since 6(z, v, 2) = Fis
independent of z and y, by symmetry 2= § = 0. Mzy = [[z6(z, 3, 2)dS =
ﬁjkj(z’ + )4 = ﬁI:J':'r" df dr = 2:,[5[: P dr = 20482 3,

Thus, z = M-—,-ﬁ-sy = %% =~ 3.21.
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() I = [[(s® + ] é(z, v, )dS = ﬁjj(z’ + ¥*)?dA

: _4‘”' 5dadr_21rrI 5 dr = 13657 {3.

[22] By symmetry, 2 = 7= 0. m = _f]'édS = k” dS = 2wa’k since [[ dS gives the
S

surface area of the hemisphere. z = f(z, y) = (a -2 =y )V2 =

F+h+1= z—g“—w May = [[ 2845 =

(a* — 2z* —

k la Ia y dA = ak'”' dA = ak(wa®) {since IJ dA gives the area of a circle

a p— —_

R
with radius ¢} = 7a®. Thus, z = M,.;f" = § and its center of mass is (0, 0, 3a).

[fF-ndS = [[[divEdV = r Jl r Geons 4 Bpe e Ddsdpde
N Q -1J-1J 1

O i 1
J J (2y cosz + 6) dydz = J 12dz = 24.
=1J =1 -1

1fl=z(l-z-y
2 [[F:ndS= “IdideV:I J I (—z) dzdydr =
N Q 0Jo 0
11—z 1
I J (=2 + 2* + zy)dyde = —%J (z* — 22 + 2)dz = —5.
oJo 0
(8] divF = 2z + 1 + 22 Using cylindrical coordinates,

gwma=j

2x (2 2 ;
J rJ (6r — r* cos8 — r° cos’d) drdf = I '(12 — §cosf — 4cos?6) df = 20,
0 )

2%

2(2-rcosé
J J. (2rcosd + 1 + 2z)rdzdrdf =
0 Jolo

[4 divF = 2y + 2z Using cylindrical coordinates,

2x 11
JJF-ndsS = J. J I (2rsiné + 22)rdzdrdé =
S 0 Jolr2

2x (1 2
J' 'J' (27 sinf — 2r* sinB + r — 1) drdf = J T(Asin0 + 3 a0 =2
Q JO 0

&

F(z, y, 2) = yzi + 2z] + ayk = divF = 0. Thus, [[F-ndS = 0.

6 divF = (22) + (2y — 22) + (4 — 27) = 4. "

[JF ndS = [[[44V = 4[}x(9)%0] = 972x.

’ ! Note that $77°h has been used for the volume of the cone.

Using cylindrical coordinates, [[F-ndS = [[[divFdV =
s

]
s
“,lu
=3
M

0 JoJo

27 (2 (4ur2 2% (2 27
JTI J‘ (3 + 29 rdzdrdd =J'J (287 — 11r° 4 r°)drde =[ 8 40
0o Jo a
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divF = y* + 7* + z°. Using cylindrical coordinates, [[ F-ndS =
S

2
Te

J'z’rr (& + r*)rdzdrdf = J"*Js(;;,- + 3r%)drdf = I 228 gy — 2351,
Vide 0 J2 g

B [[F-udS = [[[divFdV
8 Q

2[4 ((4-2)/2
=IJ J (22 + zz + y) dzdzdy
oJolo

274
=§IJ (32 — 62° + z° + 16y — 42y) drdy
0J o

2
4[0 (2 + y)dy = 24. Figure 9
[0 divF = 3(z* + * + 2*). Using spherical coordinates,

; o 2x (/45 2 2 . _ 2% (x/4 2
IS_[F ndS = L’ L L(Bp )p smqb)dpdgbdﬂ_L .[o 1875sin ¢ dg df

2x
—1875J (%7 — 1) df = 18757(2 — 2) ~ 3450.57.
0

(1) The unit ocuter normal for a sphere is n = I%I =St Pk o
izi + y2 + 22

F.n= Jz’ + 9 + 2> = a. The upper half of the sphere is given by

L= ,Ia2 — 22 — y? and the lower half is given by z = —.,Iaz e

On both the upper and lower halves, .'zg +4+1= (_a’_—z_za—w.

F-ndS = F-ndS + F.-nd§=2 —_ _ __dA =
JS'f S(u{)'!;er) S(kja.v{rer) I{Jy (02 =it 92)1/2

2(2wa’) { Exercise 11, §18.5} = 4xa®.
(2) divF = 3. [[[3dV = 3(3¢®) {since the volume of a sphere is §7° } = 4wa®.
[12] (1) The six surfaces of the cube have unit outer normals of =+ i, £j, £k.
For the top (z = @) and bottom (z = 0), F-n = a® and F -n = 0, respectively.
For the top, [[ F:ndS=a’ [[ dS=4a’-a’ = a* since [[ dS is simply
s

S(top) S(top)
the surface area of a face. By symmetry, [[F-ndS = 3a*.
S

(2) j'g_['divl? dV = J:J:I: (2z + 2y + 22) dzdydz =

j j- (6® + 2ay + 2az) dydz = [ (20® + 20%2) dz = 34*.
oo o
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(1) The region Q has 3 surfaces as shown in Figure 13a.

Frgure 13a - Figure 13b
OnS,n=—iand F-n= —(z+ 2 = —zsincez = 0 on 5.
112
Now S, is Ry; andso [[F-ndS = —I I '(rsinﬂ)rdﬂdr = 0.
< : 0lo
(Note that we have used polar coordinates where y = r cosf and z = rsinf.)
On S3,n =iand Frn =12+ z= 2 + zsince z = 2 on S3.
[[F-ndS= [[(2+ 2)dS = [[2dS + [[zdS = 2[n(1)*] + 0 = 2x,
S3 s Ss 53
where the first integral is twice the area of 53,

and the value of the second integral was already shown to be zero.

i B e Vz, v, 2) = 2+ 2;k
IV!(Z: Y z)l J4y2 + 42
Fn = y(y+ 2) + #(z + ) = ¥* + 2yz + zz. The region R=y, which the

=yj+zksincey’+zz=lonsz.

upper and lower halves of S, project onto, is the rectangle 0 < z < 2,
—1 < y <1 as shown in Figure 13b. For the upper half z = ,]1 — 3 and the

lower half z = —,ll — 3. In both cases, ﬂlzi +Z+1= %’ Now,
k=g

[[F-ndS = [[ F-ndS+ [[ F-nds
8, Sy(upper) $4(lower)

1 2
=J Jo(y2+2”‘]1‘1’2+=J1'!ﬁ’)' L dray +

-1 Il_yﬂ
1 J-z 1
J. (y’—2y‘J1—yz—zJ1—y3)- dz dy
-1Jo l1_y3
zr r [__3’2 drdy = 8 ‘]_”2 d 8['“ in%0ds = 2
= —101_y3:y_ J’ol_g2y—' ) sin = 27,

where the substitution y = sin# has been used.

Thus, [[F-ndS =0 + 27 + 27 = 4r.
s

() divF=1+1+0=2

[[]2dVv = 2[#(1)’(2)] = 4r since the volume of a cylinder is w72
Q
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(1) On the sphere, F-n = Irf?r i{'l = Irl3 since r-r = Irj2.

Now Itl® = (& + o + #)*/* = o®. Using Exercise 11,
4
jjr ‘ndS =2[] ——— 5 dd = 4mas.
tv(“ —& v)

2 F=|rl?:=(:’+y’+z’)(m+y3+zk)=>dwF—
B+ + )+ (P +3 + D)+ (D + o +32) =5+ + 7).

x (% Fa
Using spherical coordinates, [ [[divFdV = 5[7 j I (p?)(p® sin¢) dp dg df =
Q o Jolo

asr'rsinuua o 2a5r' i = dnd¥;
0 Jo 0
Let P(z, y, z) be arbitrary. If [[F-ndS = 0 for every closed surface, then it equals
zero for every sphere S, with r:iius k and center P. By (18.27), [divF], =
lim b ]']' F -ndS, and both sides equal 0. Since P was arbitrary, divF = 0.
(18] Since n is a unit vector, by (16.32), Dnf = Vf-n.
Then, j'sj'andS= jSJVf-nds= [[[V-VfdV = J’g[v’fﬂ’.
17 RHS = fsf(ng)-ndS= jsjr-nds{him} = jéjdivr‘ﬁ/{(w.zs)} =
IgIV (fVq)dV = Jc.l;fl:f[V~(Vg)] + (Vf)-(Vg)]dV { Example 5, §18.1} =
JIJ(fV?%q + Vf-Vg) dV = LHS.
Using Exercise 17, [[[(fV?g + Vf-Vg)dV = [[ (fVQg') “n dS.
Interchanging f and 3gives [V + Vg-st) dv = [[(gVf)-ndS.
By subtracting the sefond equation from the first, s:we obtain the desired result.
[[QRES = J'sij-nd.S' = [[[ divfFdV {(18.26) }
= ]'?j(fdivF + Vf-F)dV { Example 5, §18.1}
= I?IF-FdV{divF = 0 and F = Vf} = LHS.
E[frnds = gmamv- Uffa+1+Dav=[ifav=v.

1
3
S
21 [[curl F-ndS = _”'_[dwcul:leV = 0 since divcurl F = 0 by Exercise 28, §18.1.
k)
[

B

[a-ndS= JffdlvadV— 0 since a is constant and diva = 0.
s Q
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Note: In Exercises 23-24, Exercise 50 in §15.2 is used.

[23] By (14.33(v)), (¢ x F)-n = c-(F x n) and by Exercise 26, §18.1,
VelexF)=(Vxc)-F—(VxF)-c=—c-(V x F) since c is constant and

V x ¢ = 0. Now by substituting ¢ x F into the divergence theorem we have the

following equalities. ¢+ [[F x ndS = [[c-(F xn)dS = [[(c x F)-ndS =

5 s 5
JIIV-(exF)dV = [[[ —c-(VxF)dV = —c-[[[V x FdV. Since cis an
Q Q Q

arbitrary vector, [[F x ndS = —=[[[V x FdV.
(To see this, let c3= <1, 0, 0>, <0,Q 1, 0>, and <0, 0, 1> and compare components.)
[24] From Example 5, §18.1, V-« (cf) = f(V+¢) + ¢ Vf=c- VL {V:c = 0sincecis
constant. } Substituting fc into the divergence theorem we have the following
equalities. ¢ -j'sj'fn ds = j'sj'cf- ndS = [[[V-(cf)dV = j"j;j'c VfdV =
c- [[[VfdV. Since ¢ is arbitrary, [[ fn dc..; = [[[VfdV.
(Tt?see this, let ¢ = <1, 0, 0>, <0f 1, 0>, a.ndQ<0, 0, 1> and compare components.)
[25] If F is orthogonal to S at each point, then F x n = 0 for all normals n to S.
Using Exercise 23, I”cu]lleV = a]‘SJ'F xndS = —jSIOdS =0;
RHS = %fsj' ’ndS = %J‘y vrldv { Ezercise 24} =
g](j;fzrdx/{# =2+ + 27} = féfrdV: LHS.
—j'sfpn as = —j'g_[ VpdV = —jy(—ﬁ'z.Sk) dV = (625 [[[dV)k =
62.5 [11'(1)2(10)]1( { volume of the cylindrical tank } = (6251rle) k.

The force is directed upward since it is in the direction of the unit vector k.

(1) F = i + #j + 22k = curlF = —=2zi — 2zj — 2yk.
A unit normal to S (¢(z, ¥, 2) = z + ¥y + z — 1), pointing into the first octant,

o Nanga) e s iR s B
e B it E) sulpas—felftoadg) = —faines
2+ y+4+z=1onS. Ifwelet z=1— z — y, then .Izi +z§+1='ﬁ. Thus,
curlF-ndS = [[—-XdS = —2.{3dA=-2[[dA=-20) = -1
I k= [ -4 i z
since R:y is a triangular region with area 3.
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(2) To calculate § ;F-Tds = §;F-dr = § 9P de + 2 dy + 2° dz,
we express C = C; U €, U Gy as shown in Figure I.

1
Cl::z:l—t,yzt,z=0,05($1,andjch-dr=J —t’dt:—_;,.

0

1
CZ::=0,y=1—i,z=t,05151,and]'czl"-dr=I —tzdi=—§.

0

1
Cssr.=i,y:O,z:1—t,05t51,andj’csF-dr=I —dt = -1
0

Their sum is —1.

X 24+y=1
Figure 2

Figure 1
Bl ) FP=2yi—2j+3k = curlF=i—2k z2=4—122 —y* =
2z = —2z, zy = —2y, a.ndn=2"+2w+k. [[curlF-ndS =
Z2+4+1 8

25 1 2
[ (22— 2)dA = ZI ‘J (rcosf — 1) rdrdd = 2J‘ t(i‘;,cosﬂ —3})d8 = —2nm.
Ry o Jo 0

(2) To calculate § ~F-dr = ¢, 2ydzr — zdy + 3 dz, we express C (the intersection of
the paraboloid and the cylinder) as z = cost, y = sint, 2 =3,0< 1 < 27.
2%
Thiea, § o Pde = f [2sint(~sint) — 3cost + 3(0) |ét = —2r.
0

B ) FP=zit+zj+pk=>culF=i+j+k z=f(z,9) = Ja* =22 — y* =
fe = == Sy = = ,andn = Tl Sy +k. Then,
,]4:2--::2—y2 ,Ja’—zQ-—g'2 :f§+f3+1
|2_ 32
[[curlF -nd$ =J‘Iz+y-: “2 L~V a4
S Ray Ja -7 —yz

_ F'J'“rcosﬂ + rsind + \la2 —1?
= rdrdf
o Jo wlaz -

B Pcosd +sing) ;o [7[ raras
oo T JE_p e

g* —

a 2x
=J. Odr-l-]' 1a®db = nd’.
0 0
(2) To calculate § s F-dr = §,zdz + zdy + ydz, we express Cas z = a cost,
y=asint,z=0,0 <¢< 2 {Cisthecircle z* + y? = a’.} Then, §,F-dr

2%
= l zdy = ma? since by (18.20), the integral equals the area of the circle.
0
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()F=7i+¢j+ k= cullF = 0= [[curlF-ndS = 0.
(2) To calculate § F-dr = § 22 dz + 3 dys-l- 2 dz
we express Cas z = cost, y = sint, z = 1,0 < 1 < 2.

x
Then, § ;F-dr = J [cos’t(—sin 1) + sin’t cost :] dt = 0.
0

z

9,0,3)

Figure 4 Figure 8
[B Let the surface S be given by z = 1 bounded by C with n = k.
Then, § ;F-dr = [[curlF-ndS = [[(3%*i + 3j + 2zk)-kdS = [[2zdS =
S g s

[] 22(1)dA = J.:J:'(Qr cosf) rdf dr = rOdr = 0.

