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Chapter 0

Problems 0.1

1.

2.

10.

11.

12.

True; —13 is a negative integer.
True, because —2 and 7 are integers and 7 # 0.

False, because the natural numbers are 1, 2, 3,
and so on.

False, because 0 = %

True, because 5= ?

False, since a rational number cannot have
. 7.
denominator of zero. In fact, 6 is not a number

at all because we cannot divide by 0.

False, because +/25 =5, which is a positive
integer.

. True; +/2 is an irrational real number.

False; we cannot divide by 0.

False, because the natural numbers are 1, 2, 3,
and so on, and \/g lies between 1 and 2.

True

False, since the integer O is neither positive nor
negative.

Problems (.2

1.

False, because 0 does not have a reciprocal.

True, because Z-—zézl.
37 21

False; the negative of 7 is —7 because
7+ (7)=0.

False; 2(3 - 4) = 2(12) = 24, but
(2-3)2-4)=6-8=48.

False; x+y=y+(—=x)=y—x.

True; (x +2)(4) = (x)(4) + (2)(4) =4x + 8.

3

[

10.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.

21.

22,

23.
24.

25.

26.

. True, because a(—j =
C

True; XLZ:£+E:§+1.
2 2 2 2

b)_ab

-

. False; the left side is 5xy, but the right side is

5x? y.

True; by the associative and commutative
properties, x(4y) = (x - 4)y = (4 - x)y = 4xy.

distributive

commutative

associative

definition of division
commutative and distributive
associative

definition of subtraction
commutative

distributive

distributive

2x(y = 7) = 2x)y — 2x)7 = 2xy — (7)(2x)
=2xy—(7-2)x=2xy — 14x

(a=b)y+c=la+(-b)]+c=a+(-b+c)
=a+[c+(-b)]=a+(c-b)

x+»2)=2(x+y)=2x+2y

2[27 + (x + V)] = 2[27 + (y + x)] = 2[(27 + y) + x]
=2[(y + 27) + x]

x[2y+ D)+ 3] =x[2y + (1 + 3)] = x[2y + 4]
=x(2y) + x(4) = (x - 2)y + 4x = 2x)y + 4x
=2xy + 4x

1+a)b+c)=1b+c)+al+c)
=1(0) + 1(c)+ab)+alc)=b+c+ab +ac
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27.

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.

38.

39.

40.
41.

42,

43.

44.

45.

46.

47.
48.
49.

50.

Xy —z+w)=x[(y —2) + wl =x(y - 2) + x(w)
= x[y + (=2)] +xw = x(y) + x(=2) + xW
= Xy — XZ + xW

2+ (4)=-6

6+2=—4

6+(—4)=2

7-2=5

T-(4)=T+4=11
-5-(-13)=-5+13=8
—a—(-b)y=-a+b

(29 =-2-9)=-18
7(-9)=—(7-9) =63

(-2)(-12) =2(12) = 24

19(-1) = (=1)19 = —(1 - 19) =19

__} = _1(_9J =9
-1 1

—(-6+x)=—(-6)—x=6—x
=T(x) =—(Tx)=-T7x

120 —y) = (=12)x — (=12)(y) = —12x + 12y
(or 12y = 12x)

—[6+(-)]=—(06)-(-y)=6+y

2(-6 +2)=2(-4)=-8
3[-2(3) + 6(2)] =3[-6 + 12] = 3[6] = 18
(A1) =8(-1) =8

(~12)(=12) = (12)(12) = 144

51.
52,
53.
54.

55.

56.

57.

58.

59.

60.

61.

62.

63.

64.

65.

66.

67.

68.

ISM: Introductory Mathematical Analysis

X(1)=X
3(x—4)=3(x) - 3(4)=3x— 12

4(5 +x) = 4(5) + 4(x) = 20 + dx

—(x-2)=-x+2
0(=x)=0
8(1)22_3

11) 11 11
2.5

1
14x_2.7:x_2x
2y 3-7-y 3y
3 _3 _ 3
-2X  —(2x) 2X
21_21_2

3 x 3x 3
2 (gp) = A30) _3ab
c c

7

5a)| — [=7
)|
—aby _—a-by by
—-ax  -a-X X
rr_ri_7

y X y-x Xy
25_25_10

Xy Xy Xy

1 3 2 3+2 5
—_t -t —-=—— =—

3 6 6 6 6
5,8.5,9 5+9 14 27 7
12 4 12 12 12 12 26 6

3 7 9 14 9-14 -5 51 1
10 15 30 30 30 30 56 6
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. 4,8 4+6_10 , @) _a¥ a
5 5 5 5 b b p?
X Y X =Y
70, ———=2 2V 025 25 10
E 6 o (5] a2
y ) vy y
g, 3.1 1 18 3 2 18-3+2 17
2 4 6 12 12 12 12 12 9. (2x2y%)% =28(x%)3(y®)® =8x23y33 —8x8y°
2 3 16 15 16-15 1 2
72, S — 2.3 2.3\2 212 1312 2.2.32
58 40 40 40 10 [w] Uil U i
y (y9) y y
73. gz X gy 8y wis?
v y X X _y4
I
3 I m 11 1 X0 g
74. i=—+_:—‘_=— 11, —_ 95: 4
m 3 1 3m 3m N
=X 6
75. Y X z X Xy x? 2a* (2::14)6
[ M R R. 1 —=| =55
Xiy ye Xy ye Z yz 7b (7b%)
_26(a4)6
7. ! . ~ 761516
76. — is not defined (we cannot divide by 0). (%)
0 64a%®
B a
0 117,649p°°
77. 7:0  Gaa
117,6490%
0. . ..
78. 6 is not defined (we cannot divide by 0). 316 26 18
()" X7 OxT 184 a4
13. —3 =13~ 1% =X
79. 0-0=0 x(x°) x*t x
Problems 0.3 a DEPEO? x5 0 x?
302\ 0342 o5 3)* x4 X2 x12
L (@292)=27=2%(=32) 212 _ 0y
6,9 _ 619 _ 15
2. X°X7 =X =X 15. @:5
4.8 . 448 2
3. whef =wHe = w! 16. 481=3
3.2 _ 34142 _ _6
4. 7°722° =12 =z 17. J-128 =2
3,5 345 8
5. o=t = 18. J0.04=02
y'y y y
1 o
‘ 19, 4—=—" ==
6. (x2)% = x124 _ 48 16 g 2
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34. 4

35.

B8 _¥8_-2_ 2
27 3P7 3 3
(492 =29 =7
(64)/2 =364 = 4

93/2 :(\/5)3 _ (3P =27

ooy t/2 1L 11

0.0 =
( (0,092~ Jo.09 03

4
H‘”S_ o 1 _[ET_L
32 32 2 16
2
(_%)“_ o 64 _(_ﬂf_@
27 27 3 9

50 =+/25-2 =25 V2 =52
Yoa =27-2=%271 2=332
Yo =32 3¢ =x 92

Vax =ax = 2Jx

Ji6x* = Ji6Wx* = 432

x_Wx A
16 416 2
2/8 -5:27 + 3128 = 2/4-2 593 + ¥64 -2
=2.22-5.33+432
=42-153+432

36.

37.

38.

39.

40.

41.

44.

45.

46.

47.

48.

. 5bm“m~" =5m

ISM: Introductory Mathematical Analysis

ﬁ_ 313 [39 V39 39
13 V13 13 V132 [fi32 13

(92%)1/2 —Joz4 - /32(22)2 _J32 /(22)2

:322
(16y°)2/4 :[W T :[\4/(2%)4}3 ~ (2y2)?
:8y6

=" HH—
=

& K K

X_g 43 64

ah? 5 31 51 1 @&
p —a b=t =
c c b® ¢ c

2/5,,3/5

- - X
. 5/X2y3Z 10 _ ,2/5y3/5,-10/5 _ 3’

z

2,7 “24(-7) _gm-9_ O

5m

x+y‘1=x+l

n2-_+ _ 1
3 @2 of?
Y —

(3-12) G-2)

8y _ (5x2)1/5 = 5/5(x2)1/5 _ 51/52/5

= (X 3)—3(Y—3)—3
Yg

(X 3Y —3)—3
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49. x—\Jy =xt/2-y!'? G A 4 a0’ aax
) 6 3 ) ( 5) o : \/5 (2X)1/2 (2X)1/2(2X)1/2 2X
50. uvowe o w _w _2@
wo w8 27 =
51. X24/Xy—223 =x2(xy_223)1/4 :X2X1/4y—2/4z3/4 o y y y(2y)l/2 y\/Z—y
B X9/4Z3/4 : \/ﬁ (zy)llz (Zy)]./z(zy)llz 2y
y1/2 :\/ﬁ
2
5. 4/ a3h2a%h4 = (afsbfz )1/ 45554
— g 3/4p-1125,4 6 11 l(3x)2/3 _3/(3)()2
17/4p,-9/2 T3y a3 (a1/3(2v)2/3 T 3x
=a'’"p 33X (3x) (3x)™"7(3x)
17/4
_a \/?’gx2

5 2yH3 ayl3 3y

53. (2a-b+c)?® =3 (2a-b+c)? ”

54. (ab%c)P* = Y(ab%c3)? = Ya3psc?

2

s 451 _ 1 65. —“}32: /%:\/Zzz
) _)(4/5_5)(4
18
66. — =49=3
56. 22— 2y)M2 = 2dx -2y 1/2 V9
2 5 5/5 ,1/2,3/4
57. awdS_@uy s> 1 o 2 87 . al/2p

W3/5 (3W)3/5 4 azb a2/4b1/4 al/2b1/4 . a1/2b3/4

-3 1 3 1 ol/5 112,314 54120 410/20415/20
\/5 w? J (3w)3 \5/ w? \/5 27w} - ab - ab
(2% al0p15)L/20 291 6410015

58, [(XHY/STHS o [x /5L = 4130 _ 2115 = " ——
1 1
X "33 g3 gz s 3
59 6 _ 6 _ 6.51/2 3 6\/5 B (2334)1/6 B 6/648
"5 52 gi2gl2 g T3 T3
ol/4 4 4 ~ ~ 2X6
TORCI S iﬁ _32 69. 2x2yx* =2x8y P = 2
Y g4 gt4.2 6 2 y
3 3.ut/2\t/2 3t/ 212
70- = =
WSR2 T B2 A2 (112,172 uoy
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71, 243 _ 243 _ BT _g 82. V75k* = (75k*)Y? =[(25k*)(3)]'?
3 _[(5k2)23H/2 = 5231/
72. {[(3%)2]°F 2 ={[3°a°T°}? 308 8,248 514
10 . —80~—2 83 (@ab™c)” a’bc” a’c
=3"a"} © 12v3 3.6 24
_ 320,460 (a=c”) a‘c b
20 L g8y 84. 37(a9) =J7.72 =73 =7
73.
(2 2x7y2)3 T b 312y 6 302 . L2 s e
64y - xt/2 _ 64y5x 1/2 gs. X9 { X } _x ()
ISR 2 3] x* (x8)?
=2 ;X_e_ w2 oy812 _y2 . 6
\/:5 $5/2 1516 RN TR -h T
74. =2 - — 5116
s¢ S S =X +—=x°-x>=X
6

3[ 2 33 2.3 3,3 3
75. Ix°yz F \/(x y2*)(y°) = \/X 86. /(-6)(~6) =~/36 =6

= Xyz
Note that +f (—6)2 #—6 since -6 < 0.

8
6. (%) _ @4 _3Bl4_32 _g

8s~2 4 4
8. ~—5="33""=
77. 32(32)7%/5 = 32(25)2/5 2s s”s s

—32(272 3

2( . ) 88. (aSb’S«/E) :(a5)3(b’3)3(c1/2)3
=3 22 — al5p9¢3/2
_ g alsc3/2

4 =

b9

215
7. (szyj [O2y)YPTR!5 = (x2y)2/

4
3,,2
3,2 . 2,-3v4 _| 3X7Y
89. (3xyT2yz)—[ 5 j

_ 41252125 2y?773
. _(3x323j
79. (2x71y2)2 = 222y =4L2 2
X 33
3 3 3.y2/33/4 2)*
80. === 32 = 13,04 213,304 34 x12712
Yyd¥x  y3x yH x4 yel3y ==
2
My 812712
Y 16
[2y3 g2 = /2 (2y )2 (xy2 )V 2
81. /xyx y (x°y (xy©) 9. 1 1 1 =+—8x10
— Xl/2(xy3/2)(xl/2y) 2 5/2 (\/EX_Z) (21/2) (X—Z)Z ]2-6X7 87
B a6 (Y
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Problems 0.4

1. 8x—-4y+2+3x+2y-5=11x-2y-3

2. 6x° —10xy+2+2z—xy+4
=6x° -11xy+2z+6

3. 8t2 652 +4s% -2t +6=6t2-2s2 +6
4. \/;+2\/;+ x+3f:7&

5. \/a+2\/%—\/6+3\/%
=Ja+5J3b -

6. 3a+7b-9-5a-9b—-21=-2a—-2b-30

7. 6x° —10xy+\/§—22+xy—4
:6x2—9xy—22+x/§—4

8. x+2Vx—/x=3Vx = —x
9. x+42y —x -3z =2y -3z

10. 8z—4w-3w+6z=14z-Tw

11. 9x+9y—-21-24x+ 6y —6=—15x+ 15y - 27

12. u—-3v-5Su—-4v+u—-3=-3u-T7v-3

13. 5x? —5y2 + xy—3x2 —8xy—28y2
=2x° —33y2 —7xy

14. 2-[3+45—12]=2—[45-9]=2—45+9
=11-4s

15. 2{3[3x? +6—2x? +10]} = 2{3[x? +16]}
= 2{3x? + 48} = 6x° + 96

16. 4{3t+15—1t1—-t—-1]} =4{3¢t+ 15 —t[-1]}
= 4{3t +15+t%} = 4t% +12t + 60

17. -5(8x% +8x? —2(x? —5+2X))
=-5(8x% +8x% — 2x% +10—4x)
= -5(8x> +6x° — 4x +10)
=—40x° —30x% + 20x — 50

18.

19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

Section 0.4

—{-6a —6b+ 6+ 10a + 15b — a[2b + 10]}
=—{4a+9b + 6 —2ab — 10a}
=—{-6a+9b + 6 —2ab}
=6a—9b—-6+2ab

X2+ (4+5)X+4(5) = X° +9x+20

U2 +(B5+2u+2(5) =u?+7u+10

(W+2)(W—=5) =W? + (=5+ 2)X+ 2(-5)
=w? —3w-10

22 +(=7-3)2+(-7)(=3) = 22 10z + 21

(2x)(5x) +[(2)(2) + (3)(B)1x +3(2)
=10x% +19x+6

O + [(D(T) + (=5)D)]t + (=5)(T)
=2t? -3t-35

X2 +2(X)(2Y) +(2Y)% = X2 +4XY +4Y?
(202 —2(2x)(Q) +12 = 4x® —4x+1
X%~ 2(5)x+5% = x2 ~10x+ 25

1-2)(Vx)” +[OE) + (DENX + (D)
=2x+3Jx -5

(v3)" +2(v3x) () + 57
=3x+10/3x + 25

(o) y-s
(25)% -1° = 4s% -1
(22)2 —(3W)2 =z% —ow?

X2 (x +4) —3(x +4)

=x3 +4x% _3x-12

x(x2 +x+3)+l(x2 +X+3)

3 2

= x2 43X+ x% +x+3

=x3+2x% +4x+3
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2 2 2 3
35. x (3:( +2;(—1)2—4(3x2+2x—1) 46. ZL_B+f:2X2_7+f
=3X" +2X° —x°-12x°—-8x+4 X X X X
=3x*+2x3 —13x% -8x+4 o8 4
47. i2+4i2—i2=3x3+2x—i2
36. 3y(4yd+2y% —3y)-2(4y® +2y? —3y) 2x2 2x% 2x 2x
_19y4 3 _gv2_avd_ a2
_12y4+6y3 9y ) 8y~ —4y° +6y 3y—4-9y-5
=12y* -2y -13y? + 6y 48. 3y
_ —6y-9
37. x{2(x? —2x—35) + 4[2x* —12x]} Y
= x{2x% —4x—70+8x> — 48x} 6y 9
= x{10x? —52x — 70} 3y 3y
=10x3 —52x% — 70x .3
y
38. [(22)% -12)(42% +1) =[42% -1](42° +1)
2\2 .2 4 X
=(4z°)° -1 =16z" -1 j 2
49, X+5)x°+5x-3
39. x(Bx+2y—4) +y(Bx+2y—4) +2(3x + 2y — 4) X2 +5x
:3x2+2xy—4x+3xy+2y2—4y+6x+4y—8 -3
:3x2+2y2+5xy+2x—8 Answer: X+_—3
X+5
40. [x>+(x+J (1
= (x%)2 + 2x2 (x+1) + (x +1)2 50. x—4jx2—5x+4
=x*+ 23 +2x% + X2+ 2x+1 X2 -4x__
=x*+2x3 +3x% + 2x+1 —Xx+4
—-X+4
41. (22)% +3(22)%(3)+3(22)(3)2 + (3)° 0
=8a° +36a2 +54a+ 27 Answer: x - |
2_
2. 3y’ -36y° (2 +36y)Q@° - 2)° -Gl
—27y3—54y2+36y—8 51. x+2)3x° -2x“+ x-3
3x2 + 6x°
2
43. (2x)° -3(2x)2(3) +3(2x)(3)? - 3° -8x" + X
3 ) -8x% —16x
=8x" —36X° +54x—-27 [
17x-3
44. x3+3x2(2y)+3x(2y)2+(2y)3 17x+34
-37

=x3+ 6x2y +12xy2 +8y3

Answer: 3x% —8x+17 +i72
2 X+
45, 22182 1o
zZ YA
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%3+ x2 +3x+3

52. x—1>x4 +0x3 +2x% +0x+1
x4 = x3
X3 4+ 2x2
X3 — x2
3x2 +0x
3x% —3x
3x+1
3x-3
4

3+x2+3x+3+i

x—1

Answer: X

X2 —2x+4
53. x+2>x3+0x2+0x+0
x5 + 2x°
—2x%+0
—2x? - 4x
4x+0
4x+8
-8
8

Answer: X2 —2X+4——
X+2

_1
3X 3

54. 2x+3)6x% +8x+1

5
2
2Xx+3

Answer: 3X — i +

X—2
55. 3x+2)3x% —4x+3
3x% +2x
—6Xx+3
—-6x—-4
.

Answer: X—2+
3X+2

72+2

56. 22—z+1iz3+22+z
3 .2

1" —71"+17
272
2% -27+2
2712
Answer: z+2+ %
Problems 0.5

1. 2(ax+b)

2. 2y(3y-2)

3. 5x(2y+72)

4. 3x2y(1—3xy2)

5. 4bc(2a® —3ab%d +b3cd?)

6. 6u2v(uv2 +3w? —12v2)

7. 27’ =(2+7)(z-7)

8. (x+2)(x-3)

9. (p+3)(p+)
10. (s—-4(s-2)
11. (4x)% —3% = (4x+3)(4x-3)
12, (x+6)(x—4)
13. (a+7)(a+5)
14. (2t)% —(3s)% = (2t +3s)(2t — 3s)
15. x° +2(3)(x)+32 = (x+3)2
16. (y-10)(y-5)
17. 5(x? +5x+6)

=5(x+3)(x+2)

18. 3(t? +4t-5)

=3(t-1)(t+5)

Section 0.5
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19.

20.

21.

22,

23.

24.

25.

26.

27.

28.

29.

30.

31.

32,

33.

34.

3(x* ~17) =3(x+1)(x~1)
By-4H3By-2)

6y2 +13y+2=(6y+1)(y+2)
(4x+3)(x—1)

25(652 +55 —4) = 25(3s + 4)(2s —1)
(32)% +2(32)(5) +5% = (32 +5)?
u3/5v(u2 _ a2y = u3’5v(u +2v)(U—2v)
@3x2/7)2 _12 = 3x®7 1 1)(3x2' 7 —1)

2x(x2 +X—6) =2x(x+3)(x-2)

(xy)? = 2(xy)(2) + 2% = (xy - 2)?

[2(2x+ D)% = 22 (2x +1)?
= 4(2x +1)?

2x2[2x(1-2X)J?

= 2x%(2x)%(1-2x)?
= 2x2 (4x%)(1-2x)?
=8x*(1-2x)?

x(x2 y2 —14xy +49) = x[(xy)2 =2(xy)(7) + 72]
= X(xy - 7)?

x(Ox+2)+205x+2)=Gx+2)(x +2)

X(x2 —4)+2(4 - x?)

= x(x2 —4) —2(x2 —4)

=(x% —4)(x-2)

= (x+2)(x-2)(x-2)

= (x+2)(x—=2)?
x+Dx-D+x-2)x+1)

=+ D[(x— 1)+ (x=2)]
= (x+ D(2x=3)

10

35.

36.

37.

38.

39.

40.

41.

42,

43.

44.

45.

46.

ISM: Introductory Mathematical Analysis

yz(y2 +8y+16) - (y2 +8y+16)
= (y? +8y+16)(y% -1)
=(y+4)2(y+1)(y-1)

xy(x2 —-4)+ 22(x2 -4)= (x2 —4)(xy + 22)
= (x+2)(x=2)(xy + 2%)

b3 +4% = (b + 4)(b% - 4(b) + 4°)
= (b +4)(b® — 4b +16)

X3 —13 = (x=D)[x% +1(x) +1°]
=(x-1(x* +x+1)

()2 =12 = (3 +1) (3 -1)
= (x+1)(x2 - x+1)(x—1)(x2 +X+1)

3% +(2x)°% = (3+2%)[3% - 3(2%) + (2x)?]
= (3+2X)(9— 6+ 4x?)

(x+3)2(x=D[(x+3) +(x-1)]
= (x+3)2(x-1[2x+2]

= (x+3)2(x=D[2(x+1)]
=2(x+3)°(x-1)(x +1)

(a+5)%(a+1)%[(a+5)+(a+1)]
=(a+5)%(a+1)?(2a+6)
=2(a+5)°(a+1)?(a+3)

[P(1+ ]+ [P+ n]r=[P(+n]1+r)
=P(l+r)?

(3X +5D)[(X —31)= (X +21)] = (3X +51)(-5I)
= -51(3X +51)

(x2)? =42 = (X + 4)(x° - 4)

=(x® +4)(x+2)(x—2)

(9x%)% — (y*)? = (9x% + y?)(9x% — y?)
= (9x% +y?)(3x+ y)(3x—y)
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47. (y)? 12 = (y* +D(y* D)
= (y* +D)(y? +D(y? 1)
= (y* + D) (y* +D(y +D(y 1)

48. (12222 =2 +2)(t>-2)
@ +2)[t2 _(ﬁﬂ
= +2)(t+V2)(t-2)
49. (X2 +45)(X2-1) = (X2 +5)(X +1)(X -1)

50. (x? —9)(x* —1) = (x+3)(x = 3)(x +1)(x -1)

51 y(x* —2x% +1) = y(x® 1% = y[(x + D (x - D)]?

= y(x+1)?(x-1)?

52. 2x(2x% —3x—2) = 2x(2x +1)(x - 2)

Problems 0.6
1 a’-9 _(a-3)(a+3) a+3
a’-3a a(a-3) a

x> -3x-10 _ (x+2)(x-5) x-5
x2_4  (x+2)(x=2) x-2

x> —9x+20 (x-5)(x—4) x-5
X2 +x-20 (x+5)(x—-4) x+5

3x% —27x+24  3(x—-8)(x-1)
2x3 —16x% +14x  2x(x=T)(x-1)
_ 3(x-8)
S 2x(x=T)

6x2+x-2  (3x+2)(2x-1) 3x+2
2x2 +3x—2  (x+2)(2x-1)  x+2

12x% ~19x+4 _ (4x-1)(3x-4) _ 4x-1
6x% —17x+12 (2x-3)(3x—4) 2x-3

i N 4
(y=3)(y+2) (y-3(y+2)

11

10.

11.

12.

13.

14.

15.

16.

17.

18.

Section 0.6

(t+3)t-3t* _ t
t(t+3)(t-3°> t-3

(ax-b)(c—x) _ (ax—b)(=D)(x-c)
(x=c)(ax+hb) (x—=c)(ax+b)
_ (ax-h)(-1)

ax+b
_b-ax
ax+b

(X V)= N+ ) (x=y)(x+y)?

(x+y)(y-x) D(x-y)
= —~(x+)*
2(x-1)  (x+4)(x+1)

(x=4)(x+2) (x+D(x-1)
2(x=D(x+4)(x+1)
(x=4)(x+2)(x+1)(x-1)
2(x+4)
T (x—8)(x+2)

X(X +2) (x—2)?
3(x—4)(x—2) (x—3)(x+2)
~ X(X+2)(x - 2)°
C3(x—4)(Xx—2)(x=3)(x+2)
_ X(x=2)
 3(x—4)(x-3)

X2 4 4x® X
8 X 8X 2

3¢ 14_3x 14_304)x _,

x x 7 X X

3 3

2m n” _2mn” _n
n? 6m emn® 3

c+d. 2¢  2c(c+d) 2(c+d)
¢ c—-d c(c-d) c—d

4x2_4x1 ax 2

3 7773 2x 6x 3

4x 2x _ 4x(2x) _ﬁ

1 3 3 3
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_0y3 _ 3
19. -9x7 3 _ 27X _ _27x?
1 X X

—12v4 4 —12v3 1 123

. —3y8
Y 1 4 4

20.

X—3 x-4 _x-3 1 x-3

21. . = =
1 (x=3)(x-4) 1 x-3 x-3

_ 43?1
X X+3

(x+3)?

22, (x+3)

_ (x+3)° _ X+3
X(Xx+3) X

105 x+1  10x3(x+1) 2%

23. . = =
(x+D)(x-1) 5x 5Sx(x+D(x-1) x-1

(x=3)(x+2) (x+3)(x-1)
(x+3)(x—3) (x+2)(x—2)
_X+2 (x+3)(x-1)
T X+3 (x+2)(x-2)
3 (X+2)(x+3)(x-1)
C(X+3)(x+2)(x-2)

24,

x-1
X—2
(X+2)(x+5) (x-4)(x+1)

(X+5(x+1) (x=4)(x+2)
_X+2 x+1

X+l X+2
_ (x+2)(x+1)
_(x+1)(x+2)
=1

25.

(x+3)% (3+4x)(3-4X)
4x-3  7(x+3)
(x+3)3(3+4%)(3-4x)
© 7(4x-3)(x+3)
_ (x+3)(B+4x)(-D(4x-3)
- 7(4x-3)
_ (x+3)(3+4x)

7

26.

27.

28.

29.

30.

31.

32,

33.

34.

ISM: Introductory Mathematical Analysis

(2x+3)(2x-3) 1+x)(L1-x)
(x+4)(x—l). 2x—3
(2x+3)(2x=3)(1+x)1-x)
T (x+4)(x-1)(2x-3)
_(2x+3)A+x)(-D)(x-1)

N (X+4)(x—1)

_ (2x+3)(1+x)

T x+4

y(6x2+7x—3) X(y-D+4(y-1
X(y=1)+5(y-1)  x2y(x+4)
_yEx=1)(2x+3)(y -1)(x+4)

T (y=D(x+5)x2y(x +4)

_ (Bx=1)(2x+3)

x2(x+5)
2
X“+5Xx+6 :(x+3)(x+2):X+2
X+3 X+3
2+X  X+2
X+2 X+2
LCD =3¢

2,1 6.1 6+1 7
t 3t 3t 3t 3t 3t

LCD = X3

LCD=s+4
4 tso 4 +s(s+4):4+s(s+4)
s+4 s+4 s+4 s+4
_sz+4s+4_(s+2)2

s+4 s+4
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35. LCD=(2x-1)(x+ 3)

4 N X A(x+3) X(2x-1)
2x-1 x+3_(2x—1)(x+3) (x+3)(2x-1)
_A(x+3)+x(2x-1) 2x2 +3x+12
O (2x=D(x+3)  (2x-1)(x+3)

36. LCD=(x-Dx+1)
x+1 x-1_(x+D(x+1) (x-1)(x-1)
x-1 x+1 (x=D(x+1) (x=-D(x+1)
_(x+1)? - (x-1)°
O (x+D(x-D)
_x2+2x+1—(x2—2x+1)_ 4x
- (X+1)(x-1) T (X+D)(x-1)

37. LCD=(x-3)(x+1)(x+3)
1 N 1
(x=3)(x+1) (x+3)(x-3)
_ X+3 N X+1
(X=3)(Xx+D(x+3) (X=3J)(X+D(x+3)
_ (X+3)+(x+1)
T (x=3)(x+1)(x+3)
3 2x+4
C (x=3)(x+1)(x+3)
3 2(x+2)
C (x=3)(x+1)(x+3)

38. LCD=(x-4)2x+ D2x-1)
4 X
(x=4)(2x+1) (x—-4)(2x-1)
4(2x-1) X(2x +1)

T (x=H(x+D)2x-1) (x-4)2x+1)(2x-1)
A2x=1) - x(2x+1)
C(x—4)(2x+1)(2x-1)

_ —2x2 +7x—4

C(x—4)(2x+1)(2x-1)

13

Section 0.6

39. LCD = (x— 1)(x +5)
4 —3x?
x—1 - (x—1)(x+5)
_ 4(x+5) —3(X_1)(X+5)+ 3x2
(X=D(x+5) (x=-D(x+5) (xX-1(x+5)
_4x+20-3(x% + 4x—5) +3x*
- (x—1)(x+5)
_ 35-8x
~ (x=1)(x+5)

40. LCD=(2x-1)(x + 6)(3x - 2)
2x-3 3x+1 N 1
(2x-1)(x+6) (Bx—-2)(x+6) 3x-2
_ (2x=3)(3x-2) - Bx+1)(2x-1) + (2x-1)(x + 6)

(2x-1)(x+6)(3x—2)
_ 6x% —13x+6—(6X° —x—1)+2x> +11x—6
2x-1)(x+6)(3x—-2)
B 2x% —x+1
2x-D(x+6)(3x—2)

2 2 2 2
a. (1+1j :(1+1) =(x+1j _x“+2x+1
X X X X N
2 2 2
. (Lij :[l+ij :[uj
Xy Xy Xy Xy
_y2+2xy+x2
-1 -1 -1
o o) -G 5 2
X X X X 1-xy
2 2 2
a. (a+lj :(a_hlj :[%j
b b b b

_a%b® +2ab+1
==

45. Multiplying the numerator and denominator of
x+1

the given fraction by x gives

46. Multiplying numerator and denominator by x
X+3 X+3 1

2_9 (x+3)(x-3) x-3

gives
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47. Multiplying numerator and denominator by

48.

49.

50.

51.

52.

53.

54.

2x(x + 2) gives

3(2x)(x+2)-1(x+2) (x+2)[3(2x)—-1]
X@X)(X+2)+X(2X)  2x2[(x+2) +1]

_ (x+2)(6x-1)

- 2x2(x+3) '

Multiplying numerator and denominator by
3(x + 3)(x + 2) gives

3(x-1)-1(3)(x+3)
3B)(X+3)(X+2)+(x=T)(x+3)(x+2)
-12 12

T O+ (=] (x+3)(x+2)2

LCD =¥x+h-/x

3 3 R;x  3x+h

¥x+h Ix Yx+n¥x Yx+ndx
3(3&—%)

Ix+hdx
LCD =+/5+a+a

afa 1 ava(Va) 1(V5+a)
5ra va J5rava J5rava
_a2+ 5+a
~ Jav5+a
1 2-43_2-\3__
203 23 4.3 ° V3

1 1442 1442 1442
: = = =-1-2
1-V2 1442 1-2 -1

V2 3+
V3-6 3+6

V2(3++6) Jov2 _ JB+243

3-6 -3 3

V67 _5(Y6—V7)
NG

T 6-7

14

5S.

56.

57.

58.

59.

60.
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22 V2+y3_2V2(2+3)

NCENC P

2-3

:4+2\/€:_4_2\/g

25 BT

BT BT
_2V5(V3+47)

3-7
2(5 )

-4
V15 +4/35
2

3 t-V7 3t-3/77

tid7 t-7  t2-7

(x=3)+4  x+1 Jx+1_ (X+1)(\/;+1)

-1 Jx-1 Jx+1

x—1

5(2-3) 4(1+2)

(2++8)(2-+3) (1-v2)(1++2)
_5(2—\/5)_4(1+J§)

4-3 1-2

:5(2—\/5)_4(1+«/§)

1 -1

:5(2—@)+4(1+J§):4\/§—5ﬁ+14

4x2

4x2 (&—2) . 4x2 (&—2)

3(Vx+2) 3(Vx+2)(Vx-2)

3(x—4)
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Problems 0.7

1. 9x-x2=0
Setx=1:
I -02 20
9-120
8+#0
Set x =0:
9(0)—(0)2 20
0-020
0=0

Thus, O satisfies the equation, but 1 does not.

2. 12-7x=-x%; 4,3
Setx=4:
12-7(4) 2 — (4)?
12-28 = -16
-16=-16
Setx =3:
12-7(3) 2 - (3)°
12-212 -9
-9=-9
Thus, 4 and 3 satisfy the equation.

3. z+3(z-4)=5 % 4

Set z =£:
4

E+{£~@;5
4 "4

£+E—12;5
4 4

5=5

Set z =4
4+3(4-4) 25
4+025

45

17 o .
Thus, I satisfies the equation, but 4 does not.

4. 2x+x°-8=0
Setx =2:
2.2422.820
4+4-820
0=0

15

10.

11.

12.

13.

14.

Section 0.7

Set x = —4:

2(-4)+(-4)2-820
-8+16-820

0=0

Thus, 2 and —4 satisfy the equation.

x(6+x)-2(x+1)-5x=4

Set x =-2:

-2)6-2)-2(2+1)-5(-2) 24

24 -2(-)+10 2 4

-8+2+102124

4=4

Setx=0:

0(6) —2(1)-5(0) 2 4

-2 #4

Thus, -2 satisfies the equation, but 0 does not.

X(x+1)2(x+2) =0
Set x=0:

0w?(2) 20
0=0

Setx=-1:
(-1)(0)*(W) 2 0
0=0

Set x=2:
2(3)%(4) 2 0

72 %0

Thus, 0 and —1 satisfy the equation, but 2 does
not.

Adding 5 to both sides; equivalence guaranteed

Dividing both sides by 8; equivalence
guaranteed

Raising both sides to the third power;
equivalence not guaranteed.

Dividing both sides by 2; equivalence
guaranteed

Dividing both sides by x; equivalence not
guaranteed

Multiplying both sides by x — 2; equivalence not
guaranteed

Multiplying both sides by x — 1; equivalence not
guaranteed

Dividing both sides by (x + 3); equivalence not
guaranteed.
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o . 2x-3, . 26. 4s+3s-1=41
15. Multiplying both sides by ; equivalence 76_1=41
not guaranteed 7s=42
42 6
16. Adding 9 — x to both sides and then dividing §= 7 -

both sides by 2; equivalence guaranteed
27. 5(p-7)-2(3p-4)=3p

17. 4x=10 5p-35-6p+8=3p
w_10_5 -p-27=3p
4 2 —27=4p
18. 0.2x=7 p=-2747
x:i=35
2 28. t=2-2[2t-3(1-1)]
t=2-2[2t-3 + 3f1]
19. 3y=0 t=2-2[5t-3]
0 t=2-10t+6
y=3=0 11r=38
t—8
20. 2x—dx=-5 T11
2x=-5
x="—2_3 29. X_ox_6
22 t5 T
x=52x-06)
21. -8x=12-20 x=10x =30
—-8x=-8 30=9x
X:_—8:1 X:@:E
-8 9 3
22. 4-7x=3 5 6
1 30. 7y—?=2—4y
w=—t_1 Sy—6=14—-28y
-7 7 33y =20
23. 5x-3=9 Y‘ZO
. 5x-3= 33
Sx=12 33
12
=5 31 7+%:§
Multiplying both sides by 9 - 2 gives
24. 2x+3=8 927 +2(4x) = 9(x)
J2x=5 126 + 8x =9x
X_i N 5\/5 x=126
-7 -
2. 242X
3 5
25. Tx+7=2(x+1) 5x—60=3x
Tx+7=2x+2 2x = 60
Sx+7=2 x=_3()
S5x=-5
x:_—S:—l

16
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33. r= 4 r-5
3
Multiplying both sides by 3 gives
3r=4r-15
-r=-15
r=15

34, —+—=9

9x +25x =135
34x =135
135
X=—
34

35, 3x+X-5-1,5x
5 0 5

Multiplying both sides by 5 gives
ISx+x-25=1+25x
16x-25=1+25x
—O9x =26

26

9

X =

Y,y y_y
2 3 4 5

60y — 30y + 20y — 15y = 12y
35y =12y

23y=0

y=0

36. y

2y—-3 6y+7
4 3

Multiplying both sides by 12 gives
32y-3)=4(6y+7)
6y —9 =24y + 28
-18y =37
3

18

37.

y:

38 LT
4 3 2
Multiplying both sides by 12 gives
3t+ 20t = 42(t-1)
23t =42t —-42
42 =19t
t=22
19

17

40.

41.

42,

43.

44.

Section 0.7

Multiplying both sides by 24 gives
24w —-12w+4w—w = 2880
15w = 2880
2880

w=——=192
15

7+2(x+1) 6x

3 5
354+ 10(x+ 1) =18x
35+ 10x+10=18x
45 = 8x

45

Multiplying both sides by 6 gives
20+2)-(2-x)=6(x-2)
2x+4-2+x=6x-12
3x+2=6x-12
2=3x-12
14 =3x

14
X:_

3

§+2(x—4) _
5 10
2x+2(x-4)=70
2x+2x-8=70
4x =178

78 39
X=—=—

4 2

7

9 3
g(3—x) =z(X—3)

Multiplying both sides by 20 gives
36(3 —x) =15(x-3)

108 —36x = 15x - 45

153 =51x

x=3

2y—7+8y—9 _3y-5

3 14 21
142y -7)+38y-9)=23y-5)
28y —98 + 24y - 27 =6y - 10
46y =115

115 5

T 46 2
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45.

46.

47.

48.

49.

50.

51.

%(5x— 2) = 7[x— (5x—2)]

4(5x—2) = 21(x—5x+2)
20x—-8=-84x+42
104x =50

50 25

T104 52

(2x-5)% +(3x—3)? =13x? —5x+7
4x% — 20X + 25+ 9x% —18X+9 =13x% —5x + 7

13x% —38x+34=13x% —5x+7
~33x=-27
27 9
X=—=—
33 11
S_3s
X

Multiplying both sides by x gives
5=25x

=<
|

=

= N~ b
I
LW P

=

|

[\S)

Multiplying both sides by 3 — x gives 7 =0,
which is false. Thus there is no solution, so the
solution set is &.

3 7

5 2x 2
3(2) = 7(5-2x)
6=35-14x

14x =29

29

X =—

14

18

52.

53.

54.

55.

56.

57.

58.

ISM: Introductory Mathematical Analysis

X+3 2

X 5
S5x+3)=2x
Sx+15=2x
3x=-15
x=-5

2x—3=24x-30
27 =22x
2z

x
N
N

+

NN wN -

I
NP N w

X|PX|FkrXx|F

b
I

3
x-1 x-2
2(x—2)=3(x-1)
2Xx—4=3x-3
-x=1

x=-1
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60.

61.

62.

63.

3x-2 3x-1

2Xx+3  2x+1
Bx-2)2x+1)=CBx-1D(2x+3)
6x2 —Xx—2=6x2+7x-3

1=8x

X==
8

X+2 X+1

x-1 3-X
x+2)B-x)+x+Dx-1)=0
3X—x2+6-2x+x2-1=0
x+5=0

x=-5

y-6_6_y+6
y y y-6
Multiplying both sides by y(y — 6) gives
(y—6)° —6(y—6) = y(y+6)
y? —12y +36—6Yy+36 = y2 +6Y

y? —18y+72=y? + 6y
72 = 24y
y=3

y-2_y-2

y+2 y+3

-2 +3)=0-2)y+2)
y2+y—6:y2—4

y=2

-5 7 . 11
2x-3 3-2x 3x+5
Multiplying both sides by (2x — 3)(3x + 5) gives
—5(3x+5) =-7(3x+5) +11(2x - 3)
—15x—-25=-21x—-35+22x—-33
-15x-25=x-68
-16x =-43
43
X=—
16

19

64.

65.

66.

67.

68.

69.

Section 0.7

1 3 4

Xx—-3 x-2 1-2x

(x = 2)(1 = 2x) = 3(x = 3)(1 = 2x)
=4d(x-3)(x-2)

—2x? +5x—2-3(=2x% + 7x—3) = 4(x* 5%+ 6)

4x% —16X+7 = 4x% —20x + 24

4x=17

x=3
But the given equation is not defined for x = 3,
so there is no solution. The solution set is .

X X  3x-4
x+3 x-3 x2_9
x(x=3)—x(x+3)=3x-4
X2 —3x—x>-3x=3x—-4

>
+
(6)]
_———
N
I
I
N

>< R —_—
I+
—_ N

1l

(@)}

—_

N
|
N
NII
w

=]

|
—_ N

NN —
N
TR
N
Dl
I
w
N
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70. 4—+/3x+1=0 76. y2_9:9_y
4=+/3x+1 > 2 )
2 — —(9—
42=(m) (\/y 9) ©-v)
16 =3x+1 y? -9=81-18y+y?
15=3x 18y =90
x=5 90
:—:5
, V=18
7. [ X41=%
2 3 77. \/§+ y+2=3
2

ol iy

—
N | X
+
[ BN
~
I

3 2 2
Vz (52 =(o-5)
§+1:5 y+2=9-6y+y
x_ 5 6\/;27
2 9 2_
6y) =7
(5w (6)
=2-5)7 36y = 49
49
y=£
72. (x+6)2=7
[(x+6)"/2] =72 78. Jx—x+1=1
x+23=49 X =+/x+1+1
x= 2 2
(\/;) :(\/x+1+1)
73. 4X_6:2& ) X=X+1+2y/x+1+1
(4X_6 :(\/;) —2=2x+1
4x—-6=x —1=+/Xx+1, which is impossible because
6

JE >0 for all a. Thus there is no solution.
The solution set is &.

74. JA4+3x =/2x+5
(\/4+3x)2 =(\/2x+5)2

79. Nz22+27=3+12

2
4+3x=2x+5 (V22+22j = (3+2)
x=1

22 427=9+62+ 22
75, (x-5%4=27 =k
[(x—5)3’4]4/3 _ 97413 7 :_%
Xx—-5=81
X =86

20
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80. \/I— /L:O
w 5w-2
ﬁ_ [2

w 5w-2

81. I="Prt

82. P(1+lj— R=0

83. p=8g-1

84. p=-3¢q+6

85. S=P(l + )
S=P+ Prt
S—P=rPr)

S-P
fr=—
Pt

"o 2ml
B(n+1)

r(B(n+1)] _

2m
_rB(n+1)

2m

21

87.

88.

89.

90.

91.

- R L))
Ai

R=——""
1-@+i)™"

S R[(1+_i)n -1]

1
Si=R[1+1)"-1]
Ro_ St

@+i)" -1

_d
1-dt
r(l-d=d
r—rdt=d
—rdt=-r+d
d-r r-d

tem 1T

rd rd

r

X—a X-b

b—x a-x

Section 0.7

Multiplying both sides by (b — x)(a — x) gives

(x—a)(a—x) = (x-Db)(b—x)

(x—a)(a-x)(-1) = (x-b)(b-x)(-1)

(x—a)x—a)=(x—-b)(x-Db)
X% —2ax+a® = x% — 2bx + b2
a% —b? = 2ax— 2bx
(a + b)(a-b) =2x(a—-Db)
a+b=2x(fora # b)
a+b
_:X

2

"o 2ml
B(n+1)

r(n+1)=2%I
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92.

+

|
™ ok e

|

2|k 2ok 5|k
"2'9.,‘

o
I
—

93. P=2l+2w
660 = 21 + 2(160)
660 = 21 +320
340 =2l
12340 170
2

The length of the rectangle is 170 m.

94. V =nur’h
355 = n(2)%h
355 =4nh
3355
4n
The height of the can is

@ ~ 28.25 centimeters.

an

95. ¢=x+0.0825x = 1.0825x

96. Revenue equals cost when 450x = 380x + 3500.

450x = 380x + 3500

70x = 3500

x=150

50 toddlers need to be enrolled.

97. V = c[l—ij
N

2000 = 3200 (1—%)

2000 = 3200 — 400n

4001 = 1200

n=3

The furniture will have a value of $2000
after 3 years.

22

98.

99.

100.

101.

102.

ISM: Introductory Mathematical Analysis

vf

F =
334.8
495  V(2500)
334.8
165,726 = 2500v

V= 165,726 66.2904

2500
Since the car is traveling at 66.2904 mi/h on a
65 mi/h highway, the officer can claim that you
were speeding.

Bronwyn’s weekly salary for working 4 hours is
27h + 18. Steve’s weekly salary for working
h hours is 35h.

%(ZYh +18+35h) =550

62h+18 =2750
62h =2732

2732

h= ~44.1
62

They must each work 44 hours each week.

y=a(l - by)x

y =ax(l - by)

y = ax — abxy

vy + abxy = ax

y(1 + abx) = ax
ax

1+ abx

y:

1.4x

Y =1 000x
With y = 10 the equation is
_ l4x

1+0.09x
10(1 + 0.09x) = 1.4x
10+ 0.9x = 1.4x
10=0.5x
x=20
The prey density should be 20.

Let x = the maximum number of customers.
8 10
X—92 x-46
8(x —46) = 10(x — 92)
8x—368 = 10x — 920
552 =2x
x=276
The maximum number of customers is 276.
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104.

105.

106.

107.

108.

f=_9
r—c
tr—-c)y=d
tr—tc=d
tr—d=tc
tr-d  d
t t

Let x = the horizontal distance from the base of
the tower to the house. By the Pythagorean

theorem, X° +100° = (X+l)2.
x? +10,000 = X% + 2x +1
10,000 = 2x +1

9999 = 2x

_99%9 _ =4999.5

The distance from the top of the tower to the
house is x + 1 =4999.5 + 1 = 5000.5 meters.

=,/30fd

Set s =45 and (for dry concrete) f=0.8.
45 = ,/30(0.8)d
45 =+/24d

(45)2 = (m )2
2025 = 24d

4_2025_675_o,3 o 0
24 8 8

Let P be the amount in the account one year ago.

Then the interest earned is 0.073P and
P +0.073P = 1257.

1.073P = 1257
p=157 117148
73

The amount in the account one year ago was
$1171.48, and the interest earned is
$1171.48(0.073) = $85.52.

Let e be Tom’s expenses in Nova Scotia before
the HST tax. Then the HST tax is 0.15e and the
total receipts are e + 0.15¢ = 1.15¢. The
percentage of the total that is HST is

015 015 15 3

—— =— or approximately
115 115 115 23
13%.

1
— and —— are roots.
8 14

23

109.

110.

111.

1.
—— 1S a root.
2

14 .
— is aroot.
61

0 is a root.

Problems 0.8

1.

—-4x+4=0
(x-2)%>=0
x=2=0
x=2

@+ D(E+2)=0
t+1=0
r=-1

2 —8t+15=0
(t-3)(t-5) =0
t—3=0

t=3
x-2)x+5=
x—2=0

x=2

X2 —2x-3=0

x-3)x+1)=0

x-3=0
x=3

x-dDHx+4) =

x-4=0
x=4

u? -13u=-36

u?-13u+36=0
u-4)u-9=0

u-4=0
u=4

%W2—4W+4):0

3(w-2)%? =0
w-2=0
w=2

or
or

or
or

or
or

or
or

or
or

or
or

t+2=0
t=-2

x+1=0
x=-1

x+4=0

Section 0.8
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9. x>-4=0
x-2)x+2)=0
x-2=0 or x+2=0
x=2 or x=-2
10. 3u(u-2)=0
u=0 or u—2=0
u=0 or u=2
11. t?>-5t=0
t(t-5)=0
t=0 or t—-5=0
t=0 or t=5

12. x%+9x+14=0
x+Dx+2)=0
x+7=0 or x+2=0
x=-7 or x=-2

13. 4x% +1=4x
4x? —4x+1=0
(2x-1)%2 =0
2x-1=0
X=3

14. 2722+97-5=0
Qz-1)(z+5) =0

2z—1=0 or z+5=0

z:l or z=-5
2

15. v(3v-5)=-2

3v2 5y =-2

W2 -5v+2=0

Bv-2)(v-1)=0

3v-2=0 or v—1=0
2

V=— or v=1
3

16. —6x°+x+2=0
6x>—x—2=0
(2x+1)(3x-2)=0
2x+1=0 or 3x-2=0

X=—— or X=
2

wlr

24

17.

18.

19.

20.

21.

22,

23.

24,

25.

ISM: Introductory Mathematical Analysis

~x243x+10=0

x? -3x-10=0
x=-5x+2)=0

x—5=0 or x+2=0
x=5 or x=-2

|~ N~
<
N
|
~N|w
<
I
o

y(y-3)=0

I
o

or

=<
S o

2p? =3p

2p>-3p=0

p(2p-3)=0

p=0 or 2p-—

p=0 or p=

r>+r-12=0

(r=3)r+4)=0

r-3=0 or r+4=0
r=3 or r=-+4

x(x+4Hx-1)=0
x=0 or x+4=0 or x-1=0
x=0 or x=-4 or x=1

w-3)2(w+1)?% =0
w—3=0 or w+1=0
w=3 or w=-1

249t =0

t(t> —49) =0
tt+7)(t-7)=0
t=0 or t+7=0 or t-7
t=0 or t=-7 or t

0
=7

x(x2—4x—5):0
x(x=5x+1)=0

x=0 or x-5=0 or x+1=0
x=0 or x=5 or x=-1

6x° +5x% —4x =0
x(6x2 +5x-4)=0
x2x-1)Bx+4)=0
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x=0 or 2x—1=0 or 3x+4=0 32. X2—2X—15=0
x=0 or x:E or x:—% a=1,b=-2,c=-15
X_—bi\/b2—4ac
26. %2 +2x+1-5x+1=0 2a
234220 _—(9+J4-41)(-15)
x-Dx=-2)=0 2(1)
x-1=0 or x-2=0 2+./64
x=1 or x=2 =
2
27. (x=3)(x>-4)=0 _2%8
(x=3)(x=2)(x+2) =0 2
x—3=0 or x—-2=0 or x+2=0 x=£:5 or x:ﬂ:_3
x=3 or x=2 or x=-2 2 2
28. 5(x+4)(x—3)(x—8)=0 33. 4x*>-12x+9=0
X+4=0 or x-3=0 or x-8=0 a=4,b=-12,¢c=9
Xx=-4 or x=3 or x=8 x—_bi /b2—4ac
- 2a
29, -3 - 4(p-3°%=0
P(p 2) (p=3) | —(-12) + 144 4(4)(9)
(P=3)°[p-4(p-3)]=0 B 2(4)
(P-3)°(12-3p) =0 12440
3(p-3)°(4-p)=0 K
p-3=0 or 4-p=0 1240
p=3 or p=4 8
2 2 _3
30. (x“-D(x*-2)=0 =3
(x+1)(x—1)(x+x/§)(x—x/§):0
2 _
x+1=0o0rx—1=0 34. q°-59=0
or X+~/2=0 or Xx—+/2=0 a=1,b=-5,¢c=0
x=—lorx=1 q_—bi\/b2—4ac
or X=—2 or sz/z 2a
_ 52.,/25-4(1)(0)
31 x2+2x-24=0 B 2(1)
a=1,b=2,c=-24 _51@
_ —b++b? —4ac 2
X—T _5i5
2+ J4—4(1)(-24) 2
= 5+5 5-5
2(1) q=7=5 or qu:O
_ —244/100
2
2410
2
(2410, 2210 o
2 2

25
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35. p2—2p—7:0
a:l’b=—2,C=_7

b= —bi\/b2—4ac

2a
(-2 £(-2)* - 4W)(-7)
2(1)
_ 24432
2
—1+ 242
p=1+22 or p=1-22

36. 2-2x+x2=0
X2 —2x+2=0
a=1,b=-2,c=2
(- D440
2(1)
244

2
no real roots

37. 4-2n+n®=0

n—2n+4=0
a=1,b=-2,c=4

_ -b J_r\/b2 —4ac
2a
_—(-2)+/4-4@)4)

2(1)
24412

2
no real roots

n

38. 2x24+x=5

2x2 +X-5=0
a=2,b=1,c=-5

o —bi\/b2 —4ac

2a

_ -1+ I-4Q0)(5)

2(2)

_—1+4/41
4

~1++/41 —1-+/41
X=—— or X I —

4 4

ISM: Introductory Mathematical Analysis

39. 4x% +5x-2=0
a=4,b=5c=-2
‘= —bi\/b2—4ac
2a
5+ [25-4(4)2)
2(4)

54457
8
—5+4/57 -5-+/57

or X=
8 8

40. w2 -2w+1=0
a=1,b=-2,c=1

We —bix/b2—4ac

2a

_—(-2%(-2° -4

2(1)
2440
)

=1

41. 0.02w?—0.3w=20

0.02w% —0.3w—20=0
a=0.02,b=-03,c=-20

We —bi\/b2 —4ac

2a
_ —(-0.3)£,/0.09 - 4(0.02)(-20)
B 2(0.02)

 0.3+4/1.69
0.04
03413
0.04
y_ 03413 16 o
0.04  0.04
03-13 -10
W= =
0.04 004

I

[
N
)]
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42. 0.01x% +0.2x-0.6=0
a=001,b=02,¢c=-0.6

o —bi\/b2 —4ac
2a
-0.2+,/0.04 - 4(0.01)(-0.6)
2(0.01)

-0.2++/0.064

0.02
-0.2+,/(0.0064)(10)
0.02
~0.2+0.08410
0.02
- 10+ 410
x=-10+4+10 or x=-10-4410

43. 2x%2 +4x=5

2x% +4x-5=0
a=2,b=4,¢c=-5

_ —bJ_r\/b2 —4ac

2a

—4+ /16— 4(2)(-5)

2(2)

—4+/56
4
—4+2\14

4
2414
2

X

X_—2+Jﬁ X_—z—ﬂ

2 2

27

44. -2x*>-6x+5=0
a=-2,b=-6,c=5

. —bi\/b2—4ac

45.

46.

47.

2a

_ —(-6)+/36-4(=2)(5)

2(-2)
_6+4/76
4

6+ 2419

-4
_-3+419
2
—3+4/19
X:T or

(x%)? -5(x2)+6=0

Let w= X2. Then

w2 —5W+6=0

w—3)w-2)=0

w=3,2

—3-4/19

2

Section 0.8

Thus x% =3 or X2:2, SO x:i«/é,i\/z.

(X?)2-3(X)?>-10=0
Let w= & Then

w2 —3w-10=0
(w=5)(w+2)=0

w=35,-2

Thus X 2_ 5o0r X 2_ -2, so the real solutions

are X = i\/g.

EREE

Let w= 1 Then
X

3w? —7w+2 =
Bw-)(w-2)=

W=

Thus, x =3, 1
2

0
0

1
3 ’

2
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48. (x 12 +x1-12=0 2
)7+ 53, (L] —12(LJ+35=0
Let W= XL, Then X—2 X—2
w? +w-12=0 Let W:L, then
w+4w-3)=0 X-2
w=-4,3 w? —12w+35=0
Thus, x= -+, *. (w=T)w—5)=0
43 w=T7,5
2.2 ) Thus, ! =7 or ! =5.
49. (X)) -9(x™)+20=0 X—2 X—2
Let W:X_Z. Then X:E,E.
W2 —9w+20=0 [
w-5w-4)=0 1 2 1
w=5,4 54, 2( 4) +7( 4j+3:O
X+ X+
Thus,izz5 oriz:4, SO xzzéor x2:l 1
X X Let W:—4.Then
X+
X:iﬁ,il. 2
5 2 2w +7w+3=0
Cw+1w+3)=0
2 1
50. (iJ —9[ij+8:o w=-2,-3
2 2
X X 101 1
1 Thus, =——or =-3.
Let w=—-. Then X+4 2 X+4
X
_ 13
w? —9w+8=0 x=-6 >
w-8)(w-1)=0
w=8,1 2 X+3
1 1 2 1 2 55, x*="—"=
Thus, — =8 or — =1, so X“ == or x“ =1. 2
x? x° 8 2
\/_ 2X°=%x+3
x:i—z,il. 2x2 —x-3=0
4 2x-3)x+1)=0
3
51. (X -5)?+7(X -5)+10=0 Thus, x=2. -1,
Let w=X—5. Then
w2 +7w+10=0 56 EZZ_E
(W+2)(w+5)=0 2 X 2
w=-2 -5 Multiplying both sides by the LCD, 2x, gives
Thus, X -5=—2o0rX-5=-5,50X=3,0. x% =14 —5x
2 X2 +5x-14 =0
52. (3x+2)2-5(3x+2)=0 (=D 47)=0
Let w=3x+ 2. Then Thus, x =2, -7.
w? —5w=0
w(w-5)=0
w=0,5

Thus3x+2=0o0r3x+2=35, so X:_é’l'

28
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58.

59.

60.

i + X__3 — 2

X=4 X

Multiplying both sides by the LCD, x(x — 4),
gives

3x+(x—3)(x—4)=2x(x-4)
3+ X2 —7x+12 = 2x% —8x
X2 —4x+12 = 2x% - 8x
0=x%-4x-12

0=(x-6)(x+2)
Thus, x =6, 2.

2 6

2x+1 x-1

Multiplying both sides by the LCD,

(2x + D)(x— 1), gives

2(x-1)-6(2x+1) =5(2x +(x-1)

~10x -8 =10x%> —-5x—5

0=10x2 +5x+3

a=10,b=5,c=3

b2 —4ac = 25— 4(10)(3) = -95 < 0, thus there
are no real roots.

3X+2 2x+1:l

x+1 2X
Multiplying both sides by the LCD, 2x(x + 1),
gives

2X(3x+2) — (2x+1)(x+1) = 2x(x +1)
6x° +4x—(2x2 +3x+1) = 2x% +2x
4%% +x—1=2x% +2x

2x% —x-1=0

2x+D)(x-1) =0

Thus, X:—l,l.
2
6(W+1)+ w _3
2-w  w-1

Multiplying both sides by the LCD,
2 -w)(w-1), gives
6w+ 1Dw—-1D+w2-w)=32-w)(w-1)

6(W? —1) + 2w —w? = 3(-w? +3w—2)
5W? +2W—6 = —3w? + 9w —6

sw? —7w=0

wl@w-T7)=0

Thus, w =0, Z
8

29

61.

62.

63.

2 r+1

r-2 r+4

Multiplying both sides by the LCD,
(r=2)(r +4), gives

20+ 4) - (r-2)(r+1)=0

2r+8—(r2—r—2):0
—r?+3r+10=0
r?-3r-10=0

(r=5@+2)=0
Thus, r=5, 2.

2X_3+ 2x
2x+5 3x+1

Multiplying both sides by the LCD,
(2x +5)(3x + 1), gives

2x=-3)Bx+ 1) +2x2x+5)=2x+50Bx+1)
6x2 —TX—3+4x% +10x = 6x% +17x+5

10x2 +3x—3=6x2 +17x+5
4x% -14x-8=0

2x2 —Tx—4=0

Q2x+ D(x-4)=0

Thus, x = —l, 4,
2

t+1+t+3_ t+5
t+2 t+4 t?46t+8

Multiplying both sides by the LCD,
(t+2)(t+4), gives
t+D)t+4)+(t+3)(t+2)=t+5

t2 45t +4+t% +5t+6=t+5
2t2 +10t+10=t+5

2t2 19t +5=0
a=2,b=9,c=5

o —bi\/b2 —4ac

2a
_ -9:+,/81-4(2)(5)
B 2(2)
_-9+441

4

~9++/41 —9-/41
4 4

Thus t =

Section 0.8
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64 2 . 3__4
X+1 X X+2

Multiplying both sides by the LCD,
x(x + D(x + 2), gives
2X(X+2) +3(X+1)(x + 2) = 4x(x+1)

2%% + 4% +3X° +9X + 6 = 4%° + 4X
5x% +13% + 6 = 4x% + 4x
X2 +9x+6=0
a=1,b=9,c=6
X:—bi\/b2—4ac
2a
 —9+4/92 —4(1)(6)
B 2(1)
~9+./57
2
_—9+x/§ -9-+/57
2 2

Thus, x

2 1 2

X1 X(x-1) 2
Multiplying both sides by the LCD,
X2 (x+1)(x—1), gives

2x% —x(x+1) = 2(x+1)(x—1)

2x% —x% —x=2x>-2

X2 —x=2x%-2

0=x%+x-2

0=x+2)x—-1)
x=-2o0rx=1

65.

But x = 1 does not check. The solution is —2.

66. If x # -3, the equation is 5—E = ]'_—X
X X
Multiplying both sides by x gives
5x-3=1-x
6x=4
2
X==
3

67. (\/Zx—3)2 = (x—3)?

2X—3=x% —6X+9
0=x>-8x+12
0=(x-6)(x-2)
x=6orx=2

Only x = 6 checks.

ISM: Introductory Mathematical Analysis

68. (3@)2 = (x-6)?

9% +36 = x2 —12x + 36

0=x%-21x
0=x(x-21)
x=0orx=21
Only x = 21 checks.

2
69. (q+2)° :(2 4q—7)
9% +4q+4=16q-28

9% -129+32=0

(g-49(q-8)=0
Thus, g =4, 8.

70. (&)2+2(&)—5=0

Let W:\/;, then W2 +2W—5=0
a=1,b=2,c=-5
W_—biVb2—4ac
2a
We -2+, J4-4()(-5)
- 2(1)

—2++/24

2
2426

2
=-1+6

Since sz/; and —1—«/€<O, W:—l—\/g

does not check. Thus w=-1+ \/6, SO

x:(—1+\/6)2 =7-26.

71. Jz+3=+32+1
2 2
(\/z+3) :(\/§+1)
z+3:3z+2\/§+1
27+2=23z

—z+1=+/3z
2
(-2 +1) =(J§)
72 -2741=3z

72 -5741=0
a=1,b=-5,c=1

30
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72.

73.

74.

. —b++/b% —4ac
2a
_ (95 - 40
2(1)

5421

2
Only z= S_Xﬁ checks.
Jx-2=+2x-8

i
X—4/x +4=2x-8
—4x =x-12
(—4&)2 = (x-12)?
16X = X — 24x+144

0=x% —40x+144
0=(x-4)(x-36)
x=4orx=36

Only x = 4 checks.

x+1=42x+1
(Vi) (e
X+ 24X +1=2x+1
24X =X

(245 =

4% = x°

0=x%—4x
O=x(x-4)
Thus, x=0, 4.

2 2
(1/y—2+2) =(1/2y+3)
y—2+4Jy-2+4=2y+3
4,)y-2=y+1

2
(4‘/y—2) = (y+1)?
16y —32=y? +2y+1

0=y%-14y+33

0=0@-1D(»-3)
Thus, y =11, 3.

31

2 2

75. (\/x+3+1) =(3\&)

X+3+2vX+3+1=9x
2VX+3=8x-4
NX+3=4x-2

2
(\/x+3) :(4x—2)2
X+3=16X% —16x +4

0=16x%-17x+1
0=@16x-1)(x-1

1
X=—orx=1
16

Only x = 1 checks.

76. (m)z :(Jﬁ)2
Jt+2=3t+1
Ji=3t-1
(\ﬁ)z = (3t-1)?
t=0t% —6t+1

0=0t2-7t+1
a=9,b=-7,c=1
. —b++b? —4ac
2a
_—CDEED - 40)W)
2(9)
7413
18

7+\/1_3
18

Only checks.

Section 0.8

_ ~(-2.7) £4/(-2.7)2 - 4(0.04)(8.6)

77. X
2(0.04)

= 64.15 or 3.35

02 J(0.2)2 - 4(0.01)(-0.6)
N 2(0.01)
~ 2.65 or -22.65

78.
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79.

80.

81.

82.

Let [ be the length of the picture, then its width is
[-2.

I(1-2)=48

12-21-48=0
U-8)(I+6)=0

[-8=0 or [+6=0
[=8 or [=-6

Since length cannot be negative, [ = 8. The width
of the picture is / — 2 = 8 — 2 = 6 inches.

The dimensions of the picture are 6 inches by

8 inches.

The amount that the temperature has risen over
the X days is

(X degrees per day)(X days) = X 2 degrees.
X% +15=51

X2 =36
X = +/36
X=6o0orX=-6

The temperature has been rising 6 degrees per
day for 6 days.

7 _ QQ+10)
44
44M =Q? +10Q

0=0Q2+10Q - 44M
From the quadratic formula witha =1, b = 10,
c=—44M,

- —10++/100 — 4(1)(-44M)

2(1)

~ -10+2v25+44M
2

=-5++/25+44M
Thus, —5+~/25+44M is a root.

g = —200P? + 200P + 20
Set g = 60.

60 = —200P2 + 200P + 20
200P? —200P +40 =0
5P2 _5P+1=0

From the quadratic formula with a =5, b = -5,
c=1,

o_ 5+25-4(5)1) 5++5
- 2(5) - 10
P~0.280r P~0.72

28% and 72% of yeast gave an average weight
gain of 60 grams.
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A d— A+l
A+12 24
Dividing both sides by d and then multiplying
both sides by 24(A + 12) gives
2A=A+12)(A+ 1)

24A =A% +13A+12

0=A%-11A+12
From the quadratic formula,

11+4121-48  11+/73

A=
2 2
A:%:m or Azﬂzl.

The doses are the same at 1 year and 10 years.

A+1

¢ =d in Cowling’s rule when 2 =1, which

occurs when A = 23. Thus, adulthood is achieved
at age 23 according to Cowling’s rule.

¢ =d in Young’s rule when =1, whichis

A+12
never true. Thus, adulthood is never reached

according to Young’s rule.
1

0

0 25
Young’s rule prescribes less than Cowling’s for
ages less than one year and greater than 10 years.

Cowling’s rule prescribes less for ages between
1 and 10.

a. (2n-1v?-2nv+1=0
From the quadratic formula with a =2n -1,
b="2n,c=1,

L2 4n2 —4(2n-1)(1)
B 2(2n-1)
Ve 2n+ m

2(2n-1)

WLE: 2yn? —2n+1  nt4/(n-1)>2
2(2n-1) 2n-1

Because of the condition that n = 1, it

follows that n — 1 is nonnegative. Thus,

AJ(n —1)2 =n-1 and we have

Ve ni(n—l).
2n-1
yv=1lorv= .

2n-1
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8s.

86.

b. er—Qn+Dv+1=0
From the quadratic formula with a = n,
b=-CQn+1),andc=1,
_ -@n+ D]+ [-@n )P - 4(n)@)
2n

_2n+1+v4n% 41

2n

Because \/4n2 +1 is greater than 2n,
choosing the plus sign gives a numerator
greater than 2n + 1 + 2n, or 4n +1,s0vis

greater than =2+

—. Thus vis
2n’

greater than 2. This contradicts the
restriction on v. On the other hand, because

\/4n2 +1 is greater than 1, choosing the
minus sign gives a numerator less than 2n,

. 2n .
so v is less than 2— =1. This meets the
n

condition on v. Thus we choose

_2n+1-v4n? +1
- 2n '
a. When the object strikes the ground, # must
be 0, so
0=239.2t—4.9t> = 4.9t(8—1)
t=0ort=38

The object will strike the ground 8 s after
being thrown.

b. Setting i = 68.2 gives
68.2 = 39.2t — 4.9t°
4.9t° ~39.2t+68.2=0

| 39.2+4/(-39.2)2 - 4(4.9)(68.2)
- 2(4.9)

39.2%14.1

9.8
t~54sort=2.6s.

By a program, roots are 4.5 and 3.
Algebraically:

2x2 ~3x—27=0
2x-Nx+3)=0
Thus,2x-9=0o0rx+3=0

g:4.5 orx=-3.
2

So x=

33

87.

88.
89.

90.

91.

Mathematical Snapshot Chapter 0

By a program, roots are 1.5 and 0.75.
Algebraically:

8x% ~18x+9=0

(2x-3)4x-3)=0

Thus, 2x—-3=0o0r4x-3=0.

So x= 3 =0.75.

=15 or X:g
2 4

By a program, roots are —0.762 and 0.262.

By a program, there are no real roots.

9,2 —6.3=%(1.1—7z)
9 2—6.3:132—122
2 3 3

( j2112630
R

oots: 0.987, -0.934

(nt—4)° = 4.1t -3

n°t? —8nt+16=4.1t -3
m°t? + (-8n—4.1)t+19=0
Roots: 1.999, 0.963

Mathematical Snapshot Chapter 0

1.

2.

1hFEe3
g=zx+th

The procedure works because multiplying a list
by a number is the same as multiplying each
element in the list by the number, adding a
number to a list has the effect of adding the
number to each element of the list, and
subtracting one list from another is the same as
subtracting corresponding elements. The plots
match.

The results agree.
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4. The smaller quadratic residuals indicate a better
fit. The fairly random pattern suggests that the
model cannot be improved any further. The
slight deviations from the quadratic model are
presumably due to random measurement errors.

34
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Problems 1.1

1. Let w be the width and 2w be the length of the

plot.
2w

2w
Then area = 800.
w)w =800
2w? =800
w? =400
w =20 ft

Thus the length is 40 ft, so the amount of fencing
needed is 2(40) + 2(20) = 120 ft.

. Let w be the width and 2w be the length.
2w

2w
The perimeter P = 2w + 21 = 2w + 2(2w) = 6w.
Thus 6w = 300.

w= 300 _ 50 ft

6
Thus the length is 2(50) = 100 ft.
The dimensions are 50 ft by 100 ft.

. Let n = number of ounces in each part. Then we
have

4n + 5n =145

On =145

n=161
9

Thus there should be 4(16%} = 64% ounces of

A and 5(16%) = 80% ounces of B.

. Let n = number of cubic feet in each part.
Then we have

In + 3n + 5n =765

9n =765

n=2_85

Thus he needs 1n = 1(85) = 85 ft3 of portland
cement, 3n = 3(85) = 255 ft3 of sand, and

5n = 5(85) = 425 ft3 of crushed stone.

35

5. Let n = number of ounces in each part. Then we

have
2n+1n=16
3n=16
16
n==—
3
Thus the turpentine needed is

@On= 16 = 51 ounces.
3 3

. Let w = width (in miles) of strip to be cut. Then

the remaining forest has dimensions 2 — 2w by
1-2w.

b—2-2w—
w] '|'
1- 2w g
m |
} 2 i

Considering the area of the remaining forest, we
have

(2-2w)(1-2w) = %

26w+ 4w? :E
4

8- 24w+16wW? =3

16W2 —24w+5=0
Aw-1)(dw-5)=0

15 5. . . .
Hence w=—, —. But w=— is impossible since
4 4 4
one dimension of original forest is 1 mi. Thus

the width of the strip should be % mi.

. Let w = width (in meters) of pavement. The

remaining plot for flowers has dimensions
8 —2wby 4 - 2w.
P—28-2w——H

7] T

T
42w 4

m l

} 8 i
Thus
B =2w)4 -2w) =12

3224w+ 4w? =12
4w —24w+20 =0

w2 —6W+5=0
w-Dw=-5=0
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10.

11.

12.

Hence w =1, 5. But w = 5 is impossible since
one dimension of the original plot is 4 m. Thus
the width of the pavement should be 1 m.

Since diameter of circular end is 140 mm, the
radius is 70 mm. Area of circular end is

7r(radiu5)2 = T[(70)2. Area of square end is e

Equating areas, we have x2 = n(70)2.

Thus X = i«/n(?O)Z =+70/r. Since x must be

positive, X = 70\/; ~124 mm.

Let ¢ = number of tons for $560,000 profit.
Profit = Total Revenue — Total Cost
560,000 =134q — (82q +120,000)
560,000 =52qg—-120,000
680,000 =52q
680,000

52
g ~13,076.9 ~13,077 tons.

Let g = required number of units.
Profit = Total Revenue — Total Cost
150,000 = 50q — (25q + 500, 000)
150,000 = 25g —500, 000
650,000 = 25q, from which

g = 26,000

Let x = amount at 6% and
20,000 — x = amount at 7%%.

x(0.06) + (20,000 — x)(0.075) = 1440
—0.015x + 1500 = 1440

—0.015x =-60

x = 4000, so 20,000 — x = 16,000. Thus the
investment should be $4000 at 6% and $16,000

at 73%.
2

Let x = amount at 6% and

20,000 — x = amount at 7%.

x(0.06) + (20,000 — x)(0.07) = 20,000(0.0675)
—0.01x + 1400 = 1350

-0.01x = -50, so x = 5000

The investment consisted of $5000 at 6% and
$15,000 at 7%.

36

13.

14.

15.

16.
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Let p = selling price. Then profit = 0.2p.
selling price = cost + profit
p=340+0.2p
0.8p =3.40

3.40

=2 _$425
P08

Following the procedure in Example 6 we obtain
the total value at the end of the second year to be

1,000,000(1+ r)?.
So at the end of the third year, the accumulated
amount will be 1,000,000(1+ r)2 plus the

interest on this, which is 1,000,000(1+r)?r.
Thus the total value at the end of the third year
will be 1,000,000(1+ r)? +1,000,000(L+ r)>r
=1,000,000(1+r)3.
This must equal $1,125,800.
1,000,000(1+r)® =1,125,800
A1) = 1125800 _,
1,000,000
1+r ~1.04029
r ~0.04029
Thus r ~ 0.04029 = 4%.

1258

Following the procedure in Example 6 we obtain

3,000,000(1+r)? = 3,245,000

(N e
600

l+r== /@
600
r=-1+ /%
600

r ~-2.04 or 0.04
We choose r ~ 0.04 = 4%.

Total revenue = variable cost + fixed cost
100,/q =29 +1200

50/q = g+ 600
2500q = g2 +1200q + 360,000

0 = g2 —1300q + 360,000

0 = (g — 400)(g — 900)
g =400 or g = 900
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17.

18.

19.

20.

21.

22,
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Let n = number of room applications sent out.
0.95n =76

76

095

Let n = number of people polled.
0.20p =700

_ 100 3500
0

Let s = monthly salary of deputy sheriff.
0.30s =200

200
S=—r

0.30

Yearly salary =12s =12 200} $8000
0.30

Yearly salary before strike = (7.50)(8)(260)

= $15,600

Lost wages = (7.50)(8)(46) = $2760

Let P be the required percentage increase (as a
decimal).

P(15,600) = 2760

P= 2760 ~0.177 =17.7%
15,600

Let g = number of cartridges sold to break even.
total revenue = total cost
21.95q =14.92q + 8500
7.03q =8500
g ~1209.10
1209 cartridges must be sold to approximately
break even.

Let n = number of shares of stock to be bought.
total investment = 4000 + 15n
total yield (goal) = 6% of total investment
=0.06(4000+15n)
total yield = bond yield + stock yield
=0.07(4000) +0.60n

Thus,
0.06(4000 +15n) = 0.07(4000) + 0.60n
240+ 0.9n =280+0.6n
0.3n=40

n= 1331
3

37

23.

24.

25.

26.

217.

28.

Section 1.1

Let v = total annual vision-care expenses (in
dollars) covered by program. Then

35+ 0.80(v — 35) =100

0.80v +7 =100

0.80v =93

v=3$116.25

a. 0.031c

b. ¢-0.031c = 600,000,000
0.969¢ = 600,000,000
€ ~ 619,195,046

Approximately 619,195,046 bars will have
to be made.

Revenue = (number of units sold)(price per unit)
Thus

400 =g [SOT_q}

1600 = 80q — g°
g° —80q +1600 =0

(q-40)2 =0
q =40 units

If I = interest, P = principal, r = rate, and
t = time, then I = Prt. To triple an investment of
P at the end of ¢ years, the interest earned during
that time must equal 2P. Thus
2P = P(0.045)¢
2 =0.045¢

2

t=
0.045

~ 44.4 years

Let g = required number of units. We equate
incomes under both proposals.

2000 + 0.50g = 25,000

0.50g = 23,000

q = 46,000 units

Let w = width of strip. The original area is
80(120) and the new area is (120 + w)(80 + w).
120 wl

80

80 +w
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29.

30.

Thus
(120 + w)(80 + w) = 2(80)(120)

9600 + 200w + w2 =19, 200

w? +200w—9600 = 0
(w+240)(w—-40)=0
w=-240orw=40
We choose w =40 ft.

Let n = number of $20 increases. Then at the
rental charge of 400 + 20n dollars per unit, the
number of units that can be rented is 50 — 2n.
The total of all monthly rents is

(400 + 20n)(50 — 2n), which must equal 20,240.
20,240 = (400 + 20n)(50 — 2n)

20,240 = 20,000 + 200n — 40n?
40n% —200n+240=0

n2-5n+6=0

n-2)n-3)=0

n=2,3

Thus the rent should be either

$400 + 2($20) = $440 or $400 + 3($20) = $460.

Let x = original value of the blue-chip

investment, then 3,100,000 — x is the original

value of the glamour stocks. Then the current
11

value of the blue-chip stock is X +%X, or —X.

10
For the glamour stocks the current value is

(3,100,000 - X) — % (3,100,000 — x), which

simplifies to % (3,100,000 - x).

Thus for the current value of the portfolio,

1+ (3100,000- x) = 3,240,000
10" 10

11x + 27,900,000 — 9x = 32,400,000
2x = 4,500,000

x = 2,250,000

Thus the current value of the blue chip

investment is %(2,250,000) or $2,475,000.
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31.

32,

33.

34.

35.
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10,000 =800p — 7 p?
7p% —800p+10,000 =0
o- 800 + /640,000 — 280,000

14
~ 800+,/360,000 800+600
B 14 14
For p > 50 we choose p = w =$100.

Let p be the percentage increase in market value.
Then
11 P-4 PP

E (1.2)E
11-1P

1.2

1.32=1+p
p=032=32%

To have supply = demand,
2p-10=200-3p
5p=210
p=42

2p% -3p=20-p?
3p?-3p-20=0
a=3,b=-3,c=-20
_ —b++b? —4ac
B 2a

_ (-9 £4(-3)* - 4(3)(-20)

2(3)
3+4/249
=
p~=3.130 or p = -2.130
The equilibrium price is p = 3.13.

Let w = width (in ft) of enclosed area. Then
length of enclosed area is
300 —w —w =300 -2w.
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36.

37.

300 - 2w

w AREA w

PLANT

150
Thus
w(300 —2w) = 11,200
2w(150 —w) = 11,200
w(150 —w) = 5600
0=w? —150w+5600
0= -80)(w-170)
Hence w = 80, 70. If w =70, then length is
300 — 2w = 300 — 2(70) = 160. Since the
building has length of only 150 ft, we reject w =
70. If
w = 80, then length is
300 — 2w = 300 — 2(80) = 140. Thus the
dimensions are 80 ft by 140 ft.

Let s = length in inches of side of original
square.

S i

B EE ]
3 3

s—6 S
3 3

Ik s[11

| S—6 1
Considering the volume of the box, we have
(length)(width)(height) = volume
(s=ds-4(2)=50
(s—4)? =25

s—4=+25 =45

s=4+5

Hence s =-1, 9. We reject s = —1 and choose
s =9. The dimensions are 9 in. by 9 in.

Original volume = (10)(5)(2) = 100 cm3
Volume cut from bar = 0.28(100) = 28 cm3
Volume of new bar = 100 — 28 = 72 cm?>

Let x = number of centimeters that the length
and width are each reduced. Then

39

38.

39.

40.

Section 1.1

(10— -x2=T2
(10-x)(5-x) =36

x2 —15x+50 = 36

X% —15x+14=0
(x—Dx-14)=0
x=1or 14

Because of the length and width of the original
bar, we reject x = 14 and choose x = 1. The new
bar has length 10 —x = 10 — 1 =9 cm and width
isS—x=5-1=4cm.

Volume of old style candy

=n(7.0%(2.) - n(2)?(2.2)

= 97461 mm?

Let r = inner radius (in millimeters) of new style

candy. Considering the volume of the new style

candy, we have

n(7.1)2(2.1) - nr?(2.1) = 0.78(97.461r)
29.84142r = 2.1nr?

14.2102 = r?
r ~+3.7696
Since r is a radius, we choose r = 3.77 mm.

Let x = amount of loan. Then the amount
actually received is x — 0.16x. Hence,
x—0.16x =195,000

0.84x =195,000

X~ 232,142.86

To the nearest thousand, the loan amount is
$232,000. In the general case, the amount
received from a loan of L with a compensating

balance of p% is L P L.
100

L-—P L=-E
100
100-p, .
100
_ 100E
100—p

Let n = number of machines sold over 600. Then
the commission on each of 600 + n machines is
40 + 0.04n. Equating total commissions to
30,800 we obtain

(600 + n)(40 + 0.04n) = 30,800

24,000 + 24n + 40n + 0.04n2 = 30,800
0.02n2 +32n-3400=0

o _-32+\1024+272 _ 32436

0.04 0.04
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41.

42,

-32+36

We choose n = =100. Thus the

number of machines that must be sold is
600 + 100 = 700.

Let n = number of acres sold. Then n + 20 acres
7200

n+20

were originally purchased at a cost of

each. The price of each acre sold was

30+ 7200 . Since the revenue from selling n
n+20

acres is $7200 (the original cost of the parcel),
we have

n| 30+ 7200 =7200
n+20

0 30n+600+ 7200 7900
n+20

n(30n + 600 + 7200) = 7200(n + 20)
30n? +7800n = 7200n +144,000

30n2 + 600n —144,000 = 0

n2 +20n-4800 =0
(n+80)(n-60)=0
n = 60 acres (since n > 0), so 60 acres were sold.

Let g = number of units of product sold last year
and g + 2000 = the number sold this year. Then
the revenue last year was 3¢ and this year it is
3.5(g + 2000). By the definition of margin of
profit, it follows that

7140 4500
3.5(9+2000)  3q
2040 1500
q+2000 q
2040¢ = 1500(q + 2000) + 0.02¢(g + 2000)
2040q =1500q + 3,000,000+ 0.02q° + 40q

0 =0.029% —500q + 3,000,000

o= 500 + /250,000 — 240,000
- 0.04

500+ /10,000

0.04
~500+100

0.04

= 10,000 or 15,000
So that the margin of profit this year is not
greater than 0.15, we choose ¢ = 15,000. Thus
15,000 units were sold last year and 17,000 this
year.

+0.02

+0.02
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43. Let g = number of units of B and

q + 25 = number of units of A produced.

. 0 .
Each unit of B costs , and each unit of A

costs . Therefore,
g+25
1500 1000
=—42
g+25 q

1500g = 1000(g + 25) + 2(q)(q + 25)
0 =292 - 450q + 25,000

0=q? —225q+12,500

0=1(g—100)(g - 125)

q=100or g =125

If g = 100, then g + 25 = 125; if g = 125,

q + 25 = 150. Thus the company produces either
125 units of A and 100 units of B, or 150 units of
A and 125 units of B.

Principles in Practice 1.2

1.

200 + 0.85 = 4500

0.85 = 4300

S = 5375

He must sell at least 5375 products per month.

Since X 20, X 20, X320, and x4 20, we
have the inequalities

150-x%4 20

3x4—-21020

X4 +602>0

X420

Problems 1.2

1.

3x>12
12
X>—
3
x>4
(4, )

=

4x <2

X< —
4
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=t

41

10.

11.

12.

13.

Section 1.2

4s—-1<-5
ds <4

X+5<3+2xX
-Xx<=-2
X>2
[2, )

3(2-3x) > 4(1 —4x)
6-9x>4—16x
Tx>-2

2
X>—=
7
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14. 8(x+1)+1<32x)+1
8x+9<6x+1
2x < -8
x<-4
(—OO,—4)

7

4

15. 2(4x-2) > 4(2x+1)
8Xx—4>8x+4
-4 > 4, which is false for all x.

Thus the solution set is &.

16. 4—(x+3)<3(3-x)
1-x<9-3x
2x<8
x<4
(-0, 4]

4

17. x+2<J§—x
2x <~f3-2
J3-2

X<

18. V2(x+2)>+/8(3-x)
J2(x+2) > 242(3-x)

x+2>23-x)
xX+2>6-2x
3x>4
4
X>—
3

wis

19. Ex<40
6

5x < 240
x<48
(=0, 48)

7

48

42

20.

21.

22,

23.

24.

25.
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9y+1 <8y -4
y<-5
(—CXD,—S]

-3Xx+1<-3(x-2)+1
—3X+1<-3x+7
1 <7, which is true for all x. The solution is

ox<0

0 < 0, which is true for all x. The solution is
—00 < X < 0,

(_OO’ OO)

1-t 3t-7

2 3
3(1-t) <2(3t-7)
3-3t<6t-14
9t <17

t>£

5

o2
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26.

27.

28.

29.

30.

3(2t-2) 6t-3 t

2 5 10
15(26—2) > 2(6t - 3) + 1
30r—30> 13r- 6
171> 24

t>ﬁ

24
17

2x+132%x—7

6x+39>x-21
5x > -60
X>-12
(12, )

12
3X—1S§X
3 2

18x —2 <15x
3x<2

wro e

2 5
~r<=r
3 6
4r < 5r
O<r
r>0

(0, )

~

1t>—§t
4 3
21t >-32¢
53t>0
t>0

(0, )

43

31.

32.

33.

34.

3s.

36.

37.

Section 1.2

Y Yo,
2 3 5
15y + 10y > 30y + 6y
25y > 36y

0>1ly

0>y

y<0

(=0, 0)

7

0

2-0.01x

0.2
1.8-0.02x < 2-0.01x
-0.01x 0.2
x = -20
[-20, o0)

9-0.1x<

L

-20

0.1(0.03x + 4) = 0.02x + 0.434
0.003x+ 0.4 = 0.02x + 0.434
-0.017x = 0.034

x< -2

(—(X), _2]

1

-2

E< 5(y+1)
-3 -3
3y-1>5y+5
—6>2y
-3>y
y<-3
(=0, -3)

7

-3

12(50) < S < 12(150)
600 < S < 1800

2££x£4
2

The measures of the acute angles of a right
triangle sum to 90°. If x is the measure of one
acute angle, the other angle has measure 90 — x.
x<3(90-x)+10

x<270-3x+ 10

4x <280

x<70

The measure of the angle is less than 70°.
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38. Let d be the number of disks. The stereo plus

d disks will cost 219 + 18.95d.
219 + 18.95d < 360
18.95d = 141

d< 141

18.95
The student can buy at most 7 disks.

~7.44

Problems 1.3

1.

Let g = number of units sold.

Profit > 0

Total revenue — Total cost > 0

20q - (15¢g + 600,000) > 0

5¢ - 600,000 >0

5¢ > 600,000

q > 120,000

Thus at least 120,001 units must be sold.

Let g = number of units sold.

Total revenue — Total cost = Profit

We want Profit > 0.

7.40q - [(2.50 + 4)q + 5000] > O

0.9g - 5000 >0

0.9 > 5000

q> M = 5555E
0.9 9

Thus at least 5556 units must be sold.

Let x = number of miles driven per year.

If the auto is leased, the annual cost is

12(420) + 0.06x.

If the auto is purchased, the annual cost is

4700 + 0.08x. We want Rental cost < Purchase cost.
12(420) + 0.06x < 4700 + 0.08x

5040 + 0.06x < 4700 + 0.08x

340 < 0.02x

17,000 < x

The number of miles driven per year must be at least 17,000.

Let N = required number of shirts. Then
Total revenue = 3.5N and
Total cost = 1.3N + 0.4N + 6500.

Profit >0
3.5N —(1.3N +0.4N +6500) >0
1.8N —6500 >0
1.8N > 6500
N >3611.1

At least 3612 shirts must be sold.

ISM: Introductory Mathematical Analysis

Let g be the number of magazines printed. Then the cost of publication is 0.55¢. The number of magazines sold is
0.90q. The revenue from dealers is (0.60)(0.90g). If fewer than 30,000 magazines are sold, the only revenue is
from the sales to dealers, while if more than 30,000 are sold, there are advertising revenues of

0.10(0.60)(0.90g — 30,000). Thus,

44
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0.6(0.9)q if 0.9q <30,000
0.6(0.9)q+0.1(0.6)(0.99g —30,000) if 0.9q > 30,000
_J0.54q 0<33333
a {0.594q —-1800 q>33,333
Profit = Revenue — Cost
0.549-0.55q g<33333
{0.594q —-1800-0.559 q>33,333
_|-0.01q q<33,333
B {0.044q —-1800 q>33,333
Clearly, the profit is negative if fewer than 33,334 magazines are sold.
0.044q-1800=0
0.044q9 >1800
g =40,910
Thus, at least 40,910 magazines must be printed in order to avoid a loss.

Revenue = {

6. Let g = number of clocks produced during regular work week, so 11,000 — ¢ = number produced in overtime.
Then
2g + 3(11,000 - g) < 25,000
—q + 33,000 < 25,000
8000 < ¢
At least 8000 clocks must be produced during the regular workweek.

7. Let x = amount at 6%% and 30,000 — x = amount at 5%. Then

. 3 . . 1
interest at 62% + interest at 5% = interest at 65%

x(0.0675) + (30,000 — x)(0.05) = (0.065)(30,000)
0.0175x + 1500 = 1950

0.0175x = 450

x = 25,714.29

Thus at least $25,714.29 must be invested at 6%%.

8. Let L be current liabilities. Then
current assets

Currentratio=————
current liabilities

570,000

L
3.8L =570,000
L =$150,000
Let x = amount of money they can borrow, where x = 0.
570,000 + x S
150,000+ x
570,000 + x = 390,000 + 2.6x
180,000 = 1.6x
112,500 = x
Thus current liabilities are $150,000 and the maximum amount they can borrow is $112,500.

3.8=
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9. Let g be the number of units sold this month at S 1] 1
$4.00 each. Then 2500 — g will be sold at $4.50 2 ‘2 ‘ =l5=
2| 2
each. Then
Total revenue = 10,750
4q +4.5(2500 — g) = 10,750 3. [8-2|=[6|=6
-0.5¢ + 11,250 = 10,750
500 = 0.5¢ —4-6| |-10
1000 = ¢ 4. ‘T‘ :‘T =|-5/=5

The maximum number of units that can be sold
this month is 1000.

7
10. Revenue = (no. of units)(price per unit) 5. ‘2(_5)‘ = |_7| =7
q[@ﬂJ > 5000
q 6. 3-5-15-3|=]-2|-]2|=2-2=0
100 + g > 5000
g > 4900 7. |X<4,-4<x<4

At least 4901 units must be sold.

8. [x<10, -10<x< 10
11. For t < 40, we want

income on hourly basis

> income on per-job basis 9. Because 2—+/5 <0,
9t > 320+ 3(40—t) o_JBl=—(2-B5)\=/5-2
9t > 440-3t ‘ \/_‘ ( \/_) V5-2.
12t > 440
t>36.7 hr 10. Because \/§—2>0, ‘\/g—Z‘:\/g—Z.

12. Let s = yearly sales. With the first method, the

salary is 35,000 + 0.03s, and with the second 1. a. |X B 7| <3

method it is 0.05s.
35,000+ 0.03s > 0.055 b. [x-2/<3
35,000 > 0.02s
1,750,000 > s c. |x-7|<5
The first method is better for yearly sales less
than $1,750,000. d. |x _ 7| -4
13. Let x = accounts receivable. Then
. . 450,000+ e [x+4<2
Acid test ratio = ——
398,000 ¢ 3
450,000 + x - K<
13—
398,000
g. |X| >6
517,400 < 450,000 + x
X > 67,400
h. |x-105/<3

The company must have at least $67,400 in
accounts receivable.
i. |x-850|<100
Principles in Practice 1.4

1 |w-22/<03 12. [flx)-L|<e

13. |p—py|<9
Problems 1.4

1 |-13=13

46



ISM: Introductory Mathematical Analysis

=

14.

15.

16.

17.

18.

19.

20.

21.

22,

|X—,u|£20

20c<x-u<?lo
HU-20=<x < u+2o

|x—5|=8
x—-5==+8
x=5+8
x=130orx=-3
|4+3x =6

4+3x==6
3x=-4+6
3x=-100r2

2
X=-——orx=—

|5x-2/=0
5x-2=0
X==
5
|7x+3|=x
Here we must have x = 0.
Tx+3=x or (7x+3)=x
6x=-3 ~Ix-3=x

x=—£<0 x=—§<0
2 8

There is no solution.

47

23.

24,

25.

26.

217.

28.

29.

30.

Section 1.4

|7-4x =5

7T —4x==+5
Ax=-7+5
—4x=-2o0r-12

le orx=3
2

[5-3x =2

5-3x=+2
—3x=-5+2
—3x=-3o0r -7

x=2lorx :Z
3

X <M
-M<x<M
(_M’]m
Note that M > 0 is required.
|—x|<3
x| <3
-3<x<3
(-3,3)

5>2
4

—<-2 or 5>2
4

x<-8 or x> 8, so the solution is
(-0, =8) U (8, ).

w
w o

w|x

NIW o)

X > —, so the solution is

|x+9|<5
-5<x+9<5
-ld<x<-4
(-14, -4)

[2x - 17| <-4
Because —4 < 0, the solution set is &.
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31. x—£>1
20 2
1 1 1 1
X——=<—= or X——>=
2 2 2 2
x<0 or x>1
(=00, 0) U (1, )
32. [1-3x]>2
1-3x>2 or 1-3x<-2
3x>1 or 3x<-3
X<—— or x>1
3

The solution is [—oo, —%)u(l, ).

33. [5-8x<1

-1<5-8& <1
-6 < -8&x<4

v

X =

IN

x <

N, MW
Nlow |-

The solution is 1, E .
2 4

34. |4X —1| >0 is true for all x because |a| >0 for all

a. Thus —oo < x < o, or (—o0,).

35, X285 4
2
3X2_8S—4 or 3X_824
3x-8 < -8 or 3x-8 =8
3x<0 or 3x =16
16
x<0 or X=>—

The solution is (-0, O]u[%, ooj.

, which may be rewritten as

36.

37.

38.

39.

40.

ISM: Introductory Mathematical Analysis

X—7
3

<5
7

5<X 2l

-15<x-7<15
—-8<x<22
[-8, 22]

|d —35.2 m| <20 cmor |d —35.2| <0.20

Let Ty and T, be the temperatures of the two

chemicals.
5<|T; -T,|<10

|X—,u| > ho
Either x — u < —ho, or x — y1> ho. Thus either

X< ft—hoor x> u+ ho, so the solution is
(=00, ft—ho) U (i + ho, o).

|x—0.01] <0.005

Problems 1.5

1.

48

The bounds of summation are 12 and 17; the
index of summation is ¢.

The bounds of summation are 3 and 450; the
index of summation is m.

7
D 6i
i=1
=6(1) +6(2) +6(3)+6(4) + 6(5) + 6(6) +6(7)
=6+12+18+24+30+36+42
=168

4
> 10p =10(0) +10(1) +10(2) +10(3) +10(4)
p=0

=0+10+20+30+40

=100
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10.

11.

12.

13.

14.

15.

16.

9

Section 1.5

Z (10k +16) =[10(3) +16]+[L0(4) +16]+[10(5) +16]+[10(6) +16]+[10(7) +16]+[10(8) +16]+[10(9) +16]

k=3

=46+56+66+76+86+96+106

=532

11
Z (2n-3) =[2(7)-3]1+[2(8) — 3] +[2(9) — 3] +[2(10) - 3] +[2(11) - 3]

n=7
=11+13+15+17+19
=75

60
36+37+38+39+ - +60= Z i
i-36

5
1+4+9+16+25= ZKZ
k=1

N
53 +5%45° 450457 458 =35
i=3

16
11415419+ 23+ -+ +71= ) (7+4i)

8 .
2+4+8+16+32+64+ 128 +256 = ZZ'
i=1

8
10 + 100 + 1000 + --- +100,000,000 = » 10’

j=1

43 43

>°10=10)"1=10(43) = 430
k=1 k=1

135 135 101

D> 2=2% 1=2%"1=2(101) = 202
k=35 k=35 i=1

n n

2(51] = [5.3)21:(5.1}@) =5
k=t N N/k=1 n
200 200 200 200(201)

D" (k—100) = > k—-100) 1 = ———=>-100(200) = 20,100 - 20,000 = 100
k=1 k=1 k=1 2

49
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17.

18.

19.

20.

21.