Rzy 0
[6] Let the surface Sbe given by z = 2 bounded by C with n = k. Then, §oF dr =

&IcurlF-ndS: _fs_['[(y— 2)j+ (v — z)k]-kJS = fsjl(y — z)dS =

i1 1
[] (y—2)(1)dA {since z =2 on §} = I J (y — 2)dzdy = I (y — 2)dy = -3
R:y 0Jo 0
Cis the circle 22 + y* = 4 in the zy-plane. To obtain a positive direction for C,
let z = 2¢cost, y = 2sint, 2= 0,0 < 1 £ 27. Then,

J[curlF-ndS = §,F-dr = §,2ydz + e’ dy — arctanzdz = §o2ydz + dy
S

{since z=0} = J‘:1I:4sint(—28in 1) + 2cost] = —8r.
The curve Ccan be split up into 3 curves as shown in Figure 8.
Cyisgivenby y = —224+2,2=0,0<z< L.
Crisgivenby z= -3y +3,z=0,0< y < 2
Csisgivenby z= —3z+4+1,y=0,0< z< 3.
Thus, j's_]'cutlF-ndS =§oF - dr = §oodr + g dy + 2% dz

0 0 0
=I z(—2z + 2)’d:+I W(—3y + 3)dy + L -2+ 1) d:
1 2
0 0 0
=4J (r3—2z2+z)dz+9J' (-}ya —yz-l-y)dy-{-J. (éa—gzz+z)dz
1 2 3
S
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Refer to Figure 9. The curl meter rotates counterclockwise for 0 < y < 1 and

clockwise for 1 < y < 2. There is no rotation if y = 1. curlF = 2(1 — y)k;
|(cutlF) ~k| B |2(1 — y)l has a2 maximum value 2 at y = 0 and y = 2 and
3 a minimum value 0 at y = 1.

AY [ %4

| g 4

A A

..l' ’A

TR E INEEN
- f— A VYl

:1—:47:-‘2}1: > "A’ A

: [t H

Figure 9 Figure 10

[10] Refer to Figure 10. The curl meter rotates counterclockwise for 0 < z < ¥ and

clockwise for § < z < . There is no rotation at z = 3. curl F = cos zk;

|(curl F) - k| = |cos z| has a maximum value 1 at z = 0 and z = = and
a minimum value 0 at z = 3.
Typical field vectors are shown in Figure 18.5. A curl meter rotates counterclockwise
for every (z, y) # (0, 0). curlF = 2k; |(curlF) -k| = 2 for every (3, ).
Typical field vectors are shown in Figure 18.7. By Exercise 21 in §18.1,
curl F = 0, and hence, by (18.31)(iv), the field is irrotational.
@8] curlF = (¢* = ¢*)i—= (0 = 0)j + (1 = 1)k = 0 = F is irrotational.
F = f(Nzi+ f(ryj + f(r)zkand r = ,Iz’ + > + 2. The i component of

curl F is %[f (2] - é%[f(r) v). Using the product and chain rules we obtain
%[f(r) %] = [f(,—).o +zf(n)- Mt + v+ zz)-l/?.zy:l = ,y@ |
20705 = [£) 0 + 3£} 13,9, = L0

Hence, the i component is zero. Similarly, the j and k components are zero.
Thus, curl F = 0 and T is irrotational.

(@) [[curlF-ndS = [[[diveurlF dV = 0 since diveurl F = 0 by Exercise 28, §18.1.
s Q

24+ +2)

—_

(b) We may assume that S is a sphere of radius a with center at the origin.
Let S, be the upper hemisphere (z > 0) and S, be the lower hemisphere (z < 0).
Let C be the circle z° + y2 = a? in the zy-plane. To apply Stokes’ theorem,

we let N denote the unit upper normal. Then, N =non S;,and N = —non S,.

Thus, [[curlF-ndS = [[curl F-NdS + [[curlF-NdS =
$ 5 k)

2
j.;fcur:ll"-nd5+ J[curlF«(=n)dS = § F-dr — § Fedr =0.
s

1 2
Note that on 5,, we traverse C in 2 counterclockwise direction, and on S,

we traverse C in the opposite direction.
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(18] F constant = curlF = 0. Thus, § ;F-Tds = _[gcurlF-n s = j:sj'[)dS = 0.

(i7] By Exercise 25, §18.1, we have V x (fV¢) = f(V x Vo) + (Vfx V).
By Exercise 27, §18.1, V x Vg = 0,50 V x (fVyg) = Vfx Vg

Now by Stokes’ theorem, § o fVg-dr = [[V x (fVg)-ndS = [[(VSx Vg)-ndS.
S s
§oaxr-dr = [[V x(axr)-ndS = [[2a ndS {Exercise 20(a), §18.1} =
S S
2a- [[ndS {Exercise 50, §15.2}. See the explanation in the text of a surface integral

S
of a vector function before Exercises 23-24 of §18.6.

Let ¢ be an arbitrary constant vector.
¢ §ofdt = §ofc-dr {Exercise 50, §15.2} = j:gj'v x (fc) -ndS
= [[[f(V x <) + Vfx ¢ ] -ndS { by Exercise 25, §18.1}
= jSI(fo c) -ndS {since ¢ is constant, V x ¢ = 0}
= js;c.(jn x Vf)dS { by (14.33)(i) and (14.33)(v)} = ¢: [[n x VfdS.
Since c is ubnsmy, §ofd = j'sj'n x VfdS. ’

(To see this, let ¢ = <1, 0, 0>, <0, 1, 0>, and <0, 0, 1> and compare components.)
[20] The implication in one direction (independence of path => the given set of equalities)
was established in Exercise 19, §18.3. Conversely, given the equality of the partials
and using the definition of curl F (18.5), we have curlF = 0.
Then by (18.31), the integral is independent of path.

[ 18.8 Review Exercises |
P(s, 3) = 2 + 3j

iy
t 11.\1" |
B T, /Vl/ 11*%

Figure 1 Figure 2 Figure 3 .

@ Flzy,2)=zi+yj+k
B F(z, 92 = =k
F(z, 9, 2) = V(& + * + A7 = —[i wherex = zi + yj + sk By (18.2),
F is an inverse square field with ¢ < 0. It’s vector field is similar to Figure 18.7(i).
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B f(z, 9) = ¥ tanz = F(z, y) = Vf(z, y) = (v* sec’s)i + (2y tanz)j.

Iﬂ f(’)!h z)‘_"ln(""" y+z)=>-F(:r,, y,z)=Vf(z,g,z)=z—_F—;Ti+j+k).
Let C be divided into two parts. On C:z =t y=0,—-1<t< 1l On Cxn

-1 4
z=-1l,y=130<1<4 Thus,fcyzdz-i-zydy:f 01!+I (—1)dt = —8.
1 0
The line segment is given by y = —2z + 2 for —1 £ 2 £ 1. {dy = —2dr}

I= I_l (=27 + 2)* dz + 2( =2z + 2)(~2) dz = I'l(s:’ - 12z + 4)dz =
' 1
1
-SJ (22 + 1)dz = —42.
0
B z=1-ty=30<1t<2=>
b .r [‘4(‘1) + (1 = (&) (1) ]‘dt s r(—3t" + 2 dt = 58,
: - 0
[@y=2-2° dy= —6:* -1<2< 1=

L= ]_1 I:(2 = 238)! + o2 = 213)(—6I2) ]d:l: = J—‘ (4 — 203 + 1626) -
g 1

"-'SJ.I (426 + l)dz = —-%.
0

My=z'=ds = ((d2)* + (dg)* = {1 + (4%)* dz =
Jczyds = I: z(z‘)Jl + 162%dz = [g'-ég(l + 162%)*/2 :l: =

a/2 32y
«1%—4(1025 - 17 ) ~ 227.40.
@Cﬁl‘=0‘y=0,2=‘:

0<t
Ciz=2,y=142=8,0

i

<8 Cpz=13y3=0,2z=80<t<2
€4 fozdr+ (z+y)dy+(z+y+ 9dz=
:tdt+J:!dt+[:(2+t)dt=32+'2+ 16 = 50.
@BlCz=2y=4t 2=8,,0< 1 < 1. dr = 2dt, dy = 4di, and dz = 8dl =
i [:[(21)(2) + (20 + 40(4) + (21 + 4t + 80(8) Jat = ﬁmom = 70.
Mz=ty=?:=3,0<1<2=>

2
L= [[e+ (4 D@0 + ¢+ # + 2)38) Jat =
r(t + 20 4+ 5 4 3t* 4+ 3°) dt = HIE
@8 [oz+ yds+ (z — y)dy = r [(cosl + sin{)(—sint) + (cost — sint)(cost) :ldt

- f:[coszt < sinzt]dt =0.



EXERCISES 18.8 421

B W =§F.& sty T G
=§pzydzs + vzdy + 2 dz,
where C is as shown in Figure 16. Aq(1, -1,1)

Each C;has z=1,and 0 <1< 2,
Ciz=1-1 gy=1
Cpz=—1, y=1-—1

Cyiz=1-1 3= -1
Cyie=1, y=1=1. Figure 16
2 2
Thus, W = I (1 — HA)(—1) dt + J 1 — 2()(=1)dt +
0 0

2 2
[[a-nEvas [ e-poma=o+ -h+o+i=o

f=
fy

r+y= =487 + 2+ o(y) =
T+ () =z+y=> () =yand gos) =4’ + <
Thus, let f(z, 3) = 32> + zy + }3°. Then, f(2,8) — f(1, —1) =¥ -0 =%
Note: This exercise uses the extensions of (18.13) and (18.14) to 3 dimensions.
=82 +2=a2f=2"+22+ 9y 2=
fu = (3 2) = =3z = g(y 2) = —3yz + K2).
f: = 222 — 3y + F(z2) = 2zz — 3y = F(z) = 0 and Kz) = c. Thus,
let f(z, 3, 2) = 22* 4 2z — 3y= Then, f(2, 1, 3) — f(0,0,0) = 41 — 0 = 4L.
@f. = 2z = f= e + 9y, 2) = fy = 2:%¢” + gy(y, 2) = 252%™ + 2y cotz
= gy(y, 2) = 2y cotzand ¢(y, 2) = ¥° cobz + Ka).
i = g:(y, 2) = =3 esc?z + K(z) = —3® esc?z = K(2) = 0 and Kz) = c. Thus,
f(z, 3, 2) = 2%® + y? cobz + ¢, and by (18.31), [ o F - dr is independent of path.
Note: In Exercises 20-22, M = zy, N=2* + y* = N. = 22, My = =.

Thus, 1 = fozydz + (2* + ) dy = [[(2z — 2)dd = j"nfsz.
A ‘

2 (z+2 2
B = 2 a8 v [1:8 2 FA P o
I--J_LL2 zdydz = J_I(z + 2z r)dz_[gz + 1z =3z ]_1 %

1fl-z 1
25 1.2 b
I = Jo.[o zdyds = Io(z— z°)dz = [%z - i ]o =i
[22] In polar coordinates, z2 + y* — 2z = 0 has equation r = 2cos¥.

/2 (2cos@ /2
I = r J (rcos8)rdrdd = gJ.' cos*6 df
-x/2J)o -x/2

1/2 '/2
—-x A

%(3') = =.
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23] F(z, v, 2) = A+ y2j + r°y’k = divF = 32%7* + z2? and

curl F = (22%y — 2zy2)i + (42°2° — 25%)j + (3°)k.
V- (fV9) = f(V-Vg) + Vf- Vg { Example 5, §18.1} = fV?¢ + Vf-Vg.
BEle=flz,y) =z+y=> A +F+1=1{3

R:y is the triangular region bounded by z = 0, y = 0, and y = 2 — 2z. Thus,

[fzyzdS = [[ zyz{3dA = J's'rr'hzy(z 4
s _R:y oJo
| = ﬁﬁ[%r’ﬂ — 22)? + §2(2 — 22)° :| dz
- %ﬁl F(—2t 4+ 120 — 182 + 85 dz = LB,
o

BEl:=flny)={4—9 = fr=0f =

—y
™

f3+f3+1=(4__2yz)l73. Rzy is the rectangle 0 < z < land =2 < y < 2.

Figure 26 Figure 30
BTF =2%i+ v*j + 2k = divF = 3(z° + v* + 7).
Using cylindrical coordinates, [[F:ndS = [[[divFdV =
S
2x (1 (1 2r (1 2
3J 'J J (7 + A)rdedrdd = 3J 'J' (" + 1) drdd = 3-;4 "o =52
0 JoJo 0Jo 0
[28] (1) The six surfaces of the box have unit outer normals of +£i, +3j, + k.
For the top (z = 3) and bottom (z = —3), F-n = —3. Thus,

J[F:ndS= [[ F-.-ndS= —3[[dS= —3(2-4) = —24 since the area of
top bottom top

the top is 2-4 = 8. For the two sides (y = £2), F-n = 2 and their
contribution is 2(2 - 6) = 24 each. For the front (z = 1) and back (z = —1),
F:n = 2 and their contribution is 2(4 - 6) = 48.