22,

100

> 10k = 102 (i +50)

k=51 i=1
50 50
=10) i+ (10)(50)> 1
i=1 i=1
=10 50(251)+500(50) 12,750+ 25,000
= 37,750
n
z 2
K ln+1 n+1
N .n(n+1)(2n+l)
n+1 6
a n2(2n +1)
6
20 20 20
> (5k? +3k) =5 k% +3) k
k=1 k=1 k=1
e 20(2(13)(41) 3 20(221)

=5(2870) + 3(210) = 14,980

%)3'(2‘200"—1100% 2001°°k
& 101 101 101{

3 100(101)(201) 200 100-101 101

101 6 101 2
=10,050 — 10,000 = 50

100

> k2= Z(u+50) —Z(i2+100i+2500)

k=51 i=1 i=1
50 50 50

=i +100> i +2500> 1
i= i=1 i=

_50(61)(101) oo

50(251) +2500(50)

=42,925 + 127,500 + 125,000 = 295,425

50 50
> (k+50)% =" (k? +100k +2500)
k=1 k=1

50 50 50
= > k?+100) k+2500) 1
k=1 k=1 k=1

_50(61)(101) _, o

50(251) +2500(50)

=42,925 + 127,500 + 125,000 = 295,425

50
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= :Zol{[“ ng ] (mJ}_%:ZI“_ikz

1 K2
= 1-=| =
—toyf()3
40 L l0aney g 1
5 125 6 125
_g 77_123_,23
"7 25 25 25
100 2

24. > 4—[ikj (i)
=t 100 100

1 100 1 9
==S|4-—k
502( 2500 j

100 1 1 100 2
~ 59255 7300 2

_ 2 4og__ L __.100(101)(201)
25 125,000 6
1 338350-8_57%7
125,000 2500
_13,233_ 733
2500 2500
n 3 V13
25. 5|2k | |2
2{[ &l
s
=1

:_(5)21——(—2jz k2
27 n(n +1)(2n+1)

6
9(n +1)(2n +1)

2n2

()

=15-

n 2 1 n
26. Z:: (n+)(2n+1) (n+1)(2n +1) & Z
1 n(n+H(2n+1) _n

T (n+D(2n+1) 6 6
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Chapter 1 Review Problems X+5 1

7. ——-=<2
1. 5x-2>2 7 3 2
- X N (x-7) 2(x+5)-3(1) < 6(2)
Sx-222x-14 2x+10-3 < 12
3x>-12 2x <5
X>-4 5
[~4, o0) X<
’ 2
2. 2x—(T+x) < x 2
2x-T7T-x<x "2
-7 < 0, which is true for all x, SO -0 < x < 0, or
—00, 00).
- o 1t
3. (5x+2)<—-(2x+4) 20x —15x >12x
Sx-2<-2x-4
5x >12x
Bx<-2
0>7x
2
X>— 0>x
3 (o0, 0)
5]
3" 1 1
3 9. Zs-3<>(3+25)
4 8
4., 2(x+6)>x+4 25 —-24 <3425
2x-12>x+4 0 < 27, which is true for all s. Thus
-3x>16 —00 < § < 00, Or (—00,00).
x<-18
3 10. L)t
[—w, —?j 4(t+2) = 3t+48
4+ 8 = 3t +48
) t =40
5. 3p(l-p)>3(2+p)-3p [40, )
_ 2 _ 2
3p—3p”>6+3p-3p , , 1. 3-2x=7
0 > 6, which is false for all x. The solution set is
) 3-2x=17 or 3-2x=-7
. 2x=4 or 2x=-10
7 x=-2 or x=5
6. 3(5—§qj<9
5x—6
_ 12. =0
15-79<9 13 ‘
-79<—6
6 5x—6_0
Q>7 13
S5x-6=0
08
5
13. [2z-3|<5
-5<2z-3<5
-2<2z7<8
-1<z<4
-1, 4

51
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14.

15.

16.

17.

18.

4< gx+5
2
§x+5<—4 or —X+5>4
EX<—9 or —Xx>-1
3
27
X< —— or X>-——
2 2
The solution is | —o, —z U —E, o |.
2 2
|3-2x/>4
3-2x=4 or 3-2x<-4
2x =1 or 2x < -7
1 7
X< —— or X>—
2 2

The solution is [—oo, —l}u %, ooj.

5 5
> (i+2)° = (% +6i° +12i +8)

i=1 _1
—ZI +62| +122|+821
52 (6) 5(6)(11) 1 5(6) +805)
4 2
= 225+330+180+40
=775
7 7 2
é P2l
7()° 2°(3)°
4 4
=784-9
=775

This uses Equation (1.9). By Equation (1.8),
7 5

Yit=Y(i+2)>

i=3 i=1

Let p = selling price, ¢ = cost. Then
p-040p=c
0.6p=c

c 5¢c 2
p=—=—=cC+|—|C
06 3 3

Thus the profit is %, or 66%%, of the cost.

52

19.

20.

21.

22,

23.

1.

ISM: Introductory Mathematical Analysis

Let x be the number of issues with a decline, and
X + 48 be the number of issues with an increase.
Then

x+(x+48)=1132

2x = 1084

x=542

Let x = purchase amount excluding tax.
X+ 0.065x = 3039.29
1.065x = 3039.29
X =2853.79
Thus tax is 3039.29 — 2853.79 = $185.50.

Let g units be produced at A and 10,000 — g at

B.

Costat A + Costat B < 117,000

[S5¢ + 30,000] + [5.50(10,000 — g) + 35,000]
< 117,000

—-0.5¢ + 120,000 < 117,000

-0.5g < -3000

q = 6000

Thus at least 6000 units must be produced at

plant A.

Total volume of old tanks

= 1(10)? (25) + n(20)% (25)

= 25007 +10,0007

=12,500x ft2

Let r be the radius (in feet) of the new tank.
Then

4 3

5 nr” =12,5007

ré = 9375
r =3/9375 ~ 21.0858
The radius is approximately 21.0858 feet.

Let ¢ = operating costs
C
236,460
c<$212,814

<0.90

Mathematical Snapshot Chapter 1

Here m =120 and M = 2%(60) =150. For LP,

r =2, so the first # minutes take up % of the 120
available minutes. For SP, r = 1, so the

remaining 150 — 7 minutes take up ~ of the

120 available.
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t 150-t

E :120
t+300-2t =240
-t=-60

t=60

Switch after 1 hour.

. Herem=120and M = 2%(60) =150. For EP,

) . . t
r =3, so the first # minutes will take up 3 of the

120 available minutes. For SP, r = 1, so the
50—t

- . 1
remaining 150 — ¢ minutes take up of the

120 available.
L1010
3 1

t+450-3t =360

-2t =-90
t=45
Switch after 45 minutes.

. Use the reasoning in Exercise 1, with M
unknown and m = 120.

LMt 190

2

t+2M —2t = 240
~t =240-2M
t=2M —240

The switch should be made after
2M — 240 minutes.

. Use the reasoning in Exercise 2, with M
unknown and m = 120.

t M-t

3* =120
t+3M —3t = 360
—2t = 360—3M

t= %(3M —360)
The switch should be made after

%(SM —360) minutes.

. Eoluel -T2+ T0EH

Mathematical Snapshot Chapter 1

LS PR bt
(=15 lx)

X =600
= PELESS TS b
L T PR PR bl )

316

x =310

. Both equations represent audio being written

onto 74-minute CDs. In the first equation, 18
hours (1080 minutes) are being written to a CD
using a combination of 12-to-1 and 20-to-1
compression ratios. Here, x gives the maximum
amount of audio (600 minutes or 10 hours) that
can be written using the 12-to-1 compression
ratio. In the second equation, 26.5 hours (1590
minutes) is being written using 15-to-1 and 24-
to-1 compression ratios. A maximum of 310
minutes can be written at 15-to-1.

. . t .
. The first t minutes use E of the m available

. .. . M —t
minutes, the remaining M — ¢t minutes use

of the m available.

t M-t
—+ =m
R r
t Mt
—+———=m
R r r
(1 1] M
tj——|=m-——
R r r
t(r—Rj_mr—M
rR r
t_R(mr—M)
r-R



Chapter 2

Principles in Practice 2.1

1.

a.

The formula for the area of a circle is m‘z,
where r is the radius.

a(r) = ar?
The domain of a(r) is all real numbers.

Since a radius cannot be negative or zero,
the domain for the function, in context, is
r>0.

The formula relating distance, time, and
speed is d = rt where d is the distance, r is
the speed, and ¢ is the time. This can also be

written as t = E When d = 300, we have
r
30
t

t(r) =

The domain of #(r) is all real numbers
except 0.

Since speed is not negative, the domain for
the function, in context, is > 0.

Replacing 7 by x: t(x) = @
X

Replacing r by g: t(ﬁj = =00 :@_

2] x  x
Replacing r by l: t X =@=@_
4 4 % X

When the speed is reduced (divided) by a
constant, the time is scaled (multiplied) by

r 300c
the same constant; t| — [=——.
C r

If the price is $18.50 per large pizza,
p=18.5.

18.5=26— 1
40
R
40
300= ¢

At a price of $18.50 per large pizza, 300
pizzas are sold each week.

54

b. If 200 large pizzas are being sold each
week, g = 200.

200
=26-———
P 40
p=26-5
p=21

The price is $21 per pizza if 200 large
pizzas are being sold each week.

c. To double the number of large pizzas sold,
use g = 400.
p=26 _ 400
40
p=26-10
p=16
To sell 400 large pizzas each week, the price
should be $16 per pizza.

Problems 2.1

1. The functions are not equal because f{x) > O for

all values of x, while g(x) can be less than 0. For

example, f(-2)= \/(—2)2 =4 =2 and

8(=2) = -2, thus f(-2) # g(-2).

. The functions are different because they have

different domains. The domain of G(x) is [-1, )
(all real numbers > —1) because you can only
take the square root of a non-negative number,
while the domain of H(x) is all real numbers.

. The functions are not equal because they have

different domains. i(x) is defined for all non-
zero real numbers, while k(x) is defined for all
real numbers.

. The functions are equal. For x = 3 we have

f(3)=2and g(3) =3 - 1 =2, hence f(3) = g(3).
For x # 3, we have
F(x) = X2 —4x+3 _ (x=3)(x-1 .
x—3 x-3
Note that we can cancel the x — 3 because we are
assuming x # 3 and so x — 3 # 0. Thus for

X£E3fx)=x—-1=gXx).
f(x) = g(x) for all real numbers and they have the
same domains, thus the functions are equal.

-1

. The denominator is zero when x = 0. Any other

real number can be used for x.
Answer: all real numbers except 0
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Any real number can be used for x.
Answer: all real numbers

7. For VXx—-3 tobereal, x—3 = 0,sox = 3.

Answer: all real numbers = 3

8. For vVz—-1 tobereal,z—12>0,s0z>1. We

°

10.

11.

12.

13.

14.

15.

exclude values of z for which +Vz-1=0, so
z—1=0,thusz=1.
Answer: all real numbers > 1

Any real number can be used for z.
Answer: all real numbers

We exclude values of x for which
x+8=0

x=-8

Answer: all real numbers except —8

We exclude values of x where
2x+7=0
2x=-7

X=——
2

Answer: all real numbers except —%

For 4x+3 to be real,
4x+3 =0
4x = -3

x>-3

Answer: all real numbers > —%

We exclude values of y for which
y2—4y+4=0. y2—4y+4=(y-2)% sowe
exclude values of y for which y — 2 =0, thus
y=2.
Answer: all real numbers except 2.
We exclude values of x for which

x> +x-6=0
(x+3)(x-2)=0

Xx=-3, 2

Answer: all real numbers except —3 and 2
We exclude all values of s for which
252 ~7s-4=0
(s-42s+1)=0

s=4,—l
2

Answer: all real numbers except 4 and —%
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16.

17.

18.

19.

20.

21.

22,

r? +1 is never 0.
Answer: all real numbers

fx)=2x+1
f0)=200+1=1
f3)=23)+1=7
f(4)=2(4+1=-7

H(s) =55 -3

H(4) =5(4)*> -3=80-3=177

H(ﬁ):S(ﬁ)2—3:10—3:7

2

(HEHES S
3 3 9 9

G(x):2—x2

G(-8)=2—(-8)> =2-64=-62

G(u):2—u2

GUu?)=2-u??=2-u*

F(x) =-5x
F(s)=-5s
Ft+1)=-5+1)=-5t-5
Fx+3)=-5x+3)=-5x—-15
y(u) = 20 —u
7(-2) = 2(~2)* - (-2) =8+2=10
7(2v) = 2(2v)% — (2v) = 8v? —2v
;/(x+a)=2(x+a)2—(x+a)

= 2x° +dax+2a% —x-a

h(v):iv

1 1
h(lG)-E—Z
1 1 1
h(_jz_:_zz
4 \E%
h(l—x):ﬁ

Section 2.1
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23. f(x)=x2+2x+1 28. g(x)=x2/5
2 2
f(-1) =(-1)? +2(-)+1=1-2+1=0

2
f(x+h) = (x+h)2 +2(x+h)+1 9(-64) = (-64)°'° = (5 _64)

=x2 +2xh+h% +2x+2h+1 :(5,—_325/5)2 :(_2%)2 45
24. H(X)=(x+4)? g(tl0) = (110Y2/5 _ ¢4

H(0) = (0+4)* =16
H(2)=(2+4)> =6% =36
H(t-4) =[(t-4)+4]* =t

29. fixy=4x-5
a. fix+h)=4x+h)—-5=4x+4h-5

f(x+h)— f(x)

_ b.
25. k(=" h
X“+2 _ (4x+4h-5)-(4x-5) _4h _,
5-7 2 = - ==
k(5) = ==
5242 27
k(3 =T T 30. f()=2
(3X)%+2 9x°+2 2
(x+h)-7 X+h-7
k(x+h) = = _ X+h
(x+h)2+2 x2 +2xh+h% +2 a.  f(x+h)= 2
26. k() =+x-3 R G BT Wi s SO R
k(4)=4-3=+1=1 ' h h h 2
k(3)=+3-3=+0=0 ,
31. f(x)=x"+2x
k(x+1) —k(x) = /(x+) -3 -/x~-3
=VX=2-Vx-3 a.  f(x+h)=(x+h)2+2(x+h)
27. f(x)=x43 =x% +2xh+h? +2x+2h
f(0)=0*3=0 LICE B

h
(%% +2xh+h% + 2x+ 2h) — (x° + 2x)

4
f 1 ~ 14/3_ i/i ~ l4-_i h
g) \8) (V8] (2) 16 _2xh+h?+2h

=2X+h+2
h

f(64) = 64%/3 = (3 64 )4 = (4)* =256

32. f(x)=3x2-2x-1
a.  f(x+h)=3(x+h)2-2(x+h)-1

:3(x2+2xh+h2)—2x—2h—1
=3x% +6xh+3h% —2x-2h-1
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f(x+h)—f(x) (3x?+6xh+3h% —2x—2h—1)— (3x? — 2x—1)
h h
_ 6xh+3h?—2h

h
=6x+3h-2

b.

33, f(x)=3-2x+4x?

a. f(x+h)=3-2(x+h)+4(x+h)?
=3-2x—2h+4(x? + 2xh +h?)

f(x+h)—f(x) 3—2x—2h+4x2+8xh+4h2—(3—2x+4x2)

b. =
h h
_ —2h+8xh+4h?
h
=-2+8x+4h
4. f(x)=x3

a. f(x+h)=(x+h)%=x3+3x?h+3xh? +h?

f(x+h)— f(x)  (+3x°h+3xh? +h%)—x>  3x®h+3xh? +h®
h - h - h

b. =3x% +3xh+h?

35 ()=
X

a. f(x+h):L
Xx+h

1 1 X—(x+h)
b fx+h)-Ff() Ssn"%x _xx+h) _ -h 1
) h h h x(x+h)h  x(x+h)
36, f(x)=2t8
X
a. f()(Jrh):(x+h)+8:x+h+8

Xx+h x+h

R {CRD B 6 et v il KM SIS x(erh+8)— (x+h)(x+8)

h h x(x+h)h X(x+h)h
_ x®+xh+8x—x®—hx—8x—8h  —8h _ 8
- x(x+h)h x(x+h)h  x(x+h)
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37.

38.

39.

40.

41.

fB+h)-1(3) _ [5(3+h)+3]-[5(3) +3]

h h
_ [15+5h+3]-[15+3]
h
 18+5h-18
h
_sh
h
=5
f(x)- f(2)  2x° —x+1-(8-2+1)
X—2 X—2
B 2x% —x+1-7
X—2
3 2x% — X6
X—2
=2X+3
9y-3x-4=0

The equivalent form y = shows that for

3x+4

each input x there is exactly one output,

Thus y is a function of x. Solving for x gives
9y -4

X . This shows that for each input y

-4
. Thus xis a

there is exactly one output,

function of y.

X2 + y=0
The form y = —x2 shows that for each input x

there is exactly one output, —x?. Thus yisa
function of x. Solving for x gives X ==%,/-Vy. If,

for example, y = -1, then x = +1, so x isnot a
function of y.

y= 7x2
For each input x, there is exactly one output

7x%. Thus y is a function of x. Solving for x

gives X = i\/g . If, for example, y = 7, then

x =1, so x is not a function of y.
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42,

43.

44,

45.

46.

47.

48.

49.

ISM: Introductory Mathematical Analysis

x2+y2:1

Solving for y we have y =+y1- X2 Ifx= 0,
then y = =1, so y is not a function of x. Solving

for x gives x== 1—y2. If y=0, then x = 1,

so x is not a function of y.

Yes, because corresponding to each input  there

is exactly one output, .

a. f(a)= a’a®+a%a®=a’+a’=2a°

b. f(ab)=a’(ab)®+a’(ab)?
=a%a®® +aa’h?
=a°p® +a%?
=a’h?(b+1)

Weekly excess of income over expenses is
6500 — 4800 = 1700.

After t weeks the excess accumulates to 1700z.
Thus the value of V of the business at the end of
t weeks is given by V =f{(r) = 25,000 + 1700¢.

Depreciation at the end of ¢ years is
0.021(30,000), so value V of machine is
V =f(t) = 30,000 — 0.02#(30,000), or

V =f() =30,000(1 — 0.02¢).

Yes; for each input g there corresponds exactly
one output, 1.25¢, so P is a function of g. The
dependent variable is P and the independent
variable is g.

Charging $600,000 per film corresponds to
p = 600,000.

600,000 = M

q=2

The actor will star in 2 films per year. To star in
4 films per year the actor should charge

p= 1200000 _ 4306 000 per film.

The function can be written as g = 48p.

At $8.39 per pound, the coffee house will supply
q =48(8.39) = 402.72 pounds per week.

At $19.49 per pound, the coffee house will
supply g = 48(19.49) = 935.52 pounds per week.
The amount the coffee house supplies increases
as the price increases.
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50. a. f(0)=1-1=0

3 3
b, fo0)=1-{ 30} (3] _q_27
400 4 64

_3
64

3
c. 1(900) :1_[ﬂj
1200

d. Wesolve

300 \°
300+t

0.500 :1—(

3
300 _05
300+t

300 305

300+t
300 = 3003/0.5 +t3/0.5
~300-3003/0.5

t ~77.98
o5
78 days
4
31000 4
51. a. f(lOOO):( ) _10° _10.000
2500 2500 2500
[310002) | (10%2)
b. f(2000) = =
2500 2500
3,4
10,00032* 313 3
=Y %2 =832
2500 V2
4/3 4/3,4/3
. fr)=B " _2
2500 2500
2| 15" |3z
=2¥2| -9 =232
2500 (o)

Thus f(21p) = 232t (Ig) , which means
that doubling the intensity increases the
response by a factor of 2302.
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Section 2.2

1 0 1 1
52. P()=1-=(1-0.344)° =1- =) ==
@ 2( ) 2() 5

P(2) =1—%(1—0.344)1 = 1—%(0.656) =0.672

53. a. Domain: 3000, 2900, 2300, 2000

f(2900) = 12, f(3000) = 10

b. Domain: 10, 12, 17, 20
2(10) = 3000, g(17) = 2300

54. a. -18.97
b. -581.77
c. -1851
55. a. -5.13
b. 2.64
c. -17.43
56. a. 1,997,723.57

b. 1,287,532.35

c.  2,964,247.40
57. a. 7.89

b. 63.85

c. 1.21

Principles in Practice 2.2

1. a. Letn = the number of visits and p(n) be the
premium amount.
pn) =125

b. The premiums do not change regardless of
the number of doctor visits.

c. This is a constant function.

2. a. d@)= 3% isa quadratic function.
b. The degree of d(t) = 3t? is 2.

c. The leading coefficient of d(t) = 3t% is 3.

3. The price for n pairs of socks is given by

35n 0<n<5h
c(n)=4 3n 5<n<10.
275n  10<n
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4.

Think of the bookshelf having 7 slots, from left
to right. You have a choice of 7 books for the
first slot. Once a book has been put in the first
slot, you have 6 choices for which book to put in

the second slot, etc. The number of arrangements
i87:-6:5-4-3-2-1=7!=5040.

Problems 2.2

1.

L

10.

11.

12.

13.

14.

15.

16.

17.

NS N W

yes

3 —
=X tX=8 18, Ty 1 whichisa
3 3" 73

polynomial function.
no

yes

yes

yes

no

g(x) = 4x74 = i4 , which is a rational function.
X

. all real numbers

all real numbers
all real numbers
all xsuchthat 1 < x <3

a. 3

18.

19.

20.

21.

22.

23.
24.
25.

26.

27.

28.

60

ISM: Introductory Mathematical Analysis

g(x) =|x-3

9(10) =[10-3|=[7|=7
93 =[3-3=[0|=0
9(-3)=|-3-3/=|-6|=6
F(10) =1

F(—3)=-1

F(0)=0
F(_Ej:_l
5

f3)=4
fi-d) =3
f0)=4

G@8)=8-1=7
G(3)=3-1=2

G(-)=3-(-1)? =2
GM)=3-1)?=2

FR)=3%-3@3)+1=1

F(-3)=2(-3)-5=-11
F(2) is not defined.

6!=6-5-4-3-2-1=720
0l=1
G-2)1=21=2-1=2

6!.21=(6-5-4-3-2-1)(2-1)
=(720)(2)
=1440

nl n-(n-1!
(h-1)! (h-1!

8! 8!
51(8—5)! 5!-3!
 8.7-6-5-4-3.2.1
(5-4-3-2-1)(3-2-1)
8-7-6

2.1
-7

Il
w

a1

6
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29.

30.

31.

32.

33.

34.

35.

36.

37.

Let i = the passenger’s income and
c(i) = the cost for the ticket.
c(i)=4.5

This is a constant function.

Let w = the width of the prism, then

w + 3 = the length of the prism, and

2w — 1 = the height of the prism. The formula for
the volume of a rectangular prism is

V = length - width - height.

V(W) = (W+3)(w)(2w—1) = 2w® + 5w? — 3w
This is a cubic function.

a. C=850+3q

b. 1600 =3850+3q
750 =3q
g=250

The interest is Prt, so principal and interest
amount to f{(#) = P + Prt, or f{(f) = P(1 + rf). Since
f(t) = at + b where a (= Pr) and b (= P) are
constants, f'is a linear function of z.

The cost for buying n tickets is
95n 0<n<12
c(n) =
8.75n  12<n

For a committee of four, there are 4 choices for
who will be member A. For each choice of
member A, there are 3 choices for member G.
Once members A and G have been chosen, there
are two choices for member M, then one choice
for member S once members A, G, and M have
been chosen. Thus, there are
4-3.2.1=4!=24 ways to label the members.
Similarly, a committee of five can label itself
with five labels in
5-4-3-2.1=5!=120 ways.

vy ST G o)) o

21(1) 2(1) 64
5210
P(S):S!(%) (2) :5!(ﬁ)(1) 1
51(0!) 51(1) 1024
a. all Tsuchthat30 < T < 39

61

Section 2.3
ll 5 11 16
b. f(30)_—(30) S Ririatras
11 6 11 17
f(36)——(36) =1t 7T=7
175 175 33
f(39)——(39)——=52—T=T
38. a. 74250
b. -20.28
c. 1218.60
39. a. 1182.74
b. 4985.27
c. 252.15
40. a. 19.12
b. -62.94
c. 57.69
41. a. 221
b. 9.98
c. -14.52

Principles in Practice 2.3

1. The customer’s price is
(cos)(X) =c(s(x))=c(x+3)=2(x+3)
=2x+6

2. g(x)=(x+ 3)2 can be written as

9(x) = a(I(x)) = (ac1)(x) where a(x)= x> and
I(x) = x + 3. Then I(x) represents the length of
the sides of the square, while a(x) is the area of a
square with side of length x.

Problems 2.3
1. fx)=x+3,gx)=x+5
a. (f+9)x)=f(x)+9(x)
=(X+3)+(x+5)
=2X+8

b. (f+£)(0)=2(0)+8=8
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c. (f-9)x)="f(x)-9(x) g (fo0)(x)=f(g(x))
=(x+3)—(x+5) = f(6+X)
=-2 =2(6+X)
=12+2x
d.  (fg)(x)=f(x)g(x)
=(X+3)(x+5) h. (go f)(xX)=9(f(x))=9g(2x) =6+2x
=X +8x+15

(go £)(2)=6+2(2) =6+4=10

e
.

e. (fg)(=2) =(-2)? +8(-2)+15=3
3. f(x):x2 +1, g(x):xz—x

f(x)  x+3
t (X)_g(x) Xi5 a. (f+9)09=f()+g(x)
= (X2 +12) + (x* ~ x)
g (fog)(x)="f(g9(x) =2x% —x+1
= f(x+5)
=(x+5)+3 b. (f-g)(x)=f(xX)—g(x)
=X+8 = (% +1) - (x* =)
h. (fog)3)=3+8=11 =x+l
1 1 1
i (g0 1)) =g(f() N (f—g)(——j:——ﬂ:—
=g(x+3) 2 2 2
=(X+3)+5
—x+8 d. (fg)(x)=f(x)g(x)
= (x2 +1)(x2 —X)
j. (gof)3)=3+8=11 NS B S
2. fix)=2x,gx)=6+x f f(X) W2 11
e. —(x)=
a. (f+9))=fx)+g(x g 90 x2-x
=(2x)+(6+Xx)
_ 2
e . L(_z}mzi
b. (f-g)(0)=f(x)-g(x) gl 2 (;)2 (_;) 3
=(2X)— (6+X) 2 2
X0 g (fog)x)=1(g()
¢ (f-9@d=@4-6=-2 =f(x*-x)

=(x?-x)%+1

_ _ _ 2
d. (fg)(x)= f(x)g(x) =2x(6+x) =12x + 2X A3 ix2 41

e (o=t 2 h. (9o f)(¥)=g(f(x)
g 9(x) 6+x =g(x? +1)
= (X2 +1)% - (x* +1)
f. —(2)_@:£:1 x4 x2
g 6+2 8 2

i (g0 F)(=3)=(-3)* +(-3)* =90

62
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4. f(x)=x*+1g(x)=5

a.

i.

(f+9)(x) = f(x)+9(x)
:(x2+1)+5
=x%+6

2) (2 . 58
-o(Z)-(3) -
(F-9)(0 = F()-g(x)

=(x?+1)-5
=x2_4

(fg)(x) = F(x)9(x)
=(x2 +1)(5)
=5x% 45

(fg)(7) =5(7%) +5 = 245+5 = 250

fooo fx) x*+1

—(x)

g g(x) 5
(fog)(x) = f(g(x) = f(5) =52 +1=26

(f 0g)(12,003) = 26

(9o H)(X)=g(f(x) =g(x* +1) =5

5. fleg@2)=f(4-4)=f0)=0+ 6=6
g(f(i2)=g(12+6)=g(18)=4-36=-32

6. (fog)(p)=f(g(p)

4
=
3
12
Cp-2
4) 572 4-2p
(gof)(p>=g(f(p»=g[—)="—=
p) 3 3p

63

7.

Section 2.3

(F=G)(t) = F(G(1)

:F(L]
t-1
2
= i +7 i +1
t-1 t-1
4 14
=—2+—+
t-n° t-1

(GoF)(t) =G(F(1)

=G(t?> +7t+1)
2

(2 7t+1) -1
2

24Tt

8. (FG)(t)=F(G(1))

=F (3t + 4t +2)

=32 +4t+2

(G F)(®) =G(F(1)

-of
=3(ﬁ)2+4(ﬁ)+2

=3t+ 4/t +2

9. (feg)(v)=f(g(v))

= f(W+2)

B 1

( v+2)2 +1
1

=v+2+1
1

T v+3

(9o H)(V)=g(f(v)
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10.

11.

12.

13.

14.

15.

16.

17.

18.

(fof)(x) = f(f(x)
= f(x? +2x-1)
:(x2+2x—1)2+2(x2+2x—1)—1
=x*+axd+ax? -2

Let g(x) = 11x and fix) = x — 7. Then
h(x) = g(x) =7 = flg(x))

Let g(x) = x2-2andf x)= JX . Then

h(x) =Vx% -2 = [g(x) = f(g(x))

Let g(x) = x2 -2 andf (x) :1. Then
X

1 1
h(x) = -
M= =90

= f(9(x)

Let g(x) = 9x3 —5x and f x)= x3 —x2 +11.
Then h(x) =[g(x)I* ~[9(x)]* +11= f (9(x))

2_
XL nd ()= 9x.
X+3

Then h(x) =4g(x) = f(g(x)).

Let g(x) =

Let g(x) =3x—5and f(x)= 22_X . Then
X“+2
2—(3x-5
() == S0 — 1(g ()
(3x-=5)"+2

a. The revenue is $9.75 per pound of coffee
sold, so r(x) = 9.75x.

b. The expenses are e(x) = 4500 + 4.25x.

c. Profit = revenue — expenses.
(r—e)(x) =9.75x — (4500 + 4.25x)
= 5.5x —4500.

v(x) = (4x - 2)3 can be written as

v(x) = f(I(xX)) =(f o1)(x) where f(x)= x% and
I(x) = 4x — 2. Then I(x) represents the length of
the sides of the cube, while f(x) is the volume of
a cube with sides of length x.
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19.

20.

21.

22,

23.

24,
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(go f)(m)=g(f(m)

—g 40m —m?
4

2
=40 [MJ
4

=10(40m—m?)
= 400m —10m?

This represents the total revenue received when
the total output of m employees is sold.

(fog)(E)=f(g(E))
= £(7202+0.29E38)
=0.45(7202 +0.29E368 —1000)%-%2

= 0.45(6202 +0.29E 3:68)053

This represents status based on years of
education.

a. 14.05

b. 1169.64
a. -0.13
b. 18.85
a. 19447
b. 0.29

a. 045

b. 1.61

Problems 2.4

_ X 7
flx)=2-2
(x) 373

-1 x 1
X)=——=
g (x) >3

FL(x)=2x+14

Jx 5
_+_
4

4

r(A) :\/é

f1(x)=
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10.

11.

12.

13.
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3V
-{E

. fix) = 5x + 12 is one-to-one, for if

f(x)=f(Xp) then 5% +12=>5x, +12, so
5% =5X, and thus X = X,.

g(x) = (5bx +12)2 is not one-to-one, because
g(x) = g(x,) does not imply X = X,. For

11 13
example, ¢ _E =g —? =1

h(x) = (5X+12)2, for x> —%, is one-to-one.
If h(x;) =h(X,) then (5% +12)% = (5%, +12)°.
Since X > —% we have 5x + 12 > 0, and thus

(5% +12)% = (5%, +12)? only if
5% +12 =5x%, +12, and hence X = X,.

F(x)= |X —9| is not one-to-one, because
F(x)=F(Xy) does notimply X = X,. For
example, F(8) = F(10) = 1.

The inverse of f (x) = (4x —5)2 for x> % is

Jx

f ’1(x) = e +%, so to find the solution, we

find f1(23).

1“1(23)=@+E
4 4

V23

The solution is X =——+ E
4 4

The inverse of V (r) :%m’3 isrivV)=3 4%, )

n
the solution is r(100) = 3/@
T

1,200,000 1,200,000

From p et q
Since g > 0, p is also greater than 0, so g as a

1,200,000
o

function of p is q=q(p) = > 0.
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Section 2.5

p(a(p)) = p(—l’ 20(;’ OOOJ

1,200,000
~ 1,200,000
p
1,200,000 — P>
1,200,000

=p
Similarly, q(p(q)) = g, so the functions are
inverses.

14. From p= %, we get g = 48p. Since g >0, p is

also greater than 0, so g as a function of p is
q=q(p)=48p,p>0.

—gl 9489 _
q(p(q))—q(48j 48 25 ¢

_ _48p _
p(a(p)) = p(48p) = 28 P

Thus, p(g) and g(p) are inverses.

Principles in Practice 2.5

1. Let y = the amount of money in the account.
Then, after one month,
y=7250— (1 - 600) = $6650, and after two
months y = 7250 — (2 - 600) = $6050. Thus, in
general, if we let x = the number of months
during which Rachel spends from this account,
y =7250 — 600x. To identify the x-intercept, we
set y = 0 and solve for x.
y =7250 - 600x
0=7250 - 600x
600x = 7250

x=12i
12

The x-intercept is (12% , 0) .

Therefore, after 12 months and approximately
2.5 days Rachel will deplete her savings. To
identify the y-intercept, we set x = 0 and solve
for y.

vy =7250 - 600x

y = 7250 — 600(0)

y=7250

The y-intercept is (0, 7250).

Therefore, before any months have gone by,
Rachel has $7250 in her account.
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2. Lety = the cost to the customer and let Problems 2.5
x = the number of rides he or she takes. Since the
cost does not change, regardless of the number 1. 104y
of rides taken, the equation y = 24.95 represents
this situation. The graph of y =24.95is a T ol
horizontal line whose y-intercept is (0, 24.95). 10,0
Since the line is parallel to the x-axis, there is no T
x-intercept. (_ L _2) or .10

3. The formula relating distance, time, and speed is om + Qv
d = rt, where d is the distance, r is the speed, and T
t is the time. Let x = the time spent biking (in
hours). Then, 12x = the distance traveled. Brett 2. 0¥
bikes 12 - 2.5 = 30 miles and then turns around Q.II Q.1
and bikes the same distance back to the rental .
shop. Therefore, we can represent the distance
from the turn-around point at any time x as ——————He———
|30 —12x| . Similarly, the distance from the rental

shop at any time x can be represented by the
function y =30-[30-12x|.

T o T 1132 (213 213 3.a. 0)=1,/2)=2,f(4)=3,-2)=0

y 0 12 | 24 30 24 12 0 b. Domain: all real numbers
Y c. Range: all real numbers

36 - (2.5,30) .
5 o, d. fix) =0 for x=-2.So areal zero is —2.
= L

12+ 5.0) 4. a. f(0)=2,f(2)=0

| | | |
0,00] 1 2 3 4 5 = hours b. Domain: allx = 0

4. The monthly cost of x therms of gas is ¢. Range:ally>2

_ J0:53x, IT0<x<70 . d. fix)=0forx=2.So areal zero is 2.
0.53(70) +0.74(x = 70), if x>70
or 5.a. fl0)=0,)=1,f-1)=1
0.53x, if0<x<70 .
= . b. Domain: all real numbers
0.74x-14.7, ifx>70

¢. Range: all nonnegative real numbers

x| 0| 10 30 50 70 80 90 100

d. fix)=0forx=0. So areal zero is 0.

x| 0|53 | 159 | 265 | 37.1 | 445 | 519 | 593

6. a. fl0)=0,f2)=1,f3)=3,f4)=2

b. Domain: all xsuchthat0 < x < 4

y

60 (100, 59.3)

40 (70, 37.1)
c. Range:allysuchthat) <y <3

20

Cost (dollars)

Ll x d. f{x)=0forx=0. So areal zero is 0.
0,0) 20 40 60 80 100 therms

66
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7. y=2x 10. y=3-2x
Ify=0,thenx=0.If x=0, then y =0. 3
Intercept: (0, 0) Ify=0,then0=3-2x, x= E .
y is a function of x. One-to-one. 3
Domain: all real numbers If x =0, then, y = 3. Intercepts: [—, O) , (0, 3)
Range: all real numbers 2
y

y is a function of x. One-to-one.
Domain: all real numbers
Range: all real numbers

8 y=x+1
Ify=0, thenx=-1.
Ifx=0,theny=1.

In.tercepts: .(—1, 0), (0, 1) 1. y= X4

y is a function of x. One-to-one. :

Domain: all real numbers If y=0, then 0= x4, x=0.1fx=0, theny=0.
Range: all real numbers Intercept: (0, 0)

y is a function of x. Not one-to-one.
Domain: all real numbers
Range: all real numbers > 0

9. y=3x-5

Ify=0, then 0 = 3x - 5, x:%.

5 2
If x = 0, then y = 5. Intercepts: 3 01, (0,-5) 12. y= X_2
yisa function of x. One-to-one. If y=0, then 0= i, which has no solution.
Domain: all real numbers N

Range: all real numbers

Y Thus there is no x-intercept. Because x # 0,
10

Not one-to-one.
Domain: all real numbers except 0
Range: all real numbers > 0

67
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13. x=0

14.

15.

If y=0, then x = 0. If x = 0, then y can be any
real number. Intercepts: every point on y-axis
y is not a function of x.

y =4x%-16

Ify=0, then 0=4x> -16 = 4(x* —4) ,
0=4(x+2)(x-2), x==+2.

If x=0, then y = -16.

Intercepts: (£2, 0), (0, —16)

y is a function of x. Not one-to-one.

Domain: all real numbers
Range: all real numbers = —16

20+

VA

y=x

Ify=0,then 0=x3,x=0.Ifx=0, then y = 0.
Intercept: (0, 0). y is a function of x. One-to-one.
Domain: all real numbers

Range: all real numbers

68
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16. x=-9

17.

18.

If y = 0 then x = —9. Because x cannot be 0, there
is no y-intercept. Intercept: (-9, 0).
v is not a function of x.

101

ool L 10

x =yl

Ify=0,thenx=0.Ifx=0, then 0 =—[y|, y=0.
Intercept: (0, 0)

y is not a function of x.

X2 = y2

Ify=0, then X2 =0,x=0.If x=0, then

0= y2, y = 0. Intercept: (0, 0)
y is not a function of x.

19. 2x+y-2=0

Ify=0,then2x-2=0,x=1.If x =0, then
y—2=0,y=2. Intercepts: (1, 0), (0, 2)
Note that y = 2 — 2x. y is a function of x.
One-to-one.

Domain: all real numbers

Range: all real numbers
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Intercepts: {i@, OJ, (0,5)

Domain: all real numbers
Range: all real numbers <5

f(x)

20. x+y=1
Ify=0,thenx=1.Ifx=0,theny=1.
Intercepts: (1, 0), (0, 1)

Note thaty =1 — x.
y is a function of x. One-to-one.
Domain: all real numbers 23, y=h(x)=3
Range: all real numbers Because y cannot be 0, there is no x-intercept. If
x =0, then y = 3. Intercept: (0, 3)
Domain: all real numbers

Range: 3
517
3l
.......... X
5
21. s=f(t)=4-t
If s =0, then 0=4—t2
0=2+n2-1 24. g(s)=-
t==x2.1ft=0, then s = 4. Because g(s) cannot be 0, there is no s-intercept.
Intercepts: (2, 0), (-2, 0), (0, 4) If s =0, then g(s) =—17.
Domain: all real numbers Intercept: (0, —17)
Range: all real numbers < 4 Domain: all real numbers
Range: —-17
204’
.......... X
20 20
—201
- 2 = - 2
22. f(X)—5—2X .Iff(x)—O,then 0=5-2x 25. y:h(X)=X2—4X+1
2x% =5

Ify =0, then 0=x%—4x+1, and by the

2=
2

\F

If x =0, then f(x)

+
quadratic formula, X = 4_?j/ﬁ =2+ \/5 If

\a

x=0, then y = 1. Intercepts: (2+ \/§, 0),(0,1)

Domain: all real numbers
Range: all real numbers = -3

69
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26.

27.

28.

y

L

VA

(2,-3)
2
y=f(x)=x“+2x-8
) 29, s=f(t)=+t?-9
Ify=0,then 0=x"+2x-8
O0=(x+4)(x-2),s0x=-4,2. Note that for \/t2 —9 to be a real number,
If x=0, then y =-8. 2 2 _
Intercepts: (4, 0), (2, 0), (0, -8). t“—-9>0, so t“>9, and | > 3. If s =0, then
Domain: all real numbers 0=+t2 -9, 0= t2 - 9, ort=23. Because
Range: all reyal numbers = —9 |f] = 3, we know 7 # 0, so no s-intercept exists.
10 Intercepts: (-3, 0), (3, 0)
Domain: all real numbers # < -3 and > 3
Range: all real numbers > 0
X X X
4 10
a,-9v
f(t)=-t3
If () =0, then 0=—t>, t=0.

If t = 0, then f{¢) = 0. Intercept: (0, 0)

Domain: all real numbers _ 1

Range: all real number 30. F(r)=

YO 1

1 If F(r) =0, then 0 =——, which has no solution.
r

Because r # 0, there is no vertical-axis
intercept. Intercept: none.
Domain: all real numbers # 0

Range: all real numbers # 0

SAFO

p=h(a)=1+2q+q°
If p=0, then 1+2q+q% =0, (1+q)%2 =0, so

g=-1.1fg=0thenp=1.
Intercepts: (-1, 0), (0, 1)
Domain: all real numbers

Range: all real numbers > 0 31. f(X)=|2X—l|
If fix) = 0, then 0=|2x-1, 2x-1=0, so
1
X==.
2

If x=0, then f(x)=|-1=1.

70
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32.

33.

Intercepts: (% , Oj , (0,1

Domain: all real numbers
Range: all real numbers = 0

f(x)

v=H(u)=|u-3|
Ifv=0,then 0=[u-3|, u-3=0, sou=3.
If u=0, then v=|-3=3.

Intercepts: (3, 0), (0, 3).
Domain: all real numbers

Range: all real numbers = 0
v

16

If F(r) =0, then 0= % , which has no solution.
t

Because ¢ # 0, there is no vertical-axis intercept.
No intercepts
Domain: all nonzero real numbers

Range: all positive real numbers
F(r)

10

71
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4. y= f(x)=i

X—4
Note that the denominator is O when x = 4. Thus

x # 4. If y =0, then 0:%,whichhasno

solution. If x =0, then y = —% .

Intercept: [O, —%)

Domain: all real numbers except 4
Range: all real numbers except 0

10t

35. Domain: all real numbers > 0

Range: all real numbers 1 <c¢ <8

36. Domain: all real numbers = —1

Range: all real numbers < 11
14 19X

37. Domain: all real numbers

Range: all real numbers = 0
18(0)
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38. Domain: all positive real numbers y
Range: all real numbers > 1 0L
S0 - —o
10¢ — 16 |-
1 Q) L
1 ‘=; 12 - *=—0 o
g L
T O al
44 Ar
+ | | | L1 X
T 1012 2 4 6 8 10
1 AM P.M.

43. As price increases, quantity supplied increases; p

. is a function of q.
39. From the vertical-line test, the graphs that isarunction ot ¢

p
represent functions of x are (a), (b), and (d). 507
40. From the horizontal line test, the graphs which 1
represent one-to-one functions of x are (c) and T
(d). 1
41. Lety = the amount that is owed and let 107
... q

x = the number of monthly payments made. AN
Then, the amount Tara owes is represented by 30 210
the equation y = 2400 — 275x.
To determine the x-intercept, we set y = 0 and 44. As price decreases, quantity increases; p is a
solve for x. function of g.
y = 2400 - 275x 2547
0 =2400-275x

275x = 2400 |

X = 8E |

11 +

The x-intercept is (8% , 0) . Therefore, Tara will 57
., .. g

have paid off her debt after 9 months. 5 25
To determine the y-intercept, we set x = 0 and

solve for y. 45. 1000
y =2400 - 275x

y = 2400 — 275(0)

y =2400

The y-intercept is (0, 2400). Therefore, before

any payments are made, Tara owes $2400. 300

y

42. The cost of an item as a function of the time of : : X
day, x is 7 14 21
9, if10:30 AM. <x< 2:30P.M.
8,if2:30 PM. <x< 4:30 P.M. 46. 4y
y=+<13,if4:30P.M.< x< 6:00 P.M. 4
18,if6:00 P.M. < x< 8:00 P.M.
13,if8:00 P.M. < x < 10:00 P.M.

=

47. 0.39

48. -0.50, 0.57
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49.
50.
51.
52.
53.

54.

55.

56.

57.

58.

: Introductory Mathematical Analysis

-0.61, -0.04
0.62, 1.73, 4.65
-1.12

No real zeros
-1.70,0

-0.49,0.52, 1.25

25

/

T

a. maximum value of f{x): 19.60

-15

b. minimum value of f{x): —10.86

N\
=

-2

a. maximum value of f(x): 3.94

b. minimum value of f{x): -1.94

S~

3 5

a. maximum value of f{x): 5
b. minimum value of f(x): 4

10

7

73

59.

60.

61.

a.

b.

range: (—oo,00)

intercepts: (—1.73, 0), (0, 4)

35

-5

| i

a.

b.

C.

-5
maximum value of f(x): 28
range: (—oo, 28]

real zeros: —4.02, 0.60

5

/

-5

anm

a.

b.

C.

35

-5
range: (—oo, o)
intercepts: (0, 0.29), (—1.03, 0)

real zero: —1.03

15

e

maximum value of f(x): 34.21
minimum value of f{x): 18.68
range: [18.68, 34.21]

no intercept

Section 2.5



Chapter 2: Functions and Graphs

Problems 2.6

1. y=5x
Intercepts: If y =0, then 5Sx=0,0or x=0; if x =0,
theny=5-0=0.
Testing for symmetry gives:

X-axis: -y =5x
y=-5x

y-axis: y=15(-x)=-5x

origin: -y =5(=x)
y=>5x

line y =x: (a, b) on graph, then b = 5a, and
a= %b #5b for all b, so (b, a) is not
on the graph.

Answer: (0, 0); symmetry about origin

2. y= f(x):x2—4
Intercepts: If y = 0, then
0=x2—4=(x+2)(x-2),0orx==22;ifx=0,
then y:02—4=—4.
Testing for symmetry gives:
X-axis: -y = x> -4
y= -x?+4
y-axis: y=(-x)?-4=x*-4
origin: -y= (—X)2 -4
y= -x?+4
line y = x: (a, b) on graph, then b = a%— 4, and

a=+Jb+4=b?—4 forall b, so
(b, a) is not on the graph.
Answer: (£2, 0), (0, —4); symmetry about y-axis

3. 2x? +y2x4 =8-y
Intercepts: If y = 0, then
2x2 =8, x2 =4, or X=1%2;

ifx=0,then0=8 -y,s0y=8.
Testing for symmetry gives:

X-axis: 2x° +(—y)2 x* =8-(-y)
2x° + yzx4 =8+y

y-axis: 2(—X)2 + y2 (—X)4 =8-y
2x2 + yzx4 =8-y

origin:  2(-%)? +(-y)*(-x)* =8-(-y)
2x° + yzx4 =8+y

ISM: Introductory Mathematical Analysis

line y=x: (a, b) on graph, then
2a% +b%a* =8-b, but
2b% +a%b* =8—a will not
necessarily be true, so (b, @) is not on

the graph.
Answer: (£2, 0), (0, 8); symmetry about y-axis

x=y°
Intercepts: If y = 0, then x = 0; if x = 0, then
0= y3 ,s0y=0.

Testing for symmetry gives:
x-axis: x=(-y)}=-y3

y-axis: —X = y3
x=-y°
P _ 3
origin: -X=(-y)

X= y3
line y = x: (a, b) on graph, then a = b3, and

b= 3/5 = ad for all a, so (b, a) is not
on the graph.
Answer: (0, 0); symmetry about origin

. 16x%-9y? =25

Intercepts: If y = 0, then 16x2 = 25, x2 = f—:,

SO Xzii;
4

if x = 0, then —9y? =25, y? = —?, which has

no real root.
Testing for symmetry gives:

x-axis:  16x2—9(-y)? =25

16x> —9y? = 25
y-axis:  16(-x)2—9y? =25
16x% —9y? =25
origin: Since the graph has symmetry about

x- and y-axes, there is also symmetry
about the origin.
line y =x: (a, b) on graph, then

16a? —9b? = 25, and

al = %(%2 +25). (b, a) on graph,

then 16b% —9a® = 25 and

a’ = 1(16b2 —25) % i(gbz +25)
9 16
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for all b, so (b, a) and (a, b) are not
always both on the graph.

Answer: (i%, Oj; symmetry about x-axis,

y-axis, and origin.

6. y=57

Intercepts: Because y # 0, there is no
x-intercept; if x =0, then y = 57.
Testing for symmetry gives:

X-axis: (-y) =57
y=-57

y-axis: y=>57

origin: (-y) =57
y=-57

line y = x: (a, b) on graph, then b = 57, but a can
be any value, so (b, a) = (57, a) is not
necessarily on the graph.