Thus, [[F-ndS = 2(—24) + 2(24) + 2(48) = 96.
£
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(2) [[JdivFdV = [[[(2+1—1)dV =2[[[dV = 2(2-4-6) = 96.
Q
EI(1) curdF =5i + (2 — 2k z2=flr,g) = (d— & — P)"* =

= -z —_ -y dm = —fzi —fyj + k.
’ 4 -2 — )7 f T P+i+1
Then, j’sf curlF-ndS = ” [“_;—il,z)lﬁ + (2= 23/):| dA

i 4

{ where Ry is the region bounded by z* + y* = 4}

212 g
= Jojo'l:“sr;__—:!'l)%i + (2 - 2rsin9)j|rd0 dr = Joah-,-d,-: 8.

(2) To caleulate § o F-dr = §,3°dr + 2zdy + 5ydz, we express C as z = 2cos,
y = 2sint, 2= 0for 0 < t < 27. Then, §F.dr =

2 2x
L (—8sint + 8cos?t) dt = 8[ [——(1 — cos?f)sint + 3(1 + cos2?) :Idt =
0

1 x
SJ (1— uz) du {u = cost} + 4[’! + %sin')i]2 =0 + 4(27) = 8.
1 o
[30) (1) curlF = —(i +j + k). Anequationof Sisz= f(z,9) =1 -z — 9,
and hence .Ifi + f2 + 1 =+3. A unit normalisn = t(i +j + k). Thus,
J[eurlF-ndS = [[ —%(ﬁ)dA =-3[[dA=-3(}) = -}
S Rey N8 Rz
since the area of the triangular region R:y is %
(2) To calculate § ;F-dr = §5(z + y)dz + (v + 2)dy + (2 + 2) dz,
we express C = C; U C, U C; as shown in Figure 30.
C:z=0,y=1=270<z<1l Cpz=0,z=1—-90<y<1l
Ciiz=1—2y=00<:z<1
§CF'dl' = §CIF'JI + fc?F'dt + §03F-dr
0 0
= L (1)dz + (1 — z)(—dz) + I (Ddy + (1 — y)(—dy) +
1
0
J' {4 = D=d + (s
1

o 0 0
=J’rdz+J' ydy+J dz=F +F + 3 = -3
1 1 1



Chapter 19: Differential Equations

D =32 y=24+0C
The solutions are vertical translations of y = z° with yintercept C.

(b) y=2whenz=0=2=10%+C=> C = 2, and hence, y = z° + 2.
y y

Figure 1 Figure 2
B (a) ¥ =2—1=y=14 —z4 C=}(z— 1)* + D. The solutions are vertical
translations of y = j(z — 1)? with vertices on the line z = 1.
(b) y=2when =0 = C =2, and hence, y = 32’ — z + 2.
B yr=+=E=y= {4 — 2 + C. The solutions are vertical translations of
]4 -
the semicircle y = 44 — 2% with centers on the g-axis.

(b) y=2whenz=0=>C=0,andhencey=J4—:’.
y

L
P

Figure 3 Figure 4

(a) ¥ =3 = y = 3z + C. The solutions are lines with slope 3.
(b) y=2 whenz =0 = C = 2, and hence, y = 3z + 2.
Bl y=Cie® + C3*® = ¢ = C,¢® + 2C,6%° and 3! = Cy® + 4C,€%.
¥ — 3% + 2y = Gy + 4C,%° — 30,7 — 6C,6%F + 2Cy¢° + 2C,¢*7 = 0.
y=Ce 3 =3y = =303 = =3y. ¥ +3y= =3y + 3y =0.
y=0 s y= —%C’z-s/a.
223° + 32y = 2:0%72 + 3202 V3(—30r P = 20%7 — 203 =0,
y=C = ¢y =302 = y' =60z = y"" = 6C. Py" + Py — 32y — Yy =
23(6C) + £2(6Cz) — 32(3Cs%) — 3(C:®) = 60:° + 602 — 9C:® — 3C2* = 0.
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[@ Differentiating (y> — z° — zy = c) implicitly yields 2gy — 2z — y — 2y’ = 0 =
Qy=2y — 22+ ) =0=(z—2y)y + 2z + y = 0.

Differentiating (z* — y* = c) implicitly yields 2z — 237 = 0 = gy = z.

Note: Let k and C denote constants in the following exercises.

1) seczdy — 2ydz = 0 = 2—13,dg = coszdr = }In|y| = sinz + k =
Injy| = 2sinz + 2k = |y = 5" o y= o2k 2507 oy = C?0IN",
[12) 2% dy — esc2ydz = 0 => sin2ydy = ?dr = —Licos2y = =1/ + k=
2
cos2y = 2/z + C.
Mrdy—ydz=0=>ldy=ldr >y =i+ k=>y=+efz=Cr
] T vl

@+ P)de+ 9+ 2)dy=0= ﬁdy: —md:c:?
Jtan"'(}y) = —jtan"'(32) + k = y = 2tan[C — Jtan~(}2) .
[5) 3y dz + (zv + 52)dy = 0 = 3dz + (1 g g)«zy = 0 {divide by zy} =
3lnizl + y + Slnjy| = k= lnlzsl + v+ lnly’l =k=>
|33|- e’ Iy"'l =& =22 =0
Assume z # 0, but note that y = 0 is a solution to the original equation.
18] (zy — d2)dz + (v + Y)dy =0 = Hy— d)dz + y(z* + )dy =0 =

z y = z 4 =

In(® + 1) +y+4hlfy—4|=k= (2 + ) @-9'==C
My =s-l+oy—y=sy=(-10+)=id=(-1Dd=
n[l +y=3} -2+ k=
lvy + 1] = Lt b i y=—lzxe¢
8 (y + y2*)dy + (z + z3%) dze = 0 = y(1 + 2%)dy + =1 + 3*)dz = 0 =

y z - 1 2 1 o
dy + dz = 0= ;In(1 + +im(l+ ) =k=>
llyzy I+2 z1n( ¥') + zIn( )

NS BN CIO S

(1 + ) + %) = ¢** = C, where c Sl
A — Vg =02 fedr— e Vdy=0= e Cdr=¢ Ydy =
—et = ke bk Y =307 - 3k=> =3y =In(C+3¢e7) =
y=—3In(C+ 3¢77).
[20) coszdy — ydz = 0 = %d!’— seczdz = 0 = In|y| — Injsecz + tanz| = k =

=k= = +¢* = y = Csecz + tanz).

144 P T,
secz + tan secz + tanz

2
Byl + )y +2°(1+ ) =0=> —2 4 2 de=0=
-y( )yl (+y 1+7!I+1+:3=

m+P)+inh+2l=k20+)" N+ = >
(1+ 1.12)1/2 =+ + zs)-1/3 =9 =01+ za)-Z/a - 1.
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22y — 9 =y = 22 dy — y(z* + 1)dz =10 :‘»%dy—(l +%)dz=0$
z

z=(1/2)+k = y= :tckcz-(lls) - cs—(l/s)_.

ln|y|—(t—;l:) =k=>py=c¢
[23]ztany — ' secz =0 = ztanydz — secrdy = 0 = zcoszdr — cotydy = 0 =
zsinz + cosz — Infsiny| = C.
(s2) _ (=?) i
24zy+ ve Iny=0= zydz + ¢ Inydy =0 =

ze 2 dr + !%_2

(25) &' sinzdz — cos’zdy = 0 = secrtanzds — ¢ Ydy=10 => secz+ ¢ ¥ = C.

dy =0 = —%e"z +3(ng)* = k= (Iny)* — el =C

[26]siny coszdz + (1 + sin’z)dy = 0 =>1_:—°‘}z-§-dz +cscydy =0 =
sin’z

tan~'(sin z) + In|cscy — coty| = C.
E72y’y =3y—v = (20 + 1)dy — 3ydz =0 = (2y+%,)dy—?dt=0=>
v+ In|y| — 3z = C. Lettingy=1and 2=3 = C = —8. Thus,
v+ Iny = 3z — 8 for y > 0. (We have y > 0 since the condition has y = 1 > 0.)
B8y — = ' > My = 3z + 1) dz =
Yy = (% + 5 dp = 902 = gxafz +2% 4 ¢
Letting y =4and z =9 = C = —20. Thus, y = (:}i:c:v2 = L 10)%.
Rl zdy — 2z + e Vdz=0= 'dy— (2+%)dz= 0= ¢ —2z—Inizl = C
Letting y = 2and z =1 = C = ¢* — 2. Thus, y=In(2z + Inz + ¢ - 2)
for z > 0. (We have z > 0 since the condition has z = 1 > 0.)
[30] sec2ydz — cos’zdy = 0 = sec’zdz — cos2ydy = 0 = tanz — jsin2y = C.
Letting y =fandz =] = C = }(4 — 3). Thus, 4tanz = 2sin2y + 4 — 3.

Bi(zy + 2)dz + {4 + 2°dy =0 = dr + dy =0 =

z 1
@@yt gl
J4+ 22 +lnfy+1]=C. Lettingy = landz=0 = C =2 +1In2. Thus,
njy+ 1 =2+he=J03 2= jpa1) =22V 4 joga-T0md

for y > —1. (We pick the positive solution since the condition has y = 1, and hence,
y+1>0)

[32] zdy — m#:o: ldy 2—‘%5:0 = sin"'y — Inlz| = C.
Letting y i jandz=1= C =% Thus,sin”'y =%+ Inz
B3]cotzdy — (1 + 9*)dz =0 = H_;yidy — tanzdz = 0 = tan"'y — Injsecz| = C.
Letting y = land 2 = 0 = C = %. Thus, tan™'y — Insecz = %.
Bdescydr — e"dy =0 = ¢ *dr —sinydy =0 = —e™® + cosy = C. Letting

y=0andz=0= C=0. Thus, cosy = ¢ %, where z > 0 since cosy < 1.
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[33] Differentiating (z* — y* = ¢) implicitly yields 2z — 2y’ = 0 = y' = %

Orthogonal trajectories will have slopes y' = —% = il,dy + —;d: =0 =
Injy| + Iniz| = € = |zy| = ¢© = zy = k hyperbolas.
From Exercise 35,
we see that the orthogonal trajectories will be z2 — y*> = k; hyperbolas.

Note: In Exercises 37-40, it is easiest to solve for ¢ first,
thereby eliminating ¢ upon differentiation.

2 2
Differentiating implicitly, & = ¢ = (z)(2yy’)______i_(_yLl) =0
z
2ryy — P = 0> ¢ = 2—3; Orthogonal trajectories will have slopes

v = —2Z 5 ydy + 2zdr = 0 = y* + 22° = k ellipses.

y
2
Differentiating implicitly, iiz == M =0 = zzy’ =21y =0 =>
T

¥y = 22—1’ Orthogonal trajectories will have slopes y' = —{Q = 2ydy + zdz =0 =
2y% + 22 = k; ellipses.

2 3  {i\(q.?
Differentiating implicitly, y—a =c= (=)2yy) - (1)B37) =0=
z T

2928y = 327y = ¢ = g—z Orthogonal trajectories will have slopes 3/ = ——%——; =
Jydy + 2zdr =0 = 3y’ + 25% = k; ellipses.
Differentiating implicitly, ye* = ¢ = y¢* + y'¢* = 0 = v = —y. Orthogonal
trajectories will have slopes y' = %/ = ydy = ldzr = y* = 2z + k; parabolas.
[41) (2) Step 1: Let f(z, y) = zy, k =0, a =2z, =0, b= 1,and n = 8.

Hence,.h = bﬁ—“ = l—g——o — é. Step 2: Let Y = L.

Step 3: ¥, = vo + hf(20, %) = 1 + §(0)(1) = 1. Step 4: ; # b, so go back to
Step 3 with z; = §. ¥, = uy + hf(zy, ) = 1 + §(3)(1) = 1.015625.
In a similar manner, y; ~ 1.0474, y, = 1.0965, ys = 1.1650,

v = 1.2560, y; ~ 1.3738, and yg =~ 1.5240.

b)) v =y = ?lldy = zdr = Iny = }2% + C {no absolute value since y > 0} =

y:e’zj'“c. g=latz2=0=C=0.
Thus, y = c’zﬂ and y = e/? 2 1.648721 at z = 1.
42 (2) v = vo + M(z %) = ¥ + b; 8(1/yp) = 1 + 3(1/1) = 1.125.
¥2 =y + kf(z, ) = 1125 + }(1/1.125) = 1.2361.

In a similar manner, y; ~ 1.3372, y, = 1.4307, y5 = 1.5181,
¥s = 1.6004, y, =~ 1.6785, and yg =~ 1.7530.
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b)y=1/y=>ydy=dr=>3’ =2+ C=>y==2{22+2C. y=1lat
r=0=C=14 Thus,y=~]2z+1andy=ﬁz1.732051atz=1.

@y, = v + 3[f(20, %) + f(20 + b ¥o + hf(z0, %)) =
1+ &0, D) +fO+31+30, D)) =1+ A0+ fG D] =1+ F4=
1.0078125. In a similar manner, y, =~ 1.031679, y; = 1.072735, y4 = 1.132971,
s & 1.215399, ys ~ 1.324299, y, ~ 1.465587, and yg ~ 1.647355.

% = v + W[ f(%, %) + f(zo + b %o + hf(2e, %))] =
1+ &[0, 1) + £(0 + 4,1 + 100, D)) =1+ &1+ G Hl=1+40+Y

=~ 1.118056. In a similar manner, y, = 1.224775, y3 =~ 1.322909, y4 ~ 1.414249,
¥s = 1.500035, ys = 1.581174, y, ~ 1.658347, and yg ~ 1.732085.