Answer: (0, 57); symmetry about y—axis

7. x=-2

Intercepts: If y = 0, then x = —2; because x # 0,
there is no y-intercept.
Testing for symmetry gives:

X-axis: x==-2

y-axis: —x=-2
x=2

origin: —x=-2
x=2

line y =x: (a, b) on graph, then a = -2, but b can
be any value, so (b, a) = (b, —2) is not
necessarily on the graph.

Answer: (-2, 0); symmetry about x-axis

8. y=[2x-2

Intercepts: If y = 0, then |2X| =2, 2|x| =2,

|X| =1 sox==1;ifx=0, then y =-2.

Testing for symmetry gives:

X-axis: -y :|2x|—2
y=—|2x+2

y-axis: y=|2(—x)|—2
y =|2x|-2

origin: -y :|2(—X)|—2
y=—|2x/+2

line y=x: (a, b) on graph, then b= |2a| -2 and

a:ibL;¢|2b|—2 for all b, so

(b, a) is not on the graph.
Answer: (x1, 0), (0, —2); symmetry about y-axis

75

9.

10.

11.

Section 2.6

x=—y

Intercepts: Because y # 0, there is no

. . 1 .
x-intercept; if x = 0, then 0= - which has
y
no solution.
Testing for symmetry gives:

X-axis: X= —(—y)_4
X= —y‘4
y-axis: -X= —y_4
X= y_4
S 4
origin: -X==(=Y)
X= y_4
line y =x: (a, b) on graph, then a = —b™* and

b= (—a)’1’4 #-a " forall a, so
(b, a) is not on the graph.
Answer: no intercepts; symmetry about x-axis

y= x2 - 25

Intercepts: If y = 0, then x2 —25 =0,

X2 -25=0, x?>=25, so X =15

if x =0, then y =+/—-25, which has no real root.
Testing for symmetry gives:

X-axis: -y= x2-25

y

y-axis: y = (—X)2 -25
y

origin:

line y = x: (a, b) on graph, then b= \/a2 -25 or
b? =a’ - 25 and

a% =b? +25 = b% 25 forall b, so
(b, a) is not on the graph.
Answer: (5, 0); symmetry about y-axis

x—4y—-y?+21=0
Intercepts: If y = 0, then x + 21 =0, so x = -21;
if x =0, then -4y —y? +21=0,

y2 +4y—-21=0, (y+7)(y-3)=0,s0y=-7 or
y=3.



Chapter 2: Functions and Graphs

12.

13.

Testing for symmetry gives:

X-axis: X—4(—y)—(—y)2 +21=0
x+4y—y2+21:0

y-axis: (-x)-4y- y2 +21=0
—x—4y—y2+21:0

origin:  (-X)—4(-y)-(-y)?> +21=0

—x+4y—y2+21:0
line y = x: (a, b) on graph, then

a-4b—b?+21=0 and

a=b?+4b-21, but

b=a®+4a—21 will not necessarily
be true, so (b, a) is not on the graph.

Answer: (21, 0), (0, -7), (0, 3); no symmetry
X2 + Xy + y3 =0

Intercepts: If y = 0, then x2 = 0, sox=0;

if x =0, then y3 =0,s0y=0.

Testing for symmetry gives:

x-axis: X% + x(—y)+ (—y)3 =0

xz—xy—y3 =0
y-axis: (—X)2 +(=x)y+ y3 =0
x2—xy+ y3 =0

(=X)? +()(=y)+ (-¥)° =0
X2 + Xy — y3 =0

line y =x: (a, b) on graph, then

a’+ab+b° =0, but

origin:

b2 +ab+a° =0 will not necessarily
be true, so (b, a) is not on the graph.
Answer: (0, 0); no symmetry.

3 2
X~ —2X° +X
y:f(x):z—
X< +1

Intercepts: If y = 0, then
x5 —2x% + x 3 x(x—l)2
X% +1 X% +1
ifx=0, theny=0.
Testing for symmetry gives:

X-axis: Because fis not the zero function,
there is no x-axis symmetry

=0,50 x=0, I;
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15.
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_(9)*-2(-x)* +(-x)
(-x)% +1
—x3-2x% —x

y-axis:

y:
X% +1

(%)% -2(-x)% + (-x)
(—x)2 +1
_ x3 + 2x2 +X

origin: -y =

X2 +1
line y =x: (a, b) on graph, then
3 5.2
b= w’ but

a%+1

b®—2b% +b | :
a=———— is not necessarily
b2 +1
true, so (b, a) is not on the graph.
Answer: (1, 0), (0, 0); no symmetry of the given

types
X%+ Xy + y2 =0
Intercepts: If y = 0, then X2 = 0, sox=0;

if x =0, then y2 =0, soy=0.
Testing for symmetry gives:

X-axis: X2 + x(=y)+ (- y)2 =0
x2 - Xy + y2 =0
y-axis: (-X)2 +(=X)y+y2 =0
X2 - Xy + y2 =0
origin:  (=X)2 +(=X)(=y) +(-y)? =0

x2+xy+y2:0

line y = x: (a, b) on graph, then aZ+ab+b%=0
and b2 +ba+a? = 0, so (b, a)ison
the graph.

Answer: (0, 0); symmetry about origin,
symmetry about y = x

3
x3+8
Intercepts: If y = 0, then 3 =0, which has
X" +8
. . 3
no solution; if x =0, then y = 5

Testing for symmetry gives:
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16.

X-axis: -y=

y-axis:

origin: -

—x3+8
3
x3 -8

(a, b) on graph, then b= and

a:3f§—8 # 33
b b> +8

(b, a) is not on the graph.

line y = x: 3
a’+8

for all b, so

Answer: [O, gj ; no symmetry of the given types

X+Yy
X4
Intercepts: If y = 0, then — =0, which has no
X

solution; if x =0, then y = 2 , which has no
y

solution.
Testing for symmetry gives:
4
. X
X-axis: -y=
X+ (=y)
-X+Y
4
y-axis: y= i
=x)+y
—X+Y
4
origin: -y= &
=) +(y)
X+Yy

17.

18.
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4

. a
line y = x: (a, b) on graph, then b= , and

a+

4 4
a+b=2" but a+b="" will not

b a

necessarily be true, so (b, a) is not on
the graph.
Answer: no intercepts; symmetry about origin

3X+ y2 =9

Intercepts: If y =0, then 3x =9, sox =3;
if x =0, then y2 =9, soy=413.

Testing for symmetry gives:

X-axis: 3X+ (—y)2 =9
3X+ y2 =9
y-axis: 3(=x)+ y2 =9
=3x+ y2 =9
origin: 3(—x)+ (—y)2 =9
-3x+ y2 =9
line y=x: (a, b) on graph, then 3a+ b2 =9 and

a:%@-bemb=§@—¥)wm

not necessarily be true, so (b, a) is not
on the graph.
Answer: (3, 0), (0, £3); symmetry about x-axis

Xx—-1= y"’+y2 or X= y4+y2+1
Intercepts: If y =0, then x = 1; if x = 0, then
y4 + y2 =-1, so no y-intercept

Testing for symmetry gives:

x=1=(=y)" +(-)?

X-axis:
X=1= y4 + y2
y-axis: —X= y4 + y2 +1
X= —y4 - y2 -1
origin: —X= (—y)4 + (—y)2 +1
X= —y4 - y2 -1
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19.

20.

line y = x: (a, b) on graph, then a = b% +b% +1

and b#a* +a%+1 forall a so (b, a)
is not on the graph.

Answer: (1, 0); symmetry about x-axis.
y

[

y= f(x):x3—4x

Intercepts: If y = 0, then X3 —4x = 0,
x(x+2)(x-2)=0,so0x=00rx==+2;ifx=0,
then y = 0.

Testing for symmetry gives:

X-axis: Because fis not the zero function,
there is no x-axis symmetry.
y-axis: y= (—X)3 —4(-x)
y= —x3 4 4x
origin: -y= (—X)3 —4(-x)
y= x3 - 4x

line y = x: (a, b) on graph, then b = ad— 4a, but

a=b%—4b will not necessarily be
true, so (b, a) is not on the graph.
Answer: (0, 0), (2, 0); symmetry about origin.

3y:5x—x3

Intercepts: If y = 0, then 5x— X3 = 0,
x(\/§+x)(\@—x):0, sox=00rx=i\/§; if

x=0,theny=0.

Testing for symmetry gives:
X-axis: 3(-y)=5x- x>

3y =-bx+ x>
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3y =5(-x) - (-x)°

y-axis:
3y =-5x+ X3
origin:  3(-y) =5(-x) - (-x)°
3y =5x- x.
line y =x: (a, b) on graph, then 3b =5a— as,

but 3a=5b—b> will not necessarily
be true so (b, a) is not on the graph.

Answer: (0, 0), (i\/g ,0); symmetry about

origin

X<y =0
Intercepts: If y = 0, then |X| =0, sox=0;if
x =0, then —|y| =0, soy=0.

Testing for symmetry gives:

x-axis: |X| - |—y| =0
[X/-lv=0
y-axis: |—x| —|y| =0
[X/-ly|=0
origin: Since there is symmetry about the
x- and y-axes, symmetry about origin
exists.
line y = x: (a, b) on graph, then |a| —|b| =0, thus

|a|:|b|, and |b|—|a|:0, so (b, a) is
on the graph.
Answer: (0, 0); symmetry about x-axis, y-axis,
origin, line y = x.
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22. x>+y?=16

Intercepts: If y = 0, then x2 = 16, so X =44,
if x =0, then y4 =16, soy=+4.
Testing for symmetry gives:
X-axis: x2 + (- y)2 =16
X2 + y2 =16
y-axis: (—X)2 + y2 =16
x?+y? =16
origin: Since there is symmetry about

x- and y-axes, symmetry about origin
exists.

line y = x: (a, b) on graph, then a’ +b% =16
and b? +a? =16, so (b, a) is on the
graph.
Answer: (4, 0), (0, £4); symmetry about x-axis,
y-axis, origin, line y = x.
5 y

23. 9x%+4y? =25

Intercepts: If y = 0, then 9x? = 25, X2 = %, SO

x:ig; if x =0, then 4y2 =25, so y:ig.

Testing for symmetry gives:
x-axis:  9x2 +4(-y)? =25

9x? + 4y2 =25
y-axis: 9(—x)2 +4y2 =25
9x? +4y% =25
origin: Since there is symmetry about
x- and y-axes, symmetry about origin
exists.

line y = x: (a, b) on graph, then 9a2 +4b2 =25
and b? = %(25—9&2). (b, a) on
graph, then 9b? +4a’ =25 and
b2 = %(25 —4a?), so (a, b) and

(b, a) are not always both on the
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graph.
5 5
Answer: ig, 0f{,1|0, iE ; symmetry about

X-axis, y-axis, origin
y

24. x°-y?=4

Intercepts: If y = 0, then x2 = 4, so x=42;

if x=0, then —y®> =4, y? =4, which has no

real roots.
Testing for symmetry gives:

x-axis: x% - (—y)2 =4

X2 —y? =4
y-axis: (-x)%-y? =4

X2—y2 =4
origin: Since there is symmetry about x-and

y-axes, symmetry about origin exists.

line y = x: (a, b) on graph, then a’-b?> =4 and
a2 =4+b% #b% -4 forall b, so
(b, a) is not on the graph.
Answer: (£2, 0); symmetry about x-axis, y-axis,
origin.

—6

il

—6

y=f(x)=5 ~1.96x% —nx*. Replacing x by —x
gives y = 5—1.96(—X)2 —n(=x)* or

y=5 ~1.96x% - nx*, which is equivalent to
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26.

27.

original equation. Thus the graph is symmetric
about the y-axis.

a. Intercepts: (+0.99, 0), (0, 5)
b. Maximum value of fix): 5
c¢. Range: (-, 5]

8

JERviivas

w W

-3

y="f(x)= 2x4 - 7x% +5. Replacing x by —x
gives Yy = 2(—X)4 - 7(—X):2 +5 or

y= 2x* —7x% +5 , which is equivalent to
original equation. Thus the graph is symmetric

about y-axis.
Real zeros of f; 1, £1.58

5

Problems 2.7
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Sy = 10
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8. 51
f(x) = 4/x
,;//” Sx
y=-3Vx
9.

10.

11.

12.

81

13.

14.

15.

16.

17.

18.

19.

Section 2.7

Translate 3 units to the left, stretch vertically
away from the x-axis by a factor of 2, reflect
about the x-axis, and move 2 units upward.

Translate 3 units to the left and 4 units
downward.

Reflect about the y-axis and translate 5 units
downward.

Shrink horizontally toward the y-axis by a factor
of 3.
5
——
.-'-'_'_'_'_'_
_'_,_,—'—"'J .-'—'_'_'_'_'_
5 d_———:jﬁ 5
T
_o—'—'_'_'_'-‘
-5

Compared to the graph for k = 0, the graphs for
k=1, 2, and 3 are vertical shifts upward of 1, 2,
and 3 units, respectively. The graphs for
k=-1,-2, and -3 are vertical shifts downward
of 1, 2, and 3 units, respectively.

3

r.%égﬁt&’

-3

Compared to the graph for k£ = 0, the graphs for
k=1, 2, and 3 are horizontal shifts to the left of
1, 2, and 3 units, respectively. The graphs for
k=-1,-2, and -3 are horizontal shifts to the
right of 1, 2, and 3 units, respectively.

5

-5 5

-5

Compared to the graph for k = 1, the graphs for
k=72 and 3 are vertical stretches away from the
x-axis by factors of 2 and 3, respectively. The

graph for k = % is a vertical shrinking toward

the x-axis.
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Chapter 2 Review Problems

1. Denominator is O when
x% —6X+5=0
(x=)(x-5)=0
x=15
Domain: all real numbers except 1 and 5.

2. all real numbers
3. all real numbers

4. all real numbers

5. For \/; to be real, x must be nonnegative. For

the denominator x — 1 to be different from O, x
cannot be 1. Both conditions are satisfied by all

nonnegative numbers except 1.

Domain: all nonnegative real numbers except 1.

6. s—-5=0
s=5

Domain: all real numbers s such that s = 5.

7. f(x):3x2—4x+7
f(0)=3(0)% -=4(0)+7 =7

f(=3) =3(=3)% —4(=3)+7 =27 +12+7 = 46

f(5)=3(5)% —4(5)+7 =75-20+7 = 62
f(t)=3t>—4t+7

8. h(x) =7; all function values are 7.
Answer:7,7,7,7

9. G(x)=4x-3
GER) =¥3-3=%0-=0
G19)=%19-3=%16=2
G+1) =4a+1)-3=4%-2
o) =3 -3

10. Foo=X=3
X+4

-1-3 4
Fey=—1=-2
D="72773

F(O)ZE:_E
0+4 4

11.

12.

13

14.

15.
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|:(5):5__3:E

5+4 9
(x+3)-3  x
(x+3)+4 x+7

Ju+4
u

F(x+3)=

h(u) =

h(5) = =

£

h(-4)=—"" ==
Jx+4

X

h(U—4) Ju-9+4 Ju

u-4 u-4

h(x) =

H(s) =

(s-4)°
3

2
H(—2):—(_2_4) _36_

2 2 4 )2
H(Xz): (x==4) _X 8x“ +16
3 3

. fid)=4+16=20
f=2)=-3
fl0)=-3
f(1) is not defined.

f 1 =— 1 +1:1+1:E

2 2 2 72
f(0)=0% +1=1

2

f(ljz(lj +1=1+1=E

2) 2 474
f(5) =5 —99=125-99 = 26
f(6)=6%-99=216-99=117

a. fx+h)=3-Tx+h)=3-Tx-Th
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f(x+h)=f(x) _(8-7x-7h)-(3-7x) _-7h
h B h ~h

b. =_7

16. a. f(x+h)=11(x+h)? +4
=11x° + 22xh +11h?% + 4

f(x+h)— f(x) (11x? +22xh+11h? +4) - (11x* +4) _ 22xh+11h?

b. =22x+11h
h h h
17. a.  f(x+h)=4(x+h)?+2(x+h) =5 = 4x% +8xh + 4h® + 2x+ 2h -5
b f(x+h)—f(x)  (4x> +8xh+4h? +2x+2h—5) - (4x* + 2x —5)
) h h
_ 8xh+4h? 4 2h
h
=8x+4h+2
18 a. f(xehy—— "t -7
(x+h)+1 x+h+1
7 7 7(x+1)-7(x+h+1)
b, fx+h) - F(X) _Sehad “xa _ Oehe)x+l) —7h _ -7
h h h (x+h+D)(x+DHh (x+h+1)(x+1)

19. fix)=3x—1,g(x)=2x+3
a (f+2))=fx)+g(x)=Cx—1)+2x+3)=5x+2
b. (f+g)4) =54)+2=22
¢ (f-9®)=fl)—g)=CGx—1)-Q2x+3)=x—4
d.  (fg)(x)=f(x)g(x) =(Bx-1)(2x+3) =6x° +7x-3
e. (fg))=612%+7(1)-3=10

£ fogof0_ 31
g g(x) 2x+3

g. (fog)(x)=f(g(x))=f(2x+3) =3(2x+3)-1=6x+8

h. (fog)(5)=6(5)+8=38

i (gof)(X)=g(f(X))=9g(Bx-1) =2(3x-1)+3=6x+1
20. f(x)=-x°, g(x)=3x-2

a. (f+9)(0=f()+g(x)=—x*+3x-2

b, (f=0)(x) = f(0)-g(0)=x*-(3x-2) =—x* ~3x+2
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21.

22,

¢. (f-g)(-3)=-(-3)%2-3(-3)+2=2

d.  (fg)(x) = f(x)g(x)

=(—x*)(3x-2)
= -3x3 4 2x2
e. tyot0_ =X
g g(x) 3x-2
f —(2)
by @ 2=

g (fog)(x)=f(9(x)
= f(3x-2)

=—(3x-2)?
=-0x% +12x—4
h. (go f)(x)=9(f(x))
=g(-x%)
=3(-x%)-2
=-3x% -2

i (gof)(-4)=-3(-4)" —2=-48-2=-50

f(x):iz, gx)=x+1
X

(fog)()=f(g(x)=f(x+])= 2
(x+1)

1
of = f = = ]l=
(9o F)(x) =g(f(x) g(xz) =T

f09="2 909 =vx

(fog)(9) = f(g(x)) = f (VX )= ﬁ4+1
X+1 X+1
@ 0=t =12 =
2

ISM: Introductory Mathematical Analysis

23. flx) = VX+2, g(x):x3
(fog)(x)=f(g(x) = F(x*)=Vx3+2
(g )00 = g(f () = g (Vx+2) = (Vx+2)

— (x+2)3/2

24, fix)=2,g(x)=3
(fog)(¥)=f(g(x)=f(3)=2
(o F)(X)=9(f(x))=9(2)=3

25. y=3x- X3
Intercepts: If y =0, then 0=3x— X3,
x(3—x2) =0, x=0, /3.
Ifx=0, theny=0.
Testing for symmetry gives:
X-axis: -y =3x- X3

y =-3x+ x>, which is not the

original equation.
y-axis: y =3(-x) - (—X)3

y:—3x+x3

origin: -y =3(-x)— (—X)3
y =3x—x°, which is the original
equation.

line y = x: (a, b) on graph, then b=3a- a%, but
a=3b-b? is not necessarily true, so
(b, a) is not on the graph.

Answer: (0, 0), (J_r\/g, O); symmetry about

origin

2.2
2. 2 —=4

X“+y°+1
Intercepts: If y = 0, then O = 4, which is
impossible; if x = 0, then 0 = 4, which is

impossible.
Testing for symmetry gives:
2 2
. X" (-
X-axis: % =
X5 +(-y) +1
X2y2
-5 = 4, which is the original
X +y°+1
equation.
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27.

2.2
y-axis: (2><)—y2 =
(=x)“+y°+1
2.2
=4, whichis the
X“+y +1
original equation.
N2( 02
origin: % =4
(=) +(=y)"+1
2,2
— Y =4, which is the
X“+y +1
original equation.
2b2
line y =x: (a, b) on graph, then T = 4
a“+b+1
2
and b? = M. (b, @) on graph,
a“ -4
2,2
then Zb—az =4 and
b +a“+1
2
b? =M, 50 (a, b) and (b, a)
al-4

are both on the graph.
Answer: no intercepts; symmetry about x-axis,
y-axis, origin, and y = x.

y=9- X2

Intercepts: If y = 0, then
0=9-x?>=(3+xX)(3-X), orx = +3
Ifx=0,theny=9.

Testing for symmetry gives:

Xx-axis: -y=9- X2
y=-9+ X2 , Which is not the original
equation.

y-axis: y =9—(—X)2
y=9- x2 , which is the original
equation.

origin: -y=9- (—X)2

y=-9+ x2, which is not the
original equation.
line y=x: (a, b) on graph, then b=9— a’ and
aziﬂ #9-b? for all b, so

(b, a) is not on the graph.
Answer: (0, 9), (£3, 0); symmetry about y-axis.

28.

29.

Chapter 2 Review

y=3x-7
7
Intercepts: If y=0, then 0 =3x—-7,0orx = 3

Ifx=0, theny=-7.

Testing for symmetry gives:

X-axis: -y=3x-7

y =-3x + 7, which is not the original
equation.

y=3(=x)-7

y =-3x -7, which is not the original
equation.

—-y=3(-x)-7

y =3x + 7, which is not the original
equation.

line y =x: (a, b) on graph, then b = 3a — 7 and

y-axis:

origin:

a =%(b+7) #3b—7 forall b, so
(b, a) is not on the graph.
Answer: (0, -7), (%, O) ; no symmetry of the

given types

10
1
G(u)=+u+4
If Gu) =0, then 0=+u+4.
O=u+4,
u=-4

Ifu=0,then Gu)= J4=2.

Intercepts: (0, 2), (4, 0)

Domain: all real numbers u such that u = —4
Range: all real numbers = 0
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10490 32. h(u) =+/-5u

1 If h(u) =0, then 0=+/-5u,

L — u=0.

NN rut ENNENN Ifu=0, h(u)=0.

T 10 Intercept: (0, 0)

Domain: all reals < 0
Range: all reals > 0

h(u)

8

30. f(x)=|x+1
If f(x) = 0, then 0 =|x+1.
|X| = -1, which has no solution.
If x =0, then fix) = 1.
Intercept: (0, 1)
Domain: all real numbers

Range: all real numbers = 1
fx)

33. Domain: all real numbers.
Range: all real numbers < 2

2
31. y=9{t)=7—
[t-4] 34,
2

If y=0, then 0= m , which has no solution.

Ift=0,theny= E:E
4 2

—

Intercept: (0, %}

Domain: all real numbers ¢ such that ¢ # 4

Range: all real numbers > 0 35.

10 {0

I~

36. For 2006, t = 5. Hence
S = 150,000 + 3000(5) = $165,000.
S is a function of t.
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37. From the vertical-line test, the graphs that a. (—o0,00)
represent functions of x are (a) and (c).
b. (1.92,0), (0,7)
38. a. 729

44, 20

b. 359.43 /
39. 8 8 f\\ 8

/M -20
-9.03

-8

b. all real numbers > -9.03

-0.67; 0.34, 1.73
40. 90 c. —5,+2.
45. k=0,2,4
2
w -3 3
-30
~1.38,4.68
-2
41. 5 k=1,3
/ 2
WAV NI
[ WA 3 3
-5
-2
~1.50, -0.88, -0.11, 1.09, 1.40
a. 0,2,4
42, 20
b. none
3 /_\\\ 8 Mathematical Snapshot Chapter 2
\ 1. f(23,000) =1510+0.15(23,000 —15,100)
= 2695
20 The tax on $23,000 is $2695.
(=00,%) 2. (85,000) = 8440+ 0.25(85,000 — 61,300)
3. 0 =14,365
k The tax on $85,000 is $14,365.
-, . 3. £(290,000) = 42,170+ 0.33(290,000 —188, 450)
- = 75,6815
The tax on $290,000 is $75,681.50.
-20
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4. f(462,000)=91,043+0.35(462,000 —336,550)
=134,950.5
The tax on $462,000 is $134,950.50.

5. Answers may vary.

6. There should be no jump in tax as one moves from one tax bracket to the next, since it would be unfair for two
couples whose incomes differ by only $0.01 to pay substantially different taxes.

7. g(x)=x-f(x)

x—0.10x if 0<x<15,100
x—[1510+0.15(x —15,100)] if 15,100< x<61,300

x —[8440+0.25(x — 61,300)] if 61,300<x<123,700
x—[24,040 +0.28(x —123,700)] if 123,700 < x <188,450
x—[42,170+0.33(x —188,450)] if 188,450 < x < 336,550
x—[91,043+0.35(x—336,550)] if x> 336,550

0.90x if 0<x<15100
0.85x+ 755 if 15,100 < x £61,300
0.75x + 6885 if 61,300 < x<123,700

0.72x+10,596 if 123,700 < x £188,450
0.67x+20,018.50 if 188,450 < x < 336,550
0.65x+26,749.50 if x> 336,550

8. 400.0001 9%

200,000 +

X
0 200,000 400,000
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Chapter 3

Principles in Practice 3.1

1. Letx = the time (in years) and let y = the selling
price. Then,
In 1991: % =1991 and y; = 32,000
In 1994: %, =1994 and y, = 26,000
The slope is
_Y2=%
X2 =%
~26,000-32,000
©1994-1991
~ -6000

3
=-2000
The car depreciated $2000 per year.
¥ (price)

\

m

IS
o

(9%
(=]

Ju—
(=]

x (time)

Price
(in thousands of dollars)
[\
S

1990 1991 1992 1993 1994
Year

2. An equation relating the growth in enrollment to
the number of years can be found by using the
point-slope form of an equation of a line. If
S = the number of students enrolled, and
T = the number of years, then the point-slope
form can be written as

S—S]_:m(T _Tl)

Letm=14, S =50,and T; =3.
S—-50=14(T-3)
S—-50=14T-42

S=14T+ 8

3. A linear function relating Fahrenheit temperature
to Celsius temperature can be found by using the
point-slope form of an equation of a line.

F,—F  77-41 36 9

m= = =— ==
C,-C, 25-5 20 5

9
F-41=2(C-5
5( )
Fo41-2c-9
5
F-dcim
5

4. To find the slope and y-intercept, let a = 1000,
then write the equation in slope-intercept form.

1
=— (t+1a
y 24(+)

1
= (t+1)1000
y 24( )

1000, 1000
= t+—

24 24

125, 125
y="t+—
3 3

Thus the slope, m, is % and the y-intercept, b,
125

is —.
3

5. F:gC+32
5

5(F) = 5(%C +32j
5F =9C +160
0=9C-5F +160
Thus, 9C — 5F + 160 = 0 is a general linear form
of F :gC+32.
5
6. F
100+

|||||/7||||| c

-100 100

-100 -
To convert Celsius to Fahrenheit, locate the
Celsius temperature on the horizontal axis, move
vertically to the line, then move horizontally to
read the Fahrenheit temperature of the vertical
axis.
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7. Right angles are formed by perpendicular lines.
The slopes of the sides of the triangle are:

ﬁ{mzﬂzﬂzo
6

E{m:_zlﬂ
1

E{m=—=z=1

Since none of the slopes are negative reciprocals
of each other, there are no perpendicular lines.
Therefore, the points do not define a right

triangle.
Problems 3.1
L m=10-1_9_,
7-4 3
2 m=X03 7
-2-5 -7
3 ome—S-(2 _-1_ 1
8-6 2 2
4. m=_4_—(_4)=9=0
3-2 1

5. The difference in the x-coordinates is 5 -5 =0,
so the slope is undefined.

6. m:o_(_a):§:2
3-0 3

7. me2=(2_0
4-5 1

ISM: Introductory Mathematical Analysis

9. y—7=-5[x—(-1)]
y—7=-5(x+1)
y-7=-5x-5

5x+y-2=0
104
X
5

10.  y-0=75(x-0)

y = 75X
75x—-y=0
Yy
100
.......... X
""""" 10
1
11. y-5= —Z[x—(—2)]
4(y-5)=-(x+2)
4y-20=—x-2
X+4y-18=0
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5
6(y-5)= 2{x+ﬂ

6y—30=2x+5
2X—6y+35=0

3

1-(-6) 7

3

y-4=2(x-1)

7(y-4)=3(x-1)

7y—-28=3x-3
3Xx-7y+25=0

104
X
10

_2-(-4) 6

- 5-6 -1
y—2=-6(x-5)
y—2=-6x+30

6x+y—-32=0

y

50
X
10

14. m =—6

15. m:_B_—(_A'):__A':_4
-2-(-3) 1
y—(-4) =—4[x-(-3)]
y+4=-4x-12
4x+y+16=0
y
20
..... X
R

91
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18. y=5x-17 21. A horizontal line has the form y = b. Thus
S5x-y-T7=0 y=-3,0ory+3=0.
10 51
X X
7 10 1 5
5 1
-7
1 22. A vertical line has the form x = a. Thus x = -1,
19. y:_EX_S orx+1=0.
Yy
2y=2(—1x—3 IS
2 1
2y =—X—6 T
X+2y+6=0 b “: e
-1,-1)¢ 1 5
54 Il

_._._._2‘ 23. A vertical line has the form x = a. Thus x = 2, or
-6 +4 3 _9—
1 x—2=0.
51V

20 - e I g
. =0x-= . A t
y > 1 5
1 1
=—— I YoR)
y > 1
2y =—
2y+1=0 24. A horizontal line has the form y = 5. Thus y = 0.
5 P 5-.y
......... 5 I i
1 1©70) 5
T 2 L

92
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25. y =4x -6 has the form y = mx + b, where m = 4 29. x=-5isa vertical line. Thus the slope is
and b = -6. undefined. There is no y-intercept.

104 54
x 1 1 1 1 | x
10 -5 I 5

26. x—2=6o0rx =38, is a vertical line. Thus the
slope is undefined. There is no y-intercept.

5..

=

8
27. 3x+5y-9=0
5y =-3x+9
y———x+g
5 5
m:—g,b:g
5 5
51V
L5
X
———— ——+—+ :x
5
28. y+4=7
y=3 32, y-7=3(x-4)
y=0x+3 y—-7=3x-12
m=0,b=3 y=3x-5
s1 m=3,b=-5
3
———— ——+—+ :x
5

93
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33.

34.

3s.

36.

37.

38.

y=3
y=0x+3
m=0,b=3

sy

3]

>

6y—-24=0
y=4
y=0x+4

m=0,b=4

2x=5-3y, or 2x + 3y — 5 = 0 (general form)
3y=-2x+5,0r y= —% X +§ (slope-intercept
form)

3x+ 2y =06, 0or 3x + 2y — 6 =0 (general form)
2y=-3x+6,0r y= —g X+ 3 (slope-intercept
form)

4x + 9y — 5 =0 is a general form.
9y=—4x+5,0r y= —g X +g (slope-intercept
form)

3(x-4)-7(y+1) =2
x-12-7y-7=2
3x—7y—21=0 (general form)

3 .
~Ty=-3x+2l,0or y= 7X —3 (slope-intercept

form)

94

39.

40.

41.

42.

43.

44.

45.

46.

ISM: Introductory Mathematical Analysis

X2y 8
2 3 4
12(—1+ﬂ] :12(—9j
3 4
—6X+8y =-57
6x—8y—57 =0 (general form)
—8y =—-6x+57

y= % X —5—87 (slope-intercept form)
y= 1 X+8 is in slope-intercept form
300 P pr o
1
300y =300 —x+8
300

300y = x+ 2400
x—300y + 2400 = 0 (general form)

The lines y = 7x + 2 and y = 7x — 3 have the
same slope, 7. Thus they are parallel.

The linesy=4x+3 and y =15 + 4x (or
y =4x + 5) have the same slope, 4. Thus they are
parallel.
The lines y =5x + 2 and -5x + y— 3 =0 (or
vy = 5x + 3) have the same slope, 5. Thus they are
parallel.
The line y = x has slope my =1 and the line
y=-xhasslope my =-1. ny = L so the

my
lines are perpendicular.

The linex+3y+5=0 [Ory :—%X—gj has
1 .
slope my = 3 and the line y = —3x has slope

my =-3. Since My # M, and my # —mi, the
2

lines are neither parallel nor perpendicular.
. 1
The linex+3y=0|ory= —§x has slope
1 .
m :—5 and the line x + 6y —4 =0 (or

1 2 1
=——X+—| has slope my, =——. Since
y 6 3j pe My 6
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47.

48.
49.

50.

51.

> Introductory Mathematical Analysis

1 . .
m # My and my #———, the lines are neither
m;

parallel nor perpendicular.

The line y = 3 is horizontal and the line X = —%
is vertical, so the lines are perpendicular.

Both lines are vertical and thus parallel.

The line 3x + y =4 (or y = -3x + 4) has slope
m;=-3,and the linex—-3y+1=0

1 1 1
ory=—X+— | has slope m, =—. Since
[ y 3 3j pe My 3

1 . .
m, = —— the lines are perpendicular.

m

The line x — 2 = 3 (or x = 5) is vertical and the
line y = 2 is horizontal, so the lines are
perpendicular.

The slope of y = —2— 2 is —%, so the slope of
a line parallel to it must also be —%. An

equation of the desired line is y—1= —% (x=1)

or y=-— L X+ >
4= 4
52. x=-41isa vertical line. A line parallel to x = —4

53.

54.

55.

has the form x = a. Since the line must pass
through (2, —8), its equation is x = 2.

y =2 is a horizontal line. A line parallel to it has
the form y = b. Since the line must pass through
(2, 1) its equation is y = 1.

The slope of y = 3 + 2x is 2, so the slope of a line
parallel to it must also be 2. An equation of the
desired line is y — (—4) = 2(x — 3), or y = 2x — 10.

The slope of y = 3x — 5 is 3, so the slope of a line

1
perpendicular to it must have slope ~3 An
. . L 1
equation of the desired line is y—4 = 3 (x=3),

1
or y=——X+5.
Y 3

56.

57.

58.

59.

60.

61.

95

Section 3.1

y =—4 is a horizontal line. The perpendicular line
must be vertical and has an equation of the form
x = a. Since that line passes through (1, 1), its
equation is x = 1.

y =-31is a horizontal line, so the perpendicular
line must be vertical with equation of the form
x = a. Since that line passes through (5, 2), its
equation is x = 5.

The line Sy:—ﬁ+3 ory=—§+1 has
5 15
2 . .
slope T3 so the slope of a line perpendicular

1
to it must have slope ?5 An equation of the

desired line is y—(-5) = % (x—4) or

15
=—x-35.
y 2

The line 2x + 3y + 6 = 0 has slope —%, so the

slope of a line parallel to it must also be —%. An

equation of the desired line is

Y= (-5 =2 X~ (), o y=-2x-=2.

The y-axis is vertical. A parallel line is also
vertical and has an equation of the form x = a.
Since it passes through (—4, 10), its equation is
x=-4.

1,2),(3,8)
8-2 6 3

m= =
-3-1 -4 2
Point-slope form: y—2 = —%(X —1) . When the

x-coordinate is 5,

3
—2=-2(5-1
y 2( )
3
-2=->"(4
y 2()
y—-2=-6
y=-4

Thus the point is (5, —4).
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62.

63.

64.

65.

m=3,b=1

Slope-intercept form: y = 3x + 1. The point

(-1, -2) lies on the line if its coordinates satisfy
the equation. If x =—1 and y = -2, then

-2 =3(-1)+ 1 or =2 = =2, which is true. Thus
(=1, =2) lies on the line.

Let x = the time (in years) and
y = the price per share. Then,
In 1988: % =1988 and y; =37
In 1998: %, =1998 and y, =8
The slope is
. 8-31 29
©1998-1988 10

The stock price dropped an average of $2.90 per
year.

=-2.9

® y (price)

s

S 40T

)

2 304

8

w

g 20t

8 10

o X (time)
0" 1088 1993 1998

Year

The number of home runs hit increased as a
function of time (in months). The given points
are (Xl, yl) = (3, 14) and (Xz, y2)= (5, 20) .
m= Yo—W1 _ 20-14 :E -3

Xo — X1 5-3 2
Using the point-slope form with m = 3 and
(Xl, yl) = (3, 14) giVeS

Yy—W% =m(x—x1)

y—-14=3(x-3)

y—-14=3x-9
y=3x+5

The owner’s profits increased as a function of
time. Let x = the time (in years) and let
y = the profit (in dollars). The given points are

(% y1) = (0, —100,000) and

(X2, y2) = (5, 40,000).

_yo—y; _ 40,000-(~100,000) 140,000
Xo — % 5-0 5

= 28,000

m

96

66.

67.

68.

69.

ISM: Introductory Mathematical Analysis

Using the point-slope form with m = 28,000 and
(%, y1)= (0, —~100,000) gives

y-y1= m(X—Xl)
y — (~100,000) = 28,000(x —0)
y +100, 000 = 28,000x
y = 28,000x —100,000

Solve the equation for z.

L=1.53t-6.7

L+6.7=1.53¢
(L+6.7)

1.53

0.65L +4.38 =t

The slope is approximately 0.65 and the

y-intercept is approximately 4.38.

t

A general linear form of d = 184 + ¢ is
—t+d-184=0.

a. Using the points (3.5, —1.5) and (0.5, 0.5)
. -15-05 2
givesaslopeof M= — =——.
3.5-05 3

An equationis y—0.5= —%(X—O.S) or

o 2,5
376
b. Using the points (0.5, 0.5) and (-1, -2.5)
. -25-05 -3
givesaslopeof M= ——=——=2.
-1-05 -15

An equationis y — 0.5 =2(x — 0.5) or
y=2X——.

N |-

These two paths are not perpendicular to each
other because the slopes are not negative
reciprocals of each other.

The slopes of the sides of the figure are:

AB{m= 4-0 = 4 = undefined (vertical)
0-0 O

CDIim= E = i = undefined (vertical)
2-2 0

ACim=3-0_3
2-0 2

BDIm_/—4_3
2-0 2

Since AB is parallel to CD and AC is parallel
to BC, ABCDis a parallelogram.
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70.

71.

72.

73.

74.

75.

Let x = the distance traveled and let

y = the altitude. The path of descent is a straight
line with a slope of —1 and y-intercept of 3600.
Therefore, using the slope-intercept form with
m =-1 and b = 3600 gives

y=mx+b

y = (-1)x + 3600

y=-x+ 3600

4000
==

-500 4000

-1000
If the airport is located 3800 feet from where the
plane begins its landing approach, the plane will
crash 200 feet short of the airport.

The line has slope 59.82 and passes through
(6, 1128.50). Thus C — 1128.50 = 59.82(T - 6)
or

C =59.82T + 769.58.

The line has slope 50,000 and passes through
(5, 330,000). Thus R — 330,000 = 50,000(T - 5)
or R =50,0007 + 80,000.

10

= 1

-10 10

HEL ¥=F
-10
The graph of the equation y = —0.9x — 7.3 shows

that when x = 0, y = 7.3. Thus, the y-intercept is

7.3.
/ 10

-10
The lines are parallel, which is expected because
they have the same slope, 1.5.

10

The slope is 7.1.

76.

Section 3.2

10
-10 \/ 10

-10

10
-15 \/ 15

-10
The slope of the first line is

_0.1875 0.625, and the slope of the
second line is m, = 032 =-1.6. Since
0.2
1 . .

my = ———, the lines are perpendicular.

m;

Principles in Practice 3.2

1.

97

Let x = the number of skis that are produced and
let y = the number of boots that are produced.
Then, the equation 8x + 14y = 1000 describes all
possible production levels of the two products.

The quantity and price are linearly related such
that p = 575 when ¢ = 1200, and p = 725 when

q =800. Thus (g, py)= (1200, 575) and

(Q2, pz) = (800, 725) . The slope is
725-575 3

m=——— —

T 800-1200 8
An equation of the line is

pP—p=m(q—ay)
p—575= —g(q —1200)

p—575:—§q+450

p= —gq +1025
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3. Answers may vary, but two possible points are Problems 3.2
(0, 60) and (2, 140).
flx) = 40x + 60 1. y=f(x) =—4x =—-4x+ 0 has the form
fix) = ax + b where a = —4 (the slope) and b =0
x | fo) (the vertical-axis intercept).
0 60 54
2 | 140

2. y=fix) =x+ 1 has the form f{x) = ax + b where
a =1 (the slope) and b = 1 (the vertical-axis
intercept).

4. If t = the age of the child, then f{f) = the height
of the child at any age ¢. The height and age are
linearly related such that f{8) = 50.6. Since f(7) is
a linear function it has the form f{(r) = at + b.
Since the height changes by 2.3 inches per year,

a=2.3. Then,

fiy=at+b

f(8)=23@8)+b .
506=18.4+b 3. h(t) = 5t — 7 has the form h(t) =at +bwitha=5
322=p (the slope) and b = -7 (the vertical-axis intercept).
Thus, () = 2.3¢ + 32.2 is a function that 10 40

describes the height of the child at age .

5. Lety = f(x) = a linear function that describes the
value of the necklace after x years. The problem
states that f{3) = 360 and f{7) = 640. Thus, 10

(%, y1)=1(3,360) and (x,, y,)=(7, 640) . The
yo—-y; 640-360 280
Xo =X - 7-3 B T B
Using the point-slope form with m = 70 and

~

70

slope is m =

4. f(s)=3(5—-2s) =15 — 6s has the form

- f(s) = as + b where a = -6 (slope) and b = 15 (the
(%, y1)= (3, 360) gives vertical-axis intercept).

-y =m(x-x) 9

y— 360 =70(x - 3) 16

y=fx)=70x + 150

[

98
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S.

10.

h(q) = 2;7(1 = %—%q has the form

h(q) = aq + b where a = —% (the slope) and

b= % (the vertical-axis intercept).

5 1h(@)

. h(g) =0.5g + 0.25 has the form h(g) = aq + b

with @ = 0.5 (the slope) and b = 0.25 (the
vertical-axis intercept).

l_ﬁ(q)
0.25 /
—t / —t—t :q
s | 1

. fix)=ax+b=4x+b. Since (2) = 8, 8 = 4(2) + b,

8=8+b,b=0=fx)=4x.

. Let y = fix). The points (0, 3) and (4, -5) lie on

the graph of f. m = _45—_03 =-2. Thus

y-3=-2(x-0),so
y=-2x+3= f(x) =-2x+3.

. Lety =f(x). The points (1, 2) and (-2, 8) lie on

the graph of . m = % =—2.Thus

y-2=-2(x-1),s0
y=-2x+4= f(x) =2x+4.

fx)=ax+b=-2x+b.
Since f (%J =-7, we have

99

11.

12.

13.

14.

15.

16.

Section 3.2

—7:—2(gj+b
5
b:—7+£:—E
5 5
31

f(x)=-2x——.
so f(x) c

f(X):aX'f'b:—gX-i-b.Since f[—g :—E,
3 3 3
we have
_g:_g _E +b
3 30 3
h=_2_4_ 10
3 9 9
2 10
so f(x)=—=x-—.
(x) 255

Let y = fix). The points (1, 1) and (2, 2) lie on

2-1
the graphof f m=——=1.
graph of f. 7 1

Thusy—-1=1(x—-1) = y=ux, so fix) =x.

Let y = fix). The points (-2, —1) and (-4, -3) lie

_3+; =1. Thus

on the graph of f. m =

y+1l=1x+2),s0y=x+1=>fx)=x+1.

fix) = ax+b=0.01x + b. Since f(0.1) = 0.01, we
have 0.01 = (0.01)(0.1) + b = b = 0.009
= f(x) = 0.01x + 0.009.

The points (40, 12.75) and (25, 18.75) lie on the
graph of the equation, which is a line.

18.75-12.75 2 .
m =——————=——. Hence an equation of
25-40 5

the line is p—12.75= —%(q —40), which can be
. 2
written p = —gq +28.75. When g = 37, then

p= —%(37) +28.75=$13.95.

The line passes through (26,000, 12) and
(10,000, 18), so

m = o182 —0.000375. Then
10,000 — 26,000

p — 18 =-0.000375(q — 10,000) or

p =-0.000375¢ + 21.75.
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17.

18.

19.

20.

21.

22,

The line passes through (3000, 940) and

(2200, 740), so m = _740-940 _ 0.25. Then
2200 — 3000

p — 740 = 0.25(g — 2200) or p = 0.25g + 190.

The points (50, 35) and (35, 30) lie on the graph
of the equation, which is a line.

30-35 -5 1 .
m=——-—=——=—. Hence an equation of
35-50 -15 3
the line is

p-35-=(4-50

o1y, 5
3 3

The line passing through (10, 40) and (20, 70)

has slope =3, so an equation for the

line is

c—-40=3(g-10)

c=3g+10

If g = 35, then ¢ = 3(35) + 10 = 105 + 10 = $115.

The line passing through (100, 79) and (400, 88)
-79

has slope ————
400-100

=0.03, so an equation for

the line is
¢c—79=0.03(x - 100)
c=0.03x+76

If x = the number of kilowatt hours used in a
month, then f(X) = the total monthly charges

for x kilowatt hours of electricity. If f(x) is a

linear function it has the form f(x) =ax + b.

The problem states that f{380) = 51.65. Since
12.5 cents are charged per kilowatt hour used,
a=0.125.

fx)=ax+b

51.65=0.125(380) + b

51.65=475+b

4.15=b

Hence, f(x) =0.125x + 4.15 is a linear function

that describes the total monthly charges for any
number of kilowatt hours x.

The number of curative units from d cubic
centimeters of the drug is 210d, and the number
of curative units from r minutes of radiation is
305r. Thus

210d + 305r = 2410

42d + 61r =482

100

ISM: Introductory Mathematical Analysis

201

0 20

23. Each year the value decreases by 0.10(1800).
After ¢ years the total decrease is 0.10(1800)z.
Thus
v = 1800 — 0.10(1800)¢
v =-1807 + 1800
The slope is —180.

v

1800 A

0 10
24. The line has slope —120 and passes through

(4, 340). Thus y — 340 = -120(x — 4) or
y =flx) =-120x + §820.

25. The line has slope 45,000 and passes through
(5, 960,000). Thus
y—960,000 = 45,000(x — 5) or
y = f{x) = 45,000x + 735,000.

245,000 49,000 .
15 3
y-intercept 245,000. So
49,000
y=f(x)= 3

nd

26. The line has slope

X+ 245,000.

27. If x = the number of hours of service, then

f(x) = the price of x hours of service. Let y = f{x).

Sf(1) =159 and f(3) =287, so (1, 159) and
(3, 287) lie on the graph of f which has slope
287 -159
a=—-—-
3-1
y—159 =64(x — 1) or y = 64x + 95, so
fix) = 64x + 95.

=64. Using (1, 159), we get
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28.

29.

30.

a. Suppose r = respiratory rate,
I = wool length, and (/, r) lies on the graph,
which is a line. The points (2, 160) and
(4, 125) are on the line, so its slope is

125-160 _ _§‘ Thus
4-2 2

r—160 = —3—;0 ~2)

r=- 4105
2

b. Ifi=1,then r =—3—25(1)+195=177.5

At $200/ton, x tons cost 200x, and at $2000/acre,
y acres cost 2000y. Hence the required equation
is 200x + 2000y = 20,000, which can be written
as x + 10y = 100.

P =4x+ 6y where x,y = 0.
a. 240=4x+ 6y

1004

40

X
0 60 100

b. Since the equation can be written

2 2
=——X+40, slope =——.
Y773 Pe=T3

c. 600 =4x + 6y. Since the equation can be

written y = —%X+100,
slope ——E
p 3

d. Solving P =4x + 6y for y gives

y= —% X +% . Thus any isoprofit line has

2
slope ~3° and lines with the same slope are

parallel. Hence isoprofit lines are parallel.

31. a

32,

33.

34.

Section 3.2

. _100-65 35
100-56 44
35
-100 = =2 (x—100
y 44( )
35 3500
44" 44

35 225
Y= Xt
44 11

+100

b. 62:§x+%
44 11

3, g 25
44 11

X =@z52.2
35

52.2 is the lowest passing score on original
scale.

R =38N + 397 is a linear equation. Slope = 38.
R

5874
549 1
5114

473 1

4351

—t—t—+—+—+N
0 5

p=ft) =at+b, (5 =0.32, a =slope = 0.059.

a. p=f(t)=0.059 + b. Since f(5) = 0.32,
0.32=0.059(5) + b, 0.32 =0.295 + b, so
b =0.025. Thus p = 0.059¢ + 0.025.

b. Whent =9, then
p =0.059(9) + 0.025 = 0.556.

w=fld) = ad + b, f(0) =21,
a =slope = 63 =0.63. Thus
10

w=f(d) = 0.63d + b. Since f{0) = 21, we have
20 =0.63(0) + b, so b =21. Hence

w=0.63d + 21.