Note: Let IF denote the integrating factor.
The form in (19.1) is ¥ + P(z)y = Q(z). ¢ + 2y = ** = P(z) = 2 and
IF = cIN‘ = ¢**, Multiplying both sides by IF gives us y'e’® + 2¢27y = e'%.
Since the left side of the last equation equals Dz (ye’*), we have
Da(ye®) = eA® = ye?® = 1A 4 C=> y =12 + Ce?".
B F= cInsd: = ¢33, g3 _ 3ye73% = 2.73% = D(yeF) = 27 =
ye ¥ = 3 + C= 9= Ce** = §.

8 y—dyestm i SO

1z 3y —3rty=1>
De(yr ) =z23%y=4"+ C=>y=1 + O
IF= c‘rcm“’s = d"irel _ lsingl,
vsinz+ ycosz=1= Di(ysinz) =1=> ysinz=z+4+ C=> y= (z+ C)escz
B v+ -!z’ = %’ -1 F= cf(‘-'/‘)“ = Iz}, and the original equation is already in

proper form. zy‘+y=e’-—:=>zy=c’—§x’+C:?y:%—;—gz+ g

R P N A

z £ x A z L z _5 CC-‘
27y + (¢ + ze¥)y=5e" = 2"y =5 + C=> y =3 + =5—.

2y + (izy— eE)=0=>y +%y= %c’ = IF = cI(U‘)“ = 2.
z

Py + 2y = > Py=¢ + C=>y=( + 0)/7.

- d
Py +@-tm+)=0=y-dy=-LEEsF= JEARG L,
:'sy‘ - 3:"y= i :'sy = %z"‘ + %z’s +C=

y= %2-1 + & + Cla.
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tzd
IF= cj'co: ¥ = lsinz). ¥ sinz + ycosz = 4z° = ysinz = 32° + C =
y=(3z° + C)escz.

tanzdz
[10) IF = cj‘an * = |secz|. y" secz + ytanzsecz = tanz =
ysecz = Inlseczl + € = y = (Inlsecz| + C)cosz.
t d
@y’cosz+ysinz=2=>v’+rtauz=2sectalF=eIan"::lsecz[.

¥ secz + ysecrtanz = 2sec’s = ysect = 2tanz + C = y = 2sinz + Ccosz.

@y +(Py-1)=0= v+iy=22=F= ‘J(V’)“ =15k
zy'+y=z'z=>zy———+0=>y_—zl—g g=(01—1)/=2-
-1/2)d
@—ﬂ‘+(2’cosz+v)=0=$V—%V=:cosz=>lF= eI( W ’=Izl'l-

j' 'y — s ?y=cosz= 2 'y =sinz + C=> y = rsinz 4+ Cr
ldz

Q4 F =

. €Y + ey = " sinz =
e’y = §(c sinz — € cosz) + C { Formula 98} = y = j(sinz — cosz) + Ce™".
My + (2+3)y= e = p= JO/D44 2 e,
ATy 4 (226 + 3225%) y = 2 = z’c""y =P+ 0=
y=1 s:+C—z-33=(
My +2gy=2+4= IF e
+4)°y +5(z+4)'y=c+9*=2+9)°y=1=z+49"+C=>
y=3z+ 4%+ Az + 47"

T+ %) &

Aol

0Ty + 22y = 32 = IF= e'rh‘iz -

e(zz)y’ + 2zc(=2)y — 3zc(=2) = yc(zz) = %c(ﬂ) +C=y=%+ Ce %,
[18) IF = e’r_“’ = 7%,
Ve =56 y=1=2 9" =24+ C=> y= (z+ C)e
(9 v tanz + y = sinz = ¢’ + ycotz = cosz = IF = efcot:d:
¥ sinz + ycosz = sinzcosz = ysinz = isin’zc + C = y = }sinz + Cosca
[20) ¢ cosz — ysinz = —¢™* { this is in integrable form } =
ycosz = ¢ % + C = y=secz(C + 7).
@D IF = Jtee _ (=) S Ny o 2N 5
(’8) ( ’+z+C=»y=3+(z+C)e
22 IF=e [anese = |sec z. y‘secz+yseczt.au:—cos =

= |sinzl.

_z3

ysecz = jz+ isin2z + C = y = (3z + isin2z + C)cosz.
[ (R |

Ty —rly=14z' '3 rly=z4lnjzl + C= y = 2z + Injz| + O).
Letting y = 2and 2 =1= C=1. Thus, y = z{z + Inz + 1), for z > 0.

s 11
=lzI .
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24 IF = e"‘2 L %=,
Y + 2y =T Dyt = —e T 4 C>y= —e3 4 Ce .
Lettingy = 2and z =0 = C = 3. Thus, y = —e™ 3% + 3¢ 7=,
25y + (—% + l)y = %e" = IF= eﬂ(l/s)“]d’ = ze”.
ze®y + (F +zef)y=1zefy=24+ C=> y=¢% + Crle™".
Letting y=0andz = 1 = C= —1. Thus, y = ¢ %(1 — z7}).
IF = ‘:'rhdr = 6(32). e(’z)y' + 2:::(’2)31 — ze(’z) + 1=

z2
ye'( ) - %e(ﬂ) +z4+Cy= % s ze-:? s Ce_“,
Lettingy = land 2 = 0 = C = }. Thus, y = } + z¢~** + J¢=**
Q , 1 ,_V _ Jarweynat _ re
(A)HT+RQ—R=>IF—C =e 4
t/RC dQ 1 t/RC , _ t/RC(V t/RC _ t/RC
e 7t ret Q=c¢e (R)aQe = CVe + k=
Q=CV+kRC, Q) =0= k= —CV. Thus, @ = cV(1 — /%),

) RdQ + (2= Vét=0=~C dg+Ldi=0=
C g=Cv R
Ch(Q-CV)+Lit=ka>h@-cV)=£-L >
R ¢~ RC
Q-cv=c"%RC 4 9= cv 4 me/RC {m= e”c}.
Q0) =0=>m=—=CV. Thus, @ = CV(1 — ¢
(1/(RC))dt _ M RC

—C/RC')
[28] (a) V constant = % = 0. % +ﬁ,r= 0= IF= ef

t/RC g1 1 t/RC, t/RC __ _ 1.—t/RC
e dt+'}m8 I—0=?IC —k:l—-*e .

ROy = I, = I = Ie*/%°,

®) Fal+gpdt =0 hl+gh=k=nr=k—gy= 1=
10) = Iy = I = Ie/RC.
[29] The rate at which salt comes into the tank is 6 gal/min x § 1b/gal = 2 Ib/min.

Since f(?) denotes the total amount of salt in the tank, the rate at which salt leaves

the tank is 6 gal/min x & f(1) Ib/gal = 3 f(2) Ib/gal.

The net rate of change is f/(1) = 2 — 3 f(1) = f/(2) + 0.075f(1) = 2 =

IF = c0.075t,j(t)co.075! - o__g?g‘o.ms: i G, and f(i) - % i CG—D'OT'“.

f0) = K= C=K—%. Thus, f(f) = (1 — e*°7%") + Ke ™7 Ib.
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[30) The force on the object is given by F = e~' — 2v. Since F = ma = md"',
1
we have mdt +2v=¢'= 5:+p25v— ;%;c = P = o L8
c2t/m :5;; + 2 Zt/m - ﬁct [(2=-m)/m] - ezg/mv - _] mct [(2»—m)/m] e o
U=T_-—”-1¢_' + k Pl b y0) =0= k= —2— =

v= QJ_—"-I(e" N e
BT (2) (1) = k(M — f(1)] = F/(1) + kf(1) = kM.
IF = ¢* f(t)e* = Me** 4+ C,and f(f) = M + Ce™ . f1) = A =>
= (A— M)e*. Thus, f(1) = M + (A — M) "™ (k a constant).
(b) M=30,A=5= f() =30 — 25", f(2) =8 = 8 =30 — 25¢* =
¢t = B. So f(1) = 30 — 25(Z)'* and f(20) ~ 27.8 ~ 28 items.
[32] (2) The rate at which CO enters the room is (0.05)(0.12) = 0.008 ft>/min. The rate

at which CO leaves the room is IF%%)T& -(0.12) = 0.0001 f(2) ft*/min.

Thus, the net rate of change is f'(7) = 0.006 — 0.0001 f(t) =
f'(1) + 0.0001£(i) = 0.006 = IF = ¢ and f(1) = 60 + ke~2-000%,
At t = 0, 0.001% of the 1200 ft? is CO.
Thus, f(0) = 0.012 ft*> = k = —59.988 and f(f) = 60 — 59.988~0-0001,
(b) 60 — 59.988=9-0991¢ — (0.00015)(1200) = 0.18 =
t = —10,0001In ($:3%) ~ 28 min.
B3y =Ky — 9 k>0=>y +ky=1ky = IF= ¥t yekt = e'"yL + C, and
y=y_+ Ce™*t, where C < 0. If we let C = —cy_, where0 < c < 1,

—kt

then y = y (1 — ce™"'). Note that c gives the initial percentage of y,_ that the

animal must grow to reach its maximum length.
B =Heyg— )y k>0 = ¢ + ke = keg = IF = ¥, ce® = ¢yt + C,
and ¢ = ¢y + Ce™*'. ¢(0) = 0 = C = —¢;. Thus, (t) = (1 — Y.
B5l(a) ¥y = =ky, k>0 => ¢ + ky=0 = [F = &*', ye** = C, and y = Ce™*".
w0) =y = y = yoe .
O v+hy=Ispt =M1 Ccay= I+ ce.
0)=0=>C= —£soy=1(1—e""). Ast—n:o,y:{;.
(&) »(0) = zmd a half-life of 2 hr = ¥(2) = § 1(1 ety =»
% = (1 — e ) = k = In{2. Since the long-term amount is

Ly =100 =Tﬁ’2 = I = 1001043 ~ 347 mg/hr ~ 0.58 mg/min.
n
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(36] (a) At any instant in time, g%, or 5, of the dye present is leaving Tank 1 each

minute. Thus, 2 = —0.1z=> o + 0.1z = 0 = IF = &, 2z = C,
and s = Ce~ ', #(0) = 1 = C = 1. Thus, () = ¢ O,
(b) As in part (a), the dye is leaving Tank 2 at a rate of —0.13(%).
Since the dye is entering Tank 2 at a rate of 0.1e7%!*, the net rate of change is
Y(t) = —0.1y(1) + 0.1, ¢ + 0.1y = 0.1 % =
IF = ', ye®* = 0.11 4+ C, and y = 0.12e7 % 4 Ce™ "',
9(0) = 0 = C = 0 and y(t) = 0.1te >,
() y() = —0.01te % 4 01701 =0 = 0.17M(L — 0.1) = 0 = t = 10,
Since ¥ > 0 for 0 < 1< 10 and 3’ < 0 for 1 > 10,
this will give 2 MAX of y(10) = e~ ~ 0.37 Ib.
(d) As in part (b), the dye is still entering Tank 2 at a rate of 0.1e~%'*. However, it
is now leaving Tank 2 at a rate of —35y(t) = —0.125 y(2). The net rate of
change is ¥ = —0.125y + 0.1e™. y + 0.125y = 0.1¢*Y = JF = £O17%,
et 1350 = 400258 L o g o gm0l L (,=0125¢,
9(0) = 0 = € = —4 and y(t) = 4e™ "1 — 470125¢,
Blly=e* = ¢y = —e™ ¢y =10y — 11e7% = 10(e™%) — 1le™® = —¢™%.

Atz =10,y = ¢%=1. Thus, y = e* is the solution for the differential equation.

With A = §, 75 = 0, yo = 1, and f(z, y) = 10y — 11e™%, Euler’s method gives:
¥ = 1.000000, y; = 0.875000, y, ~ 0.7565317, y3 ~ 0.628612, y4 ~ 0.469353,
ys ~ 0.222065, yg ~ —0.236338, y, ~ —1.181264, and y3 ~ —3.231030.
B8 With h = 1,7 =0, yp = 1, and f(z, y) = 10y — 117%,
the improved Euler’s method gives: y, = 1.000000, y, = 0.877658, y, ~ 0.759864,
y3 =~ 0.626119, y, =~ 0.417782, ys = —0.039817, ys ~ —1.273429, y, ~ —4.877367,
and yg & —15.68227.
B9 h =3, 75 =0,and yo = 0.1 = K, = 0.01, K, ~ 0.014032, Ky ~ 0.014082,
Ky ~ 0.025980 = y; = yp + 35(K) + 2K, + 2K + K,;) ~ 0.101921.
Similarly, y, ~ 0.107841, y3 = 0.121837, and y4 ~ 0.148170.
[0 h =}, 2 =0 and g = 0.1 = K, ~ 0.01, K, ~ 0.072562, K, ~ 0.073616,
Ky ~ 0136491 = 3, = y, + F5(K;, + 2K, + 2K; + K,) =~ 0.109132.
, Similarly, y, ~ 0.134197, y; = 0.175401, and y, =~ 0.232949.
By (19.5), the auxiliary equation of y* — 5y’ + 6y =0is m? — 5m + 6.
m —bm+b6=(m—2(m—-3)=0=>m=2,3
By (19.6), the general solution is y = C; % 4 et
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B m-—m-2=m+1)m=2)=0=>m==1,2 y= Cie™* 4 Cye*".
Bl m-3m=mm—-3)=0=>m=0,3; y= C + e,
m+m+8=(m+2)m+4)=0=>m= -2 —4; y= Ce?* 4 Gy,
B m*+4m+4=(m+2)?=0= m= —2isa double root.

By (19.7), the general solution is y = C e 4 Cﬂze'ﬁ’ = ¢72%(C, + G2).
m? —4m + 4 = (m — 2)? = 0 = m = 2 is a double root.
¥ = G + Cyze®® = 25(C, + Gy2).

E

m2-4m+1=0=~m=4i‘r1—2=2;|;ﬁ; y:C,c(2+ﬁ)’+C,c(2-ﬁ)s.
[8 ﬁm2—7m—3=(2m—3)(3m+1)=0=>m=§,—§;y= Cles’n-i-czg"/s,

B m?+22m+2=(m+ {22 = m = —2 is a double root.

y= Clc'r“ - G',u"'Ez = V250 + G
[0 4m* + 20m + 25 = (2m + 5)® = 0 = m = —} is a double root.

v=Ce % 4 Cppe ™ = e“"’(c, + C;1).
[D8m* +2m —15=2m+ 3)dm - 5) = 0= m= -}, §

y= Cl 6-3:/2

o 0265:/4

m’+4m+1=0=>m=“4+‘“_2=_2:t{'§;
y= Clc(-2+ﬁ)= + Gzc(—Z-ﬁ)z.

[3)9m? — 24m + 16 = (3m — 4)* = 0 = m = } is a double root.
= G 4 g™ = g + 6.

4m2—8m+7=0=>m=8i8—— M:lﬂ:%ﬁl’.

By (19.10), y = e* [ Gy cos(3{32) + Gysin(3{3 1) |

2m2 —dm+1=0=3m= (24 ﬁ)/z = Cle(2+ﬁ)=/1 o 026(2-“5)8/2'
@2m* +Tm=m2m+7)=0=>m=0, =% §= 0+ e 2

m=_2m+2=o=~m=%=1ig

By (19.10), with s = t = 1, y = €*(C|cosz + Csinz).
@m2—2m+5=0=>m=2iT'J__16=1t2i; y = €°(Cycos2z + Cysin2z).
M@m? —dm+13=0=m= IHTJ—_%‘ =2x3; y=¢?*(Cicosdz + C,sindz).

BUm’ +4=0=m= +2i
By (19.10), with s = 0 and t = 2, y = C)cos2z + C,sin2z.

2 - _ =6+ 28 _ _
Elm tm+2=0=m="F7""= 3+ 7.
§= Glc(-a-l'ﬁ)z + czc‘(as—ﬁ):.
@m’+2m+s=o=>m=‘2_*§_ =20 _ ;. Fi
g y = e *(C,cosN5z + Cysiny5z).
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@m2—3m+2=0=>m=1,2,30y=Clc’+C,c=‘.
t=0,y=0=>C+C, =0 9y =Ce" +20andz=0,y =2 =
C, +2C; = 2. Thus, &; = 2, C;, = —2,and y = —2¢° + 2¢%°,
Bdm’ —2m+1=(m—1) =0= m=1is adouble root s0 y = Cye* + Cyze®.
z=0,y=1=2>C =1 ¢y =€ 4+ Cy(ze* + )andz =0,y =2 =
14 C;=2= C, =1. Thus, y = ¢ + ze®.
R5]m’+1=0=m= +i,s0y= Cycosz + Cysinz. z=0,y=1= Cy = L.

¥ = Cycosz —sinzandz =0,y =2 = €, = 2. Thus, y = cosz + 2sinz.
26lm? —m—6=0=>m=23 —2s0y = CI¢3'+Cze_7’. z=0,y=0=
Ci+C,=0 ¥ =3Ce"=2Ce®andz=0,y =1= 3C, —2C, = 1.
Thus, Gy = }, Gy = =}, and y = }e*° — {22,
27]m* + 8m + 16 =0 = m = —4 is a double root, so y = Cje™*% + Cyze %,
z2=0,3=2=3C =2 ¢y = -8 4 Cp(e™* — dze™**) and £ = 0,
Yy=1=-8+C,=1= C;=09. Thus, y = 2674 + 9z¢7** = 7 45(2 4 02).
28]m? +5=0=m= +45i,50 y = Cycosy5z + C,sin{5z
z=0y=4=C =4 ¥y = JEC,cos'JBz — 445sin{5 z and
t=0,y=2=C, = E’; Thus, y = 4cos{5z + J’Esin 5z
29m® —2m+5=0=m=14+2s0y= e (Cycos2z + C,sin21).
z=0,y=0= C, =0. ¥y = Cy(e” sin2z + 2¢” cos2z) and
z=0,y¥ =1= C; =} Thus, y = }¢” sin2a
BOlm? —6m+13=0=m=3 =+ 2i,s0y = ¢*(C,c0o82z + C,5in2z).
z=0,y=2= C =2
y = 3e3‘(2cos2z + C;sin2z) 4+ c3=(—4sin22 + 2C;co0s2z) and
z=0,y =3= C, = —3. Thus, y = ¢**(2c0s2z — §sin21).
0 m*+1=0=m= +i The complementary solution is y. = C;cosz 4+ C,sinz.
To find a particular solution yp, we use (19.13) with y;, = coszand g, = sinz.
wcosz + v sinz =0
{ —u'sinz + ¢/ cosz = tanz
Solving this as a system of equations in the unknowns u’ and ¢,
we multiply the first equation by sinz and the second by cos z, yielding the system
{ v coszsinz + v sin’z = 0

—u' coszsinz + v cos’z = sinz

2

. 2
Adding yields v = sinz and then v’ = —$22 = —%gﬁ;ﬂ = —gecr -+ COSZ.

Integrating gives us ¥ = —In|secz + tanz| + sinz and v = —cosz.
Thus, yp = uy; + vy, = —coszln|secz + tanz| + sinzcosz — coszsinz.
The general solutionis y = 3. + yp = Cicosz + Chsinz — cos zln|secz + tanz].
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@ m*+1=0=>m=%i gy = Cicosz + C,sinz. Using (19.13),
{u‘cosz+u‘sinz=0 {u’:l
=
v = —tanz

—u'sinz + v cosz = secz
Integrating gives us © = Injcosz| and v = =
The general solution is y = (C; + z)sinz + (Cl + Injcosz|)cos z.
B m*—6m+9=0=m=23. y = Ce® + Cze®*. Using (19.13),

v (%) + v (z*%) = 0 V=12
v (3¢%%) + v (1 + 32) % = %% v = -1
Integrating gives us u = —1z* and v = }z°. The general solution is

y=(C, — 1Y) + (G, + %za)zca"' = (€ + Cyz + Hz*)e’".
@ m?*+3m=0=m=0,-3 g = C(l) + Cpe 3. Using (19.13),
(1) +ve* =0 o= %e's’
{ wW(0) + v (=3¢3%) = ¢3° Ei {v’ =-4
Integrating gives us 4 = —}¢ > and v = —iz
The general solution is y = C) + C3¢™3% — 3ze™3%, where C; = C; — §.
B m*-1=0=m==%1 y = Ce® + Ce”". Using (10.13),
ve' +ve T =0 u = leosz
{u’e’—vfe":e’cosz {u’:-%ez’ cosz
Integrating gives us u = %sin zand v = —% ¢®® cosz — %o ¢** sinz.
The general solution is y = Cye® + Cpe™® + 2¢ sinz — L ¢” cosz.
B m*—4dm+4=0=m=2 y = Ce** + Cyze*®. Using (19.13),
u €T 4 Vet = ¥ = z7?
{ v (26¥7) + ¥ (1 4 22)e%® = £726%F = { o=z}
Integrating gives us u = —In|z| and v = —z7 .
The general solution is y = (Cy + C,z — In|z|)e**, where Cs = C; — 1.
m’—9=0=m= 13 g = G + Cpe3*. Using (19.13),
W S 4 o =3 — v=1
{u,(acaz) o 1,,(_3;3:'.-) — 37 = {v’ - —%.cG‘
Integrating gives us u = %: and v = —sl-ee“.
The general solution is y = (C3 + 3z) €" + C,e™°%, where C3 = C, — %.

m*+1=0= m=+i y = Cycosz + Cysinz. Using (19.13),

wcosz+ v'sinz = 0 v = sinzcosz
=
—u'sinz + v cosz = sinz ¥ = —sin’z
Integrating gives us u = —1z + %sin 2z and v = —%coszz. The general solution is

y = Cycosz + C,sinz + (—3z + 3sinz cosz)cosz — jcos’zsinz =
y = Cycosz + Cysinz — %zcosz.
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B m-3m—-4=0=m=—1,4. y. = Cre”" + Cpe'®. Using (19.13),
{“’G_:+1J‘cq:=0 {v’:%c"‘

—u' e + v'(4e4‘) =2 = —fe

Integrating gives us u = —2¢” and v = —&e %%,
The general solution is y = Cye™" 4 C,e*” — 1.
m’ —-m=0=>m=0,1 y.= Cy(1) + Cye®. Using (19.13),

{u’(l)+vf¢’=0 {v’:(:+ 1)e*

Ww0) +vef =z+1 v =—(z+1)
Integrating gives us u = —%z’ —zand v = —ze™® — 277,

The general solution is y = Cy + C,e* — 32? — 2z, where C; = C; — 2.
[dlm® -3m+2=0=3m=12 3. = Ce* + C,¢*. Let y, = Ae™".
Then, v¥ — 3y} + 2yp = (A + 34 + 24)e™" =de™* => A =3
The general solution is y = Cye* + Cpe?® + 3¢7*.
Em?+6m+9=0=m= -3 y = Cre>% + Cyze™3". Let yp = Ac™.
Then, v§ + 6yp + 9yp = (44 + 124 + 9A4)e?® = 7" = A = 7 The general
solution is y = Cy ™3 + Coze™F 4 Le¥® = (C) + Cpz) 737 + Le™.
@Bm*+2m=0=m=0, -2 y = C(l) + Cye™?*.
Let yp = A cos2z + Bsin2z.
Then, y§ + 2y5 = E—4A cos2z — 4B sin 2z + 2(—2A sin2z + 2B cos2z):| =
(—4A + 4B)cos2z + (—4A — 4B)sin2z = cos2z = A = —and B = }.
' The general solutiomis y = C, + Cye™2*
ME]m?+1=0=>m=%i ye = Cycosz + Cysinz. Let yp = A cosbz + B sinbz.
Then, y¥ + yp = [(—254 cos5z — 25B sin5z) + (A cos5z + B sin5z) |
= —244 cos5z — 24Bsin5z = sin5z = A = 0and B = —3.

— %cos‘.’z <+ %sin 2z.

The general solution is y = C,cosz + Cpsinz — 2 sin 5z
Bm?-1=0=2>m==%1. y = Ce* + Cpe™>. Let yp = (A + Bz)e?™.
Then, v — yp = (4B + 4A4)e*® + 4Bz’ — (A + Bz)e’® =
(4B + 34)¢™ + 3Bze’® = z¢’® = B=}and 4 = —§.
The general solution is y = Cy¢* + Cye™ + }(—4 + 32)e**
[Bm?+3m—4=0=m=1,—4. gy = Cre¥ + Cye %, Let yp = (A + Bz)e™".
Then, v} + 35 — 43, = {[(A — 2B) + 3(B — A) — 4A] + [B — 3B — 4B]z} "
= [(—6A+ B) —6Bz]e" =ze" = B= —}and A = —3;.

The general solution is y = Cye* + Cye™** — (35 + i2)e
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@Am?—6m+13=0=>m=3%2i y = e**(Cycos2z + C,sin2z).

Let yp = Ae® cosz + Be® sinz. Then, yy — 6y + 13yp
=[2B — 6(A + B) + 134 ¢" cosz + [—24 — 6(B — 4) + 13B]¢" sinz
= (TA — 4B)e" cosz + (44 + TB) e” sinz = €* cosz = A=a73anclB= —3'—5.

The general solution is y = €**(Ccos2z + C,sin2z) + & & (7Teosz — 4sinz).
@Bm*—2m4+2=0=3m=1%i y = e(Cycosz+ C,sinz).
Let yp = Ae™" cos2z + Be ” sin2z. Then,
v5 — 295 + 2yp = [(—3A — 4B) — 2(2B — A) + 24 | ¢ cos2z +
[(44 — 3B) — 2(—24 — B) + 2B |¢" sin2z
= (A —8B)e"cos2z + (BA + B)e "sin2z= e "sin2z=> A =F and B=Z&.
The general solution is y = e*(C;cosz + Cysinz) + % ¢™°(8cos2z + sin2z).
L(Cy) = (D*® + bD + ¢)(Cy)
D*(Cy) + bD(Cy) + ¢(Cy)
= CD’y + CbDy + Ccy
= O(D?y + bDy + cy) = CL(y).
20 L(y; £ 9;) = (D* + D + o)(w % 32)
= D*(y % y3) + Dy £ 33) + (1 % 3)
= D%y, & D’y + bDy; & bDy; + cyy % oy,
= (D* + 8D + Oy, % (D* + bD + €)y; = L(y;) + L(32).
Since we are approximating y at z = }, let b = }.
o=0yp=Ladh=(b—-a)/n=(3—-0/4=}=>
V1 = 299 — y_1 + K%f(z0, o) = 2(1) — (0.984496) + (3)*(—2)(1) = 0.984254.
In a similar manner, y, ~ 0.938711, y; ~ 0.867501, and y4 =~ 0.776805.
BB 4y = 20 — 51 + Wf(50, ) = 21) — (0.882823) + ()(L — 0) = 1132802,
In a similar manner, y, ~ 1.281351, y; &~ 1.446015, and y, ~ 1.627413.