When d = 55, then

w=0.63(55) + 21 =34.65 + 21 = 55.65 kg.
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3s.

o _ bt _ 80-68 12
c,—¢ 172-124 48

1
.
1 1
t-68==(c—-124), t—-68==c—31, or
4 4
t=£c+37.
4

b. Since c is the number of chirps per minute,
then %c is the number of chirps in %

minute or 15 seconds. Thus from part (a), to
estimate temperature add 37 to the number
of chirps in 15 seconds.

Principles in Practice 3.3

1.

In the quadratic function
y =P(X) =—x?+2x+399,a=-1,b=2,

¢ =399. Since a < 0, the parabola opens
downward. The x-coordinate of the vertex is

b2
2a  2(-1)
The y-coordinate of the vertex is

PQ) = —(12 ) +2(1) +399 = 400 . Thus, the vertex

is (1, 400). Since ¢ = 399, the y-intercept is
(0, 399). To find the x-intercepts we set
y=px)=0.

0=—x%+2x+399

0= —(x2 —2x—399)

0=—-(x+19)(x-21)
Thus, the x-intercepts are (—19, 0) and (21, 0).
y

400

100

If the model is correct, this is not a good
business, since it will lose money if more than
21 minivans are sold.

. In the quadratic function h(t) = ~16t? +32t +8,

a=-16,b =32, and c = 8. Since a < 0, the
parabola opens downward. The x -coordinate of

. b 32
the vertex is ——=— =
2a 2(-16)

y-coordinate of the vertex is

1. The

ISM: Introductory Mathematical Analysis

h(1) =-16 (12 ) +32(1) +8 =24 . Thus, the vertex

is (1, 24). Since ¢ = 8, the y-intercept is (0, 8).
To find the x-intercepts we set y = h(f) = 0.

0=-16t%+32t +8

- —b+b? —dac  -32+432% —4(-16)(8)
- - -

2(-16)
_ -32+4/1536 324166 _ s 6
-32 -32 T2

ol %

Thus, the x-intercepts are [l+

-4

, OJ and

30

I

-20

. If we express the revenue r as a function of the

quantity produced g, we obtain

r=pq
r=(6-0.0039)q
r =6q—0.003q>

We note that this is a quadratic function with
a=-0.003, b =6, and c = 0. Since a <0, the
graph of the function is a parabola that opens
downward, and r is maximum at the vertex
(g, ).

b 6

2 0009

r = 6(1000) — 0.003(1000)2 =3000
Thus, the maximum revenue that the

manufacturer can receive is $3000, which occurs
at a production level of 1000 units.

1000

Problems 3.3

f(x)= 5x? has the form f (x)= ax? +bx+c

where a =5, b =0, and ¢ = 0 = quadratic.
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cannot be put in the form

1
9=

g(x) = ax? +bx+c where

a # 0 = not quadratic.

. g(x) =7 — 6x cannot be put in the form
g(x) = ax? +bx+¢ where

a # 0 = not quadratic.

k(v) = 32 (V2 +2) = 3v* +6v2 cannot be put in
the form k(v) = av? +bv+c where
a # 0 = not quadratic.

h(g) = (3-a)% =9-6q+g? has form
h(q) = aq2 +bg+c wherea=1, b=-6, and
¢ =9 = quadratic.

f(t) = 2t(3—t) + 4t = —2t% +10t has the form
f(t)= at? +bt+c where a = —2,b =10, and

¢ = 0 = quadratic.
-9 1,

=—5 —2 has the form
2 2 2

f(s)=
f(s)=a52+bs+c where a=%,b=0, and

9 .
c= o) = quadratic.

2
g(t)= (t2 —1) =t4~2t2 +1 cannot be put in

the form g(t) = at? +bt+c where
a # 0 = not quadratic.

A f(x):—4x2+8x+7
a=—4,b=8,c=17
b 8

a. Vertex occurs when X=——=———

=1.
2a  2(-4)

When x = 1, then
y=f)=-41)%+81)+7=11.
Vertex: (1, 11)

b. a=-4<0, so the vertex corresponds to the
highest point.
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10. y= f(x)=8x2+4x—1

a=8,b=4,c=-1

L
2a 2-8 4
2
(2o
4 2
Vertex: (——, —gj
2

b. a=8>0, so the vertex corresponds to the
lowest point.

11. y=x2+x—6

a=1,b=1,c=-6
a. ¢ =-06. Thus the y-intercept is —6.

b. x2+x—6:(x—2)(x+3)=0, sox=2,-3.

x-intercepts: 2, =3

b 1
c. ——=——
2a 2
2
P I R I
2 2 2 4
Vertex: (—l, —éj
4

12. y= f(x):5—x—3x2

a=-3,b=-1,c=5
a. ¢ =15. Thus the y-intercept is 5.

‘o —bi\/b2—4ac

2a

(DD - 4(-3)5)
2(-3)
_ 161

-6
—1++/61
6

x-intercepts:

—1+\/ﬁ —1—\/a
6 6
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b -1 1

“2a 2(3 6

13. y="f(x)=x*-6x+5
a=1,b=-6,c=5
Vertex: —L = _— =

2 21
f(3)=3%-6(3)+5=-4
Vertex = (3, —4)
y-intercept: ¢ =5
x-intercepts: X2 —6X+5 = x-Dx-5)=0, so
x=1,5.
Range: ally = 4

y

(3.-4)

4. y=1f(x)= —4x?
a=—4,b=0,c=0
Vertex: —l = ——O =
2a 2(-4)
f(0) =—4(0)*> =0
Vertex = (0, 0)
y-intercept: ¢ =0
x-intercepts: _4x% = 0,sox=0.
Range: ally < 0
5 =+

104
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15. y=g(x)= —2x% —6X

16.

a=-2,b=-6,c=0

b -6 6 3
Vertex; ——=——=——=——
2a 2(-2) 4 2

Vertex: —E,g
2 2

y-intercept: ¢ =0
x-intercepts: —2x% —6x = —2X(x+3)=0, so
x=0,-3.

Range: all y S%
y

9

2

-3

lw -

y=f(x)=x>-4
a=1,b=0,c=-+4
0

Vertex: LS =———=0
2a 2-1

f(0)=0%-4=-4
Vertex = (0, 4)
y-intercept: ¢ = 4
x-intercepts: X2 —4= (x+2)(x-2)=0, so
x=-2,2.
Range: ally = 4
gt

\

X
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17.

18.

s=h(t)=t>+6t+9
a=1,b=6,c=9
Vertex: —L = _5 =-3
2a 21
h(-3) = (-3)2 +6(-3)+9=0
Vertex = (-3, 0)
s-intercept: ¢ =9
t-intercepts: 2 +6t+9= (t +3)2 =0,s0t=-3.
Range: all s = 0

s
10

-3 3

s=h(t)=2t?+3t-2
a=2,b=3,c=-2

Vertex ——:—i:—é
2a 2.2 4
2
(-2)-o -2 +o-2]-2
4 4 4
9.9, .28
8 4 8

s-intercept: ¢ = -2
t-intercepts: 2t2 +3t—2=(2t-1)(t+2) =0, so

2

Range: all s> —%
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19.

20.

Section 3.3

y="f(x)= ~9+8x—2x°
a=-2,b=8,c=-9
Vertex: —L = __8 =
2a 2(-2)

f(2)=-9+8(2)-2(2)° =-1
Vertex = (2, -1)
y-intercept: ¢ = -9
x-intercepts: Because the parabola opens
downward (a < 0) and the vertex is below the
x-axis, there is no x-intercept.

Range:y < -1

y=H(X)=1-x—x?
a=-1,b=-1,c=1

Vertex = —l, E
2 4

y-intercept: ¢ = 1

x-intercepts: Solving 1—-x — x2 =0 by the

quadratic formula gives

DD’ 4D 1445

2(-1) -2

-1+
2

Range: all y S%
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21.

22,

t=f(s)=s>-8s+14
a=1,b=-8,c=14
Vertex: _b = - =
2a 21

f(4) =42 -8(4)+14=-2
Vertex = (4, -2)
t-intercept: ¢ = 14
s-intercepts: Solving s?2-85+14=0 by the
quadratic formula:

o (8)£(8° -4m4)

2(1)
:8i2\/§:8i§\/§:4i\/§

Range: allt = -2

t

A

4-+2 4++2
N

N
4,-2)

t=1(s) =s? +65+11
a=1,b=6,c=11
Vertex: _b -5 -3
2 21

f(=3) = (-3)? +6(-3) +11=2
Vertex: (-3, 2)
t-intercept: ¢ = 11
s-intercepts: Because the parabola opens upward
(a > 0) and the vertex is above the s-axis, there is
no s-intercept.
Range: allr = 2
t

23.

24,

25.

26.

27.

ISM: Introductory Mathematical Analysis

f(x) = 49x% ~10x +17
Since a = 49 > 0, the parabola opens upward and
f(x) has a minimum value that occurs when
b -10 5

- =—. The minimum value is
2a 2-49 49

2
£ > |=a9[ =] —10[ 2 ]+17-5%8
49 49 49 49

f(x)= —3x% —18x+7
Since a = -3 < 0, the parabola opens downward
and f{(x) has a maximum value that occurs when
b 18

2a 29
The maximum value is

f(-3) = —3(-3)2 —18(-3) + 7 = 34.

f (X) = 4x—50—0.1x°
Since a =-0.1 < 0, the parabola opens
downward and f(x) has a maximum value that

occurs when X = —L =— 4 =20.The
2a 2(-0.1)
maximum value is

f (20) = 4(20) —50 - 0.1(20)* = -10 .

f(x) = x(x+3)-12 = x2 +3x—12
Because a = 1 > 0, the parabola opens upward

and f{(x) has a minimum value that occurs when

X = —L = —i = —E. The minimum value is
2a 2-1 2

2
(A3
2 2 2 4

f(x)= X2 —2x+4

a=1,b=-2,c=4
b -2

The restricted function is g(x) = X2 —2x+4,
x > 1. From the quadratic formula applied to
X2 —2x+4— y =0, we get

2+ J4-4Q)(4-
X= ) y)zli 1-(4-vy)

2(1)

So the inverse of g(x) is g_l(x) =1+/x-3,
x23.
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28.

29.

f(x)=—x2+4x—3
a=-1,b=4,c=-3
b 4

22 2(c1)

The restricted function is g(x) = X% +4x-3,
x 2 2. From the quadratic formula applied to
X2 4 4x-3- y =0, we get
Lo At J16-4(-1)(-3-y)
2(-1)

=2+(-D)4+(-3-y)
So the inverse of g(x) is g_l(x) =2++1-x,
x<1

5+

If we express the revenue r as a function of the
quantity produced g, we obtain

r=pq
r= (200 - 59)q
r =200q-5q°

This is a quadratic function with a = -5,

b =200, and ¢ = 0. Since a < 0, the graph of the
function is a parabola that opens downward, and
r is maximum at the vertex (g, r).

b 200

r = 200(20) —5(20)? = 2000
Thus, the maximum revenue that the

manufacturer can receive is $2000, which occurs
at a production level of 20 units.
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30.

31.

32,

33.

Section 3.3

If we express the revenue r as a function of the
quantity produced g, we obtain

r=pq

r=(0.85-0.00045¢9)q

r = 0.85q — 0.00045¢°

This is a quadratic function with a = —0.00045,
b =0.85, and ¢ = 0. Since a < 0, the graph of the
function is a parabola that opens downward, and
r is a maximum at the vertex (g, r).

q-_b ___ 085 850
2a  2(-0.00045) 9

r = 0.85(944) — 0.00045(944)? = 401.39

Thus, the maximum revenue that the
manufacturer can receive is $401.39, which
occurs at a production level of 944 units.

~ 944

If we express the revenue r as a function of the
quantity produced g, we obtain

r=pq
r= (2400 — 6¢g)q
r = 24000 — 64>

This is a quadratic function with a = -6,

b = 2400, and ¢ = 0. Since a < 0, the graph of the
function is a parabola that opens downward, and
r is maximum at the vertex (g, r).

_b_ 2400 4,
2a 2(-6)

r = 2400(200) — 6(200)2 = 240,000
Thus, the maximum revenue that the

manufacturer can receive is $240,000, which
occurs at a production level of 200 units.

q:

10

f(n) =En(12—n) =ﬂn——n2 , where
9 3 9

0 <n < 12. Since a=—%<0,f(n)hasa

maximum value that occurs at the vertex.
40
b 3

“a 10
22 2(-%)
The maximum value of f{n) is

f(6) =?(6)—%(6)2 =80-40 =40, which

corresponds to 40,000 households.

In the quadratic function
P(X) = —x% +18x +144,

a=-1,b=18, and ¢ = 144. Since a < 0, the
graph of the function is a parabola that opens
downward. The x-coordinate of the vertex
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34.

3s.

is —i = —i =9. The y-coordinate of the

2a 2(-1)
vertex is P(9) = —(92 ) +18(9) +144 = 225 .

Thus, the vertex is (9, 225). Since ¢ = 144, the
y-intercept is (0, 144). To find the x-intercepts,
lety = P(x)=0.

0=—x%+18x+144
0= —(x2 —18x—144)
0=—(x—-24)(x+6)
Thus, the x-intercepts are (24, 0) and (-6, 0).
P(x)
400

If k=2, then

y =k’

y= 2x?

This is a quadratic equation with a =2, b =0 and

¢ =0. Since a > 0, the graph of the function is a
parabola that opens upward. The x-coordinate of

the vertex is —L = —L =0
2a 2(2)

The y-coordinate is

y=2(0)°=0

Thus, the vertex is (0, 0).

I

f(P)=—5—10P2+2P+20,whereo < P < 100.

1
Because a = “50 <0, f{P) has a maximum

value that occurs at the vertex.
b 2

—2— =—————=50. The maximum value of
a

(%)

36.

37.

38.

39.

108
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f(P)is
f (50) = ;—3 (50)? +2(50) + 20 = 70 grams.

s=-4.9t>+62.3t+1.8
Since a =—4.9 <0, s has a maximum value that
occurs at the vertex where

t= b _ 623 —%:@~6.36 sec.

2a  2(-49) 98 14

When tzg, then
14

2
s=-4.9 @ +62.3 @ +1.8
14 14
=199.825 meters.

h(t) = —16t? +85t + 22

Since a = —16 < 0, A(f) has a maximum value
that occurs at the vertex where

b 85
“2a  2(-16)
then

h(t) = —16(2.7) +85(2.7) + 22 =134.86 feet.

~ 2.7 sec. Whent=2.7,

h(t) = —16t> +16t + 4

Since a =16 < 0, A(¢) has a maximum value
that occurs at the vertex where

_iz_ 16 :lsec.Whent:E,
2a  2(-16) 2 2

1V (1
then, h(t) =-16 (Ej +16 (Ej + 4 =8 feet.

In the quadratic function h(t) = —16t2 +80t +16,

a=-16,b =80, and ¢ = 16. Since a <0, the

graph of the function is a parabola that opens

downward. The x-coordinate of the vertex is
b 80 5

“2a 2(-16) 2
The y-coordinate of the vertex is

2
h Ej:—16 > +80 > +16=116
2 2 2

Thus, the vertex is (g, 116) . Since ¢ = 16, the

y-intercept is (0, 16). To find the x-intercepts, we
lety =h(r)=0.

0=-16t2 +80t +16
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(o —b++b? - 4ac
2a
_ —80++/80% — 4(~16)(16)
- 2(-16)
_ -80++/7424 5+./29

-32 2

. 5
Thus, the x-intercepts are (

5-/29 0
0
h(r)
160

+;/E, OJ and

J—‘—‘—‘—j X
-10 - 10

40. A=x(11-x)=11x—X?, so A is a quadratic
function of x where a = -1 < 0. A has maximum
value at the vertex where

b 11 11
2a 2(-1) 2°

41. Since the total length of fencing is 500, the side
opposite the highway has length 500 — 2x. The
area A is given by

A = X(500 — 2x) = 500 — 2x2,
which is quadratic with @ = -2 < 0. Thus A is

maximum when X = _ 500 =125. Then the
2(-2)

side opposite the highway is

500 — 2x = 500 — 2(125) = 250. Thus the

dimensions are 125 ft by 250 ft.

Highway

500 - 2x

42. Letx, y be two numbers whose sum is 78. Thus
x+y=78 and y = 78 — x. Their product is then

p(x) = x(78—x) = 78x — x2. Since a=-1<0,
p(x) has a maximum value that occurs at the

vertex where X = —i = —i =39 and
2a 2(-1)
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43.

44.

45.

46.

47.

1.

Section 3.4

y =78 —x=78 -39 =39. Thus, two numbers
whose sum is 78 and whose product is a
maximum are 39 and 39.

(1.11, 2.88)

-1.61,3.73

a. none

b. one

c. two

14.18

4.89

Principles in Practice 3.4

Let x = the number invested at 9% and let
y = the amount invested at 8%. Then, the
problem states

X+ y = 200,000,
{0.0QX +0.08y =17,200.
We eliminate x by multiplying the first equation
by —0.09 and then adding
—0.09x-0.09y = -18,000,
{0.09X +0.08y =17,200.
—0.01y =-800,
y =80, 000.
Therefore,
x =120,000,
{y =80,000.

Thus, $120,000 is invested at 9% and $80,000 is
invested at 8%.

Let A = the number of deer of species A, and let
B = the number of deer of species B. Then, the
number of pounds of food pellets that will be
consumed is 4A + 2B = 4000. The number of
pounds of hay that will be consumed is

5A + 7B = 9500. Then, we have

4A+2B = 4000,
5A+7B =9500.

If we solve the first equation for B, we obtain
B =2000-2A

{5A+ 7B =9500.

Substituting 2000 — 2A for B in the second

equation gives

5A +7(2000 — 2A) = 9500

A =500
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Thus 1
{B:ZOOO—ZA, A=%
A =500.
c=1,
and 2
B =1000, B 1
A = 500. 3
The food will support 500 of species A and 1000 1
of species B. Thus, the final mixture will consist of g Ib of
3. Let A = the number of fish of species A, and let A 1 Ib of B. and 1 b of C
B = the number of fish of species B. Then, the "3 ' 2 .
number of milligrams of the first supplement
that will be consumed is 15A + 20B = 100,000. Problems 3.4
The number of milligrams of the second
supplement that will be consumed is 304 + 40B X+4y=3, ()
= 200,000. 1
’ 3x-2y =-5. (2)
{15A+ 20B =100, 000,
30A+40B = 200, 000. From Eq. (1), x = 3 — 4y. Substituting in Eq. (2)
1 gives
We multiply the second equation by _E and 33-4y)-2y=-5
then add. 91—412_y —2y=-5
—14y =-14,
15A+20B =100, 000, ory=1=>x=3-4y=3-4(1)=-1.
-15A-20B =-100, 000, Thusx=-1,y=1.
0=0
Thus, there are infinitely many solutions of the 2 {4)( +2y=9, (1)
" |5y-4x=5. (2
form A= 20’Ooo—ir,B=r, where y 2)
0 < r < 5000. Rewriting the system gives
4x+2y =9,
4. Let A = the amount of type A used, let —4x+5y =5.
B = the amount of type B used, and let . . .
C = the amount of type C used. If the final blend ?ddlrllég‘ the equations gives
y =

will sell for $8.50 per pound, then &
12A+9B+7C=8.50,andA+ B+ C=1. y=2
Furthermore, since the amount of type B is to be From Eq. (1) we have

twice the amount of type A, B = 2A. Thus, the 4x+2(2)=9
system of equations is 4x=35
12A+9B +7C =8.50, )
A+B+C =1 4
B =2A Thus X=%,y=2.
Simplifying gives
30A+7C =8.50, 3x—-4y =13, )
3A+C =1, > {2x+3y=3. ()
B=2A
Multiplying Eq. (1) by 3 and Eq. (2) by 4 gives
9x—-12y =39,
{BX +12y =12.

110
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Adding gives

17x =51

x=3

From Eq. (2) we have

2(3)+3y=3

3y=-3

y=-1

Thusx=3,y=-1.
2x—y =1, @
—X+2y="1. 2

From Eq. (1), y = 2x — 1. Substituting in Eq. (2)

gives

Xx+22x-1)=7

3x=9

x=3=>y=2x-1=23)-1=5.
Thus x=3,y=5.

u+v=>5
{u -v=7
From the first equation, v = 5 — u. Substituting in
the second equation gives
u-5B6-u)=7

2u-5=7
2u=12

oru=6sov=5-u=5-6=-1.
Thus, u =6,v=-1.

2p+q =16, @
3p+3q=33. (2)

From Eq. (1), g = 16 — 2p. Substituting in Eq.
(2) gives
3p+3(16-2p)=33

-3p=-15
p=5=>¢g=16-2p=16-10=06.
Thus,p=5,9g=6.

X—=2y=-7, @
5x+3y =-9. 2

From Eq. (1), x = 2y — 7. Substituting in Eq. (2)
gives

52y-7)+3y=-9

13y =26

y=2=>x=2y-7=2(2)-T7=-3.
Thusx=-3,y=2.
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10.

11.

Section 3.4

3X+5y=7, @
5x+9y =7. (2

Multiplying Eq. (1) by 5 and Eq. (2) by -3 gives
15x+ 25y =35,
—15x-27y =-21.

Adding gives -2y = 14, or y = 7. From Eq. (2)

we have

S5x+9(-7)=17

5x=70

x=14

Thus x = 14, y =-T7.

4x-3y—-2=3x-Ty,
X+5y-2=y+4.

Simplifying, we have
X+4y=2,
X+4y=6.

Subtracting the second equation from the first
gives 0 = —4, which is never true. Thus there is
no solution.

5X+7y+2=9y—-4x+6,
21 4 11 3 2
—X——Y——=—X+—Yy+—.
2 3 4 2 3 4
By simplifying, we have
9x—-2y =4,
9x -2y =4.
Both equations represent the same line, so we
have infinitely many solutions. Let y = r. Then

IX-2r=4=x :§r+g . Thus a parametric

L 2 4 .
solution is X = 9 r +§ , ¥ =r, where r is any real

number.
2 1
—X+=Yy =2,
3 2y
3 5 11
—X+—y=——".
8 6 2

Clearing fractions gives the system
4x+3y =12,
9x+ 20y =-132.

Multiplying the first equation by 9 and the
second equation by —4 gives
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12.

13.

14.

15.

-36x—-80y =528.
Adding gives
-53y =636
y=-12
From 4x + 3y = 12, we have
dx +3(-12)=12
4x=48 = x=12. Thusx =12,y =-12.

1, 1,_1
224W6
Ly=l
6

{36x +27y =108,

L =W =
2Z-i-4W

Multiplying both equations by 12 gives
6z-3w=2
6z+3w=2

Adding gives 12z =4 and so z = %

Wl

From the first equation we have 6( j— 3w =2,

from which w=0. Thus z = %, w=0.

5p+1iq=7, @
10p+22q =33. (2)

Multiplying Eq. (1) by -2 gives
-10p-22q =-14,
10p+22q =33.

Adding gives 0 = 19, which is never true, so the
system has no solution.

5x -3y =2, @

-10x+6y =4. (2)
Multiplying Eq. (1) by 2 gives

10x-6y =4,

-10x+6y =4.

Adding gives 0 = 8, which is never true, so the
system has no solution.

2X+Yy+6z2=3, @
X—y+4z=1 (2
3X+2y—-2z=2. (3)

Adding Eq. (1) and (2), and adding 2 times Eq.
(2) to Eq. (3) gives
{3x +10z = 4,

5x+6z =4.
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Multiplying the first equation by 5 and the
second equation by -3 gives

15x+50z = 20,
-15x-18z = -12.
Adding gives 32z =8, 0or z = % From

3x + 10z =4, we have
3x+10(1j =4
4

3x=§
2

1
2
From 2x + y + 6z = 3, we have

B

y=2

X=

Therefore le, yzl, Zzl.
2 2 4

X+y+z=-1 @
X+y+z=1, 2
4x—-2y+2z=0. (3)

Subtracting Eq. (2) from Eq. (1) gives —2x = -2,
or x = 1. Substituting x = 1 in Egs. (2) and (3)
and simplifying gives
y+2=-2,
-2y +27=-4.
Multiplying the first equation by 2 gives
2y +2z =-4,
—2y+27=-4.
By adding, we have
47=-8
z=-2
From y + z =-2, we have
y+(=2)=-2
y=0
Thusx=1,y=0,z=-2.

X+4y+3z=10
AXx+2y—-271=-2
X- y+ z=11
From the third equation, y = 3x + z — 11.
Substituting in the first two equations gives
X+4(3x+z-11)+32=10
{4x+ 2(3x+z-11)-2z=-2
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18.

19.

20.

or
13x+7z=54
10x =20

From the last equation we have x = 2.

Thus 13(2) + 7z = 54, and 7z = 28, hence z = 4.
Substitute these two values to solve for y:
y=32)+4-11=-1

Therefore, x =2,y =-1, z=4.

X+y+z=18 (1)
X—y-2=12 (2)
3X+y+4z=4 (3
Adding Eq. (2) to both Eq. (1) and Eq. (3) gives
2x=30
{4x +3z2=16
From the first equation, x = 15. Substituting in

the second equation gives
4(15)+3z =16

3z=-44
_ 4
3
Fromx+y+z=18
15+y—ﬂ=18
3
,_53
3
Thus, x = 15, y=5—3, Zz—ﬂ.
3 3
X—2z=1, ]
y+z=3. 2

From Eq. (1), x=1 + 2z; from Eq. 2),y=3 - z.

Setting z = r gives the parametric solution
x=1+2r,y=3-r,z=r, where ris any real
number.

2y+3z=1, @
3x—-4z=0. 2

From Eq. (1), y = %—gz ; from Eq. (2),
4 . . .
X= 3 Z. Setting z = r gives the parametric

. 4 .
solution X=—r, y=———r,z=r, where ris
3 2 2

any real number.
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X—y+2z=0, @
2X+y-z=0 (2)
X+2y—-3z=0 3)
Adding Eq. (1) to Eq. (3) gives

X—y+2z=0,
2X+y-2z=0
2Xx+y-z=0

We can ignore the third equation because the
second equation can be used to reduce it to
0=0. We have

X—y+2z=0,
2X+y-z=0.

Adding the first equation to the second gives
3x+2z=0

x:—iz
3
Substituting in the first equation we have
1
~3 z-y+2z=0
yzgz
3
Letting z = r gives the parametric solution
X:—%r, y :gr , Z=r, where r is any real
number.
x—2y—-2=0, @
2X-4y-22=0 (2)
—X+2y+z=0 3)
Adding Eq. (1) to Eq. (3) gives
x—2y—-2=0,
2x—-4y-2z=0
0=0
We can ignore the third equation, so we have
Xx—2y—-z=0,
{2x—4y—22 =0.

Multiplying the first equation by -2 gives
—2X+4y+2z=0,

{2x—4y—22 =0.

Adding the first equation to the second, we have
—2X+4y+2z=0,

{O =0.

From the first equation, x = 2y + z. Setting y =r
and z = s gives the parametric solution x = 2r + s,
y=r,z=s, where r and s are any real numbers.
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25.

26.

2X+2y—2=3, @
4X+4y—-22=6. (2)

Multiplying Eq. (2) by —% gives

2X+2y—-72=3,
{—ZX— 2y+z=-3.
Adding the first equation to the second equation
gives
2X+2y—-72=3,
{0 =0.
Solving the first equation for x, we have

3 1 . .
X:E_y+52 . Letting y = r and z = s gives the

, , 3 1
parametric solution X = E_ r +§S » Y=1,2=5,

where r and s are any real numbers.

5x+y+z=17
{4x +y+z=14
Subtracting the second equation from the first
gives x = 3.
From the first equation we have
y+z=17-5x=17-53)=2
Letting z = r we have the parametric solution
x=3,y=2—r,z=r,where ris any real
number.

Let x = number of gallons of 20% solution and
y = number of gallons of 35% solution. Then

X+ Yy =800, @
0.20x +0.35y = 0.25(800). 2)
From Eq. (1), y = 800 — x. Substituting in Eq. (2)
gives
0.20x + 0.35(800 — x) = 0.25(800)
—0.15x + 280 = 200

—0.15x =-80
ALY

y =800-x :800—@:¥ ~ 266.7. Thus

533.3 gal of 20% solution and 266.7 gal of 35%
solution must be mixed.

Let x = the number of pounds of 3% nitrogen
fertilizer, and let y = the number of pounds of
11% nitrogen fertilizer. Then

0.03x+0.11y = 0.09(20),
X+y=20.
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y=20-x.
By substituting 20 — x for y in the first equation,
and then simplifying, we obtain

x=5
y =15.

Thus, the final mixture should contain 5 1b of
3% nitrogen fertilizer, and 15 1b of 11% nitrogen
fertilizer.

{0.03x+ 0.11y =1.8,

Let C = the number of pounds of cotton, let

P = the number of pounds of polyester, and let
N = the number of pounds of nylon. If the final
blend will cost $3.25 per pound to make, then
4C + 3P + 2N = 3.25. Furthermore, if we use the
same amount of nylon as polyester to prepare,
say, 1 pound of fabric, then N = P and

C + P + N = 1. Thus, the system of equations is

4C +3P +2N =3.25,
C+P+N=1
N=P.

Simplifying gives

4C +5N =3.25,
C+2N =1,

N=P.

N = 0.25,

C=05,

P =0.25.

Thus, each pound of the final fabric will contain
0.25 1b each of nylon and polyester, and 0.5 Ib of
cotton.

Let F = federal tax and S = state tax. Now solve
the system

F =0.25(312,000-S),
{ S =0.10(312,000-F),
which is equivalent to
4F +S =312,000
{F +10S = 312,000,
and has solution
F = 72,000,
{ S =24,000.
Federal tax is $72,000 and state tax is $24,000.
Let p = speed of airplane in still air and w = wind

speed. Now convert the time into minutes and
solve the system
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30.

31.

900 900 36 450
Thus 2p = o 4o = o
175 206 7 103

3429 . .
p = —— miles per minute
721

2719 . .
W = —— miles per minute
721

Multiplying by 60 to get miles per hour we have
p=285andw~23.2

Plane speed in still air is about 285 mph and
wind speed is about 23.2 mph.

Let r = speed of raft in still water and ¢ = speed
of current. Then rate of raft downstream is » + ¢,
and rate upstream is » — c¢. Since

(rate)(time) = distance, we have

1
(r+c) (Ej =10,

3
(r-c) (Z) =10,

or, more simply,
r+c=20,
r-c=—.
3

Adding the equations gives
2r= 100

3
50

3

r
. 10
Since r + ¢ = 20, we have Cc = ? Thus the
. . 2 .
speed of the raft in still water is 165 mi/h;

speed of the current is 3% mi/h.

Let x = number of early American units and

y = number of Contemporary units. The fact that
20% more of early American styles are sold than
Contemporary styles means that

x=y+0.20y

x=1.20y

An analysis of profit gives

250x + 350y = 130,000. Thus we have the
system
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250x +350y =130,000.  (2)

Substituting 1.20y for x in Eq. (2) gives
250(1.20y) + 350y = 130,000

300y + 350y = 130,000

650y = 130,000

y =200

Thus x = 1.20y = 1.20(200) = 240. Therefore
240 units of early American and 200 units of
Contemporary must be sold.

{x =1.20y, @

Let x = number of favorable comments,
vy = number of unfavorable comments, and
z = number of no comments. Then

X+ Y+ 2z =250, @
x =1.625y, (2)
z =0.16(250). 3)

From Eq. (3), z =40. Substituting for x and z in
Eq. (1), we obtain

(1.625y) + y + (40) =250

2.625y =210

y=280

Thus x = 1.625y = 1.625(80) = 130. Therefore
130 liked, 80 disliked, and 40 had no comment.

Let x = number of calculators produced at Exton,
and y = number of calculators produced at
Whyton. The total cost of Exton is 7.50x + 7000,
and the total cost at Whyton is 6.00y + 8800.
Thus 7.50x + 7000 = 6.00y + 8800. Also,

x +y=1500. This gives the system

X+ y =1500, @
7.50x+7000 = 6.00y +8800.  (2)

From Eq. (1), y = 1500 — x. Substituting in Eq.
(2) gives

7.50x + 7000 = 6.00(1500 — x) + 8800

7.50x + 7000 = 9000 — 6x + 8800

13.5x = 10,800

x =800

Thus y = 1500 — x = 1500 — 800 = 700.
Therefore 800 calculators must be made at the
Exton plant and 700 calculators at the Whyton
plant.

Let x, y, and z be the amounts of 2.20, 2.30, and
2.60 dollars/Ib coffee, respectively. Then

X+Yy+z =100, @
2.20x+2.30y +2.60z = 2.40(100), (2)
y=z ©))

From Eq. (3), y = z. Substituting for y in Egs. (1)
and (2) gives
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35.

36.

37.

2.20x+2.30z + 2.60z = 240.
or, by simplifying,
{x+ 2z =100,

{x+z+z:100,

2.20x+4.90z = 240.

From the first equation, x = 100 — 2z.
Substituting in the second equation gives
2.20(100 — 2z) + 4.90z = 240

0.50z =20

z=40

From x = 100 — 2z, x = 100 — 2(40) = 20. From
y =z, y =40. Thus, 20, 40, and 40 1b of $2.20,
$2.30, and $2.60 per b coffee must be used,
respectively.

Let x = rate on first $100,000 and
y = rate on sales over $100,000. Then

100, 000x + 75,000y = 8500, @
100,000x +180,000y = 14,800. (2)
Subtracting Eq. (1) from Eq. (2) gives
105,000y = 6300
y=0.06
Substituting in Eq. (1) gives
100,000x + 75,000(0.06) = 8500
100,000x + 4500 = 8500, 100,000x = 4000, or
x =0.04. Thus the rate is 4% on the first
$100,000 and 6% on the remainder.

A system that describes the situation is

T =L+ 25,000,000
{T =L+0.30L
We can rewrite this as

T =L+ 25,000,000
{T =1.30L
Thus T = 1.3L and we can substitute this in the
first equation:
1.3L = L +25,000,000. Solving for L
0.3L = 25,000,000

L =83,333,333

T=1.3L=1.3(83,333,333) = 108,333,333 thus
T=$108,333,333 and L = $83,333,333.

Let x = number of loose-filled boxes and
y = number of boxes of clam-shells that will be
filled. Then 8y clam-shells will be used. This
will take 20x + 2.2(8y) pounds of peaches.
{x =y @)

20x+17.6y =3600 (2)

Substitute x = y in Eq. (2).
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20x +17.6x = 3600
37.6x = 3600
X~ 95.74
y=x=95.74
Thus, 95 boxes will be loose-filled and
8(95) = 760 clam-shells will be used, for a total
of 190 boxes.

Let p and p, be the amounts of the two
investments, respectively. Then the total amount
invested was P + Py, and from the statement of
the problem we can write

%( Py + P2 )+600 = p; . The return on the

second investment was 1120 — 384 = 736. Since
the percentage return on each was the same, and

. interest .
since rate =— , we can write
amt. invested

ﬁ = E . This can also be written as
U] P2
PP . Hence we have the system
384 736
— + +600 = pq,
0Pt P2) Py
PP
384 736

Simplifying, we have
7 3

—— py +— py =—600,
10 ™10 P2

_12,
PL=73 P2

. 12 . . . .
Substituting py = = p, in first equation gives

7(12 3
22, [+ p, =600
10(23sz 10

3
——py, =-600
6 p2

Py = 9200

Thus p; = ;—é Py = ;—:23(9200) = 4800 . The total

amount invested was
Py + Py = 480049200 = $14,000 .

Let ¢ = number of chairs company makes,

r = number of rockers, and [ = number of chaise
lounges.

Wood used: (1)c + (1)r + (1) =400

Plastic used: (1)c + (1)r + (2)I = 600
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40.

41.

Aluminum used: (2)c + (3)r + (5)[ = 1500
Thus we have the system

c+r+1=400, @

c+r+2l =600, 2

2c +3r + 51 =1500. 3

Subtracting Eq. (1) from Eq. (2) gives [ = 200.
Adding -2 times Eq. (1) to Eq. (3) gives

r + 31 =700, from which

r + 3(200) = 700,

r=100

From Eq. (1) we have ¢ + 100 + 200 = 400, or
¢ = 100. Thus 100 chairs, 100 rockers and
200 chaise lounges should be made.

Let x, y, and z, be the amounts originally
invested at 7%, 8%, and 9%, respectively. Then

X+Yy+2z=35000, @
0.07x+0.08y +0.09z = 2830, 2)
0.07x+0.08y +0.10z = 2960. 3)

Subtracting Eq. (2) from Eq. (3) gives
0.01z =130

z=13,000

Subtracting 0.07 times Eq. (1) from Eq. (2)
gives

0.01y + 0.02z = 380. Letting z = 13,000, we
have 0.01y + 0.02(13,000) = 380

0.01y =120

y = 12,000

From Eq. (1),

x + 12,000 + 13,000 = 35,000

x =10,000

The investments are $10,000 at 7%, $12,000 at
8%, $13,000 at 9% (later 10%).

Let x = number of skilled workers employed,
y = number of semiskilled workers employed,
z =number of shipping clerks employed.
Then we have the system

number of workers: x+y+z =70,
wages: 16x+9.5y+10z =725
semiskilled: y =2X

From the last equation, y = 2x so substitute into
the first two equations:

X+2X+2=70
{16x+9.5(2x)+102 =725
or

3X+2=70
{35x+102 =725

Adding —10 times the first equation to the

@
(2)
©)
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second gives:
5x =25
X=5
Soy=2x=10
z=70-3x=70-15=55
The company should hire 5 skilled workers, 10
semiskilled workers, and 55 shipping clerks.

Method 1. Let a = number of minutes that pump
for tank A operates, and b = number of minutes
that pump for tank B operates. Then b =a + 5.
25a gallons are pumped from tank A and 35b
from tank B.

b=a+5, 1)
25a+35b=10,000.  (2)

Since b = a + 5, substituting in Eq. (2) gives
25a + 35(a + 5) = 10,000

60a = 9825

a=163.75

b=a+5,b=163.75+5=168.75. Thus
25(163.75) = 4093.75 gallons are pumped from
A, and 35(168.75) = 5906.25 gallons are pumped
from B.

Method 2. Let a = number of gallons from A,
and let b = number of gallons from B. Then

a + b =10,000. The number of minutes the

pump on A operates is % . For the pump on B,
b

itis —. Thus
35

—+5=— @

a+b=10,000.  (2)

From Eq. (2), a = 10,000 — b. Substituting in
Eq. (1) gives
10,000-b b
- 4 5 -
25 35

400—£+5:£
25 35

405 =122
175

5906.25=b
Thus
a=10,000 - b = 10,000 — 5906.25 = 4093.75.

x=3,y=2
x=133,y=0.67
x=83,y=14.0
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Problems 3.5

In the following solutions, any reference to Eq. (1) or
Eq. (2) refers to the first or second equation,
respectively, in the given system.

1. From Eq. (2), y =3 — 2x. Substituting in Eq. (1)

gives
3-2x=x%-9
0=x%+2x-12
o —bJ_r\/b2 —4ac
2a

2422 —4(1)(-12)
- 2(1)
24452
===
=-1+.13

Fromy =3 —2x, if X:—1+\/ﬁ, then
y =5-213; if x=-1-+/13, then
y:5+2\/ﬁ.

There are two solutions:

X =-1++/13, y=5—2\/1_3;
X =-1-+/13, y:5+2\/ﬁ.

2. From Eq. (2), y = x. Substituting in Eq. (1) gives

X=X3

X—x3 =0

x(l—xz):o

x(1 +x)(1 —x)=0. Thus x =0, +1. From y = x, if
x=0,theny=0;ifx=1,theny=1;if x =1,
then y = —1. There are three solutions: x = 0,
y=0x=1Ly=1Lx=-1,y=-1.

3. From Eq. (2), ¢ = p — 1. Substituting in Eq. (1)
gives
p* =5-(p-1)
p2+ p-6=0
P+3)p-2)=0
Thus p=-3,2. Fromg=p -1, if p =-3, we
haveg=-3-1=—4;ifp=2,theng=2-1=1.
There are two solutions: p = -3, g = —4;
p=2,q=1.
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4. From Eq. (2), y =x — 14. Substituting in Eq. (1)

gives

(x-14)> —x% =28

—28x + 196 =28

—28x=-168

x=6

Ifx=6,theny=x—-14=6— 14 =-8. The only
solution is x =6, y = -8.

. Substituting y = x2 into X = y2 gives X = x4 ,

x4 -x=0
x(x3—1):0
Thus x =0, 1. From y:xz,ifxzo, then

y:O2 =0;x=1, then y:l2 =1. There are
two solutions: x=0,y=0;x=1,y=1.

{ p2 -q+1=0
50-3p-2=0
From the first equation g = p2 +1. Substituting
into the second equation gives
5(p+1)-3p-2=0
5p% -3p+3=0

~b++/b% - 4ac
R
3+(-3)> - 4(5)(3)
) 2(5)

3++/-51
==

Since +/—51 is not a real number, there are no
real solutions.

p

. Substituting y = x2 —2X in Eq. (1) gives

x> —2x =4x—Xx°+8

2x? —6x—8=0

x2—3x-4=0

x-Hx+1)=0

Thus x =4, —1. From y = x% —2X, if x = 4, then
we have y:42 —2(4)=8;if x=-1, then

y= (—1)2 —2(-1) = 3. There are two solutions:
x=4,y=8x=-1,y=3.
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10.

11.

From Eq. (1), y = X + 4x+4. Substituting in
Eq. (2) gives
X2 +4X+4—Xx% —4x+3=0

7=0
Since this is never true, the system has no
solution.

Substituting p = \/a in Eq. (2) gives \/a = q2 .
Squaring both sides gives

q=q"

q*-q=0

9(¢>-1)=0

Thus g =0, 1. From p:\/a,ifq:O,then

p:x/azo;ifqzl,then p:\/izl.Thereare
two solutions: p=0,g=0;p=1,g=1.

Substituting z = 4 in Eq. (2) gives
w

3fij:2w+2
w

12 = 2w? + 2w
w2 +W—6=0
w+3)(w-2)=0

Thus w = -3, 2. From z :i ,if w = =3, then
w

Z=—%;ifw=2,then z:§:2.Therearetw0
solutions: w=-3, z=——; w=2,z=2.

Replacing X2 by y2 +13 in Eq. (2) gives
y= (y2 +13)—15

y?-y-2=0

-2+ D=0
Thusy =2, -1.If y =2, then

x> =y2+13=2%2+13=17, 50 x=+/17 .
Ify=—1, then X* = y? +13=(-1)%2 +13=14,
so X=+14 . The system has four solutions:

x=V17,y=2; x=—17,,y=2; x=4/14,
y=-1; x:—\/ﬁ,y:—l.
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12. From Eq. (2), y = 3x — 5. Substituting in Eq. (1)
gives

X% +(3x—5)? —2x(3x-5) =1
4x% —20X+24=0

x> —5Xx+6=0

x-3)x-2)=0

Thus x = 3, 2. From y = 3x - 5, if x = 3, then
y=33)-5=4;ifx=2,theny=3(2)-5=1.
Thus there are two solutions: x =3,y =4; x =2,
y=1.

13. From Eq. (1), y = x — 1. Substituting in Eq. (2)

gives
X—=1=2/X+2
(x-1)% = 4(x +2)
X2 —2x+1=4x+8
X2 —6x-7=0
(x+D)(x-7)=0
Thus x=-1or7.
Fromy=x—-1,ifx=-1, then y =-2; if
x =17, then y = 6. However, from Eq. (2),y 2 0.
The only solutionisx =7,y =6.

14. Substituting y = ! 1 in Eq. (1) gives

2
i:x__Fl
x-1 x-1
1=x2+(x-1)

x2+x-2=0

x+2)x-1)=0

Thus x = -2, 1. But x cannot equal 1 in either of
the original equations (division by zero). From

yzi,ifX=—2,then yziz—l.The
x-1 -2-1 3

solutionisx=-2, y = —% .

15. We can write the following system of equations.
y =0.01x> +0.01x + 7,
y =0.01x +8.0.

By substituting 0.01x + 8.0 for y in the first
equation and simplifying, we obtain

0.01x+8.0 = 0.01x* +0.01x + 7

0=0.01x* -1

0=(0.1x+ 1)(0.1x-1)

x=-10 or x=10

Ifx=-10theny=7.9, and if x = 10 then y = 8.1.



Chapter 3: Lines, Parabolas, and Systems

16.

17.
18.
19.

20.

21.

22,

23

The rope touches the streamer twice,

10 feet away from center on each side at

(-10, 7.9) and (10, 8.1).

We can write the following system of equations.
y =0.06x% +0.012x+8,
y =0.912x+5.

By substituting 0.912x + 5 for y in the first
equation and then simplifying, we obtain

0.912x +5=0.06x% +0.012x +8
0=0.06x>—0.9x+3

0= o.oes(x2 —15x+50)

0=0.06(x - 10)(x - 5)

x=10 or x=5

If x =10 then y = 14.12, and if x = 5 then
y =9.56. The two holes are located at (10, 14.12)
and (5, 9.56).

The system has 3 solutions.

x=2,y=4

x=-13,y=5.1

x=-19,y=-3.6;x=-0.3,y=1.2;
x=2.1,y=83

x=1.76
x=2.81

. x=-146

Problems 3.6

1.

Equating p-values gives

iq+3: —i+13
100 100

4
=— (100)+3=7
p 100( )

Thus, the equilibrium point is (100, 7).
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0

2. Equating p-values gives

1
——(Q+4=———0+9
1500 a 2000 a
7
L _q=5
6000 -
g - 30,000 _ 4285§ ~ 4285.71

When q = 4285?, then

p=—t q+4 =L(4285§j+4: 62 ~6.86
1500 1500 7 7

The equilibrium point is (4285%, 6?)

p

<——|—|—|—|—|—|—|—|—|—|» q
5000 10,000

35q-2p+250=0, @
650+ p—537.5=0. (2)

Multiplying Eq. (2) by 2 and adding equations
gives

165g-825=0

q=>5

From Eq. (2),

65(5)+p-5375=0

p=212.50

Thus the equilibrium point is (5, 212.50).
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246p —3.25q - 2460 =0, @
{410p+3q—14,452.5 =0. (2)
Multiplying Eq. (1) by 3 and Eq. (2) by 3.25
gives

738p—9.750-7380 =0,
{1332.5 p+9.759 —46,970.625 = 0.
Adding gives
2070.5p — 54,350.625 =0

_ 54,350.625 6.5

2070.5

From Eq. (2) in original system,

~ 14,4525-410p 14,452.5-410(26.25)

- 3 - 3
_14,452.5-10,762.5 3690

3
The equilibrium point is (1230, 26.25).

=1230

5. Equating p-values:
24+ 20 = 200 - 2¢°
2¢% +2q-180=0

92 +q-90=0

(g+10)(g-9)=0

Thus g =-10, 9. Since g = 0, choose g =9.
Then p =2q + 20 =2(9) + 20 = 38. The
equilibrium point is (9, 38).

6. Equating p-values gives
(q+10)? = 388-16q - °
202 +360—288=0

q° +18q-144=0

(g+24)(q-6)=0

Thus g =-24, 6. Since g = 0, choose g = 6. Then
p = (q+10)? = (6+10)% =162 = 256 . The

equilibrium point is (6, 256).

7. Equating p-values gives 20—q =,/q+10.
Squaring both sides gives

400—40q+q2 =(q+10

q° —41q+390=0

(g-26)(g-15)=0

Thus g = 26, 15. If g = 26, then
p=20-q=20-26=-6. But p cannot be
negative. If g =15,thenp =20-¢=20-15=5.
The equilibrium point is (15, 5).

8.

10.

11.

Section 3.6

Equating p-values gives
q, 5 2240
4 g+2
(9+24)(q+2) =2240(4)
q° + 260 + 48 = 8960
9° +260-8912 =0

B —b++b? —4ac

- 2a

 —26+4/(26)2 - 4(1)(-8912)
) 20)

q = 82.29 or —108.29

q > 0 so choose g = 82.29.
82.29

q

Then p = +6 = 26.57.

The equilibrium point is (82.29, 26.57).

Letting ytr = Y1c gives 4qg =2q + 5000, or

g = 2500 units.
» TR
15,000 4 TC

(2500, 10,000)

q

" 5000

Letting ytr = Y1c gives
l4q = 4—3? q+1200

2
—(q=1200
3q

g = 1800 units

30,000 4"
(1800, 25,200)

1800 units

0 1000 2000

Letting ytr = Y1c gives

0.05¢g = 0.85¢ + 600

—0.80g = 600

g =-750, which is negative. Thus one cannot
break even at any level of production.
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12.