D F=ky=5=kin=}t)=>k=10 F=mgam="=4§

Also, w? = £ = 64 = w = 8. By Example 1, y = C,cos81 + C,sin8t. y = —}
whent=0= C, = —}andy¥ = 0 when{= 0= C, = 0. Thus, y = —}cos8t
B ) =10=>k=15andm= %’-:%%. Also, w® = £ = 48 = w = 48.
By Example 1, y = Cycos{48¢ + Cpsin{48t. y = i whent=0 =
Clziandy'zgwhent=0:>%=s[4_803=>C,=§‘1-]_3.
Thus, y = 4cos(4431) + Z{3sin (443 1).
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@

HI)=10= k=10andm= % = 18 Also, w? = £ = 32. Using (19.16) with
c=5and2p =& = 160r p =8 = p’ — w? = 32 > 0, and the motion is
overdamped. By Case 1, y = c's‘(Clcm‘ + Cgc'm‘). y=0whent=0=
C,+Cy=0andt=0,y =2= ({32 -8)C, +(—32 -8)C, =2
So € = }i2 and C; = —1{2. Thus, y = {27 85(*V?* — V?Y),
k=48andm=% = § Also,w? = £ =256 = w = 16.
By Example 1, y = Cycos16t + C,sin16t. y = 5 whent =0 = C; =  and
Yy =4whent=0= C, = % Thus, y = %mlﬁt + %sinlﬁt.
K =d=>k=16adm=% =4 Also,w® =% =128
Using (19.16) with ¢ = 2and 2p = & = 16orp = 8 = p? — w? = —64 < 0,
and the motion is underdamped. The roots of the auxiliary equation
m? + 2pm + w? = 0are a + bi = —8 =+ 8i.
By Case 3, y = ¢ 3(Cy cos8t + Cpsin8t). y =3 whent=0= C, = 1and
v =0whent=0=8C, =§ or C; =}. Thus, y = $¢"%"(cos81 + sin 81).
K}) =8=>k=16and m = %:%. Also, w? = £ = 64.
Using (19.16) with ¢ = 4and 2p = § = 16 or p = 8 = p? — w? = 0, and the
motion is critically damped. By Case 2, y = e™%%(C, + Cyf). y = O when1 =0 =
Cy=0andy = —1whent=0 = G, = —1. Thus, y = —te~%".
Rewriting as %y + 4% + 24y = 0 and comparing with (19.16),
we see that & = 2p = 4, ot p = 2, and £ = w? = 24. If m is the mass of the
weight, then the spring constant k is 24m and the damping force, —c%, is —4m %
The motion is begun by releasing the weight from 2 ft above the equilibrium position
with an initial velocity of 1 ft/sec in the upward direction.
Hl)=4=k=4andm=% = & Also,o? =K =32and2p = § =8
Thus, p*> — w? = 16¢° — 32. (a) 162 —32>0 = ¢ > 2.
(b) 16 —32 =0 = ¢ = {2. (c) 16 —32<0 = 0<c< 2
Let the damping force be —c%. 2p = %c and w? = 32.

p? — w? = §¢% — 32 = 0 when ¢ = 642.

(a) The total force on the spring is found by combining the spring force —k(l, + ),

the weight mg = ki, and the external force F sinat. Therefore,

2
ma = m%}/ = —Mh + y) + k, + Fsinat = f_ify + ,—‘,:,y = ;Fﬁsinat,

which is the required form if w? = k/m.
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(b) Froinpa:t(a),mz+,—ﬁ= m b =0=>m=+wi=

yo = Cycoswt + Cysinwt. Let yp = A cosat + Csinat. Then,
¥ + w0’y = (—a® + W) yp = (W? — a?)(4 cosal + Csinat) = %sin atl =
A=0and C= z—Fz‘ Thus, y = C,eoswi + Cysinwl + Csinet.
m(o? — o)
O g +y=3 a(n—1)aaz"? + $ ons" = 0. We replace n with n + 2 in the
2 n=0

n=

first series so that both series have the same powers of z. Hence
o o0 o L=} 2
Eo(n + 2)(n + Da,, 52" + Eo aa” = ):o [(n +2)(n + ap,, + an]z" = 0.
n= n= n= =

Since the coefficients of z are equal t0 0, ¢,,, = — man
The even-numbered terms corresponding to n = 0, 2, 4, ..., are g3 = _2+1a°’

gy = ~-—3¢z 4.%, tg = —3—5«4 = —éao, ..y and gy = (—U"ﬁ%

The odd-numbered terms corresponding to n = 1, 3, 5, ..., are ag = —-—l—ﬁal,
= —S_ias = 1a1, 8, = —7—%645 = —,%ia,, oo and gy = (=1)* TEF + Yk
= § an z" can be represented as the sum of two series.
n=0

_ (=1)° °° ) (S - _ .
Thus, y = 2 (2n)| " + a u 2n - l)" = 4pc087 + a,8inz.

2] Similar to Exercise 1, we have a,,,, = = 2)(n = l)a,., and each a; will be 4 times
E E
a;_, rather than —1 times it. Hence, ¢, = (_2%-'“0’ and @), = -(mal.

2n+l

o0 4!1 20
T,y = o 5+ o L

v’ — 2zy

§ a(n — 1)anz""2 — 2z f an z" {replace n with n + 3}

= £ (43 + Das™ =2 § aas™
n== n=0

= 2a, + ;ol:(n + 3)(n + 2)a,,5 — ‘2an:|z':"‘"l

_ _ PV
_02:»az_OAndanfs—(n+3)(n+2)an
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Since a, = 0, we also have ag = ag = ¢, = --- = 0.

Forn=10,3,6,..:03 = 3%40, 05 = _?543 s 22!‘5i4a0' 4 = gi.g“s b 23,9-![.4%,
. We multiplied ag by %, ag by 'Zi’ and ag, by g‘f = 5, to get (3k)! in the
denomina-tor. Therefore, a3, = 2"(3‘: = 2)(:2’!;k-)-' 8)=:7-4 'lan_
Faon=14T.:06= 2-2773“‘ = 2—'!24‘, 4 = 7_'—26“4 » 22 '75!'2a1,
ayy = 102. 591 = 2 'fo'!s'gal. Therefore, a3z, ; = 23k = 1():52’5_*__1;)'“8'5 '24,_
y= nio anz” = ey + 0,7 + nia an 2" can be represented as the sum of (a5 + 4,7)

and the sum of two series.

Thus, ¥y = a, |:1 + iLZ (3n — 2)(.3;1";!- 5)...7.4.1:3"] %

© 2*(3n — 1)(3n — 4)---8-5-2 snn
MP+£1 (3 + 1) i |

] & n=2 2 n-1 & n
y' + 29 +y = ), n(n—1)anz""" + 2z ), napz"" + annz
n=2 n=1 n=

o oo oo
S (420 + Dagyy ™ +2 5 naas" + 3 aa2”
n=0

n=1 n=0

Ll
= (20, + ag) + L [(n + 2)(n + 1anyy + 2000 + an 2"
n=1

2 1
=0= a = —ﬁdo and Gny2 = _(_n_-%-l-—l)a"‘
The even-numbered terms are a, = —4—?312 = %“0’
I 1 1 | PRl ik

O = =poply = —=gr—0y, .oy and a,;, = (=1 ! ag.

The odd-numbered terms are a3 = —§%a1, ag = —'5':7_'71“3 = 75—'|3¢1,

¢ (4k — 1)(4k — 5)--.7.3
) @FF 1)

ey = —'_7;[-1—6“5 = _11-'7_’{'1‘}“1, oy and agpyy = (=1

Gl.
o0 n o0 n

y= Y anz" =g + z+ 3, anz".
n=0 n=2

Thus, y = a, l:l s ijl(—l)"(tlu — 32;;— 7)---9.5-1 :2":| "

=) (_1)"(4n — 1)(471 — 5)-"7'3 2n+1
ay [:I + ngl (2n + 1)! ¥ :l
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B v —zy+2y = 5.5 a(n — Danz"2 — :io: nanz" ' + 2 f an z"
n=2 n=1 n=0
& ==} ==
=3 (n+2)(n+ 1ay 2" — Y nanz" +2 3 anz”
n=0 n=1 n=0
= (2a, + 2a,) + il[(n + 2)(n + 1)a,,, — non + 20, |27
= a1 = n—2
=0= 0, = —ayand a,,, = CE)CE® l)a...
When n = 2, a4 = 0, and hence ¢ = a5 = a9 = --- =0,
The odd-numbered terms are ay = 3:,%‘11 = —%al, ag = 3%4“3 = “'51'1“1'
3 3. _ (2k—3)(2k—5)--:5-3:1
07 = Fgls = =Sty o and a5, = — @EF ) a,, for k > 2.
v = f: anz® = 6y + a7 + 62° + 632° + f an z".
n=0 n==5§
Since a; = —ag and a3 = —la;, we have
_ _ .2 _13_ 2 (20 —3)(2n —5)---5-3-1 snp
= ag(l — z°) + a,l:z iz n.gz CTESYI z A
2 oA n-2 2 & n -
B v +72%y = Y nn=1)aaz""? +2° Y an2" {replace n with n + 4}
n=2 n=0
= £ a+00n+ e+ 3 e
n=-2 n=0
o0
= 2a4 + Bagz + Zg[(n + 4)(n + 3a,iq + an i
n=
_ind - _ . 1
=0= 0y =083 =0, and [ G+ 90m+ 3)Gn-
a,=0=>a6=am=a“:-..:0_ a3=0=}a7=a”:ax5=---:0.
Forn=0,4,8,...7a; = —Z%—i%' ag = —ﬁaq = -S-%ﬁ;aﬂ,
pos—" S PP
S 25 § G Sl P § Y T 27 T i
— (—1)* 1 )
B e = - e e D= D=
Forn=1,59,..0 = —5—!—44,, Gy = _9_!855 = W?sft““

e e 1
4= 13- 18M T TITRIZ 0854

and a4, = (—l)k

(&k + 1)(4R)(ak = 3)@Ek —4).5-4"

) o
y= 3 anz" =gy + @z + 3, anz".
n=0 n=4
=] _1)"
Th s e ( 4n
W= L e =T =S :l*

= (_l)ﬂ n+1
4 |:z t LT TJ(4n)(dn — 3)(4n — 4)-~-5-4”4 . :]
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zy + v — 3y =z§ nanz" ! + f:lna,.z"'l—S f an 3"
n=

n=1 n=0

&= n & n &, n
) nanz" + 3 (a4 1)ay, 2" — 3 ) anz
n=1 n=0 n=0

&, n & n 2 n
= ) na.z +al+"zl(n+1)a,,ﬂz —38p—3 ) anz

n=1 n=1

el n
—3ag + ay + le:nan + (n+ 1)a, 4y — 3au]z
n=
3—n
n+1
Hence, a; = 3a; = 3ag, a3 = }a; = ag, a, = 0,

3—n
n+1

=0=a =30 and a,,; = an.

and since every other g; is times its predecessor, the rest of the terms are 0.

Thus, y = i anz" = ag + 3657 + 3007 + agz° = ag(z + 1)°.

,I=D
¥ — 4y = 3, napa™! — 448 § anz" {replace n with n + 4}
n=1 n=0
[+ o] 3]
s n_z_a(ﬂ T 4)a"+qzn+3 & 4"2—:06"20*9'3

= gy + 20,7 + 3a37® + f: [(n + 4)a,, 4 — 4a,.:| i
n=0

=0=a =0, = a3=0ud¢"+4=r_%_—ian.
Forn=10,4,8,...a4 = %ao = ag, ag =‘-§a‘ = %ao, Gy = 1'—’2418 = ﬁao,

a5 = 15641,: 4';3_2110, woyand @y, = %!ao. All other terms are 0.

o _4n e ()" 4
Thus,y:aoz%zaoz(nl)zaoc(’)
n=0 n=0 e

B y»—y—-5z = i a(n — ans™? — ioa,.z"—&:
n=

n=2

e o)
=% (2 +2)(n + Dapyps" = & ans® — 52
n=90 n=0

=]
= =52+ ) [(n+2)(n + 1)ay,, — 8a |2
n=0
{let n = 0, 1 to determine the coefficient of z}
= (20— @) + (=5 + 603 — a)a + & [(n+ (0 + Danz — an]s"

_ _ 1 _ ﬁ'fﬁ s ____J;____
=0y = 7 1% 03 = “3 5 and a,,, = G+ 0+ l)a,..

Forn=2,4,6,....04 = ﬁag = hau, og = ﬁa,; = éao, vouy

; 5and @y = (7]1*?“0'
Forn=3,5,7,...:a5=5—%1a3=al;; ,a7=7+605=a].;- 5
i ' a + 5
and a5y, =

@k+1)F
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2n+1

: — = 1
Thus, y = —5z + Gongozg—‘z + (o + 5) Z o (2n + ].)Is
= =5z + aycoshz + (a; + 5)sinhz

= 524 ao(iﬂ—*‘iif) + (o + 5)(C5E)

= =5z + (3a0 + 30, + 3)¢* + (oo — 3oy — 3)e™

[0y — zy— z* = )c:‘: a(n — 1)anz"? —zf anz" — 5

n=

(24 3)(n + enyg ™ = § ans" — 2t
n=

Il
El
o d

n

o0
=20 —z' + ) [(n4+3)(n+2ay3 —a "' =0=
n=0

a; =0,6-5a5 — ag — 1 = 0 {z* terms}, and a,, =(n+3)1(n+2 an, n # 3.
Since ay = 0, a5 = ag = ¢); = .- =0. Forn=0,3,6, ...

! 4(6 + ¢
ag = 3+2a°, ag = 513 + —lgas {from above} = 64534' + g, = %,

— 2)(3k — 4(6
a9=g—13as—7 4(69+ %) 4nd o, = BE= D (;z)' TAE+ &) o pnn

Forn=1,47, ..:a = 4—%341 = 4'a1, a; = ﬁ% 5 |2“U
(3k — 1)(3k — 4)---5-2‘l
(3k + 1)t A

and a5, =
o0 @ 3 o
y= E anz” = 6 + 6T + ag7° + }: anz".
(3n — 2)(3n — 5)--7-4 5,
(3n)!