13.

14.

Letting Y1r = Y1c gives
0.25g = 0.16¢q + 360
0.09q = 360

g = 4000 units

00

Letting ytr = Y1c gives 90 —9—3 =1.19+37.3
g+

90(q +3)—900 = (1.1q + 37.3)(q +3)
90q +270-900 =1.19° +40.6q +111.9
1.1q2 —49.49+741.9=0
- 2a
49.41\/(—49.4)2 —4(1.1)(741.9)
- 2(1.1)
49.4+-824

2.2

q

There are no real solutions, therefore one cannot

break even at any level of production.

Letting ytr = Y1c gives
0.19° +9q = 3q + 400
0.19% +6q—400 =0
g° +60q — 4000 =0
(q+100)(q—40) =0

Thus g =-100, 40. Since g = 0, choose
g =40 units.

39-200p+1800=0, (1)
39+100p-1800=0.  (2)

a. Subtracting Eq. (2) from Eq. (1) gives
-300p +3600=0
p=8$12

20

p

b. Before the tax, the supply equation is
3g-200p +1800=0
—200p = -3¢ — 1800
3
=——0+9
P 200 d
After the tax, the supply equation is

122

16.

17.
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3
=——0g+9+0.27
P 200q

3
=——q+9.27
P 200q

This equation can be written
—3g +200p — 1854 = 0, and the new system
to solve is
—-30+200p—-1854 =0,
3g+100p —1800 = 0.
Adding gives

3654
300p—-3654=0= p=——=1912.18.
P P 300

a. Letting ytRr = Y1c gives 7qg = 6g + 800, or
g = 800 units.
p
6000 1 (800, 5600)
30007 7c
TR
+—t—t—t+—+—+—+—+— :(1
0 500 1000

b. The new total cost equation is
Y1c =1.05(6q +800)

Y1c = 63q +840

Letting ytr = Y1c gives
7g =6.3g + 840

0.7q = 840

g = 1200 units

Since profit = total revenue — total cost, then
4600 = 8.35g — (2116 + 7.20q). Solving gives
4600 = 1.15¢g — 2116

1.15¢ = 6716

= @ =5840 units

1.15
For a loss (negative profit) of $1150, we solve
—1150 = 8.35¢ — (2116 + 7.20q). Thus
-1150=1.15g - 2116
1.15g = 966
q = 840 units
To break even, we have ytr = Y1, or
8.35¢ =2116 + 7.20q
1.15g =2116
g = 1840 units
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18.

19.

20.

21.

For the supply equation we fit the points (0, 1)
and (13,500, 4.50) to a straight line. We have
_450-1 35 5 1
13,500-0 13,500 13,500 27,000’
so the line is

7
-1=——(q-0
P 27,000 (@-0)
27,000(p — 1) =7q
7q —27,000p + 27,000 =0
For the demand equation, we fit the points
(0, 20) and (13,500, 4.50) to a straight line. We
have
o _450-20 185 %
13,500-0 13,500 13,500

=— 31 , so the line is
27,000

31
- -0
27,000 0%

27,000(p — 20) = -31q
31q + 27,000p — 540,000 = 0

p-20=

Let g = break-even quantity. Since total revenue
is 5¢g, we have 5¢g = 200,000, which yields
g =40,000. Let ¢ be the variable cost per unit.
Then at the break even point,
Tot. Rev. = Tot. Cost
= Variable Cost + Fixed Cost.
Thus
200,000 =40,000c¢ + 40,000
160,000 = 40,000c
c=$%4.

Let g = number of pairs sold.

Total Revenue = 2.63¢g

Total Cost = 0.85g + 0.96g + 0.32q + 70,500
At the break-even point,

Total Revenue = Total cost, or

2.63g =0.85g + 0.96g + 0.32g + 70,500
Solving for g gives

2.63g =2.13q + 70,500 or 0.5¢g = 70,500

q = 141,000

yrc =39+1250: yrg =60,/q . Letting
YTR = Y1C gives
60,/q = 3q +1250

20/q =q+ 12:;‘:’0

Squaring gives

123

22,

23.

Section 3.6

3
2 1300 1,562,500
q + q+ =
3 9
Using the quadratic formula,

2
1300, (1300) B 4(1)(1,562,500j
3 3 9

gq= 5 ,

which is not real. Thus total cost always exceeds
total revenue; there is no break-even point.

1000
p=""
q

2
400q = q2 N 25300 q +[1250)

0

4 = @ gives q= @ = 250 units
q

b. 2= @ gives (= @ =500 units
q

0.50= 1000 gives = 1000 = 2000 units
q 0.50

The revenue is gp =q (@) =1000, so
q

revenue of $1000 is received regardless of price.

After the subsidy the supply equation is

8
=|——q+50|-1.50
P Looq }

8 q+48.50
100
The system to consider is

p:

8
=——Q+48.50,
P 100q

7
=———(+65.

P 100 a
Equating p-values gives
iq+48.50 :—Lq +65
100 100
Eq =16.5
100
g=110
When g = 110, then

8 8

=——0+48.50=——(110) +48.50

P 100 a 100 (110)

=8.8+48.50=57.30.
Thus the original equilibrium price decreases by
$0.70.
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24. a. Profit = Total Revenue — Total Cost

=280,000(2.00) — [110,000 + 280,000(1.75)]
= 560,000 — 600,000 = —40,000.
There is a net loss of $40,000.

b. Let g = unit sales volume. Then
40,000 = 2.00g — [110,000 + 1.75¢]
150,000 = 0.25¢
q = 600,000 units

25. Equating ga-values gives
7—pa+pg=—3+4pa—2pp
10=5pa —3pg
Equating gg-values gives
21+ pp — P =—5—2pa +4Pp
26=-3 Pa + 5 P
Now we solve

10-5p ~3pg
26:—3pA +5pB

Adding 3 times the first equation to 5 times the
second equation gives
160 =16pg
pg =10
From 5pp —3pg =10, 5pa —3(10) =10 or
Pa =8.
Thus pp =8 and pg =10.

26. $17.80; 2.6 thousand units
27. 24 and 11.3

Chapter 3 Review Problems

1.smwm;k_5=4gw%k—5=mk=9.
3-2
. 4-4 .
2. The equation = =0 is true for any real
number k # 5.
3. (-2, 3) and (0, —1) lie on the line, so
m= -1-3 =-2. Slope-intercept form:
0-(-2
y=mx+b=y=-2x—- 1. A general form:
2x+y+1=0.

4. Slope of y =3x—4 is m = 3, so slope of parallel
line is also m = 3. Thus
y— (D =3x-(-1)]
y+1=3x+3,
Slope-intercept form: y = 3x + 2. General form:
3x-y+2=0.

124

. The line has slope
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1
—4==(x-10
y 2( )
1
—4==x-5
y 2

1 L .
y= 2 X —1, which is slope-intercept form.
Clearing fractions, we have

1
2y =2 —x-1
y (2 J

2y=x-2
x —2y—2=0, which is a general form.

. Slope of a vertical line is undefined, so slope-

intercept form does not exist. An equation of the
vertical line is x = 3. General form: x — 3 = 0.

. Slope of a horizontal line is 0. Thus

y—4=0[x—(-2)]
y-4=0,

so slope-intercept form is y = 4. A general form
isy—4=0.

5 7 5
. 3y+5x=7|0ry=—xX-——| has slope —.
i 5=7 [ory =Sx- | hassope

. . . 3
Thus the line perpendicular to it has slope ar

and its equation is y—2 = —%(X -1 ,or

y=—§x+%.Ageneral form is 3x + 5y — 13 =

0.

. The line 2y + S5x =2 (or y= —gx +lj has slope

—g, so the line perpendicular to it has slope é

Since the y-intercept is —3, the equation is

y :gx—& A general form is 2x — 5y — 15 =0.
8-2 6

=—=23, soan
1-(-) 2

equation of the lineis y— 8 =3(x — 1). If x = 3,
then

y-8=33-1
y-8=6
y=14

Thus (3, 13) does not lie on the line.
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In Problems 11-16, my = slope of first line, and

m, = slope of second line.

11.

12.

13.

14.

15.

16.

17.

x+4y+2=0 ory:—lx—1 has slope
4 2
1
ml:_Z and 8x -2y —-2=0 (or y=4x—1) has

. 1 .
slope my, =4. Since my = ——, the lines are
my

perpendicular to each other.
y—2=2(x—1) (ory =2x) has slope my =2, and

2x+4y-3=0 (ory:—%x+gj has slope

1 . 1 .
my = 5 Since my = R the lines are
2

perpendicular.

x-3=2(y+4) (ory:%x—l—;] has slope

1 .
ml:E,andy=4x+2has slope my =4. Since

1 . .
m # My and my #———, the lines are neither
m;

parallel nor perpendicular to each other.

2x+Ty—4=0 (Ory:—sx+;j has slope

ml:—%, and 6x + 21y =90

ory——zx+@ has slope m ——E Since
7777 pe e ="7

my = my, the lines are parallel.
y=3x+ 5 has slope 3, and 6x -2y =7
(Or y= 3X—%J has slope 3. Since my =m5 , the

lines are parallel.
y=Txhas slope my =7, and y = 7 has slope

my =0. Since my # m, and ml;é—mi,the

2
lines are neither parallel nor perpendicular.
3x-2y=4
2y=-3x+4

3
=—Xx-2

y 2

3

m=—

2

125

18. x=-3y+4
Jy=-—x+4
yolet

3 3

Chapter 3 Review
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21. y=f(x) = 17 — 5x has the linear form
fix)=ax+ b, wherea=-5and b =17.
Slope = —5; y-intercept (0, 17).

p/
25

24. y =f(x) =3x — 7 has the linear form f{x) = ax + b,
where a =3, b =-7.
Slope = 3; y-intercept (0, —7)
22, s=g(t)=5-3t +1t2 has the quadratic form

g(t):at2+bt+c,wherea= 1,b=-3,c=5.

b -3 3
Vertex: ——=———=—
2a 20) 2

2
of8)-s-s(2)(2) -1
2 2 2 4
= Vertex = (g EJ
2 4

s—.mtercept: €=35 h(t) = at? +bt+c ,wherea=1,b=-4, and
t-intercepts: Because the parabola opens upward

(a > 0) and the vertex is above the t-axis, there is

no f-intercept.
N

25. y=h(t)= t? —4t—5 has the quadratic form

c=-5.

Vertex: —L = A =
2a 2-1

h(2) =2° —4(2)-5=-9

= Vertex = (2, -9)

y-intercept: ¢ = =5

t -intercepts: t2 —4t-5= t-5@t+n=0

} :::::é =51
I :
23. y=1f(x)=9—x? has the quadratic form 1\ : ’5 ;
f(x):aX2+bx+c,wherea:—l,b:Oand
c=09. _5
Vertex: —L:—L:
2a 2(-1 -9r
f(0)=9-02=9

= Vertex = (0, 9)

y-intercept: ¢ =9

x-intercepts: 9— X2 = B3=x)(B8+x)=0,so
x=3,-3.

126
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26. y = k(t) = -3 — 3t has the linear form
k(t) = at + b, where a = -3, b = 3.
Slope = -3, y-intercept (0, —3)

y

27. p = g(t) = -7t has the linear form g(¢) = at + b,

where a=—-7and b =0.
Slope = —7; p-intercept (0, 0)

28. y=F(x)=(2x-1)% = 4x?> —4x+1 has the

quadratic form F(x) = ax? +bx+c, where

a=4,b=-4,c=1.

Vertex: —L = —_—4 = l
2a 24 2

2
F[2]=]2[1]-1| =0
2 2
= Vertex = [l, Oj
2
y-intercept: ¢ = 1
x-intercepts: (2x —1)2 =0,s0 X =%

y

127

29.

30.

31.

Chapter 3 Review

y= F(x)=—(x2+2x+3) =—x%2-2x-3 has

the quadratic form F(X) = ax? +bx +c, where
a=-1,b=-2,and c =-3
-2

Vertex: LA =———70=-1
2a 2(-1)

F(-1) = —[(—1)2 + 2(—1)+3J -2

= Vertex = (-1, -2)

y-intercept: ¢ = -3

x-intercepts: Because the parabola opens
downward (a < 0) and the vertex is below the
x-axis, there is no x-intercept.

y= f(X):g—Z:%X—Z has the linear form

fix) = ax + b, where a=%,b=—2.

Slope = % ; y-intercept (0, —2)

51
T X
o1 j 8
T
2x—y =6, @
3x+2y=5. (2)

From Eq. (1), y = 2x — 6. Substituting in Eq. (2)

gives

3x+22x-6)=5

Ix-12=5,7x=17

x=£: y:2x—6=2-£—6=—§.
7 7 7

Thus X:E, y:—ﬁ.
7 7
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32.

33.

34.

35.

8x—-4y =17, @
y=2x-4. (2)
Replacing y by 2x — 4 in Eq. (1) gives
8x—-42x-4)=17
16 = 7, which is never true.
There is no solution.

7x+5y=5

6x+5y=3
Subtracting the second equation from the first
equation gives x = 2. Then 7(2) + 5y =5, or

9 9
S5y=-9,s0 y=——. Thusx=2, y=——.
y y 5 X y 5

2x+4y=8 (1
{3x+6y =12 (2)
Multiplying Eq. (1) by 3 and Eq. (2) by -2 gives
6x+12y =24
{—GX -12y =-24.
Adding gives 0 = 0. Thus, the equations are
equivalent. From EQ. (1), x = -2y + 4. Letting

y = r gives the parametric solution x = -2r + 4,
y = r, where r is any real number.

13
Zx—"y=-4, 1
R ()

Zx+=y=8. 2
X+>y 2

Adding the first equation to the second gives
5

—x=20

2

x=38

From Eq. (1),
1 3

—8)-——y=-4
4() 5V
3
_Zv=-6
2y

y=4

Thus

x=8,y=4.
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37.
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Multiplying Eq. (1) by —4 gives

3 3’

4 5
—X+3y=—.
3 y 3
. . 4 1
Adding gives 4y = 3 =Yy :5. From Egq. (2),

44

X

+

1
3

X =

wld wlbs

P
Il
N |-

Thus x:l, y:l.
2 3

X—-2y+z=-2, @
2X+y+z=1, (2)
X+3y—-z=3. 3)

Subtracting Eq. (2) from Eq. (1) and adding Eq.
(2) to Eq. (3) gives
X—=3y=-3,
{3x +4y =4,
Multiplying the first equation by -3 gives
-3x+9y =9,
{3x +4y=4.

Adding the first equation to the second gives
13y=13

y=1

From the equation x — 3y = -3, we get
x=3(1)=-3

x=0

From 3x -2y + z=-2, we get
300 -2(1) +z=-2

z=0
Thusx=0,y=1,z=0.
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38.

39.

3y+Xx
3= 9
y+ 5x:r12y -7
simplifies to
{7x+3y =27 (1)

2X +

5x+6y =28 (2)

Multiplying Eq. (1) by -2 gives 40.

—14x-6y =-54
{ 5x+6y =28
Adding the equations gives
—9x =-26
26
X=—
9
Multiplying Eq. (1) by =5 and Eq. (2) by 7 gives
—-35x-15y =-135
{ 35X +42y =196
Adding the equations gives

27y =61
,_ 8
27
Thus, ng, y:ﬂ.
9 27

41.

x2—y+5x:2, @
x2+y:3. (2

From Eq. (2), y=3- N Substituting in Eq. (1)
gives
G —(3—x2)+5x =2

2x%2 +5x-5=0 42.

« —bJ_r\/b2 —4ac
2a
 5+,/52_4(2)(-5)
B 2(2)
—5++/65
4

Since y :3—X2, if X :ﬂ, then
y= —_21+5\/%; if x :—_5_\/g , then
8 4
—21-565
y=——.
8
Thus, the two solutions are
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_5+\/§ —21+5\/%
X= , Y= , and

4 8
L _-5-\/65 y_—21—5\/@
4 8 '
18
:—, 1
y X+4 @

X—y+7=0. (2)

From Eq. (2), y = x + 7. Substituting in Eq. (1)
we have
X+7= 18

X+4

x+7(x+4)=18
x2 +11x+28=18

x2 +11x+10 =0

x+Dx+10)=0

Thus x = -1, -10. From y = x + 7, if x = -1, then
y=-1+4+7=6;if x=-10, then y=-10+7 =-3.
Thus the two solutions are x = -1, y = 6, and
x=-10,y=-3.

X+22=-2, @

X+y+2=5. (2)
From Eq. (1) we have x = -2 — 2z. Substituting
in Eq. (2) gives 2 —-2z+y+z=5,s0y=7+ 2.
Letting z = r gives the parametric solution
x=-2-2r,y=7+r,z=r, where ris any real
number.

X+Yy+2=0, @
X—=y+z=0, (2)
x+2=0. 3

Subtracting Eq. (3) from both Egs. (1) and (2)
gives

y=0,

_y — O,

X+1z=0.
The first two equations state that y = 0, and the
third implies that x = —z. Letting z = r gives the
parametric solution x = —r, y =0, z = r, where r
is any real number.
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X—y-2=0, @
2x—-2y+3z=0. (2)

Multiplying Eq. (1) by -2 gives
—2X+2y+2z2=0,

{2x—2y+3z =0.

Adding the first equation to the second gives
—2X+2y+22=0,

{52 =0.

From the second equation, z = 0. Substituting in
Eq. (1) givesx—y—-0=0,sox=y. Lettingy=r
gives the parametric solutionx=r,y=r,z=0,
where r is any real number.

14 2Xx—-5y+6z =1, 4N
T |4x-10y+12z =2. 2)

Multiplying Eq. (1) by -2 gives
-4x+10y-12z = -2,

{4x—10y+122 =2.

Adding the first equation to the second gives
—-4x+10y-12z = -2,

{O =0.

Solving the first equation for x, we have

X:%+gy_32 . Letting y = r and z = 5 gives

. . 1 5
the parametric solution X = 7 +E r-3s,y=r,

z=s, where r and s are any real numbers.

45. a=1whenb=2;a=5 when b =3, so
_ap-ay 5-1 4

b,-by 3-2 1
Thus an equation relating a and b is
a-1=4(b-2)
a-1=4b-8
a-4b=-7

When b =5, thena=4b-T7=4(5)-7=13.

46. a. r =206 when T =36; r =122 when T = 30.

Thus m = h—n :122—206:—_84:14
T,-T, 30-36 -6
r — 206 = 14(T —36)
r =14T — 298

b. If T=27, then
r=14T - 298 = 14(27) — 298 = &0.
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47.

48.

49.

50.

51.
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Slope is _?4: f(X):aX+b:—%X+b. Since

f) =5,

4
5=——@)+b
3
——
3
Thus f(x):—£x+g.
3 3
The slope of fis 5-8 :_—3:—1.Thus
2-(-1) 3
fix)=ax+b=-x+b. Since f(2) =5,
5=-2+b
b=1

Thus fix) =—x+ 7.

r = pg = (200 - 2q)q = 200q — 2¢> , which is a
quadratic function with a = -2, b =200, ¢ = 0.
Since a < 0, r has a maximum value when
b 200 .
g =——=———=>50 units. If g = 50, then
2a -4
r=1[200 —2(50)](50) = $5000.

Let p; and p, be the prices (in dollars) of the
two items, respectively, before the tax. At the
time the difference in prices is Py — po = 3.5.
After the tax, the prices are 1.05p; and 1.05p,,
so their difference is 1.05p; —1.05p,, or 4.1.
This gives the system
{ P —p2 =35

1.05p; -1.05p, =4.1

Adding —1.05 times the first equation to the
second equation gives 0 = 0.425, which indicates
that the system does not have a solution. Thus
this scenario is not possible.

120p-q-240=0,
100p+q-1200=0.

Adding gives 220p — 1440 = 0, or
1440
220

~ 6.55.
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52.

53.

54.

5S.

56.

57.

a. R=alL+b.1If L=0, then R =1310. Thus we

have 1310=0-L + b, or b =1310. So

R =aL + 1310. Since R = 1460 when L =2,
1460 = a(2) + 1310

150 = 2a

a=175

Thus R =75L + 1310.

b. IfL=1, then
R =75(1) + 1310 = 1385 milliseconds.

¢. Since R=75L + 1310, the slope is 75. The
slope gives the change in R for each 1-unit
increase in L. Thus the time necessary to
travel from one level to the next level is 75
milliseconds.

Y1r =160 ; y1c =80q+10,000. Letting

YTR = YTC gives

16g = 8g + 10,000

8q = 10,000

q =1250

If ¢ = 1250, then ytr =16(1250) = 20,000.
Thus the break-even point is (1250, 20,000) or
1250 units, $20,000.

C =aF + b. The points (32, 0) and (212, 100) lie
on the graph of the function. Thus its slope is

M:@:E,SO C:§F+b.Since
212-32 180 9 9

C=0when F =32, 02%(32)+b,50

b:—@.Thus C:EF—@ or
9 9 9

C =g(F —32). When

F =50, then C =g(50—32) :3(18) =10.
Equating L-values gives
0.0183- 00042 0.0005+M
00178 =242
p

0.0178p = 0.042

The equilibrium pollution level is about 2.36
tons per square kilometer.

x=12,y=-4

x=729,y=-0.78
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Mathematical Snapshot Chapter 3

58. x=3.02,y=0.14
59. x=0.75,y=1.43
60. x=2.68
Mathematical Snapshot Chapter 3
1. PR (6000) =39.99 +0.45(6000 — 450)

= 2537.49
P; (6000) =199.99

He loses $2537.49 — $199.99 = $2337.50 by
using R.

. The graph shows that P, and P; intersect when

the second branch of P, crosses the first branch
of P;. Thus
59.99 +0.40(t —900) = 79.99

t=950
P, is best for usage between 494.44 and 950
minutes.

. The graph shows that P; and P, intersect when

the second branch of P crosses the first branch
of Py Thus

79.99 +0.35(t —1350) = 99.99

t ~1407.14
P; is best for usage between 950 and
1407.14 minutes.

. The graph shows that P, and By intersect when

the second branch of P, crosses the first branch
of B Thus

99.99 +0.25(t — 2000) =149.99

t =2200
P, is best for usage between 1407.14 and
2200 minutes.

. The graph shows that B; and Py intersect when

the second branch of Py crosses the first branch
of P; Thus
149.99 +0.25(t — 4000) =199.99

t =4200
P is best for usage between 2200 and 4200
minutes.

P is best for usage of greater than
4200 minutes.

. No; answers may vary.



Chapter 4

Principles in Practice 4.1 second year is (1-r)? = (1-0.15)? = 0.72.. This

1. The shapes of the graphs are the same. The value pattern will continue as shown in the table.

of A scales the value of any point by A.

2. If P = the amount of money invested and

r = the annual rate at which P increases, then
after 1 year, the investment has grown from P to
P+ Pr=P(1 + r). Since r = 0.10, the factor by
which P increases for the first year is
1+7r=1+0.1=1.1. Similarly, during the
second year the investment grows from P(1 + r)
to P(L+r)+r[P(L+r)] = P(L+r)? . Again, since
r=0.10, the multiplicative increase for the
second year is (1+0.10)? = (1.1)2 =1.21. This

pattern will continue as shown in the table.

Year Multiplicative | Expression
Increase
0 1 1.1°
1 1.1 1.1t
2 1.21 1.12
3 1.33 123
4 1.46 1.1t

Thus, the growth of the initial investment is
exponential with abaseof 1 + r=1+0.1=1.1.
If we graph the multiplicative increase as a
function of years we obtain the following.

y

2k
1/
X

T -
3 4 5  years

—_
(Y=

. If V = the value of the car and

r = the annual rate at which V depreciates, then
after 1 year the value of the car is
V—rV=V(1-r). Since r = 0.15, the factor by
which V decreases for the first year is

1 —-r=1-0.15=0.85. Similarly, after the
second year the value of the car is

VAd-r)-r[v@-r]=v(@a- I‘)2 . Again, since
r = 0.15, the multiplicative decrease for the

132

Year Multiplicative | Expression
Decrease
0 1 0.85"
1 0.85 0.85!
2 0.72 0.852
3 0.61 0.853

Thus, the depreciation is exponential with a
base of 1 —r=1-0.15=0.85. If we graph the
multiplicative decrease as a function of years, we
obtain the following.

y

2+

1\ x

| N I |
1 2 3 4 5  years

. Let ¢ = the time at which George’s sister began

saving, then since George is 3 years behind,
t — 3 = the time when George began saving.

Therefore, if y = 1.08! represents the

multiplicative increase in George’s sister’s

8t—3

account y =1.0 represents the multiplicative

increase in George’s account. A graph showing
the projected increase in George’s money will
have the same shape as the graph of the
projected increase in his sister’s account, but will
be shifted 3 units to the right.

S=P@+r)"

S =2000(1+0.13)° = 2000(1.13)° =~ 3684.87

The value of the investment after 5 years will be
$3684.87. The interest earned over the first 5
years is 3684.87 — 2000 = $1684.87.

. Let N(7) = the number of employees at time ¢,

where 7 is in years. Then,
N(4) =5(1+1.2)* =5(2.2)* =117.128

Thus, there will be 117 employees at the end of
4 years.
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7. P=g 008t _ [1

0.06t 3.
3

Since 0 < 1 <1, the graph is that of an
e

exponential function falling from left to right.

X y
0 1
2 0.89 4.
4 0.79

6 0.70

8 0.62
10 0.55

P 5.
1

| | t
10 20 years
Problems 4.1

1.

133
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10.

11.

12.

13.

For the curves, the bases involved are 0.4, 2, and
5. For base 5, the curve rises from left to right,
and in the first quadrant it rises faster than the

curve for base 2. Thus the graph of y =5* is B.

134

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

ISM: Introductory Mathematical Analysis

y=0.4" hasbase b=0.4and 0 < b < 1, so its

graph falls from left to right. Thus the graph is
A.

For 2015 we have t = 20, so

20
P =125,000(1.11)2 =125,000(1.11)"
=138,750.

a. For 1999,r=1 and
P =1,527,000(1.015)! =1,549,905

b. For 2000, =2 and
P =1,527, 000(1.015)2 ~1,573,154

n-1 n

po1-I(1] —1-[1).
2\ 2 2

1

n=1: le—[lj
2

n=2: le—(

With ¢ =1,
2

Il
l_\
|

N
Ol ~N|w N |~

Il
[EEN
|

Il
[N
|

@Ik N, NP

N, N
%;/

n=3: le—(

y = 2% :(23)X ~8*. Thus y=8".

a. 4000(1.06)" ~$6014.52

b. 6014.52 — 4000 = $2014.52
a. 5000(1.05)%° ~ $13,266.49
b. 13,266.49 — 5000 = $8266.49
a. 700(1.035)%0 ~$1964.76

b. 1964.76 — 700 = $1264.76

a. 4000(1.0375)%* ~ $9677.75

b. 9677.75 - 4000 = $5677.75

0.0875

64
a. 3000(1+ j ~11,983.37

b. 11,983.37 — 3000 = $8983.37
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24,

25.

26.

27.

28.

29.

30.

31.

32.

48
a. 2000(1+¥j ~ $4599.20

b. 4599.20 — 2000 = $2599.20
a.  5000(1.0075)% ~ $6256.36

b. 6256.36 — 5000 = $1256.36

10
a. 500 (1+ %) ~ $854.07

b. 854.07 — 500 = $354.07

3(365)
00625) ~ $9649.69

a. 8000(1+
b. 9649.69 — 8000 = $1649.69
a. 900(1.0225)0 ~ $1124.28
b. 900(1.045)° ~ $1121.56

24
6500 (1+ %) ~ $8253.28

a. P =5000(1.03)!

b. When =3, then P =5000(1.03) ~ 5464.

&

N = 400(1.05)"
b. Whent=1, then N =400(1.05)! = 420.

c. Whent=4,then N =400(L.05)* ~ 486.

If N = N(¢) = the number of bacteria present at
any time ¢, where ¢ is in hours, and if

r = the rate at which the bacteria are reduced,
then, after the first hour, the number of bacteria
remaining is
N—rN=N(1-r)=100,000(1-0.1)
=100,000(0.9) = 90,000.

Similarly, after the second hour, the number of
bacteria remaining is

N(1—7r) —rN(1 - )] =N(1-r)?

=100,000(1—0.1)> =100,000(0.9)> = 81,000
This pattern will continue as shown in the table.

33.

Section 4.1

Hours Bacteria Expression

9 0

0 | 100,000 100,000(—]
10

9 1

1 90,000 100,000{ —
10

9 2

2 81,000 100,000{ —
10

9 3

3 72,900 100,000 (—
10

9 4

4 65,610 100,000(—]
10

t

t 100,000 S
10

Thus, in general, the number of bacteria present

t
after 7 hours is given by N(t) =100,000 (%) .
Let P = the amount of plastic recycled and let
r = the rate at which P increases each year. Then
after the first year, the amount of plastic
recycled, increases from P to P + rP = P(1 + r),
since r = 0.3, the factor by which P increases for
the first year, is 1 + r =1+ 0.3 = 1.3. Similarly,
during the second year, the amount of plastic
recycled increases from P(1 + r) to

P(1+7r)+ r[PL+r1)] = P(L+r)?. Again, since

r = 0.3, the multiplicative increase for the second
yearis (1+r1)% = (1+0.3)% = (1.3)> =1.69 . This
pattern will continue as shown in the table.

Year Multiplicative | Expression
Increase
0 1 1.3°
1 1.3 13
2 1.69 1.32
3 2.20 1.3
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34.

35.

36.

37.
38.
39.
40.

41.

Thus, the increase in recycling is exponential
withabase=1+r=1+ 0.3 =1.3. If we graph
the multiplicative increase as function of years,
we obtaining the following.

y

3L
2/
1

| | X
1 2

| |
3 4 5  years

From the graph it appears that recycling will
triple after about 4 years.

Population of city A after 5 years:
70,000(1.04)° .

Population of city B after 5 years:
60,000(1.05)° .

Difference in populations:
70,000(1.05)° —60,000(L.05)°| ~ 8589 .

P =350,000(1—0.015)" = 350,000(0.985)",
where P is the population after ¢ years.
When ¢ =3, P =350, 000(0.985)3 ~ 334,485.

E =14,000(1—0.03)' =14,000(0.97)!, where E
is the enrollment after ¢ years. When ¢ = 12,
E =14,000(0.97)!? ~ 9714.

4.4817
29.9641
0.4966

0.5134
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42,

43.

44,

45.

46.

47.

48.

49.
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e 333

Forx=3, P= ~0.2240

0) = 0.399; fi-1) = (1) ~ 0.242

t
et :(ek) :bt,where b=eX

X
i:(lj =b*, where b:1
e

a. Whenr=0, N=12e2010 _12.1-12,

b. Whent=10,
N =12¢7003100) _12¢ 7031 _gg,

c. Whenr=44,
N =12¢ 0031(44) _ 1901364 31,

. 1
d. After 44 hours, approximately 2 of the

initial amount remains. Because

1 = 1 1 , 44 hours corresponds to 2
4 2)\ 2

half-lives. Thus the half-life is
approximately 22 hours.

N = 75 0:045(10) 48
o1 .
After one half-life, E gram remains. After two

2
half-lives, 11 = 1 =— gram remains.
22 \2 4

Continuing in this manner, after n half-lives,

1\ . 1 (1!
= | gram remains. Because — =| = | , after
2 16 \2

4 half-lives, % gram remains. This corresponds

to 4 - 8 =32 years.
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-0.5 X
50. f(X):ﬂ
x!
-0.5 2
F(2) = ﬂ ~0.0758
—4 X
51 )= 2
x!
—4 42
f(2) =24 < 0.1465
21
52. 5

53.

54.
5S.

56.

57.

Iﬂttl"itttilﬁn

[z =1
-5

The intersection point is (0, 1).

8

-5 5

-2

If f(x)=2%, then
y=22.2% = 2¥*8 — f(x+a). Thus, the graph

of y=2%.2% is the graph of y =2% shifted
a units to the left.

0.71
3.17

The first integer ¢ for which the graph of
P= 1000(1.07)t lies on or above the horizontal
line P =3000is 17.

4.1
300 (%) ~ 976

4 4.2
300(5) ~1004

4.2 minutes

Section 4.2

58. a. When p =10, then
g =10,000(0.95123)*° ~ 6065 .

X

b. Using a graphics calculator, 0.95123 =¢"
when x = 0.05. Thus, 0.95123 ~ e 0%,

p
q=10,000(0.95123)" ~ 10,ooo(e—0-05) .

=10,000e%-95P

¢. q=10,000e0%10) ~ 6065,

59. The first integer ¢ for which the graph of
P= 2500(1.043)t lies on or above the horizontal
line P =50001is 17.

Principles in Practice 4.2

1. If 16 =2 is the exponential form then
t=10g,16 is the logarithmic form, where ¢

represents the number of times the bacteria have
doubled.

2. If 8.3=logyq (ILJ is the logarithmic form, then
0

| . .
— =10%3 is the exponential form.

lo

3. Let R = the amount of material recycled every
year. If the amount being recycled increases by
50% every year, then the amount recycled at the
end of y years is

R@A+r)Y =R(1+0.5)Y =R(1.5)Y Thus, the
multiplicative increase in recycling at the end of

y years is (1.5)Y . If we let

x = the multiplicative increase, then x = (1.5)Y
and, in logarithmic form, log; s X=y .
y

6 y=log

3

TN O O Y
5 10 multiplicative
increase

137
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4. Let V = the value of the boat. If the value
depreciates by 20% every year, then at the end of
y years the value of the boat is

V(@-r)Y =V (1.02)Y =V (0.8)Y . Thus, the
multiplicative decrease in value at the end of y
years is (0.8)Y . If we let

x = the multiplicative decrease, then x = (0.8)Y
and, in logarithmic form, loggg x =y

y=log,x

X
1 multiplicative
decrease

. In4 .
5. The equation t(r) = —— can be rewritten as
r

r= tl?—d)f When this equation is graphed we find
r

that the annual rate r needed to quadruple the

investment in 10 years is approximately 13.9%.

Alternatively, we can solve for r by setting

1(r) = 10.
I
t(r)
=2 139 0r~ 13.9%
10

6. Since m=¢g" ,thenlnm = rt.
Inm=rt
Inm

t
Letm=3and?=12.
In3
12
0.092=r
Thus, to triple your investment in 12 years,
invest at an annual percentage rate of 9.2%.

r

Problems 4.2

1. log 10,000 = 4
2. (12)° =144

3. 25-64

ISM: Introductory Mathematical Analysis

=

2
logg4=—
Os 3

5. In20.0855=3
6. In 1.4=0.33647

7. ¢l09861 _ 3

8. 100690 _5

10. y

11.

12. b
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13. 547 23. Because 1072 =0.01, log0.01=-2

/X 24. Because 213 :%/E, |092§/_=%.

25. Because 5° = 1, logs1=0

26. Because 572 = i, logs i =-2
14. 1y 25 25

1

1 27. Because 272 :1, log, ==-3
N x 8 8

\: 28. Because 4Y/° =¥/4, Iog4§/1:%.

29. 3*=x
15. y

30. 28 =x

31. 5°=x
32. 40 —x

16.

33. 10t=x

34, el=x

17. Because 62 =36, logg 36 = 2

35. e 3=x
18. Because 2° =64, log, 64 = 6. ,
36. x“ =25

19. Because 3° =27, logs 27 =3 Since x > 0, we choose x = 5.

. 37. x3=8
20. Because 16Y2 = 4, logg 4 = > x=2
) 38. x2=3
21. Because 7" =7,log; 7 =1 x=9
22. Because 10% =10,000, log10,000 = 4 39 1.1
6
x=06

139
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40.

41.

42.

43.

44.

45.

46.

47.

48.

y=x
X=Yy
33 -x
1
X=—
27
xt=2x-3
x=3
X2 =6-x
X2 +X-6=0

x+3)x-2)=0
The roots of this equation are —3 and 2. But since
x>0, we choose x = 2.

logg 64 =x-1
8" =64
x—-1=2

x=3

2+logy, 4=3x-1

24+42=3x-1
5=3x

5
X=—

3
32-x4+2
1:x+2
9

17
X=——

9
x2=2x+8
X2 —2x-8=0

x-4Hx+2)=0
The roots of this equation are 4 and —2. But since
x>0, we choose x =4.

X2 =6+4x— x>

2x? —4x-6=0
x2—2x-3=0
(x=3)(x+1) =0

The roots of the equation are 3 and —1. But since
x>0, we choose x = 3.

140

49.

50.

51.

52.

53.
54.
5S.
56.

57.
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e =2
3x=1In2
In2
X=——10oH
3

0.2 =05

0.1x=1In5
x=101In5

e 5 41=4
e2X—5=3
2x-5=In3
5+In3
X=
2

g2 —1- 1
2

6e2X — 3

N |

1.60944
1.45161
2.00013
2.30058

If V = the value of the antique. If the value
appreciates by 10% every year, then at the end of
y years the value of the antique is

V(@+r)Y =V(1+0.10)Y =V (1.10)Y . Thus, the
multiplicative increase in value at the end of

y years is (1.10)Y . If we let

x = the multiplicative increase, then x = (1.10)Y,

and, in logarithm form, log; 1o X= .
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]

Years

— N WA WUV I

+ + X
1 2
Multiplicative increase

(=]

58. ¢=3(6)In6+12~44.25

59. p=log {10+%} = log[10 +990] = log1000
=3
60. 1.5M :Iog[%j
2.5x10
10L5M _ E
25x10'

E= (2.5><1011)(101'5M )

61. a. Ifr=k, then N = N0(21): 2N,

b. From part (a), N =2Ngy when 7 = k. Thus

is the time it takes for the population to
double.

2
62. Uy = Aln(x1)+x72

X5
Up ——= Aln(x)

Section 4.2

63. T= In2 ~ 36.1 minutes
0.01920

64. T :In_2 ~ 21.7 years
0.03194

65. From Iogyx:3, y3:x;from log, x=2,

2

z° =X . Thus 22

3
:y3 or z=Yy?.

66. x+3e2Y -8=0

67. 3

2
a. (0,1
b. [-0.37, )

68. 4

141
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69.

70.

71.

For y=¢*,if y=3, then 3=¢* orx=1In3.

10
-10 . 10
Inkerseckion
n=1.09861iz =
-10

From the graph of y =e€*, when y = 3, then
x=1n3~=1.10.

Fory=Inx, wheny=2,then2=1Inx or x=e.

5

Inkgrsection
W=r.zB90ERl V=2

-5
From the graph of y = In x, when y = 2, then

x=e2~7.39.

4

InkgFseckion
W=Z.0EFL0ZE ¥=1.1174679

-1

1.41, 3.06

Principles in Practice 4.3

1. The magnitude (Richter Scale) of an earthquake

is given by R =log [L] where I is the intensity

lo
of the earthquake and | is the intensity of a

I
zero-level reference earthquake. 1. = how
0

many times greater the earthquake is than a zero-

level earthquake. Thus, when IL =900, 000,
0
R; =10g(900,000)
When L =9000
lo
R, =10g(9000)

142
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R, — R, = 10g(900,000) — log 9000

900,000 5
=lo = log 100 =1l0og10? =2 log 10
95000 g g g

=2
Thus, the two earthquakes differ by 2 on the
Richter scale.

. The magnitude (Richter Scale) of an earthquake

. | . . .
is given by R =log [I—J where / is the intensity
0

of the earthquake and | is the intensity of a

|
zero-level reference earthquake. 1. = how
0
many times greater the earthquake is than a zero-

level earthquake. Thus, if IL =10,000, then
0

R =1og 10,000 =log10* =4 log 10 = 4
The earthquake measures 4 on the Richter scale.

Problems 4.3

log30 =1log(2-3-5)
=log2+log3+log5
=a+b+c

log16 = log 2t =4log2=4a

IogézlogZ—log3:a—b
5
IogE=I0g5—I092:c—a

Ioggz log8—log3= I0923—IogB
=3log2-log3=3a-b

=log2+log3-2log5
=a+b-2c

log36 = log(2-3)° = 2log(2-3)
=2(log2+log3) =2(a+b)
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8. 10g0.00003 = log(3-107°)
=log3+log 107°
=log3-5log10
=log3-5log(2-5)
=log3-5(log 2+ log5)

=b-5(a+c)

=-ba+b-5c
9, |0923:M:mi3:£
logig2 log2 a
10. logy5-12%w05 _log5_¢

logip3 log3 b

11. log; 7% =48
5 3\° 5 15
12. I0g5(5\/§) =Iog5(52j =logs 52 =5

13. 1og0.0000001 = log 107" =-7
14. 1olog3.4 :10Iog10 34 _ 3.4

15. Ine>% = log, el =501

16. Ine=logee=1

1_ 2 _ 2 _
17. Ine—z_—lne =—log, e =-2

18. logy81=logy3* =4

1 3 1 3
19. log—+Ine” =log;g—+log.e” =-1+3=2
910 9101O Oe
20. elnnzelogen:n

21. In [x(x+1)2J =Inx+In(x +1)2

=Inx+2In(x+1)

1
22. Inﬂzlnxz—In(x+l):llnx—ln(x+l)
x+1 2
2
23. In 3 =In x2—ln(x+l)3
(x+1)

=2Inx-3In(x+1)

143

24.

25.

26.

27.

29.

30.

31.

Section 4.3

In[x(x+1)]3 =3In[x(x+D]=3[In x+ In(x+1)]

4
m(x_”j —an X ain(x+1) - In(x+ 2)]
X+ 2 X+ 2

In Yx(x+1)(x+2) = In[x(x + ) (x + 2)]'?

= %[In X(X+1)(x+2)]

= %[In X+ In(x+1) In(x + 2)]

X
n——
(X+D(x+2)
=Inx—[In(x+1) +In(x+ 2)]
=Inx—In(x+1)—In(x+2)

=Inx—In[(x+1)(x+2)]

2
In X (x+1)

e |n[x2(x+1)}|n(x+2)

=Inx? +In(x+1) - In(x + 2)
=2Inx+In(x+1)—In(x+2)

x

[ R o —
" (x+1)?(x+2)°

In x%—ln[(x+1)2(x+2)3]

:%In x—[ln(x+l)2 +In(x+2)3J
=%Inx—[2|n(x+1)+3|n(x+2)]
:%In x—2In(x+1) -3In(x+2)

X

Inm =Inx—[In(x+1) +In(x+2)]

=Inx—In(x+1)—In(x+2)

1
2 2 \5
In 1 5/x I 1 X
X+2\x+1 X+2| x+1
X

(x+2)(x +1)%

[S11N)

=lIn
=1In x% —In {(x+2)(x+l)é}
=§In x—[ln(x+2)+ In(x+1)é}

2 1
=—Inx-In(x+2)—=In(x+1
c (x+2) : (x+1)
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_— 3/x?’(x+2)2 . x3(x +2)? 42. log, [In(\/5+e2 +\/§j+ln(\/5+e2 —\/gﬂ
' x+)® 3 (x+13
=log, [In(\/5+e2 +«/§)(\/5+ez —\/gﬂ

=%{'n[x?’(m)zl—In(x+1>3}
=log,[In(5+e% -5)]

=log,[In ez]

=%[3In x+2In(x+2)—3In(x+1)] 1092(2)

= %[In X3 + In(x + 2)2 —In(x +1)3]

=Inx+zln(x+2)—ln(x+1) 54
3 43. logg 54 —1logg 9 = logg 5 - logg6=1

33. log (6-4)=1log24
44. logz+/3+log, 32 —logs 45

10
34. logs (?) =log32 =logs 32 +log, 23 —logs 5V/*
1 11
27374
35. |0922_x1 _ 1
X+ 1
2 X2 In(2x)
36. logx“ —logvx—2 =log 45, ¢ =5
VX—2 2x=5
5
37. 5log,10+2log, 13 = log, 10° + log, 132 X=5

= log, (10° -13?)
46. 4'094(0+10g4(2) _ 5

38. 5(log x +log y° —log z?) 41094(2) _ 3
2.3 2x=3
=5log ( X ;/ J 3
z X= E
2.3\
X"y
=log > log X2
; 47. 10°9% 4
X2 =4
10 10 x=%2
39. 109100+ log(L.05)L° = log [100(1.05) }
48. ¢8Nx g
) . 215(68) B
40. —(log 215+Iog68—logl693)=—log - 3_g
2 27 169 x* =
3 x=2
~log |2256)
=109 1693 49. From the change of base formula with b = 2,

m=2x+1, and a = e, we have
loge (2x+1)  In(2x+1)
loge 2 In2

3 _
41, o4n3-3In4 _ In3*-in4® _ e'”(fs) 3 8 log; (2x +1)

_4_3:a

144
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50.

51.

52,

53.

54.

55.

56.
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From the change of base formula with b = 3,

m=x2+2x+2 anda=e,
Ioge(x2 +2X+2)
loge 3
In(x2 +2X+2)
R

Iog3(x2 +2X+2) =

From the change of base formula with b = 3,

m = x° +1, and a = e, we have

log x2+1)  In(x?+1
Iog3(x2+1): :0(963 ): (In3 )

From the change of base formula with b =5,

m:9—x2,anda:e, we have
Ioge(9—x2) In(9—x2)

logs (9 x| = =

95( ) logz 5 In5

elnz —7¢Y

z=7¢Y

Z_oy

7

y=|nE
7

y =ab* so

log y = log(ab®)
=loga+logb*
=loga+xlogh.

This is a linear expression because it is in the

form Ax + B, where A =log b and B = log a.

C=B+E

e
ol

InC :InB+In(l+%j

M =1log(A) + 3

a. M=1log(10)+3=1+3=4

57. yzlogex:ln—x

58. y=logs(x+2)=

59.

60.
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b. Given M; :Iog(A1)+3, let
M =log(10A,)+3
M =1log10+log(A )+3

M =1+[Iog(Al)+3]
M =1+ M,

In6
2

0{ 10

-2

In(x+2)

In4
4

——

4
Inx
By the change of base formula, logx =——.
In10
Inx
Thus the graphs of y =log x and y =
In10
identical.
4

Ouff_,.- 5

y=1n(4x) =In 4 + In x. If f{x) = In x, then
y =1In(4x) = f(x) + In 4. Thus the graph of
v = In(4x) is the graph of y = In x shifted
In 4 units upward.

are
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-2 8

-2
In(6x) = In(3 - 2x) = In 3 + In(2x).
If fix) = In(2x), then y = In(6x) = f(x) + In 3.
Thus, the graph of y = In(6x) is the graph of
y = In(2x) shifted In 3 units upward.

Principles in Practice 4.4

1. Letx = the number and let
y = the unknown exponent. Then

x-32Y = x.48Y-9)
32Y — 4B3y-9)

log32¥ = log4(Y~®)
ylog32=3y-9)log4
yvlog32=3ylog4-9log4
y(log 32 -3 log 4) =-9log 4

_ —9log4 -18log2 -18log?2

B 2 1

IogF log 5 log 2

y=18
Thus, Greg used 32 to the power of 18.

2. Let S =450.

-0.1d
S =800 (i)
3

4 -0.1d
450 =800 (Ej

450 (4
800 3
450 4
log— =-0.1d log| —
9800 g(sj

19500 _

-0.1log (%)

20=d
Thus, he should start the new campaign 20 days
after the last one ends.

146

ISM: Introductory Mathematical Analysis

3. The magnitude (Richter Scale) of an earthquake

L | . . .
is given by R =log [—J where I is the intensity

lo
of the earthquake and I is the intensity of a

|
zero-level reference earthquake. T = how
0

many times greater the earthquake is than a zero-
level earthquake.
R; = log(675,000)

-

Since Rj—4=R,

log(675,000) — 4 = log [ILJ
0

log (6.75><105 ) —4=1log (ILJ
0

log6.75+5log10—4 = log (Lj

lo
1.829 = log (LJ
lo

10t820 _ 1
lo

67.5= -

lo
Thus, the other earthquake is 67.5 times as
intense as a zero-level earthquake.

Problems 4.4

1. log(3x+2) =log(2x+5)
3X+2=2%x+5
Xx=3

2. logx—log5=1log7
logx=log5+log7
log x =1log 35
X =35
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3. log7-log(x—1)=1og4
7
log——=1log4
gx—l 9
Ty
x-1
7T=4x-4
4x=11

X:E=2.75
4

4. log, x+log, 2% = I092E
X

log, (8x) = log, =
X

8x:g

X
8x% =2
x2=1

X=%=O.5 since x > 0

5. In(=x) = |n(x2 —6)

x=x%-6

x2+Xx-6=0

x+3)x-2)=0

x=-3orx=2

However, x = -3 is the only value that satisfies
the original equation.

x=-3

6. In4-x)+In2=2Inx
In[(4-x)2] = In x
(4-x)2 = x?

X% +2x-8=0
x+dHx-2)=0
x=—4orx=2

However, x = 2 is the only value that satisfies the

original equation.
x=2

o7 ol4
Tx=14
x=2

10.