(3n — 1)(3n — 4)---5:2 gpy1
D (T ) A A

'y — ¢ + 62y + 4y { we will leave —4 on the right side }

o0 <] o] oo
2 ) a(n — 1)en "% — ): n(n — 1)anz""? + 6z z nan 7"l 44 Y ana”®

n=72 =32 = n=0

Thus, y = ag + 0,7 + }ay2° +(a°+6)): +

I

= Z n(n — 1)anz" = 2 (n+ 2)(n+ 1)a,,,2" + 6 E na.z" + 4 § anz"

= (- 242 + 4ag) + (—3- 20.3 + 6a; + 4a))z +
f:z [u(n — 1)an — (n + 2)(n + 1)6,49 + 6n6n + 481;]5“ = —4=
n=

n’+5n44 _n+d,
n+2)n+1)" n+t2"
Forn=2,4,6,..:0 = fa;, = 3(ag + 1), a5 = Sa, = 4(ag + 1), ...,

amdm=(1H~1)(ao+1)=(k+1)ao+(l=+1)-

@ = 26y + 2 = 2(ap + 1), a3 = 50y, and ¢,,5 =

Form=23,5,T, ..08; =

eni=
1]

aaatl -
= {a), a; =

B -]

o
a5 = 30, comand gy, = ——-3-—-0
o0

[~} (==}
Thus, y = 1) z27 1) 220 2n + 3),2n+1
y=a ) 0+ + § (a+ )2+ § (85
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[y +3=¢ = fo[a,. + (0 4+ 2)n+ N, 5 ]2" - f;on-l,z" { Exercise 1 and

_ (1/n!) — an 1 1
(11.48)(c)} = 0 = apyy = (h+2)(n+ 1) +2) (a+2)(n+ l)a'l
Forn=2,4.6,...za,=2%—?—!3%,04=4l!—74%3“2=31'1_.‘h+%]a0=%!a°’

o 1 o 1 — 1
and aq; 9 = @F+2) ~ @k + 2),“0, Cakes = @k + 45!“0‘

Forn=1,3,5,..: a3=:%!—3—1—a1,45 1| 5'_¢3—_i_5ll+§i"l—ll"h

a,:%—ﬁa,:%—%%% -‘ g—ga.,_—l,an...,

o 1
and Gaxys = (ui o (ak - gy Mrss = e

Thus, y = ao + a,z

& 2 4n+4

S+ _ 1 4n42 ]
+t Ly - o Lty o Sty

L3 _ o R 1 4n+3 5 1 4n+5
e e Emr T e S mr

n=0

This can be simplified to

y=14 )Of: f;'!: + (g — i)ngo((;,ll)):z’" + (g, — %) f (2(n "l_) i 2

n=0

|_19.7 Review Exercises |

iy
2

B

:e’dz—-csczdy:ﬂﬂzsinzdz—e_’dy=0=>sinz—-=cosz+c—y=0.
zdy—(z+l)ydz-0=}1dy—(1+ )dz:?ln|y|—t+lnlzl+k=>
] = etizie® = y = Cze”.
:(1+y’)dz+mdy=0:ﬁdz+lﬁdy=0=>
~1 -2 +tan"ly=C= y=tan({1 — 2 + C).
=T T et = T o gt = T 4 O

y=3e" + Cete,

ef-t dz

e‘rs’ec:: dz

IF = = |secz + tanz|.

y'(secz + tanz) + ysecz(secz + tanz) = 2cosz(secz + tanz) = 2 + 2sinz =>
2z — 2cosz 4+ C
secz + tanz

tz(!l+1)dy+ydr_0=>(1+ )dy+l, z—0=>y+ln]y[--—C

j'tanzdz
IF = = |secz|. y secz + ysecztanz = 2sec’z =

Y(secz + tanz) = 2z — 2¢cosz+ C = y =

ysecr = 2tanzr + C = y = 2sinz + Ccosz.

J'tan:ds
IF=¢ = |secz|. y'secr 4 ysecztanz = 3Jsecz =

ysecz = 3ln|secz + tanz| + C = y = (3In|secz + tanz| + C)cosz.
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@Jy 3“:’] 1 2dz:}—l—gv2=si1:1"1z+(_','=:'‘,Il—y2+sin‘l::=G'.
1—y 1—z

i s B s = = vy = Rl 1= d Y i
r"y’—;%y=1=>§=2+ C=y=1*+ Ci’
[Ee’cosydy—sin’ydz:0:%@—(’&:0:}
—cotycscydy = —e “dr > cscy =€ " + C.
[@2] ¢ + ytanz = 3cosz = IF = |secz].
y'secz + ysecztanz = 3 = ysecz =3z + C= y = (3z + C)cosz
J2coszdz — 2SNz y,,ezsinz+ 2ycos:czsi"‘ = cosy 28NS
z/ezsir\: = %czsins +C=y= % i Ce2sinz,
EAm*+m—-6=(m+3)(m—2)=0=m=—3,2 Thus, y = C e % 4 C,e*".
@B m?> — 8m + 16 = (m — 4)> = 0 = m = 4 is a double root.
Thus, y = Cie*® + Cyoze*® = ¢4%(C, + Cy2).
m2-6m+25=o=>m=6n*-—r_m=3i4i.

@3 IF=e

Thus, y = ¢3°(C,cos4z + C,sindz).
@@m* —2m=m(m —2) =0 = m=0,2 Thus, y = C, + C,e**.
@Bm?=1=0=>m=+1. y. = Cie™* + C,e”. Let y, = A cosz + Bsinz.
Then, v — yp = [(—A cosz — Bsinz) — (A cosz + Bsinz)] =
—2A cosz — 2Bsinz =sinz = A = 0and B = —3.
The general solution is y = Cje™® + Cye” — isinz.
m—1=0=m=2x1 y= Ce + Cye*. Let yp = Ae” cosz + Be® sinz.
Then, 33 — yp = (2B — A)e" cosz + (—24 — B)e®sinz = e sinz = A = -2
and B = —}. The general solution is y = Cye™* + Cpe” — §e*(2cosz + sinz).
Bm*—m—6=0=m=—2,3. g = Ce"2* + Cpe®°. Let yp = Ae®".
Then, ¥ — yp — Byp = (44 — 24 — 64)¢* = ¥ = A = -1
The general solution is y = C,e™ %% + C,e®® — %ez’.
21 IF = e‘r”’ =¢ Y& +efy=1¢6" 3 yef =17 4 O= y = }e?* 4+ Ce™.
E2m?*+2m=mm+2)=0=>m=0, -2 Thus,y = C, + C,e"**.
B m?—8m+2=0=2m=1,2 y = Ce* + Cpe®. Let yp = Ac*".
Then, ¥ — 3yp + 2yp = (254 — 154 + 24)e** = 5 = A = &.
_ The general solution is y = Cye* + C,e*" + Tlies”.
24) ze¥ dz — (z + 1)ydy = 0 = (1 - #)dz— veldy=0=
t=lhlz+U+pe’+e?=0C



EXERCISES 19.7 440

- 9)3
By +y=(:-2=>m=i-2+C=> y=(’3z2) +

LUS]

sec’yd:+zsec’yd:=~jl—z’dy=?hl 2dr.+‘h’ 2d==cm2ydy=>
—z -z

-1 2:. .4 1 —
sin"'z — 1 — z* — 3y — gsin2y = C.

m9+5m+7=o=>m=‘—5—¢2———~‘[:§= —5 + 134
Thus, y = e_szn[Clcos(iﬁ ) + G, sin(%-ﬁ z):].
28 m? +1=0=>m=+i y.= Cycosz + Cpsinz. Using (19.13),
u' cosz + ¥ sinz = v =cotz
{—u’sinz+ v cosz = cscz = {u‘: -1
Integrating gives us « = —z and v = In|sin z|.
y=(C, — z)cosz + (C, + Inlsinz|)sinz.
[29] e ¢’ dz — csczdy = 0 = " sinzdzr — ¢ Ydy=0 = 3e”(sinz — cosz) + e =0C
B0 m? + 10m + 25 = (m + 5)* = 0 = m = —5 is a double root.
Thus, y = Cie™5% + Cpze™®" = ¢7%°(C, + Cy2).
[31) cotzdy = (y — cosz)dz = y — ytanz = —sinz =
IF = e]’-tan:d: = |cosz|. y'cosz — ysinz = —sinz cosz =
ycosz = jcos’s + C = y = jcosz + Csecr.
@m’+m+1=0=>m=—%:t§ﬁi.
Ye = Prastin [Cl cos (%ﬁ z) + Cysin(} 3:):|< Let yp = Ae® cosz + Be® sinz. Then,
W+yh+yp =[2B+(A+ B)+ A]e"cosa+ [—24 + (B— 4A) + B¢ sinz
= (24 + 3B)e® cosz + (2B — 34) ¢ sinz = €” cosz =
A = & and B = &. The general solution is
y= PRt [Clcos(éﬁ 1) + Cysin (%«E z):l + {¢°(2¢osz + 3sinz).
[(33] IF = lescz — cotz|. y'(cscz — cotz) + y(csc’z —cscrcotz) =secs — 1 =

In|secz + tanz| — z + C
cscz — cotz '

wlv

y(escz — cotz) = Injsecz + tanz| —z 4+ C=> y =

Bdm?—m—-20=0=>m=—4,5. g = C e + G,c"%
Let yp = (A + Bz)e™*. Then, y¥ — y3 — 20y,
= {[(A — 2B) — (B — A) — 204] + [B — (—B) — 20B]z} "
= [(—184 — 3B) — 18Bz]e* = z¢7* = B= —k and A = 5.

-

The general solution is y = C,e™** + C,e°% + (ﬁ - x-1g1:)¢
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[35] ¥ — (3sin2wt)y = 2000sin2nt = IF = cj—ssm AR = e(”(h)) s

y, c(3/(21|'))C¢).‘i et (3sin2ri) C(S/(zz))cos 2rt e (20008“21‘) c(3/(21|'))(:052m o

ye(S/(z x)) COS 2xt - —Qsﬂ e(S/(h))cos 27t —(3/(2x)) cos 2xt i

y =500 when t = 0 = C = 3500,°/C" , _ 3500 (3/(3X)(1-coS2rt) _ 3000

The maximum value of y will occur when the exponent is maximum, that is,

when cos27t = —1. Thus, the maximumisﬂf—"esl' — 2900 v 2365.
R STV T b - ad
[38] ¥ = K10 y)é(lo_y)z—kdiﬁm_y—-kt+c.y—Owhent_():b

C=1th y=2whent=230=}=30k+% = k=gl Thus,y = ;3%

B Ha—g)(b—y) = (a_y‘;+_y) s kil Watsig partial frastions asd
integrating, we have B%aln (g:—i’,) =k+ C y=0whent=10=

__In(b/a) 1 b— | b — y\ _ E(d-a)t
C= b_a.Thus,m]n %(m)—kt:?%(m)—c =

E(b=a)t

able
bck(b-—c)t o

by — oy = ab™ ™ — by = () = ~,
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(a) % = y(c— by) = y(chyM) = di. Using partial fractions, we have

bl 2= 1+ D f)=k=D= hio| k|, Substituting and

T _ 1y | e — BK) .- " ck
solving gives 1 = clnl:—c %) = y=f(1) = T (e — Do c— e

(b) Since ‘l_l'rgo et =0, }L’gf(‘) = %'
(¢) f'(1) will be increasing when f(1) > 0 and decreasing when f"'(?) < 0.
W= fi(t) = ey — by? = f1(1) = (c — 2bg) ¢ = (¢ — 2bg)(8)(c — by).

at
Since b and ¢ are positive constants, f'(1) is positive when y < fcﬁ and

f"(1) is negative when y > ﬁ From part (b), we know that 0 < y < g,

so f"(1) > 0 for y > f doesn’t apply to this problem.
Y0

(d) In general, there is a Pl when y = 5613

The figure shown has k = b = 1, and ¢ = 6.

Thus, its tion is f(1) = 8 : A —p—t
us, its equation is f(7) TTEew = -
Figura 38

[39] The slope of the line connecting the origin with the point P(z, y) is m = %.

z

If y = f(z) has a tangent line at P(z, y) perpendicular to this line, then j-% = -3
Thus, ydy + zdz = 0 = y* 4+ 2> = C, which is a circle with center at the origin.
dfs dVY _ o d2V dv _ _dv
da(smﬂ-m-) =10=> smﬁw + cosf T = 0. If we let z = L
then 5;—; + zcotd = 0. IF = |sind], so %sinﬂ + zcosf = 0, and zsind = C.

Moreover, %sin@ =C=>dV=Ccscdf = V= Clnlcscd — cotf| + k.

V() =0=k=0and /J) = Vo=>0=m'



Appendix I: Mathematical Induction

Note: Pp is the statement in the text for Exercises 1-22.
@ (i) P, is true, since 2(1) = 1(1 + 1) = 2.
(ii) Assume P, is true:
2+4+6+ -+ 2k= k(k+ 1). Hence
2+4+6+--+2k+2(k+1) =k(k+1)+2(k+1)
=(k+1)k+2)=Ck+1Dk+1+1).
Thus, Py, is true and the proof is complete.
@ (i) P, is true, since 3(1) — 2 = M‘)%ll =1,
(ii) Assume P, is true:
144474+ @k -2 =21 g

_E@BE—1)
Rt

14 d T+ (Bh=2) +3(k+1)—2 +3(k4+1) -2

_ 3 4+ 5k+2
_ﬂ_
= (+ 1)@k +2)
= P)

_(k+ DB+ 1)—1]
= 3 s

Thus, P, ., is true and the proof is complete.
B (i) P, is true,since2(1) —1=(1)> = 1.
(ii) Assume P, is true:
14+83+45+ -+ (2k—1) = F. Hence
14+3+5+ - +Qk=1)+2k+1)—1 =F +2(k+1) -1
=k +2k+1
= (k+ 1)
Thus, P, is true and the proof is complete.
[4 (i) P, is true, since 6(1) — 3 = 3(1)% = 3.
(ii) Assume P, is true:
8+ 9+ 15+ - + (6k — 3) = 34%. Hence
3+9+15+ - +(6F—3)+6(k+1)—3 =3 +6(k+1)—3
=3k +6k+3
=3(F +2k+1)
=3(k+ 1)2
Thus, P, is true and the proof is complete.
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B () P, istrue, since 5(1) — 3 = }(1)[5(1) — 1] = 2.
(ii) Assume P, is true:
247412 + ++ + (5k — 3) = 3k(5k — 1). Hence
247412+ -+ (5k—3)+5(k+1)—3
=3k(GBk—1) +5(k+1)—3
=}(5K + 9k + 4)
= %(E+ 1)(5k + 4)
=3(k+ D[6k+1) —1).
Thus, Py, is true and the proof is complete.
(i) P,istrue,since2-3""1 =3' -1 =2,
(ii) Assume P is true:
24+46+18+ ... +2.3*1 =3F _ 1 Hence
24+6+18+ - +2.3*1+2.3% =3¢t -1+42.3
=1.3"+2.3* -1

=8h.8F—1=3"1_1
Thus, Py, is true and the proof is complete.

(i) P, istrue, since1-27' =1 4 (1 —1)-2' =1,
(ii) Assume P, is true:
14224324+ o + k-2 =1 4 (k—1)-2% Hence
14224322+ o 4 k-2 4 (k4 1)-2*
=14 (k=1)-2"4 (k+1).2*
=14 k2% — 2% 4 k.25 4 2F
=1+k-2'-28
=1k a1) =<2
Thus, P, is true and the proof is complete.

(i) P, is true, since (—1)! = ﬂlr_—l = -1
(ii) Assume P, is true: %

0"+ D+ (=1 ot (1) = = Hence

(=D + (=1)* + (=1 + - + (1! + (-1
- (—l)k =1 _1\k+2
= +(-1)
o
- 2 2
O G ] o it
=0 g
_ (_l)k-ﬂ i
=t

Thus, Py, is true and the proof is complete.



APPENDIX I EXERCISES 453
@ (i) P, is true,since (1)! = 3k 1)‘[;2(1) 1] =1
(ii) Assume P is true:
12422432 4. + B =

. Hence
_ k(k+ 1)(2k + 1)
=

k(k + 1)(2k + 1)
R e—

+ (k + 1)?
k(2 +1) | 6(k+ 1)
: s A :I

P+ 4324 4 Bt (k4 1)?

=(k+1)
(k + 1)(2F* + Tk + 6)
6

_ (k4 1)(k+ 2)(2k + 3)
= 3 .

Thus, P, ,, is true and the proof is complete.
2
(i) P, is true, since (1)3 = [l%iﬂ =1,
(i) Assume P, is true:
5. o8 ab o g [EGEE P ;
19 4+ 27 + 3° + +k_T-.Hence

P22 +33 4 4+ B4 (k+1)° =["("_;‘l_):|2+(k+1)3
- (*_;1,1_)2[1:’ +4(k+ 1)
_ (k+1)?

I:(:l 1) [(1:2+ 1) + 1) ]’_

(k + 2)?

Thus, Py, is true and the proof is complete.
: : , 1 T

(1) P, is true, mm:el(1 5| e I G
(ii) Assume P, is true:

B ) 1 TOR [ UN, (SR D
Tatrytrat Y S iy Haee

R 1 1
Ittt Yyt e ey

o 1
FF1 T EFDETD
_ k(k+2)+1
TR+ DET2
P +2%+1 _  k+1
GrDk+D) _F+D+1
Thus, P, is true and the proof is complete.
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1 y: 1(1 4+ 3)
10+ 1)(1+2) 41+1)1+2)
(i) Assume P, is true:

(i) P, is true, since = %

iy 1 1 1 __ k(k+3)
Attt T EFVGTY) — 4G+ DEF D) Hence

1 1 T 1 g
st snatsrst YT ) eF ) TEF DR+ DG+ 9)

o HEER 1
TIE+DEF2) T RFFDE+D(EFI)
k(k + 3)* + 4 R 46k +9) + 4

TIEFDE+DEFI) LG+ DEF2)(E+I)
_ B+ 6P+ 0k+ 4 _ (k+ 1) + 8k +4)
T4k + 1)k + 2)(k+3) T 4(k+ 1)(k+ 2)(k+ 3)
ISV
= IEFOEF I
Thus, P, is true and the proof is complete.
(i3] (i) P, is true, since 3' = §(3' — 1) = 3.
(i) Assume P; is true:
3+8+3%+ - +3% = (8% — 1). Hence
; 3+387+3% 4 . 435 438 =33 — 1)+ 3"
3.8 -3+3-8F=3-3-3
= 333" = 1) ="' - 1).
Thus, Py, is true and the proof is complete.
[14) (i) P, is true, since [2(1) — 1]® = (1)?(2-1®> — 1) = 1.
(i) Assume P, is true:
12+ 3% +5% + - + (2k — 1)® = (2K — 1). Hence
13 4+3% 5%+ -+ (2k—1)> + [2(k+1) - 1]®
=P -1)+2k+1)-1P
=2 — P+ 2k+1)° =2 + 88 + 112 + 6k + 1
= (k+ 1)%©2F + 4k + 1) = (k+ 1)2[2(k + 1)* — 1].
Thus, Py, is true and the proof is complete.
(i) Py is true, since 1 < 2.
(ii) Assume P, is true: k< 2¥. Now k+ 1 < k+ k = 2(F) for k> 1.
From Py, we see that 2(k) < 2(2*) = 2**" and conclude that & + 1 < 2***,
Thus, Py, is true and the proof is complete.
(i) P, is true, since 1 4+ 2(1) < 3.
(ii) Assume P, is true: 1 + 2k < 3%,
1+ 2(k+ 1) = 2k + 3 < 6k + 3 which is 3(1 + 2&); From P,, we see that

3(1 + 2k) < 3(8%) = 3**! and conclude that 1 + 2(k + 1) < 3**%.
Thus, Py, is true and the proof is complete.
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(i) Py is true, since 1 < §[2(1) + 1) = §.
(ii) Assume P, istrue: 1+ 2+ 3 + .- + k < }(2k + 1)°. Hence
1+243+ - +k+(k+1) <§@k+1)>*+(k+1)
=¥ + 3k + ] =L(4F + 12k + 9)
= }(2k+ 3)? = §[2(k+ 1) + 1)°.
Thus, Py, is true and the proof is complete.
(@8] (i) If0 < a < b, then a®b < ab® { multiply by ab} and :—; < ‘I’ { divide by 5°}.
Thisis Pp: (§)? < ().
(ii) Assume P; is true: (‘l-:)""':l < (%)i. Hence, a**'b* < o*8**! =
a** 25t < 0" 1557 {multiply by ab} = :-f:—: < ;%i { divide by 5****}.
This is Py,y: (P < (P
Thus, Py, is true and the proof is complete.
A8 (i) Forn =1, 7% — n + 3 = 3 and 3 is a factor of 3.
(ii) Assume 3 is a factor of ¥* — k + 3. The (k + 1)st term is
(k+1*—(k+1)+3 =k + 38 +2k+3
= (¥ —k+3)+ 3k + 3k
= —k+3) +3(F + k.
By the induction hypothesis, 3 is a factor of ¥ —k+ 3and
3 is a factor of 3(k* + k), so 3 is a factor of the (k + 1)st term.
Thus, Py, is true and the proof is complete.
[20] (i) For n =1, n® 4+ n = 2 and 2 is a factor of 2.
(ii) Assume 2 is a factor of k* + k. The (k + 1)st term is
(B+172 4+ (k+1) =F +3k+2
=B+ +2%+2=0F+5+2(k+ 1)
By the induction hypothesis, 2 is a factor of 2 + & and

2 is a factor of 2(k + 1), so 2 is a factor of the (k + 1)st term.
Thus, P,,, is true and the proof is complete.
2] (i) For n =1,5" — 1 = 4 and 4 is a factor of 4.
(ii) Assume 4 is a factor of 5* — 1. The (k + 1)st term is
% _1=5.5*_1=5.5"-54+4=5(5"—1) +4.
By the induction hypothesis, 4 is a factor of 55! and
4 is a factor of 4, so 4 is a factor of the (k + 1)st term.
Thus, P, ., is true and the proof is complete.
(i) Forn=1,10"" +3-10" 4+ 5 = 135 and 9 is a factor of 135.
(i) Assume 9 is a factor of 10**! + 3.10* + 5. The (E <+ 1)st term is
10542 +3.10** +5 =10-10" 4+ 10.3.10* + 5
=10"*" +9-10%*" +3-10* +9-3-10* + 5
= (10%*! + 3.10* + 5) + 9(10**! + 3.10%).
By the induction hypothesis, 9 is a factor of 10*** 4 3.10% + 5 and

9 is a factor of 9(10%*! + 3-10*), so 9 is a factor of the (k + 1)st term.
Thus, P, is true and the proof is complete.
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Note: For Exercises 23-30, there are several ways to find j. Possibilities include solving
" the inequality, sketching the graphs of the functions that represent each side, and
trial and error. Trial and error may be the easiest to use.
Z3la+12<n® o
Forj: n’ > n+ 12 = n’ —n—12>0=>(n—4)(u+3)>0=>n>4{n>0}
(i) Py is true, since 4 + 12 < 4%
(i) Assume P, is true: k + 12 < &°. Hence
(k+1D)+12=(k+12)+1<(P)+1<F¥ +2k+1=(k+1)>
Thus, Py, is true and the proof is complete.
(24 #* + 18 < #® o For 7 By trial and error, j = 3.
(i) Pg is true, since 3 + 18 < 3°.
(i) Assume P, is true: 'k’ + 18 < ¥°. Hence
(k+1)2+18 = (k¥ +18) + 2k + 1
SR +2k+1<k® + 38 +3k+1=(k+1)%
Thus, Py, is true and the proof is complete.
[25]5 + logan<n e
For jz By sketching y = 5 + log,z and y = z, we see that the solution for z > 1
must be larger than 5. See Figure 25. By trial and error, j = 8.

(i) Pg is true, since 5 + log, 8 < 8.,
(ii) Assume P, is true: 5 + log, k < k. Hence
5+ log,(k+ 1) < 5 + loga(k+ k) =5 + log, 2k
=5 + log,2 + logz k
=(5+logok) +1 < k+ 1.
Thus, P, ,, is true and the proof is complete.

47

Figure 25 Figure 26
[26] n* < 2™ o For j: By sketching y = z* and y = 27,
we see that there are 3 intersection points, the largest being 4.
(i) P4 is true, since 4% < 2*.
(ii) Assume Py is true: k* < 2. Hence
(k+1)2=k2+2k+1=k(k+z+-p<h(k+k)=2k’52-2*=2*“.
Thus, P, ,, is true and the proof is complete.
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2" < n! e Forj Examining the pattern formed by letting
n =1, 2, 3, 4 leads us to the conclusion that j = 4.

(i) P, is true, since 2* < 4l
(ii) Assume P, is true: 2¥ < H. Hence
9. F <2 M (k+1)-H=(k+ 1)L
Thus, Py, is true and the proof is complete.
10" < 2" .
For j: 10® £ n" = (ll'ﬁ)" > 1. This is true if & > 1 or # > 10. Thus, j = 10.

10

(i) Pyo is true, since 10*° < 10%°.
(i) Assume P, is true: 10* < ¥*. Hence

10" = 10-10* <10 < (b + 1) B <(b+ 1) (k+ 1)* = (k + DFL
Thus, Py, is true and the proof is complete.

23] 22 + 2 < 2" o Forj: By sketching y = 2z + 2 and y = 27,
we see there is one positive solution. By trial and error, j = 3.

(i) Pj is true, since 2(3) + 2 < 2°.
(ii) Assume P; is true: 2k + 2 < 2%, Hence

WAk+1) +2=(2k+2) +2<2* 4 2* =2.2" =2*,
Thus, P,,, is true and the proof is complete.

¥

y=2x+2

y=2*
/ x
Figure 29 Figure 30
(30] nlog,n + 20 < n> e Forj: Since n? < 20if n = 4,
a reasonable first guess would be j = 5. See Figure 30. By trial and error, j = 6.
(i) Pg is true, since 6log,6 + 20 < 6°.
(ii) Assume P, is true: klog, k + 20 < .
(k + Dlogy(k + 1) + 20 = klog,(k + 1) + log,(k + 1) + 20
< klogy 2k + logy 2k + 20
= klog,k + k+ 1 + log, k + 20
<P 4+ k+ 1+ logk

<E+2k+1=(k+1)>2
Thus, P, is true and the proof is complete.

[BI (i) Ifa>1thena' = a> 1,s0 P is true.
(ii) Assume P, is true: af > 1.
Multiply both sides by a to obtain ¢**! > g, but since a > 1, we have a

k+1 > 1.

Thus, P, ., is true and the proof is complete.
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[Ej(i) Forn =1, ar’™! = g and -a-(%:_—:—lz
(ii) Assume P; is true:
o+ ar+ ar® + .- + art = a_(_l_—_:‘). Hence

= @, 80 P, is true.

1
a+ar+ar2+---+ar"'1+ar*=ﬂll:—rr*)+a1k

o gk )
_a(ll—f+ 1—r)
_a(l—v*+r*—r"“)
- 1—1r
_a(l — 1Y

- ———I—T-

Thus, Py, is true and the proof is complete.
[33) (i) For n =1, a — b is a factor of a' — b'.
(ii) Assume a — b is a factor of a* — b*. Following the hint for the (k + 1)st term,
A B = b g bea 4 beab — bR b = aF(a — b) + (aF — BF)b.
Since (¢ — b) is a factor of a* (a¢ — b) and since by the induction hypothesis,
a — b is a factor of (a* — b¥), it follows that a — b is a factor of the (k + 1)st

term.
Thus, P, ,, is true and the proof is complete.

[34) (i) Forn =1, a + bis a factor of PRI LG g SRRPRE |
(ii) Assume a + b is a factor of a®*~! 4 $?*~1, The (k + 1)st term is
B T K L BC I TS BT I T e

L ¢2t-1(42 o b?) + b2 (azk-l + b2k—l)'
Since (a + b) is a factor of a**7* (a® — b?) {a* — b* = (a + b)(a — b)}
and since by the induction hypothesis, a + b is a factor of b?(a?*~1 4 b2¥-1),
it follows that @ + b is a factor of the (k + 1)st term.
Thus, Py, is true and the proof is complete.
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