11.

12.

13.

Section 4.4

(e3X—2)3 — e3

e3(3)(—2) _ 63
3(3x-2)=3
3x-2=1
3x=3

x=1

BD** =9
(34)4x _ 32
316x _ 32
16x =2

2

X=—=
1

=0.125

|+

(27)2X+1 — 3—1
(33 )2x+1 _ 3_1
36X+3 — 3*1

6x+3=-1
6x=-4

X = 2 ~ —0.667
3

e?X =9

(eX)Z :32

eX =3
x=In3~=1.099
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14. 521 _2-23

5e2X1 = 25
e2x—1 -5
2x-1=1In5

x=1+IN5 1 305
4
15. 10x =6
4 =log6
X
X= i ~5.140
log6
0.2x
16. 20 4
5
15
10 0.2x _-~
(10) 2
15
0.2x =log—
g 4
log (12
= ( 4 ) 2.870
2
17. 5 =7
102)(
102 = 2
Z
5
2x =log—
g 7
log(2
X= 2(7) ~-0.073

18. 2(10)* +(10)**! =4
2(10)* +10(10)* = 4
12(10)* = 4
10y =1

x=log=~-0.477

Wk
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19. 2¥=5
In2* =In5
xIn2=In5

_In5

X=—1~2322
In2

20. 7243 _g

In(7%*3)=1n9
(2x+3)In7=1In9

2x+3:|n—9
In7

2x=|n—9—3
In7

x:1 In_9_3 ~-0.935
20In7
21. 732 _5

IN7°*2 = In5
(3x-=2)In7=1In5
3x_2:|n_5
In7

3x=|n—5+2
In7

In5 >
x:"‘7Tzo.942

2. 42

23. 2 T:i
5
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24. 5(3X —6):10

¥_6=2
3¥=8
In3*=In8
xIn3=In8
x:m—8z1.893
In3
25. (4)5°%¥-7=2

53*)( —

9
4
IN53X =In 9

9
3-X)In5=In—
(B-x) 2

()

In5

—3—ﬂz 2.496
n5

—X=

26. —=13

In (lj =xIn3
13

7

)

In3

In

—

X = ~ —0.563

27. log(x—3)=3
10% =x—-3
x =10° +3=1003

28. logy(x+1) =4
24 = x+1
x=2%-1=15
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29. log,(9x—4)=2

30.

31.

32.

33.

4% =9x—4
Ix=4%+4
2
xo 2 +4_20 oom
9 9
log,s(2x+4)-3=1og, 3
log,(2x+4)—log, 3=3
2Xx+4
lo =3
94 3
43:2x+4
3
2x+4=3-4°
3
X=3-4 —4:@:94
2 2
log(3x—1)—log(x-3) =2
3x-1
lo =2
g x—3
102:3X—l
x—-3
100(x-3)=3x-1
97x=299
X=&z3.082
97

log(x—3)+log(x-5)=1
log[(x-3)(x-5)]=1

x? —8x+15=10
X2 —8Xx+5=0
+4/(-8)% -
o 8EV(8) 4(1)(5)=4Hﬁ
2(1)

However, X =4+ \/1_1 ~ 7.317 is the only value
that satisfies the original equation.
x=17.317

log, (5x+1) =4—1log, (3x—2)
log, (5x+1) +log,(3x—2) =4
log[(5x +1)(3x-2)] =4
(5x+1)(Bx-2)=2*
15x2 —7x-2=16
15x? —7x-18=0
x =~ 1.353 or x ~ —0.887

However, x = 1.353 is the only value that
satisfies the original equation.
x~1.353
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34. log(x+2)% =2

2log(x+2)=2
logx+2)=1

10t = x+2
x=8

35.

<)
Q@
N

7/ N 7\

=3+log, x

log, —log, x=3

|><\N
x|IN x|N

<)
«
N

Il
w

=3

=}
«Q
N
o o

N
w
|
>
N

=<
N
I

| =

=
Il

I+
N[~ &

1. - . .
However, x = 2 is the only value that satisfies the original equation.

X:£=0.5
2

36. In(X—z): In(2X—1)+3
In(x—2) - In(2x~1) = 3

m[x—2j23
2x-1

X—=2 :eg
2x-1
e3(2x—1):x—2
2e3x—ed =x-2
3 _ 3
x(2e°-1)=-2+e
_ 3
X = 2,:9 ~ 0462
2e” -1

ISM: Introductory Mathematical Analysis

However, this value does not satisfy the original equation. The equation has no solution.

37. logS=1log12.4+0.26logA
logS =log12.4+log AD-26

log S = log [12.4A°-26]

S =12.4A0%6

150
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38. logT =1.7+0.2068log P —0.1334(log P)?

log T =1og 50 + 0.2068 log P — 0.1334(log P)(log P)
log T'=1og 50 + 0.2068 log P + [-0.1334 log P] log P

logT = log50 + log P%2%%8 4 jog pl-0-133410g P]
logT = log [(50) ( p0.2068 )( p—0.1334l0g P )}

T = 50p0:2068-(0.1334l0g P)

(logs x)? = (logs X)(logy, X) = logy, (X' %)

39. a. Whenr=0, Q=100e %93 —100e° =100-1=100.

b. If 0 =20, then 20 = 100e 0035t Solving for ¢ gives

20 _ 003t
100

1
1_ 003t
5

In 1 =-0.035t
5

—In 5 =-0.035¢

5 46
0.035

t=

N
40. 100=225e 2%

g5 _225_9
100 4
N 9
—=|n=
225 4

N :225|n3z182

41. If P = 1,500,000, then 1,500,000 =1,000, 000(1.02)t . Solving for ¢ gives

1,500,000
1,000,000
1.5=(1.02)!
In1.5 = In(1.02)"
In1.5=¢In1.02

_ In1.5 ~ 205
In1.02

(1.02)"
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_ 0e-C(p+a)
42. 1f F(0) =0, then 0=3—P¢

—q [1+ C( p””} . Thus

q — pefc(p+q) — 0

_ peic( p+q) =—q

eClpra) _ 4
p

—C(p+a) =l
p

! Inﬂ.

p+q p

C=-

43. q=80-2°
2P =80-q
log 2P =1log(80—-q)
plog2=1og(80-q)
_ log(80-q)
log 2
log 20

When g = 60, then p =
log 2

~4.32.

44. The investment doubles when A = 2P.
Thus 2P = P(1.105)!, or 2 =(1.105)".
Solving for ¢ gives
In2 = In(1.105)"

In2=tIn1.105
In2

~In1.105

1 0.8!
45. q:looo[a)

1 0.8
log q =10g1000 + log (Ej

logq =3+0.8" Iog%

logq =3+0.8'(—log 2)
log(q) —3=0.8'(~log 2)
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Thus
0.gt = 1og(@ -3 _3-logq
—log 2 log 2

tlog(0.8) = Iog(sl_ logg j )

0g2
|og(3|’£gzq)
~ log(0.8)
y = Ap?
logy = log A+ logh®"
logy =log A+a*logh
logy—log A=a*logb
aX = logy—1log A
logh
logy—Ilog A
logb
X |og a= |og (MJ
logh

log y—log A
oo™’

loga* = log (

loga
The previous solution was the special case y = g,

A = 1000, b:%, a=08, andx=1.
q=500(1-¢ %)
a. Ifr=1,then q=500(1—e_0'2)z91.

b. 1Ifr=10, then q =500(1—e_2)z432.

c. We solve the equation
400 = 500(1-¢ ")
4o
5

o2t _1
5

e

—0.2t:In£:—In5
5
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47.

48.

49.

log, X =5-10g,(x+4) is equivalent to

0=5-log,(x+4)-log, X, or
0= 5—M In x . Thus the solutions of the
N2 In2
original equation are the zeros of the function
_In(x+4) Inx
In2  In2°

5
E\
0 10

-5
From the graph of this function, the only zero is
x =4. Thus 4 is the only solution of the original
equation.

2
° i
InkerFseckion
o lH=18EA708 Jy=17
0 2
1.20
10
-10 ::3“; 10
i
InkFseckion
ek i : 2 ik W T o
-10
3.33
50. (3)2Y -4x=5
(3)2Y = 4x+5
oY _ 4x+5
3
In2Y — (4x+5j
3
yln2= In(4x+5)
3
4x+5
UGS
In2

The graph of the original equation is the graph of

Chapter 4 Review

|n(4ﬁ;5)
= In2
8
) fr/fg

-2
Chapter 4 Review Problems

1. log3243=5

2. 5% =625

4. log 100,000 = 5
5. In54.598 =4

6. 9'=9
7. Because 5° =125, logs 125 =3

8. Because 42 =16, log,16 =2

1

9. Because 37 = log, — = -4
93 81

81’

10. Because ( j , log: —4=3.

[E

11. Because [—j IOgl 9=-2

w

1

12. Because 42 =2, I0g42=%

13. 5% =625

14. logy —

153
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15.

16.

17.

18.

19.

20.

21.

22,

23.

24,

In(2x+3)=0
e% =2x+3
1=2x+3
2X=-2
x=-1

Because e"**4) = x 14 s
x+4=17
x=3

log8000 = log(2-10)° = 3log(2-10)
=3(log2+10g10) =3(a + 1)

2 1
log 9 IogST: IogB2 —log 22

NI

= 2Iog3—llogz = 2b—la: 2b—E
2 2 2

73

3log7-2log5 = log 78 —Iog52 =log—

52

5Inx+2|ny+|nz:lnx5+lny2+lnz
:In(x5y22)

2Inx+|ny—3|nz:lnx2+ln y—In23
2
X

:Inxzy—lnz3 :In—y
;3

logg 2—logg 4 —9l0gg 3
=logg 2—[Iog6 4+ logg 39J

1
3

=logg 2—Ioge(4-39):loge 4239 =lo

39,366
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25.

26.

27.

28.

29.

30.

31.
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%Iogz X+2log, G —3log,(x+1)—4log,(x+2)

1 2
=log, x? +1log, (xz) —[Iogz(x+1)3 + Iogz(x+2)4}

=log, (x%x“j —log, [(x+1)3(x+ 2)4}

9

S P (xs 2

4log x+ 2log y —3(log z + log w)
=log x*+ log y2 —3log zw
=log x*+ log y2 - Iog(zw)3

=log x4y2 —log AT
4,2
—1og Y
=log N
3,2
InX y :Inx?’yz—lnz‘5
;5
:Inx‘°’+lny2—lnz’5
=3Inx+2Iny+5Inz
1
In Jx =In/x =In(yz)? = Inx2 - 2In(yz)
(v2)?

=%In x=2(Iny+1Inz)

1
In3/xyz =In(xyz)® = %In(xyz)

=%(Inx+ln y+Inz)

T 3 2
In 2—2 =4Inz—2=4(lnxy —Inz )

:4(Inx+ln y3—ln 22)
=4(Inx+3Iny-2Inz)

. (1)1/2
In{— l}:ln :
x\z X

1
2
:In(lj —Inx
z
lIny

——Inx:l(ln y—Inz)—Inx
z 2
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

X 2 x X°
In (—j (—) :Inz—:lnxs—ln yzz3
y z y 23

=In x5—(ln y2+ln 23):5Inx—2ln y-3lnz

loge (X+5) _ In(x+5)

logs(x+5) =
93(x+3) log, 3 In3
3
log, (7x3 +5) = 10610 (7" +5)
l0gs0 2
_log(7x3 +5)
log2
logs 19 = logp19 _ 4.2479 ~1.8295
log,5 2.3219
In5
log,5=—~1.1610
94 In4

|n(16J§)=|n42+|nﬁ=2|n4+%|n3
1

=2y+=X
ar
log x33x+1
e
=log x33 x+l—|09m
=log x3+|0g\3/X+1—|Ogm
= 3Iogx+%|09J(X+1)—%|09(X2 +2)
10'°9% 4 10g10* +10g10 = X+ X +1=2x+1

log 102 + log(1000) -5 =log 102 + log (103 ) -5

=2+3-5=0

2
In exponential form, y = eX*2.
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42,

43.

44.

45.

46.

log(5x+1) = log(4x +6)

5X+1=4Xx+6
x=5

log3x+log3=2
log9x =2
9x =102
9x =100
100
X="—
9

34x _ 9x+1

X+1
34x _ 32(x+1)

dx=2(x+1)
dx=2x+2
2x=2
x=1

Chapter 4 Review
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_1
16
43—X:4—2
3—x=-2

x=5

48. 43X

49. log x + log(10x) =3
log x + log 10 + logx=3
2logx)+1=3
2 log(x) =2
logx=1

x=10' =10

50. logy(x+4)=Ilogy(x—2)+3

X+4
lo =3
gz[x_zj

ﬂ:f:g
X—2
X+4=8(x—2)=8x-16
20=7x
20
X=—
7

51. In(logy 3)=2
log, 3= e?
X =3
(Xez )—62 _ 3—62
2

2 2
Xe 6236

2
xt=37¢

52. logy x+log,y x=3
log, x+—Iogz X_3

log, 4
log, X+Iogsz:3

3
—log, x=3
> 92
log, x =2
x =22
x=4

53. X =14
3x=1In 14

X :In¥ ~0.880

5S.

56.

57.

58.

59.
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X = %Iog 5~ 0.466

3(10X+4 —3) -9

10%t4 —3=3

10X+4 _ 6
x+4=1log6
x=10g(6) — 4 ~ -3.222

7eX1_2-1

7eX 1 =3

e3x—l _ E
7

3x—1=|nE
7

3x:ln§+1
7

3
In7+1

X= ~0.051

4X+3 =7

In4**3 =n7
(x+3)Ind4=In7

Quarterly rate = ? =0.015

6% yr = 26 quarters
a. 2600(1.015)%% ~ $3829.04

b. 3829.04 —2600 = $1229.04
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61.

62.

63.

64.

65.
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Monthly rate = 011
12

5 yr = 60 mo.

60
4000 (1+ %) ~ $6915.66

12 (l% %j =14%

N = 600(1.05)!

&

b. Whenz=1, N =600(1.05)! = 630.
¢. Whenr=5, N =600(1.05)° ~ 766.

P = 6000[1+ (—0.005)]" or
P =6000(0.995)"

®

b. When =10, then
P = 6000(0.995)'° ~ 5707.

If1=2, R = 200,000 %% ~134,064
If =3, R =200,000e % ~ 109,762

N =10e %4

a. When =0, then N =10’ =10-1=10 mg
b. Whenr=2, then N =10e7%%2 ~ 4.4 mg

¢. Whent=10,then N =101 ~0.2 mg

In2~

—=17
0.41

e. IfN=1,thenl= 10e7041t Solving for ¢
gives
1
1 _oan
10

041t =1In i =-In10
10

_In10 _
0.41

t 5.6

66.

67.

68.

69.
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3
Because %: (%) , it will take 3 - 10 = 30 days
1 L
for 3 of the initial amount to be present.
_t
R =10e 4

_20 -1
a. Ifr=20, R=10e % =10e 2 6.

_t _t
b. 5=10e “, %:e 40 Thus

—Lzlniz—ln2
40 2
t=401n2 = 28.

Let d = depth in centimeters.

d
(0.9)% —0.0017
da
In(0.9)%° = 1n0.0017
9 110.9= 100017
20

~20In0.0017
In0.9

~1210 cm

Ti-Te=(T—Te), &
Tt _Te

(Te —Te )0

T —Te

(Tt -Te),

-at _

—at=1In
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70. For double-declining balance depreciation, the

2 n
equation is V :C(l——) .
N
2 n
700 =1800 (1——)
48
700 _(@j"
1800 | 48
1(5)
18 |24
7 23"
In| — |=In| —
18 24
7 23
In| = |=nIn| —
8 24

In(35) _

~

in(%)

The value drops below $700 at about 22 months.

71. 1

0 / 5
Maximumm

f=z.rifeBiz W=.ZE7EF7A4Y
-2

(=00, 0.37]

72. 10

LA L

Interseckion
H=-1.9c7861 I¥=-%. 16678

-1
1

yrm)
4

Interseckion
ok 1 L L ol s - L B

-10

-10

(~1.96, -3.17), (2.93, 1.60)
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73.

-10
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10

r 10

Inkerseckion
=g 5249191

Y= 901647y

-10

2.53

74.

10

InkgFseCkioh

e s e L —

0

0.37

75. y= Iogz(x2 +1) =

10

In(x2 +1)

In2

-2

-10

76. (6)5Y +x=2

5Y

6
2—X

_2-X

In5Y =In=—=
6

2—X

IN5=In——
y 6

-10
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77. 8

-2

y:izﬁzgx_z
9 32 '

If f(x)=3%, then we have y:3x—2 =f(x-2).

X

Thus the graph of y = % is the graph of y =3
shifted 2 units to the right.

Mathematical Snapshot Chapter 4

P(1—e
et
a T[N -1)=p(1-e™)
T(ek' 1) T(ek' 1)
1ok =PorP= 1o oK

Mathematical Snapshot Chapter 4

. From the text, the half-life H is given by

H —InTZ or, equivalently, k —In?2 IftH=1,

then k = Inl_2 . Thus

—d-In2
o) Plret™)
T:

ki 2,
e -1 gl I -1
p[1-[en2]* d
P(1—2‘ )

- elnz_l - 21

_P(l—z‘d)z(l—zid)P.
In2 In2

P=100,1=4,d=3,H = 8k——:—
H 8

TzP(l—e’dk') 100( . R
T _

100(1—[9'”2}_2J ) 100(1— 2‘3j e
[
(

b. R=P(1-¢ ) From part (a),
_3
P(l—e’dk' ) =100(1—2 2 J Thus

_3
R :100(1—2 2 j ~ 65.

00 10

As d changes, some of the coefficients need to
change from P to Y1 or vice versa.



Chapter 5

Principles in Practice 5.1 By graphing I, as a function of r, we find that,

when the nominal rate r = 0.077208 or 7.7208%,
L. Let P=518 and let n = 3(365) = 1095. the effective rate r, =0.08 or 8%.

S=P(+r)" 01

r 1095 i
S=518|1+—
3

By graphing S as a function of the nominal rate
r, we find that when r = 0.049, S = 600. Thus, at

the nominal rate of 4.9% compounded daily, the o li=rrzon _y=.oramssEt .o
initial amount of $518 will grow to $600 after ‘
3 years.
1000 - 4. The respective effective rates of interest are
n
found using the formula r, = (1+ L) -1.
n
Letn=12 when r=0.11:
0.11 2
o [H=.0u8 . . N=E000EiNE Lo = (1+—' j —1~0.1157 . Hence, when the
400 12
nominal rate r = 11% is compounded monthly,
2. Let P =520 and let r = 0.052. the effective rate is r, =11.57% . When
S=P@+r)"
@+ 0.1125Y*
0052 r=0.1125: r, =| 1+ ——| -1=0.1173.
S = 520[1+ : ] 4
365 Hence in the second case when the nominal rate
365.052 " r=11.25% is compounded quarterly, the
S= 520( . j effective rate is I, =11.73% . This is the better
: ] ' effective rate of interest. To find the better
By graphing § as a function of n, we find that investment, compare the compound amounts, S
when n = 2571, § = 750. Thus, it will take at the end of n years. With P = 10,000 and
2571 r, =0.1157,

365 =~ 7.044 years, or 7 years and 16 days for

S; = P(1+r)" =10,000(1+0.1157)", and, in th
$520 to grow to $750 at the nominal rate of 1 =P+ -+ )", and, in the

5.2% compounded daily. second case, when P = 9700 and r, =0.1173
800 - S, =P(1+r)" =9700(1+0.1173)" .
S
; $;(20) =10,000(1.1157)%° ~ 89,319.99

S,(20) =9700(1.1173)%° ~ 89,159.52
The $10,000 investment is slightly better over

o [Ezers . . w=rEonsrz [ 5000 20 years.
200 Problems 5.1
3. Letn=12. 8
n 1. a. 6000(1.08)° ~$11,105.58

I, = [1+1J 1
n b. 11,105.58 — 6000 = $5105.58
(12

I, = 1+—] -1
12

160
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a. 750(1.07) = $802.50
b. 802.5-750 = $52.50

(1.015)? —1~0.030225 or 3.023%

4
(1+0'%5j ~1=(1.0125)* 1~ 0.05095 or

5.095%

365
1+% —1~0.04081 or 4.081%
365

365
1+E —1~0.06183 or 6.183%
365

a. A nominal rate compounded yearly is the
same as the effective rate, so the effective
rate is 10%.

2
b. (1+0'—210J -1=0.1025 or 10.25%

4

C. [14—0%0] —1~0.10381 or 10.381%
12

d. [1—%—0'—]2'(3} —-1~0.10471 or 10.471%
365

e. (1—1—%} —1~0.10516 or 10.516%

4(5)
a. (1) 1000(1+OT€)7J —1000 ~ $414.78

4
(ii) (1+0'%7j ~1~0.07186 or 7.186%

0.07 12®)
b. () 1000(1+i—2] ~1000 ~ $417.63

12
(ii) (1+%j ~1~0.07229 or 7.229%

10.

11.

12.

13.

161
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0.07 52(5)
c. () 1000(1+¥) —1000 ~ $418.73

52
(ii) (1+%) —1~0.07246 or 7.246%

0.07 55
d. () 1000[1+— ~1000 ~ $419.02
365
365
(ii) (1+%) ~1~0.07250 or 7.250%

Let 1, be the effective rate. Then

2000(1+1, ) = 2950

5 2950
1 =
(L+re) 2000

Lo, =520

2000

o= 5 @ -1
\ 2000

r, ~0.0808 or 8.08%.

Let r be the monthly rate. Then
(1+1)%* =1835

Loy - 1835
1000

1+r= 84/@
1000

r=284 @ -1
\' 1000

r =0.0072529
This gives a nominal rate of approximately

12(0.0072529) = 0.0870 =~ 8.70% compounded
monthly.

From Example 6, the number of years, n, is

given by n= In2 ~ 8.0 years.
In(1.09)
From Example 6, the number of years, n, is
given by n= In2 ~14.2 years.
In(1.05)

6000(1.08)" ~ $10,282.95
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14. 3P =P(l+r)" 22. Let r be the required nominal rate.
12
3=(+1)" (1+Lj ~1-0.045
In3=nln(l +7) 12 .
__In3 (1+Lj —1.045
In(L+r) 12
1+~ 045
15. 21,500(1.06)%° ~ $38,503.23 1r2
- 181.045 -1
40
16. 21,500 [1+ O%ZJ ~ $26,247.08 r= 12[12 1.045 -1] ~0.0441

or4.41%.
17. a. (0.015)(12)=0.18 or 18%

365
23. a. (14— 0'0475) —1~0.0493 or 4.93%

b. (L.015)*2 —1~0.1956 or 19.56% 360

18. 2P =P(1.01)" 365
(1.0 b. (1+ 00475) -1~0.0486 or 4.86%
2=(1.0)" S
In 2 =nIn(1.01) .
In2 24. Let r be the nominal rate.
= ~ 70 months r 8
In(1.02) 801.06 = 700(1+ZJ

19. The compound amount after the first four years

P r _/801.06
is 2000(1.06)" . After the next four years the 1+Z V" 700
compound amount is 80106
[2000(1.06)4](1.03)8 ~$3198.54. - 4[8 = _1] ~0.0680 or 6.80%
20. 700 =500(1.02)" 25. Let ry = effective rate.
1.4=(1.02)" 300,000 =100,000(L+ 1, )*°
In(1.4) = n In(1.02)
(1+1,)° =3

In(1.4) e
n= ~17 quarters or 4 years, 3 months 10

In(1.02) 1+1, =23

_103 14
21. 7.8% compounded semiannually is equivalent to o =¥3-1~0.1161 or 11.61%.

an effective rate of (1.039)2 —1=0.079521 or

7.9521%. Thus 8% compounded annually,
which is the effective rate, is the better rate.

162
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26. Let P = average price of such a good,
n = number of days.

n
P P(1+ 0.0725}
n
5 [14 0.0725
365
In2=nlIn| 1+ 0.0725
365
n= In—2 ~ 3489.98 days
0.0725
In| 1+
365

or = 9.56 years

27. Let r = the required nominal rate.

r 28
420 (1+ E) =1000

r\?® 1000 50
14| SEEE Y
2 420 21

2 21

r= 2{282—2 —1:| ~ 0.0629 or 6.29%

28. 1000(1—0.01)%° =1000(0.99)%° ~ $817.91
Problems 5.2

1. 6000(1.05)"%° ~ $2261.34
2. 3500(1.06) % ~$2195.94
3. 4000(1.035)%* ~ $1751.83

4. 1740(1.015)"%* =$1217.21

—22
5. 9000(1+ Of‘(f)sj ~ $5821.55

-13
6. 6000(1+ m] ~ $3181.93

—60
7. 8000(1+ %} ~ $4862.31

163

10.

11.

12.

13.

14.

15.

Section 5.2

0.0875

-12
500 (1+ ] ~ $385.65

—4(365)
0.095 J ~ $6838.95

10,000 1+——=
( 365

—78
1250(1+%) ~$1021.13

-12
12,000(1+0'053j ~$11,381.89
12
0.071)72
12,000(1+' ) ~$11,191.31

27,000(1.03) %2 ~$14,091.10

550(1.025) 16 +550(1.025) % ~ $706.14

Let x be the payment 2 years from now. The
equation of value at year 2 is

x = 600(1.04) 2 +800(1.04)
x~$1238.58



Chapter 5: Mathematics of Finance ISM: Introductory Mathematical Analysis

16. Let x be the payment at the end of 5 years. The equation of value at year 5 is
0.08\%
3000[1+ ?) + x =7000

60
X =7000-3000 (1+ %}

X =~ $2530.46

17. Let x be the payment at the end of 6 years. The equation of value at year 6 is
2000(1.025)* + 4000(1.025) + x = 5000(1.025) +5000(1.025)

x = 5000(1.025) + 5000(L.025)~* — 2000(1.025)* — 4000(1.025)?
x = $3244.63.

18. Let x be the amount of each of the equal payments. The equation of value at year 3 is
1500(1.07)% + x(1.07) + X(1.07) + x = 3500(L.07) * +5000(1.07) 3
x[(1.07)? +1.07 +1] = 3500(1.07) " + 5000(1.07) > —1500(1.07)°
e 3500(1.07) " +5000(1.07) "% —1500(1.07)°
(1.07)? +2.07

X ~ $1715.44
19. a. NPV =8000(1.025)° +10,000(1.025)8 +14,000(1.025) 12 — 25,000 ~ $515.62
b. Since NPV > 0, the investment is profitable.
20. a. NPV =8000(1.03)™° +10,000(1.03)® +14,000(1.03) " — 25,000 ~ —$586.72

b. Since NPV < 0, the investment is not profitable.

21. We consider the value of each investment at the end of eight years. The savings account has a value of
10,000(1.03)'® ~ $16,047.06.
The business investment has a value of $16,000. Thus the better choice is the savings account.

22. The payments due B are 1000(1.07)5 at year 5 and 2000(1.04)14 at year 7. Let x be the payment at the end of 6
years. The equation of value at year 6 is X =1000(1.07)° (1.015)* + 2000(1.04)! (1.015)* x =~ $4751.73

-80
23. 1000 (1+ gjsj ~ $226.25

—-1460
24. 6500 1+M ~ $5137.67
360

164
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25. Let r be the nominal discount rate, compounded

quarterly. Then

-32
4700 = 10,000 (1+£)

4700 10,000
141 32
( +z)
r 2 10,000 100
140 =202
4 4700 47

1+£:32/@
4 a7
47

} ~ 0.0955 or 9.55%

Problems 5.3

1.

10.

11.

12.

13.

S = 4000e2-9625(6) + $5819.97
5819.97 — 4000 = $1819.97

S = 4000e%%%(®) ~ $6864.03
6864.03 — 4000 = $2864.03

P = 2500 ~0-96756) + $1456.87
P = 25000 0-98(8) + $1318.23

%4 _1~0.0408
Answer: 4.08%

%% _1~0.0833
Answer: 8.33%

2% _1~0.0305
Answer: 3.05%

e% _1-0.1163
Answer: 11.63%

s =100e%94(?) ~ $109.42

S =1000e%®) ~ $1271.25

P =1,000,000e%%0®) ~ $778,800.78
P = 50,0006 006C0) « $8264.94

a.  25,000(1+0.035)% =$59,081
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14.

15.

16.

17.

18.

19.

Section 5.3

b. P =59,081e (004)(25) . ¢19 181

With option (a), after 18 months they have
50,000(1+0.0125)® ~ $53,869.16

with option (b), they have
50,000e(®049)15) ~ $53,491.51.

Effective rate =e" —1. Thus 0.05=¢" -1,

e’ =1.05, r=1n 1.05 = 0.0488.
Answer: 4.88%

If r is the annual rate compounded continuously,
then at the end of 1 year the compound amount

of a principal of P dollars is Pe'® = Pe’ . This
amount must equal the compound amount of P
dollars at a nominal rate of 6% compounded

semiannually, which is F’(1.03)2 . Thus
Pe" = P(1.03)?
e’ =(1.03)

r =In(1.03)?

r=21n1.03 = 0.0591
Answer: 5.91%

3P = pel 0t
3= 00Tt

0.07t=1In3

M3
0.07
Answer: 16 years

t

4p = pe0)
4= eBOI’
30r=1In4
r= In—4 ~ 0.046
30
Answer: 5%

The accumulated amounts under each option are:
a. 1000e(00% ~ $1072.51

b. 1020(1.0175)* ~ $1093.30

c. 500e(00%9() 4 500(1.0175)*
~536.25+535.93 = $1072.18
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20.

21.

a. On Nov. 1, 2006 the accumulated amount is
10,000¢(%-0900) + $14 918.25.
On Nov. 1, 2011 the accumulated amount is
14,918.25(1.05)° ~ $19,039.89 .

b. 10,000(1.045)'° ~ $19,352.82 , which is
$312.93 more than the amount in part (a).

a.  9000(1.0125)* ~ $9458.51

b. After one year the accumulated amount of
the investment is

10,000¢%9%5 ~ $10,565.41 . The payoff
for the loan (including interest) is

1000 + 1000(0.08) = $1080. The net return
is 10,565.41 — 1080 = $9485.41.

Thus, this strategy is better by
9485.41 — 9458.51 = $26.90.

Principles in Practice 5.4

1.

Leta=64andlet r =% . Then, the next five

3 3)?
heights of the ball are 64(2)’ 64(2) ,

3 4 5
64 E , 64 E , 64 E , or 48 ft, 36 ft,
4 4 4
27 ft, 201 ft, and 15i ft.
4 16

Let a = 500 and let r = 1.5. Then, the number of
bacteria at the end of each minute for the first six

minutes is 500(1.5), 500(1.5)%, 500(1.5),
500(1.5)*, 500(1.5)%, 500(1.5)%, or 750, 1125,
1688, 2531, 3797, 5695.

The total vertical distance traveled in the air after
n bounces is equal to 2 times the sum of heights.

Ifa=6and r =% , then when the ball hits the

ground for the twelfth time, n = 12 and the
distance traveled in the air is

o )] )

1-r 1-

2
3

=~ 35.72 meters

166
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4. The amount of profit earned in the first two

years is the sum of the monthly profits.
Let a = 2000,
r=1.1, and n = 24.

2000(1—(1.1)24)
T

Thus, the company earned $176,994.65 in the
first two years.

~176,994.65

. Let R =500 and let n = 72. Then, the present

value A of the annuity is given by

-n 72
A I:{(1—(1+ r) ]:500(1—(“ r) J

r r

By graphing A as a function of r, we find that
when » = 0.005167, A = 30,000. Thus, if the
present value of the annuity is $30,000, the
monthly interest rate is 0.5167%, and the

nominal rate is 12(0.005167) = 0.062 or 6.2%.
50,000

i

o |#=miEi6? . v=EBERR.zL .| 05
10,000

. Since the man pays $2000 for 6 years and $3500

for 8 years, we can consider the payments to be
an annuity of $3500 for 14 years minus an
annuity of $1500 for 6 years so that the first 24
payments are $2000 each. Thus, the present
value is

3500&@0.015 —l500&m0.015
~ 3500(37.705879) —1500(20.030405)
=101,924.97

Thus, the present value of the payments is
$101,925. Since the man made an initial down
payment of $20,000, list price was

101,925 + 20,000 = $121,925.

= % =0.012, and n = 24.

AR{MJ

24 24
Al R(1—(1+0.012) J: R[1—(1.012) ]

0.012 0.012

By Graphing A as a function of R, we find that
when R =723.03, A = 15,000. Thus the monthly
payment is $723.03 if the present value of the
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annuity is $15,000.
20,000

0 [H=F23.0F088 N1t

1000

0

8. Find the annuity due. The man makes an initial
payment of $1200 followed by an ordinary
annuity of $1200 for 11 months. Thus, let

0.068

R=1200,n=11,and r :T.The present

value of the annuity due is

1200 [1+
11
12

0.068 } ~1200(1+10.635005)

~ 13,962.01
Thus, he should pay $13,962.01.

9. Let R =2000 and let r = 0.057. Then, the value

of the IRA at the end of 15
is given by

.. R[(1+ " —1}
r

S =2000
0.057

(1+0.057)%° -1

years, when n = 15,

]z 45,502.06

Thus, at the end of 15 years the IRA will be

worth $45,502.06.

10. Let R =2000 and let r = 0.057. Since the

deposits are made at the be
the value of the IRA at the
given by

n+l
S:R{M]_R_
r
Letn=15.

(1+0.057)16 -1

S =2000
[ 0.057

ginning of each year,
end of 15 years is

J— 2000 = 48,095.67

Thus, the IRA is worth $48,095.67 at the end of

15 years.

Problems 5.4
1. 64
64 (lj =32
2
2
64(1j _16
2
3
64(1j 3
2
4
64(1j =4
2
2.2
2(-3)=-6
2(-3)2 =18
2(-3)% =-54
3. 100

100(1.02) = 102
100(1.02)2 =104.04
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22,

. Observe that (1.1)71 =—= TR Thus

1[1—(0.1)6J
s= " J_j11m
1-01

10
11

and rzg.
11

At

6
10[1—(%) } ~4.355
1

= [ 10 =

255 s ~18664613

alﬂo o7 ~ 9107914

5870.0075 ~ 8.213180

Sm0.0125 ~11.713937

600a; ~ 600(4.917324) ~ $2950.39

0.06

1000a7, o ~1000(6.463213) = 6463.21
20008551, = 2000(14.992031) = $29,984.06
15008557, (75 ~1500(14.136995) ~ $21, 205.49

800+ 800a1ﬂ0'035 ~ 800+800(9.001551)

~ $8001.24
150 +150a_ o7 ~150+150(49.796588)
59 ETH
~ $7619.49

20005@0.0125 ~ 2000(45.115505)

~$90,231.01
6005}, 5, ~ 600(18.639285) ~ $11,183.57
50008557, o7 ~ 5000(40.995492) ~ $204,977.46

20005@0.03 ~ 2000(26.870374) ~ 53,740.75
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23.

24,

25.

26.

27.

28.

29.

30.

31.
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1200(Sm0.08 —1) ~1200(21.495297 1)

~ $24,594.36

eoo(sﬂm25 —1j ~ 600(46.000271—1)
~$27,000.16

175 -25
B

~ 175(30.304595) — 25(7.881321)

~$5106.27

1500 +150085 1) 475 ~ 1500 +1500(4.889440)
~$8834.16

R =00 2000 4456 40

“agloqs 10907505

3000-+ 250857, o, = 3000-+250(9.385074)
~ $5346.27

24
a. (50sm0_005)(1.005)

~ 50(54.097832)(1.005)%*
~ $3048.85

b. 3048.85 —48(50) = $648.85

Let R be the yearly payment.
275,000=R + RaﬂO 035

275,000 = R (1+ aﬂo_OgJ

275,000 = R(8.607687),
R~ $31,948.19

_ 48,000 ~ 48,000

R ~
smom 13.816448

~ $3474.12
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32. Let x be the purchase price. In the same manner
as in Example 12,

[50,000—0.08x] Slﬂo.oe =X

X

%10 ]0.06

50,000—-0.08x =

50,000 = 0.08x +

%10 ]0.06

1

Slﬂo.oe
50,000 N 50,000

= 1 ~
0.08+ Sioloce 008+ 13 136795

50,000 = x| 0.08 +

~ $320,800 .

,000

%10 J0.06

six years the value of the fund is
125,000

ﬂo 06 T 0

This accumulates to

33. The original annual payment is . After

25,000
— Saloos .07)%.
%10 ]0.06
Let x be the amount of the new payment.
25,000 4
XS = 25,000 2.07)
4 (0.07 ' 6 |0.06
d S1010.06 °]
25,000 ¢
25,000 - 1.07
B 0
X =
S4]o.07
[ 25,000 4
. 25,000 15 7gy765 (6.975319)(1.07) }
4.439943
x = $1725

34. Let x be the final payment.
— —6
5000 =1000a; 7, og + X(1.08)
5000 —10003@O og = X(1.08)7°

Thus
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35.

36.

37.

38.

39.

40.

41.

42,

43.
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x = (1.08)° (5000 ~1000ag, Osj

~ (1.08)®[5000 —1000(3.992710)] ~ $1598.44

C@017)®0 1
220 T 102.91305
%60]0.017 = 0017
120057 7.04494

aﬂo 052~ 0052

~ 480
75085575 0135 = {l ) }
: 0.0135

~ 55,466.57
@00 -1
100085570 61 1OOO{T
~ 230,038.69
_ 3000 _ 3000(0.01375) _
s (1013750 1 S13t.34
ﬁo.oms
25,000( 2.1
R= 2000 _ (12 <5 ~$531.18
a 0.1
60 |91 (1+ ﬁ)

200,000 +200,000a57,

-19
= 200,000+ 200,000 1-(@.10)
0.10

~$1,872,984.02
a. $650(12)(15) = $117,000
0.055
1- (1 0

b. 6503_’o 055 =650 T 0085
12

) 180

~$79,551.24

For the first situation, the compound amount is

{2000(51@.07 —1ﬂ 1.07)%°
11
= 2000{W—11 1.07)%°
0.07

~ $225,073,
so the net earnings are
225,073 — 20,000 = $205,073.
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For the second situation, the compound amount is

~ 1.07)% -1
2000(5@007 —1j = 2000|:T—1

~ $202,146,
so the net earnings are 202,146 — 60,000 = $142,146.

1— -0.05(20)
44. 100—————~ $1264
0.05

1 g0.046)
45. 40,000——— ~ $181,269.25
0.04

Problems 5.5
1. rR= 2000 8000  &r734p
Az5 04 29.258904
T
2. A=50a5:1) ,, ~50(30.107505) ~ $1505.38
3, R=_0000 8000  ¢r3619

Bggloss 33870766

Finance charge = 36(236.19) — 8000 = $502.84

4 a. R=_200 - 535312 ~ $45.13
alﬂo.mzs '
b. 12(45.13) — 500 = $41.56
5.2 Ro_00 700 450143
8y joos 33870766
12
b, 750022 g5
12
. 22143 -25=$196.43
6. a. R=_-2000 35000 _oon;is

aggpoos  41.119856

12

b. 35, OOO% =$227.50

c. 851.17 -227.50 = $623.67
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5000 5000

7. R= ~
aﬂom 3.387211

~ $1476.14

The interest for the first period is (0.07)(5000) = $350, so the principal repaid at the end of that period is
1476.14 — 350 = $1126.14. The principal outstanding at the beginning of period 2 is 5000 — 1126.14 = $3873.86.
The interest for period 2 is (0.07)(3873.86) = $271.17, so the principal repaid at the end of that period is

1476.14 —271.17 = $1204.97. The principal outstanding at beginning of period 3 is

3873.86 — 1204.97 = $2668.89. Continuing in this manner, we construct the following amortization schedule.

Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End
1 5000.00 350.00 1476.14 1126.14
2 3873.86 271.17 1476.14 1204.97
3 2668.89 186.82 1476.14 1289.32
4 1379.57 _96.57 1476.14 1379.57
Total 904.56 5904.56 5000.00
8. R= 9000 9000 ~ $1378.46

- % o0urs ~ 6.529036

The interest for the first period is (0.0475)(9000) = $427.50, so the principal repaid at the end of that period is
1378.46 — 427.50 = $950.96. The principal outstanding at the beginning of period 2 is 9000 — 950.96 = $8049.04.
The interest for period 2 is (0.0475)(8049.04) = $382.33, so the principal repaid at the end of that period is
1378.46 — 382.33 = $996.13. The principal outstanding at beginning of period 3 is 8049.04 — 996.13 = $7052.91.
Continuing in this manner, we construct the following amortization schedule. Note the adjustment in the final

payment.
Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End
1 9000.00 427.50 1378.46 950.96
2 8049.04 382.33 1378.46 996.13
3 7052.91 335.01 1378.46 1043.45
4 6009.46 285.45 1378.46 1093.01
5 4916.45 233.53 1378.46 1144.93
6 3771.52 179.15 1378.46 1199.31
7 2572.21 122.18 1378.46 1256.28
8 1315.93 62.51 1378.44 131593
Total 2027.66 11,027.66 9000.00
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900 900

9. R= ~
aﬂo'O% 4.645828

~$193.72

The interest for period 1 is (0.025)(900) = $22.50, so the principal repaid at the end of that period is

193.72 — 22.50 = $171.22. The principal outstanding at the beginning of period 2 is 900 — 171.22 = $728.78. The
interest for that period is (0.025)(728.78) = $18.22, so the principal repaid at the end of that period is

193.72 — 18.22 = $175.50. The principal outstanding at the beginning of period 3 is 728.78 — 175.50 = $553.28.
Continuing in this manner, we obtain the following amortization schedule. Note the adjustment in the final

payment.
Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End

1 900.00 22.50 193.72 171.22
2 728.78 18.22 193.72 175.50
3 553.28 13.83 193.72 179.89
4 313.39 9.33 193.72 184.39
5 189.00 4.73 193.73 189.00

Total 68.61 968.61 900.00

10. R= 10,000 ~ 10,000 ~ $2045.22

aST0.0075 4.889440

The interest for period 1 is (0.0075)(10,000) = $75, so the principal repaid at the end of that period is

2045.22 — 75 = $1970.22. The principal outstanding at the beginning of period 2 is 10,000 — 1970.22 = $8029.78.
The interest for period 2 is (0.0075)(8029.78) = $60.22, so the principal repaid at the end of that period is
2045.22 — 60.22 = $1985. The principal outstanding at the beginning of period 3 is 8029.78 — 1985 = $6044.78.
Continuing in this manner, we construct the following amortization schedule. Note the adjustment in the final

payment.
Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End
1 10,000.00 75.00 2045.22 1970.22
2 8029.78 60.22 2045.22 1985.00
3 6044.78 45.34 2045.22 1999.88
4 4044.90 30.34 2045.22 2014.88
5 2030.02 15.23 2045.25 2030.02
Total 226.13 10,226.13 10,000.00

11. From Eq. (1),

In[ 100 }
oo 100-1000000) | 11 oo
In(L.02)

Thus the number of full payments is 11.

2000 2000 .o,

12. a = ~
amo 01 37.973959
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b 52.67aj31 ) ~52:67(12.133740)
~ $639.08

c. (639.08)(0.01) = $6.39

d. 52.67-6.39=2546.28

e. 48(52.67) - 2000 = $528.16

8,000

13. Each of the original payments is 18,000 .

14.

15.

16.

5 0.035

After two years the value of the remaining
18,000
%5 o.035

semi-annual payment is

18, Oooalﬂo.035 1

payments is alﬂo.oss . Thus the new

B5lo.0ss  Arjo.0s
_18,000(9.001551) 1 20.
11.517411 8.760477
~ $1606.
R - 2000 2000(0.01_2) ~ $49.49
Soloows  1-(L.014)
a. Monthly interest rate is —
Monthly payment is
0.092
245,000 _ 245,000 12 5
a =
300 052 1—(1+—°f292)

~ $2089.69

b. 245,000(%} =$1878.33

c. 2089.69 —1878.33 = $211.36
d. 300(2089.69) — 245,000 = $381,907

0.132

a. Monthly interest rate is =0.011.
Monthly payment is
8500 oo 0011 _ }
amo.on 1-(1.011)
~ $228.88
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b. 48(228.88) — 8500 = $2486.24

In [100 2000(0.015 }
n= ~20000019) ] 93 956. Thus the

In1.015

number of full payments is 23.
o 9500 _ 9500{ 0.0077 _ }

%50 [0.0077 1-(1.0077)

~ $198.31

Present value of mortgage payments is
-360
0.076
1+ )

0.076

-
600255510076 = 600
12 12

~ $84,976.84
This amount is 75% of the purchase price x.
0.75x = 84,976.84
x=2$113,302.45 ~ $113,302

For the 15-year mortgage, the monthly payment

1S
240,000 0.005
1-(1+0.005) %

= 240,000
&8010.005

~ $2025.26
The finance charge is
180(2025.26) — 240,000 = $124,546.80
For the 25-year mortgage, the monthly payment
is

240,000

=240, OOO{ 0.005 }

8300 10.005 1—(1+0.005) 3%

~ $1546.32
The finance charge is
300(1546.32) — 240,000 = 223,896.00
Thus the savings is

223,896.00 — 124,546.80 = $99,349.20
25,000 _ 25,000
a5}0.0125 a@o.m

1 1

I %olo.o125s %60 ]0.01

00125 001
| 1-(2.0125%  1-(1.02)7®

= 25,000

= 25,000

~ $38.64
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22,

The government’s payment is
(y-x) a50 00925

5000 5000
- a=-70.0925

la 00925  Az70.04 12
@ 12 60 12

[ a 0.0925
60 [=5222
=5000 ]__L

a=-710.04
60 ETh

17(1+%)_60

0.0925

=5000{1-—2

-60
(1,004
1 (1+ 0 )
0.04
12

. 1-(140925)% 0

Chapter 5 Review Problems

1.

1

5
s:3+2+2~g+--~+3(gj
3 3

] o) e

]
3 81

12
(1—%%) -1=0.0512 or 5.12%

8.2% compounded semiannually corresponds to
an effective rate of (1.041)2 —1=0.083681 or

8.37%. Thus the better choice is 8.5%
compounded annually.

NPV =3400(1.035)" +3500(1.035) 8 — 7000
~-$1379.16

Let x be the payment at the end of 2 years. The
equation of value at the end of year 2 is

1000(1.04)* + x =1200(1.04)~* +1000(1.04) 8
x =1200(1.04)™* +1000(1.04)"® —1000(1.04)*
~ $586.60

25025 ~ 250(42.580318) ~ $10,645.08

0.005
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11.

12. a

13.

14.

ISM: Introductory Mathematical Analysis

a. A=200a, ~200(9.985648)
~$1997.13

b. S =200s53) o, ~ 200(16.626838)
~ $3325.37

15087, 54 ~150 =150(18.291911) ~150

~ 2593.79
200857000 — 200 ~ 200(13.532926) — 200
12

~ $2506.59

250855 ~ 250(15.589162) ~ $3897.29

0.025

5000 5000

~ ~ $886.98
5570.06 5.637093

7000 7000
ajou  33.870766

12

~ $206.67

b. 36(206.67) — 7000 = $440.12

Let x be the first payment. The equation of value
now is

x+2x(1.07) % =500(1.05) 2 +500(1.03)
X [1+ 2(1.07)—3} = 500(1.05)"3 +500(1.03) 8

. 500(1.05) " +500(1.03) 8

1+2(1.07)73
x =~ $314.00
n__ 3500 { 0.01375 _3}
%3]0.01375 1-(1.01375)
~ $1198.90

The interest for the first period is
(0.01375)(3500) = $48.13, so the principal
repaid at the end of that period is

1198.90 —48.13 = $1150.77. The principal
outstanding at the beginning of period 2 is
3500 — 1150.77 = $2349.23. The interest for that
period is (0.01375)(2349.23) = $32.30. The
principal repaid at the end of that period is
1198.90 — 32.30 = $1166.60. The principal
outstanding at the beginning of period 3 is
2349.23 — 1166.60 = $1182.63. Continuing, we
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obtain the following amortization schedule. Note the adjustment in the final payment.

Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End

1 3500.00 48.13 1198.90 1150.77

2 2349.23 32.30 1198.90 1166.60

3 1182.63 16.26 1198.89 1182.63

Total 96.69 3596.69 3500.00

15,000 15,000

15. R= ~
% o00rs 4889440

~ $3067.84

The interest for period 1 is (0.0075)(15,000) = $112.50, so the principal repaid at the end of that period is
3067.84 — 112.50 = $2955.34. The principal outstanding at beginning of period 2 is

15,000 — 2955.34 = $12,044.66. The interest for period 2 is 0.0075(12,044.66) = $90.33, so the principal repaid at
the end of that period is 3067.84 — 90.33 = $2977.51. Principal outstanding at the beginning of period 3 is
12,044.66 — 2977.51 = $9067.15. Continuing, we obtain the following amortization schedule. Note the
adjustment in the final payment.

Period Prin. Outs. Int. for Pmt. at Prin. Repaid
at Beginning Period End at End
1 15,000 112.50 3067.84 2955.34
2 12,044.66 90.33 3067.84 2977.51
3 9067.15 68.00 3067.84 2999.84
4 6067.31 45.50 3067.84 3022.34
5 3044.97 22.84 3067.81 3044.97
Total 339.17 15,339.17 15,000.00
1-(1+ %)_84
16. 540%1% =540 — 0 |® $32,527.80
12
17. The monthly payment is
11,000 =11,000 —% ) ~ $255.82
%5 |ooss 1-(1+0055)

The finance charge is 48(255.82) — 11,000 = $1279.36
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Mathematical Snapshot Chapter 5

L 0_-(;85 —0.0425, thus R = 0.0425(25,000) = 1062.50.

1-(1.0825)%°

+/1.0825 -1

P = 25,000(1.0825)2° +1062.50 -
~$26,102.13

2. &265 =0.0325, thus R = 0.0325(10,000) = 325.

On a graphics calculator, let Y1 = 10,389 and Y, = 10,000(1 + x) =7 + 325(1 = (1 + X)) = 7)/ (f(1+ X) —1) .
The curves intersect at 0.0590. The yield is 5.9%.

3. The normal yield curve assumes a stable economic climate. By contrast, if investors are expecting a drop in
interest rates, and with it a drop in yields from future investments, they will gladly give up liquidity for long-term
investment at current, more favorable, interest rates. T-bills, which force the investor to find a new investment in
a short time, are correspondingly less attractive, and so prices drop and yields rise.
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Principles in Practice 6.1

1. There are 3 rows, one for each source. There are two columns, one for each raw material. Thus, the size of the
matrix is 3 x 2. Alternatively, she could use a 2 x 3 matrix.

2. The first column consists of 1’s each representing the 1 hour needed for each phase of project 1. The second
column consists of 2’s for each phase of project 2 and so on. In general the nth column will consist of 2" ’s, each
representing the 2" hours needed for each phase of project n. The time-analysis matrix is as follows.

1 2 4 8 16
1 2 4 8 16
1 2 4 8 16
Problems 6.1
1. a. The size is the number of rows by the columns. Thus Ais 2 x3,Bis3x3,Cis3x2,Dis2x2,Eis4 x4,
Fis1x2 Gis3x1,His3x3,andJis 1 x 1.
b. A square matrix has the same number of rows as columns. Thus the square matrices are B, D, E, H, and J.
c. An upper triangular matrix is a square matrix where all entries below the main diagonal are zeros. Thus H
and J are upper triangular. A lower triangular matrix is a square matrix where all entries above the main
diagonal are zeros. Thus D and J are lower triangular.
d. A row vector (or row matrix) has only one row. Thus F and J are row vectors.
e. A column vector (or column matrix) has only one column. Thus G and J are column vectors.

2. A has 4 rows and 4 columns. Thus the order of A is 4.

3. ap; is the entry in the 2nd row and 1st column, namely 6.

4. @&y, is the entry in the 1st row and 4th column, namely 6.

5. agp is the entry in the 3rd row and 2nd column, namely 4.

6. ag, is the entry in the 3rd row and 4th column, namely 0.

7. ay4 is the entry in the 4th row and 4th column, namely 0.

8. agg is the entry in the 5th row and 5th column. But A has only 4 rows and 4 columns. Thus agg does not exist.

9. The main diagonal entries are the entries on the diagonal extending from the upper left corner to the lower right

10.

corner. Thus the main diagonal entries are 7, 2, 1, O.

o O o N

o O b~ W
o o o1 M
o0 N o o
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11.

12.

13.

14.

15.

16.

17.

18.

19.

'(_1)1+1 (12 +12) (—1)H+2 (12 +22)

(_1)2+1(22 +12) (_1)2+2(22+22)

[-2-1+3-1 -2-1+3-2 -2:1+3-3
—2-2+31 -2-2+3-2 -2-2+3-3
| —2-3+3-1 -2-3+3-2 -2-3+3-3

-2:1+3:5
—2:2+3-5
-2-3+43:5

4 7
-1 2 5 8 11
-3 0 3

ISM: Introductory Mathematical Analysis

1 10 13

6 9

12 - 10 = 120, so A has 120 entries. For ag3, i=3=j,s0 agz =1. Since 5 # 2, agp =0. For &g 19, i=10=},

so a9 10 =1. Since 12 # 10, ajp 19 =0.

The main diagonal is the diagonal extending from the upper left corner to the lower right corner.

a. 1,0,-5,2

b. xy,z

A zero matrix is a matrix in which all entries are zeros.

0000
0000
“1ooo0o0
000 0
0000 0 0
000000
L 000000
000000
000000
0000 0 O

IfAis7x9,then AT is9x 7.

AT_6—3T_ 6 2]
12 4] |3 4

2
4
AT=[2 4 6 8] =
6
8_
1
13 73]
. 3
AT=| 32 2 0| =
45 01
3
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20.

21.

22,

23.

24.

25.

26.

27.

28.

29.
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2 -1 0 2 -1 0
AT=|1 5 1| =[|-1 5
0 3 0

a. A and C are diagonal matrices.

b. All are them are triangular matrices.

2 10" [2 <10
AT=l-1 5 1| =[-1 5 1
0 13 0 13

Since AT = A, the matrix of Problem 20 is
symmetric.

r 1o | 2T
A = 70 ol = 00
- -1 9
171" o
(AT =| 0 0| = 20 9}:A
19| G
Equating corresponding entries gives 2x = 4,
y=6,z=0,and 3w="7. Thusx=2,y=6,z=0,
7
W=—.
3
Equating corresponding entries gives 6 = 6,
2=2,x=6,7=7,3y=2,and 2z="7. Thus
2 7
xX=6, y=—,72=—.
y 3 2

Equating entries in the 3rd row and 3rd column
gives 7 = 8, which is never true, so there is no
solution.

Equating corresponding entries gives 2x =y,
7=7,7=7,and 2y =y. Now 2y =y yields y = 0.
Thus from 2x =y we get 2x =0, so x = 0. The
solutionis x =0, y=0.

[125 275 400]
0.95
1.03
1.25
a. From ]J, the entry in row 3 (super-duper)

and column 2 (white) is 7. Thus in January,
7 white super-duper models were sold.
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b. From F, the entry in row 2 (deluxe) and
column 3 (blue) is 3. Thus in February,
3 blue deluxe models were sold.

c. The entries in row 1 (regular) and column
4 (purple) give the number of purple regular
models sold. For J the entry is 2 and for F
the entry is 4. Thus more purple regular
models were sold in February.

d. In both January and February, the deluxe
blue models (row 2, column 3) sold the
same number of units (3).

e. InJanuaryatotalof 0+ 1+3+5=9
deluxe models were sold. In February a total
of
2 +3 + 3 + 2 =10 deluxe models were sold.
Thus more deluxe models were sold in
February.

f. InJanuary atotal of 2 + 0+ 2 =4 red
widgets were sold, while in February a total
of 0 + 2 + 4 = 6 red widgets were sold. Thus
more red widgets were sold in February.

g. Adding all entries in matrix J yields that a
total of 38 widgets were sold in January.

The sums of the entries in the columns are 680,
710, 1510, and 6690. The sum of the entries in
the rows are 680, 710, 1510, and 6690. The
amount an industry consumes is equal to the
amount of its output. Industry B has to increase
output by (0.20)(90) = 18 units and industry C
has to increase output by (0.20)(120) = 24 units.
All other producers have to increase it by
(0.20)(420) = 84 units.

By equating entries we find that x must satisfy
x? +2000x = 2001 and Vx? = —x.
The second equation implies that x < 0. From the

first equation, X° +2000Xx—2001=0,
(x +2001)(x — 1) = 0, s0 x = —2001.

(3 -2
-4
| 5 6
311
17 4
4 3 1
2 6 2
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Principles in Practice 6.2

+
105 130

[120+110 80+1407] [230 220
B 190 255

120 80| [110 140
1. T=J+F=
{ } {85 125}

105+85 130+125

X1 40 248

2. 0.8/ % [-]30|=2]|319

X3 60 532
[0.8% | [40 496
0.8x, |—| 30 |=| 638
1 0.8x3 60| |1064
[0.8x, —40 496
0.8x,—30|=| 638
| 0.8x3-60 | |1064
Solve 0.8x; —40 =496 to get % =670.
Solve 0.8x, —30 =638 to get x, =835.
Solve 0.8x3—60=1064 to get X3 =1405.

Problems 6.2
2 0 -3 2 -3 4] 2+2 0+(-3) -3+4
1. |-1 4 O0|+|-1 6 5|=|-1+(-) 4+6 0+5
| 1 -6 5 9 11 -2 | 1+9 -6+11 5+(-2)
5 2 -7 . 7 _4_+ 2 7] [ 247+2 T+ (-4)+7
-6 4| |2 1] |7 2] |-6+(-2)+7 4+1+2
(1 4] [6 -1] [ 1-6 4-(-1] [-5 5
3. |2 7|-|7 2|=|—2-7 7-2|=|-9 5
|6 9| |1 0] | 6-1 9-0|] |5 9
1 1 1
J4 2 6 |2 209 36 1 2 3
4. 5 2 10 -12|= %-2 %-10 %(—12) =1 5 -6
0 0 8 1 1 1 0 0 4
20 20 38

5.2[2 -1 3]+4[-2 0 1]1-0[2 3 1]
=[4 -2 6]+[-8 0 4]-[0 0 0]
=[4-8-0 -2+0-0 6+4-0]
=[-4 -2 10]

6. [7 7] is a matrix and 66 is a number, so the sum is not defined.

180
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4 -3 1
-2 10 5
10 5 3
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1 2 7
7. { 4} has size 2 x 2, and {2} has size 2 x 1. Thus the sum is not defined.

o R O R K S [

o |2 67 1]_[62 -6-6 67 -61] [-12 36 42 -6
' 7 16 -2| |-67 61 66 —6(-2)| |-42 -6 -36 12

1 -1 -6 9 1 -1] [-18 27 19 -28

2 0 2 6| |2 0 6 18| |-4 -18
10. -3 = - =

3 -6 1 -2| |3 -6 3 -6 0 0

4 9 5/ [4 9] | 12 15| |-8 -6

[1 5 0 10 0 30] [ 1 -5 0] [2 0 6
11. —270+%050=—270+010=—28
4 6 10 520 25| | 4 6 10| |1 4 5

100 1 20 4 -2 2]) [3 0 O] -3 4 -2
12. 30 1 0|-3]|0 -2 1|-|-3 21 -9||=|/0 3 0|-3] 3 -23 10
0 01 0 01 0 1 0 0 0 3 0 -1 1

300

0 30

0 0 3

I /1o 3 3
-[12 -12 6

9 72 -30

0 3 0

13. —B:{_(S _5}(—1){_6 ‘5}{—1(—6) —1(—5)}{ 6 5}
2 3 2 3] | 112 -3 [-2 3
14. —(A—B):{Z_(_G) 1—(—5)}:{8 6}:[—8 _e}
3-2 -3-(-3) 10/ |-1 0
[o o} {2-0 2-0} {0 o}
15. 20=2 = _ _0
0 0| [2.0 2.0| |0 O

2-(-6)+(-2) 1-(-5+(-D] [ 6 5
3-2+(-3) -3-(-3)+3| |-2 3

ol 343 3l 00

4 4] [o 0
18. O(A+B) =0 = =0
s 2o of

16. A-B+C :[
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19. 3(A - C)is a2 x 2 matrix and 6 is a number. Therefore 3(A — C) + 6 is not defined.

2. Ascap) |2 H.[2HEO D] _[2+(8) 1+(-6)]_[6 5
F ATCHBI=1 a1 540 3+(=3)| |3+(-1) -3+0| | 2 -3

-6 -5 2 1 -2 _
21. 2B-3A+2C=2 3 +2
{2 _3} {3 —3} {_3 3:|
_[-12 -10] [6 3] [4 -2
| 4 6| |9 9] |6 6
_[-18 18] [4 2| _[-22 -15
|5 3|6 6] [-11 9
-6 -3] [-12 -10 6 7
22. 3C-2B= _ _
{‘9 9} { 4 —6} {—13 15}
2 1 —6 _5 _2 _1
3. Lao@+20)-1 s '
2 2[3 -3 2 3/7%3 3
6 -5
-2
{{ 2 -3

o[-0 -7]_|1 i r-20 147 [2 2
"l 4 3|73 _3|| -8 6| |1 _1
2 2 2

24. %A—S(B+C):{

1T
Njw s Nw
L

Njw N Njw N

Nlw
|
N|w N
|
|
(8]
lﬁl
|
~ 0o
|
o o
| I—
Il
1
Nlw
|
Nw N
S
+
’—.l;|
a5
w
© o
I
Il
1
NP '-E
l o
N NlH
I

-4 4] [-12 -12
25. 3(A+B)=3 -
5 -6 15 -18

6 3| [-18 -15] [-12 -12
3A+3B = n _

9 -9 6 -9 15 18
Thus 3(A + B) = 3A + 3B.

10 5
26. (2+3)A=5A=
15 -15

4 2] [6 3] [10 5
2A+3A= + =

6 -6/ |9 —9| [15 -15
Thus (2 + 3)A = 2A + 3A.

2k, ko | [2kiky  keko
7 talleh)= k{3k —3k }{% ky —3kk
2 2 142 1Ko

2k, kik
(kp)A=|“ 12 a2
3kiky  —3koko
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k(A—ZB+C)=kH2 1}{—12 —10}{—2 _1D:k[12 10}{1% 10k}
3 -3 4 6| |3 3 4 6| |-4k 6k

2k k -12k -10k -2k —k 12k 10k
kA —2kB +kC = - + =
3k -3k 4k -6k -3k 3k -4k 6k

Thus k(A — 2B + C) = kA — 2kB + kC.

28.

=]

2 11 3 6 11 4 7
29. 3A+D' =3|0 -1|+| 2 0f=| 0 =3[+ 2 0|=| 2 -3
7 0 -1 2 21 O -1 2 20 2

o fr 3] to]]" [o 3] [o 3
30. (B-C)' = _ - _
4 1] |1 2 3 -3 3 -3
T T 1 4] 11 2 8] [3 3] [-1 5
31. 2B' -3c' =2 -3 - _ _
3 -1 |0 2 6 2| |0 6 6 -8
T 1 3] [1 4] [2 6] [1 4 3 10
32. 2B+B' =2 ¥ - + _
4 -1| |3 -1| |8 -2| [3 -1] [11 -3

. 10" 12 -1 | , T .
33. C -D= 12|~ is impossible because C' and D are not of the same size.

10 2]
T 12 -1 [1 o0 7"
34. (D—ZAT) - -2
10 2| 2 <10

S A

-1 -3
= 2 2
-15 2

< LHH]
e

Equating corresponding entries gives
3X+4y =6
{Zx -7y =12
Multiply the first equation by 2 and the second equation by -3 to get
6x+ 8y=12
{—GX +21y =-36
Now add the two equations to get
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29y =-24
,_ 2
29
Therefore
ax=6-4 - 24)_270
29 29
90
X =—
29
The solution is X = %, y= —ﬁ.
29 29

)5
FEE
R
EHEWE
a5

4
3y—-12=-8,3y=4, 0or y=§.

Thus x = 6, y—i

3
—X
"2y
3x-28| |-x
6+4y | |2y
3x-28=—x,4x=28,0orx=17.
6+4y=2y,2y=-6,0ory=-3.
Thus x=7,y=-3.
[2 X -10
39. [4]|+2] y|=|-24
6 47 14

[2+2x -10
4+2y|=|-24
_6+82 14

2+2x=-10,2x=-12, or x = -6.

4+2y=-24,2y=-28 ory=-l4.

6+8z=14,8z=8,0rz=1.
Thus x=-6,y=-14,z=1.

184

40.

41.

42,

43.

44.

45.

wn

46.

ISM: Introductory Mathematical Analysis

2 -1 0 10
X|0[+2] O|+y| 2|= 6
2 6 -5 2X+12 -5y
2x—2 10
2y = 6
2x+12-5y 2x+12-5y

2x—-2=10,2x=12,0orx=6.

2y=6o0ry=3.

2x 4+ 12 — 5y = 2x + 12 — 5y, which is true for all
values of x and y. Thus x =6, y = 3.

30 50 15 25
X+Y =|800 720 |+|960 800
25 30 10 5
30+15 50+25 45 75
=|800+960 720+800|=|1760 1520
25+10 30+5 35 35

380 330 220 | |400 350 150

460 320 750| |450 280 850

[2-380 2-330 2.220
“12:460 2-320 2.750

400 350 150
450 280 850

(760 660 440 400 350 150
920 640 1500| | 450 280 850

470 360 650

[360 310 290}

P+0.1P=[p; p2 p3]+[0.1p; 0.1p, 0.1ps]
=[1.1p; 1.1p, 1.1ps]=1.1P

Thus P must be multiplied by 1.1.

(A-B)T =[A+(-1)B]" [definition of subtraction]
=AT + [(—l)B]T [transpose of a sum]

=AT +(-)BT [transpose of a scalar multiple]

=AT_BT [definition of subtraction]
15 -4 26
4 7 30

-16 -11 -24
-16 -3 -36
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-10 22 12
24 36 44

Principles in Practice 6.3

1.

Represent the value of each book by
[28 22 16] and the number of each book by
100
70
90
The total value is given by the following matrix
product.
100
[28 22 16]| 70 |=[2800+1540+1440]
90
=[5780]
The total value is $5780.

The total cost is given by the matrix product PQ.

250
PQ=[2625 3475 28.50] 325
175

= [6562.5 +11,293.75+ 4987.5] =[22,843.75]
The total cost is $22,843.75.

First, write the equations with the variable terms
on the left-hand side.

y+§x—8
5

1
y+=X=

5
S
3 3

1

Let A= ,X:[y}, and B =
X

Then the pair of lines is equivalent to the matrix

3§

W~ oo
wlor oo

1

W~ oo
wlol ol

1

Problems 6.3

1.

2.

equation AX =B or

¢ =1(0)+3(-2) + (-2)(3) = -12
Co3 =—2(3)+1(-2)+ (-)(-1) =—7
C3p =0(-2)+4(4)+3@1) =19

Caz = 0(3) + 4(-2) + 3(~1) = -11

185

10.

11.

12.

13.

14.

15.

16.

17.

18.

Section 6.3

C31 =0(0)+4(-2)+3(3) =1
¢p =1-2)+3(4)+(-2)(1) =8

Ais2x3andEis3x2,s0 AEis 2 x 2;
2 - 2 =4 entries.

Dis4x3andEis3x2,soDEis4 x 2;
4 - 2 = 8 entries.

Eis3x2and Cis2x5,s0 ECis 3 x 5;
3 -5 =15 entries.

Dis4x3andBis3x1,soDBis4 x 1;
4 - 1 =4 entries.

Fis2x3andBis3x1,so0FBis2 x 1;
2 -1 =2 entries.

Bis3 x 1and Cis 2 x 5. Because the number of
columns of B does not equal the number of rows
of C, BC is not defined.

Eis3x2, ET is2x3,and Bis3 x 1, so
EE'B is3 x 1;3 - 1 =3 entries.

Ais2x3and Eis3 x2,s0 AE is 2 x 2. Thus
E(AE)is 3 x 2;3 - 2 = 6 entries.

Eis3x2. Fis2x3andBis3 x 1, so FB is
2 x 1. Thus E(FB) is 3 x 1; 3 - 1 = 3 entries.

BothFand Aare2x3,s0F+Ais2 x 3.
Because Bis3x 1, F+A)Bis2x1;2-1=2
entries.

An identity matrix is a square matrix (in this
case 4 x 4) with 1's on the main diagonal and all
other entries 0's.

1000
0100
Iy =

0010
0001
1000 0 0]
010000
[0 01000
000100
000010
00000 1
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19.

20.

21.

22,

23.

24,

25.

26.

2 4] 4 0] [24)+(-4)(-D) 20)+(-4@E)] [12 -12
-1 3| [3(4)+2(-D) 3(0)+23) | |10 6

s 4|7 AD+AE) 0-D)+4(4)|=|12 16
- 20+13) 2(-+14)| |5 0

-1 1]1 9] [—1(1) +1(3) 1(2)+1(4)] r 6]
O =

(2 0 3 i_ 2()+0(4)+3(7)] [23
-1 4 5|, 1) +4(4)+5(7) | |50

[L 0 6 2] |=[10)+0()+6(2)+2(3)] =[18]

[0
1
2

13

14 -1][2 10
0 0 2|0 -1 1
-2 1 1f[1 12

f(z)+4(0)+(—1)1 1) +4(-1) + (D) 1(0)+4(1)+(—1)(2)] {

0(2)+0(0)+2(1) 0L +0(-1)+2(1)  0(0)+0(L)+2(2)
22)+1(0)+1() 2 +1(-1)+1()  -2(0)+1(1) +1(2)

4 2 -2)13 110
3 10 0f0 0 0 O
1 0 20 1 0 1

=| 3(3)+10(0)+0(0)  3(1)+10(0)+0(L)  3(1)+10(0)+0(0)

| 1(3)+0(0)+2(0) 1(1) + 0(0) + 2(1) 1(1) + 0(0) + 2(0)
(12 2 4 -2
=9 33 0
|33 1 2

15 -2 -1
M -25/00 2 1
10 1 -3

=[1+0-5 5+0+0 —2-4+5 —1-2-15]
=[-4 5 -1 -18]

ISM: Introductory Mathematical Analysis

1 -4 2
2 2 4
-3 -2 3

[4(3)+2(0) +(-2)(0) 4(1)+2(0)+(-2)1) 4(1)+2(0)+(-2)(0) 4(0)+2(0) +(-2)(1)

3(0) +10(0) +0(2)
1(0) +0(0) +2(1)

The first matrix is 1 x 2 and the second is 3 x 2, so the product is not defined.
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2 2 23) 2(-2) 2(3) 4 6 -4 6

320 33 32 33| |6 9 6 9
-4(2) —4(3) -4(-2) -43)| |-8 -12 8 -12
1 12) 13) 1-2) 1(3) 2 3 -2 3

3
27. [2 3 2 3]=
4

- 0 1}{1 0 1} {0 1 o}}{o 1}{1 1 1}
110/ (001 2 3|1 11
[ow+11) o@W+1®) oW+ [1 1 1

T2 +3M)  2(1)+3() 2(1)+3(1)} {5 5 5}

1 2
0o 2
29. 3 +2 3 4
3 -1 1 1 -2
56
_ _ 1 2
-2 0 2 -2 0 4
=3 + 3 4
3 -11 2 2 -4
- - 5 6
_ ~11 2 1 2
-4 0 6 -12 0 18
=3 3 4= 3 4
5 1 -3 15 3 -9
- /15 6 5 6

_[-12@)+0(3)+18(5) -12(2)+0(4)+18(6)] [ 78 84
T115@) +3(3)+ (-9)(5) 15(2)+3(4)+(-9)(6) | |-21 -12

30 [1 —1}[—1 0 -10 o}

"0 321 211
=[1(—1)+(—1)(2) 10)+ED@) 1-D+(D@2) 10+ (D@ 1(0)+(—1)(1)}
0(-D)+3(2) 0(00)+3() 0(-D+3(2) 0(0)+3@1)  0(0)+3(1)

IR

w0 S 2 O s )
s e SR

o ERIn PR R (B
1EER B e
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33.

34.

35.

36.

37.

38.

39.

40.

ISM: Introductory Mathematical Analysis

0 0 1]x] [0-x+0-y+1-z] [z
0 1 0fly|=|0-x+1-y+0-z|=|Yy
11 0 0))z 1.-x+0-y+0-z| |x
ETRGD M Xl} _ {allxl +24p%; |
(821 @22 || X2 821X +8a22X3 |
21 3|t 2% + X9 +3X3
49 7} X2 :{4x1+9x2+7x3}
L Xa
2 -3 2% — 3%,
0 1{)(1}: Xo
2 1V {24,
1 00 300
D—lElzD—lE= 011 —EO 6 0
3 8 1 21 3 0 0 3
1 0 0 1 00
=0 1 1|-|10 2 O
1 2 1] (001
[0 0 0
=0 -1 1
1 20

s znc-9
1o o)
ool

-2

B(D+E):{ )

[-8 213
| 5 26 0

o 3

2+0+0

-

3 0]
4 1]

|

-

1+0+0 0+0+0 0+0+0 1
0+0+1 0+1+2 O+1+1|=|1
1+0+1 0+2+2 0+2+1 2

0
3
4

w N O

3 0]
4 1

-2+9+0
1+0+2 1-12+4

(-1

| -2

= O M

-20|

N N O

23

-8+0+0 0+21+0 0+3+0
4+0+1 0-28+2 0-4+4

0
l:
4
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1
, 2500300
41. 3I—§FE=3I—§0 % 0{{0 6 0
10 0 3
:005
3-3+0+0 0+0+0 0+0+0
:3|—§ 0+0+0 %-6+0 0+0+0
0+0+0 0+0+0 0+0+%.3
_ 2 7
L1 0 0] 300 5 0015300
=3|—§o10=o30—o§0=0§0
00 1| |0 0 3 2 7
L 00 % (00 £
(1
3 003 0 0)rft 0010 0
42.FE(D—I):O%0060 0 1 1/-/0 10
0o o 4/0 0 3J(|1 2 1]]00 1
L 3
1 0 0][0 0 O
=0 1 0}l0 0 1
00 1][1 20
=[0 0 0]
00 1
12 0]
(1 0 0)[-1 1 -1+0+0 1+0+0
43. (DC)A=4/0 1 1| 0 3|'A=| 0+0+2 0+3+4|A
1 2 1| 2 4 -1+0+2 1+6+4

-1 1 1 o -1+0 2+3 -1 5
= 2 7 }= 2+0 -4+421|=| 2 17
1+0 -2+33 1 31

-1 1
-2 2+0+0 -2+9+0] [1 -2][2 7
44. ABC)=A 0 3|l=A _
1 -4 1 5 4 ~1+0+2 1-12+4| |0 3|1 -7
[2-2 7+14] [0 21
“10+3 0-21| |3 -21

45. Impossible: A is not a square matrix, so A? is not defined.

w
o

10 1-10
T 1 -10
46. ATA=|-1 1 -1 21
0 11
01 0 11
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m
1
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L
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2
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0
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0 0 -1 0 0 -2 0 40
52. 2B)"={2/2 -1 0|t ={4 =2 0| =0 20
0 0 2 0 0 4 2 0 4
20 0P 200
53. 2)%-21?=21%-21=|0 2 0| -{0 2 O
002 (002
2 0 0][2 0 0] [200] [400][200]T 200
=|0 2 0|/0 2 0|-|0 2 0|=|0 4 0|-|0 2 0|=|0 2 O
00 2/l0 02/|002] [004|]|00 2] |00 2
10 0]
54. AT is3x2, CTis2x3,andBis3x3,50 ATC'B is3x3and (ATC'B)’=1=/0 1 0
00 1]
55. Ad-0)=A() =AL SinceIis 3 x 3 and A has three columns, AI = A. Thus A(I—O):A:; _i 2
000
56. 1'0=10=0=[0 0 0
000
1 1 0)° 0 2 1 -1
57. (AB)(AB)T:[O L 4|2t o (AB)T:{ 1 2}(AB)T
o 0 2
PRI R 6 -7
:{2 -1 2} L {—7 9}
-1 2]
58. B2 -3B+2l
[0 0 -1][0 0 -1 0 0 -1 100
=2 -1 0f/2 -1 0]-3[2 -1 0|+2[0 1 0
0 0o 2[[o o 2 0 0 0 1
00 2] [0 0 -3][20 0
=|-2 1 -2|-|6 -3 0|+/0 2 0
|00 4/ [0 0 6] (00 2
o0 1] [2 00 2 0 1
=|-8 4 -2|+|0 2 0|=|-8 6 -2
|00 2] (00 2 00 0
59. AX=B
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X

I
1
< X
| E—

9yl |5]
60. AX=B
3 11
A=|1 -1 1
5 -1 2
[ x
X=|y
_Z
[ 2
B=| 4
112
3 1 1)«x 2
The system is represented by | 1 -1 1{ly|=| 4 |.
5 -1 2|z 12
61. AX=B
2 -1 3
A=|5 -1 2
13 -2 2
[r
X=|s
|t
9
B=| 5
111
2 -1 3||r 9
The system is represented by |5 -1 2||s|=| 5]|.
3 2 2|t 11

62. “the/falcon/has/landed” converted to corresponding numbers and slashes is “20, 8, 5/ 6, 1, 12, 3, 15, 14/ 8, 1, 19/
12,1, 14, 4, 5, 4.” Taking the numbers two at a time as 2 x 1 matrices and multiplying them by E gives:

1 3][20] [1.20+3-87] [20+24] [44
2 4| 8| [2.20+4-8| |40+32| |72

2 el ree) e Lo

192



ISM: Introductory Mathematical Analysis Section 6.3

1
]
1
]

L
1T
L

14] [114+3-4] [14+12
4| |2-14+4-4) |28+16) |44

5] [1:5+3-4] [ 5+12] [17
2 4)|4] |25+4-4) |10+16] |26

1 3] 1] [11+312] [1+36

2 4)|12] 7| 2-1+412] {2—%48} { }
1 3][ 3] [1:3+3:15] [3+45

2 4]|15] |2-3+4-15) {&ﬁJ {}
(1 3][14] [1-14+3-8] [14+24

2 4] 8] |214+4-8] {28—%32} { }
1 3] 1] [1-1+319] [1+57

2 4__19_::_2-14-4-19} {24—76} { }
1 3][12] [1.12+3-1] [12+3

2 4] 1] |2:12+4. 1} {244-4} { }
13

2 4

13

The encoded message is
44,72,23/ 34, 37, 50, 48, 66, 38/ 60, 58, 78/ 15, 28, 26, 44, 17, 26.

55
63. [6 10 7][150 |=[6-55+10-150+7-35]
35
= [330 + 1500 + 245]

= [2075]
The value of the inventory is $2075.

100
150
64. [200 300 500 250] _ |=[240,000]

300
The total cost of the stocks is $240,000.

65. Q=[5 2 4]
5 20 16 7 17
R=[7 18 12 9 21
6 25 8 5 13

[2500]
1200
C=| 800
150
| 1500
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5.2500+20-1200+16-800+ 7-150+17-1500
QRC=Q(RC)=Q| 7-2500+18-1200+12-800+9-150 + 21-1500
6-2500+25-1200+8-800+5-150+13-1500
75,850
= [5 2 4] 81,550
71,650
=[5(75,850) + 2(81,550) + 4(71,650)]
=[828,950]
The total cost of raw materials is $828,950.

(3500 50 ]
(5 20 16 7 17]/1500 50

66. a. RC=|7 18 12 9 21{/1000 100

16 25 8 5 13| 250 10

13500 0|
17,500+ 30,000 +16,000+1750+59,500 250+1000+1600+70+0
=| 24,500+ 27,000 +12,000+ 2250+ 73,500 350+ 900+1200+ 90+ 0
| 21,000+37,500+8000+1250+45,500  300+1250+800+50+0
(124,750 2920

=1139,250 2540

113,250 2400

124,750 2920
b. QRC=Q(RC)=[5 7 12]|139,250 2540
113,250 2400

—[623,750+974,750+1,359,000 14,600 +17,780 + 28,800]

=[2,957,500 61,180

1
¢. QRCZ=(QRC)Z =[2,957,500 61,180]M
=[2.957,500 + 61,180] = [3,018,680]

67. a. Amount spent on goods:
10,000

coal industry: DcP = [0 1 4] 20,000 | =[180,000]
40,000
10,000
elec. industry: DgP = [20 0 8] 20,000 | =[520,000]
40,000
10,000
steel industry: DgP =[30 5 0]| 20,000 | =[400,000]
40,000
The coal industry spends $180,000, the electric industry spends $520,000, and the steel industry spends
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$400,000.
10,000

consumer 1: D1P=[3 2 5] 20,000 | =[270,000]
40,000
10,000

consumer 2: D,P =[0 17 1] 20,000 | =[380,000]
40,000
10,000

consumer 3: D3P =[4 6 12]| 20,000 |=[640,000]
40,000

68.

Consumer 1 pays $270,000, consumer 2 pays $380,000, and consumer 3 pays $640,000.

From Example 3 of Sec. 6.2, the number of units sold of coal, electricity, and steel are 57, 31, and 30,
respectively. Thus the profit for coal is 10,000(57) — 180,000 = $390,000, the profit for elec. is
20,000(31) — 520,000 = $100,000, and the profit for steel is 40,000(30) — 400,000 = $800,000.

From (a), the total amount of money that is paid out by all the industries and consumers is
180,000 + 520,000 + 400,000 + 270,000 + 380,000 + 640,000 = $2,390,000.

The proportion of the total amount in (c) paid out by the industries is
180,000 +520,000+ 400,000 110

2,390,000 © 239
The proportion of the total amount in (c) paid by consumers is
270,000 +380,000+640,000 129

2,390,000 239

(A +B)(A -B)=A(A - B) + B(A — B) [dist. prop.]

= A’ _AB+BA-B? [dist prop.]
=A? -BA+BA-B? [AB=BA, given]

. |

1 2] 2
1 2(-1

—3}_ 12)+(2)(-1) 1(—3)+2(§) _{0 0}
3| 1@+ 1-g+2(3)| L0 0

a 00 d 00
70. Let D;={0 b O|and D, =|0 e O
0 c 0 0 f
[a 0 0][d 0 0] [ad O O]
a. DD,=(0 b 0|0 e O|=| 0 be O
|10 0 cj[O O f] |0 O cf]
[d 0 O]fa 0 0] [ad O O]
D,D;={0 e 0|/|0 b O|={ 0 be O
0 0 fJl0O O c 0 0 cf]

Both D;D, and D,D; are diagonal matrices.
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71.

72.

73.

74.

b. From part (a), D;D, = D,D;. Thus D; and
D, commute. [In fact, all n x n diagonal
matrices commute. |

(7282 -98
5132 -36.32

[23.994 -20.832 -12.648
| 26.164 7.44 -168.64

15.606 64.08
| —739.428 373.056

[11.952 54.06
1 86.496 278.648

Principles in Practice 6.4

1.

The corresponding system is
6A+B+3C =35
3A+2B+3C =22
A+5B+3C =18

Reduce the augmented coefficient matrix of the
system.

6 1 3|35
3 2 3|2
15 3|18
15 3|18
RoRs 13 2 3|22
6 1 3|35
1 5 3| 18
SRRy 1o 13 6|32
ORi+Rs 1y 99 15|73
ig, 1 5 3| 18
18 ‘o 1 % %
0 —29 -15|-73
10 2| &
-5R;, +R 1 06 | 2
29R, +R3 - 121 1;
13 13
s |10 u|m

a8 |1 6|32

13 | 13

o
o
[EE
[EEN

ISM: Introductory Mathematical Analysis

100]5
9
LA N N
6
1Rs+tR2 1y g 9

Thus there should be 5 blocks of A, 2 blocks of
B, and 1 block of C suggested.

. Let x be the number of tablets of X, y be the

number of tablets of Y, and z be the number of
tablets of Z. The system is

40x + 10y + 10z = 180

20x + 10y + 50z = 200

10x + 30y + 20z = 190

Reduce the augmented coefficient matrix of the
system.

40 10 10 |180
20 10 50| 200
10 30 20190

10 30 20190

R oRs 120 10 50200
40 10 10 | 180
) 13 2|19
?Rl> 2 1 5|20
? 2 141 1|18
10R3
1 3 2] 19
“2Ri+Ry 1o 5 1]-18
-4R; +R3

She should take 3 tablets of X, 4 tablets of Y,
and 2 tablets of Z.
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. Leta, b, ¢, and d be the number of bags of foods
A, B, C, and D, respectively. The corresponding
system is
5a+5b+10c+5d =10,000
10a+5b+30c+10d = 20,000
5a+15b+10c + 25d = 20,000

Reduce the augmented coefficient matrix of the
system.

5 5 10 510,000
10 5 30 10| 20,000
5 15 10 25| 20,000

) 1 1 2 1] 2000
sRy
5 110 5 30 101 20,000
5 15 10 25 | 20,000
1 2 1| 2000
M> 0 -5 10 0 0
5R, +R
1*R3 19 10 0 20]10,000
. 1 1 2 1| 2000
-iR,
572019 1 22 0 0
0 10 0 2010000
e [rooa 1| 2000
ﬁ> 01 -2 0 0
2773 19 0 20 20]10,000
1. [0 0 4 0]2000
203 1001 2 0| o0
00 1 1| 500
sk 00 3] 0
"2R3—+Rl> 0 10 21000
37R2 19 0 1 1] s00

This reduced matrix corresponds to the system
a-3d=0

b+2d =1000
c+d =500

Letting d = r, we get the general solution of the
system:
a=73r
b =-2r+ 1000
c=-r+500
d=r

Note that a, b, ¢, and d cannot be negative, given
the context, hence 0 < r < 500. One specific
solution is when r = 250, then a = 750, b = 500,
¢ =250, and d = 250.

Section 6.4

Problems 6.4

1.

*

9.
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The first nonzero entry in row 2 is not to the
right of the first nonzero entry in row 1, hence
not reduced.

Reduced.
Reduced.

In row 2, the first nonzero entry is in column 2,
but not all other entries in column 2 are zeros,
hence not reduced.

The first row consists entirely of zeros and is not
below each row containing a nonzero entry,
hence not reduced.

The first nonzero entry of row 2 is to the left of
the first nonzero entry of row 1, hence not
reduced.

1 3 —4R1+R2> 1 3
4 0 0 -12

_1R

22 |13
01

“SRy+Ry |10
01

0 302 RReoR, [1 5 0 2
%
1 50 2

—

1
-ng 150
010 —

© O whN

5R,+R; |1 0
%
0 1

|
wlno w|5
1

2 46
1 2 3 M>
1 2 3

E- N NS T )
D W W

R, +R L
MitRa )
—2R1+R3 0

o o N
o O w
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2 3 1 —6|_or,+R, [l 6 1 -6]6R,+R, 10
. |1 8/RioRy |2 3|-4Ri+Ry |0 15 isR2 [0 1/-32R,+Rs |0 1
" |4 8 4 8|-R;+R, |0 32 0 32|-13R,+R, |0 0
1 7 1 7 0 13 0 13 00
2 0 3 1 4 2 2
14 2 2 2 0 31
11. R O Ry
-1 3 1 4 -1 3 1 4
0210 0210
1 4 2 2 1422
_1 13
—2R1+R 0 —8 -1 —3 8R2> 0 1 g §
R1+R3 0 7 3 6 0 7 3 6
0 2 1 0 0210
i 3 1] i 3 1]
10 3 1 103 1
—4R2+R1 1 3| g 1 3
TRy+Rg |0 1 5 g|Rs |01 g
—2R, +R oz 2
2*R4 0 0 i Z 00 1 Z
3 3 3 3
00 3 -4 00 3 %)
: o
—%R3+Rl 100_ﬁ
3
—%R3+R2> 010 17
_3 27
4R3+R4 0 0 1 7
33
000 ¥
32
100 —97132R4+R1 1 0 0 0
—%R4 010 %—%R4+R20 100
27
00 1 2Z|-7Rs4+Rg|0 0 10
000 1 0001
0 02 2 03 1 03 103
1
|2 0 3RgeoR, |0 0 213”1 fo 0 2|RzoRz (0 -1 0
0 -1 0 0 -10 0 -1 0 0 0 2
0 4 1 0 4 1 0 4 1 0 4 1
103 103 103 100
—Rp_ |0 1 0|=4Rp+Ry [0 1 0|2Rs [0 1 0|3Rs*Ri |0 10
00 2 00 2 0 0 1] R3+Ry4 |0 0 1
04 1 00 1 00 1 000
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13.

14.

15.

16.

17.

18.

19.

2—750_)1 31|10
1 3|10 2 —7|50

[1 3 10} {1 3‘ 10}
—> —> 30
0 -13|30 0 1-3
220
_%[1 0 3?]
30
0 1|-3
Thus ng and y=—£.
13 13
1 -3|-11 1 -3|-11 1
- -
4 3| 9 0 15| 53 0
Thus Xz—g, y=5—3.
5 15
3 1|4 3 1| 4 1 %
- -
12 4|2 0 0|-14 0 0

-3
1

4

3
-14

15

X

-11
53|~

1
0

2

10—§

53

0 1| 3%
1
3

The last row indicates O = 1, which is never true, so there is no solution.

(1 2 -3]0 1 2 -3|0
_>
2 -4 6|1 00 01

12 1]4] [1 2 1] 4] [t 21 1022
- - 1 -
30 2|5 0 6 -1|-7 01 3% 1 1|1
- 6|6
2,_5
o Xt+t32=3
which gives X .
Yy+62=%
Thus, X = —gr +E , Y= —lr +1 , z=r, where r is any real number.
3 3 6 6
1321 [1 321 [t3 2| 1] [to B
115100 Jo =2 3l9| o 1 -2|-2|7 3
- 2172 1 -5
Thus X:—Er+§, yzgr—%, z =r, where r is any real number.
310 10 3
1 -31]0 1 -3]0 1 8
2 2|3|>|0 8|3|>|0 1 g-» 0 1 g
5 1|1 0 141 0 1411 0 0 _%

. 17 C . . .
From the third row, 0= _T , which is never true, so there is no solution.
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The last row indicates that O = 1, which is never true. There is no solution.
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20.

W e
I
e

S

_)

9
21

13
-7

4
-13
-5

10

—|0 1

00

9

21

-7
33
13
21
13
H

ISM: Introductory Mathematical Analysis

13
33

1Ol r1ofo

—>01%—>010

0 0| 1 0 0|1

The last row indicates that O = 1, which is never true. There is no solution.

1 -1 3|5 1 -1 -3|-5 10 -1|-3

21. |12 -1 4|-8|—>|0 1 2| 2|—>|0 1 2| 2
1 1 -1|-1 0 2 2| 4 0 0 -2
10 -1|-3 10 0|-3
-0 1 2| 2|—>|0 1 0| 2
00 1|0 00 1|0

Thus,x=-3,y=2,z=0.

1 1 1|7 1 1 -1 7 1 1 -1|7
22. |2 3 -2| 4|—»|/0 -5 0|-10|—>|0 1 0] 2
1 -1 5|23 0 -2 4| 16 0 -2 -4]16
10 -1| 5 10 -1| 5 100
—-(0 1 0| 2|—»|0 1 0| 2|—>/0 1 0| 2
0 0 4|20 00 1|-5 0 0 1|-5
Thus x=0,y=2, z=-5.
2 0 4| 8 1 0 -2| 4 1 0 =2 4
1 -2 2|14 1 -2 214 0 -2 0] 10
23. -
1 1 -2|-1 1 1 -2|-1 0 0| -5
3 1 110 3 1 110 0 71-12
1 0 =2 4 1 0 -2 4] 10 -2| 4 10 0] 2
0 1 0| -5 01 0|-5 01 0|5 0 1 0|5
— -
0 -2 0} 10 00 0| O 00 1|1 00 -1
0o 1 7]|-12 00 7|-7] 00 0] O 0 00| O
Thusx=2,y=-5,z=-1.
1 0 3|-1 1 0 3|-1] [1 0 3]-1 10 3|-1
3 2 11| 1 0 2 2| 4 0 1 1| 2 01 1| 2
24. - - -
1 1 4| 1 0 1 1| 2 0o 1 1| 2 0 00| O
2 -3 3|-8 0 -3 -3|-6 |10 -3 -3|-6 0 00| O

Thus x =-3r—1,y=—-r+ 2, z=r, where r is any real number.
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1 -1 -1 -1 -1|0] 1 -1 -1-1-1|0
25, 1 1 -1-1-10 N 0 2 0 0 o0f0
1 1 1 -1-1|0 0 2 2 0 0}0
1 1 1 1 -1|0 0o 2 2 2 0}0

1 -1 -1 -1 -1|0 10 -1 -1 -1]0
N 0 1 0 0 0]0 N 01 0 0 o0]O0
0 2 2 0 0]0 00 2 0 0]0
0 2 2 2 0]0 00 2 2 0]0
(1 0 -1 -1 -1]0 100 -1 -1]|0
N 01 0 0 o0]O0 N 010 0 0]0
00 1 0 0]j0 001 0 0]0
00 2 2 0|0 000 2 0]0
(10 0 -1 -1|0 100 0 -1]0
N 010 0 O 0]_) 0 100 0|0
001 0 0]0 0010 0|0
10 00 1 0|0 0001 0|0
Thus, X =1, X, =0, x3=0, X4 =0, and X5 =r, where r is any number.
1 1 1 -1]|0 1 1 1 -1|0 111 -1|0 111 -1|0
1 -1 -1 1|0 0 -2 -2 2|0 0 1 -1(0 011 -1|0
26. - - -
1 1 -1 -1|0 0O 0 -2 0]0 0 01 0f0 0 01 0|0
1 1 -1 1|0 0O 0 -2 2|0 0 01 -1(0 0 0O 0
111 -1|0 1 00 0}0
0 10 0|0 0 100]0
- -
001 0|0 0 0 10]0
000 1|0 L 0 0 1|0
Thus X1=0, X2 =0, X3 =0, Xq =0.

27. Letx =federal tax and y = state tax. Then x = 0.25(312,000 — y) and y = 0.10(312,000 — x). Equivalently,
{X +0.25y = 78,000

0.10x+y =31, 200.
1 0.25] 78,000 1 0.25 | 78,000 1 0.25]| 78,000 1 072,000
{0.10 1 ‘ 3], 200} _{0 0.975 23,400} _{0 1 ‘ 24,000} _{0 1 ‘ 24,000]
Thus x = 72,000 and y = 24,000, so the federal tax is $72,000 and the state tax is $24,000.

28. x =no. of units of A to be sold and y = no. of units of B to be sold. Then x = 1.25y and 8x + 11y = 42,000.

Equivalently,

x-1.25y =0,

8x+11y = 42,000.

1 -125 0 1 -125 0 1 -125| 0 1 02500
- - - :

8 11 | 42,000 0 21 |42,000 0 1 2000 0 12000

Thus x = 2500 and y = 2000, so 2500 units of A and 2000 units of B must be sold.

29. Letx =number of units of A produced, y = number of units of B produced, and z = number of units of C
produced. Then
no. of units: x + y + z= 11,000
total cost: 4x + S5y + 7z + 17,000 = 80,000
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30.

31.

ISM: Introductory Mathematical Analysis

total profit: x + 2y + 3z = 25,000
Equivalently,

X+Yy+2z=11000
4x+5y+7z=63,000
X+2y+3z=25,000

1 1 1]11000 1 1 1|11,000
4 5 7]63000|—(0 1 319,000
1 2 325000 0 1 214,000
1 0 -2|-8,000 1 0 -2|-8,000 1 0 02000
-0 1 3|19000(—|0 1 3|19000{—|0 1 04000
0 0 -1|-5,000 0 0 1| 5000 0 0 15000

Thus x = 2000, y = 4000, and z = 5000, so 2000 units of A, 4000 units of B and 5000 units of C should be
produced.

Let x = number of desks to be produced at the East Coast plant and y = number of desks to be produced at the
West Coast plant. Then x + y = 800 and 90x +20,000 = 95y + 18,000.
Equivalently,

X+y =800
90x—95y = -2000.

1 1 800 1 1 800 1 11800 1 0400
- - -
90 -95|-2000 0 -185]|-74,000 0 1]400 0 1]400
x =400 and y = 400

Thus the production order is 400 units at the East Coast plant and 400 units at the West Coast plant.

Let x = number of brand X pills, y = number of brand Y pills, and z = number of brand Z pills. Considering the
unit requirements gives the system

2x+1y+1z=10 (vitamin A)
3x+3y+0z=9 (vitamin D)
5x+4y+1z=19 (vitamin E)

_ 1 1
2 1 10107 [ 3 3|5] |12 2|°
3309—)3309—)0%—%—6
5 4 119 5 4 1(19 0 3 _3|_¢
- 2 2
15 15 [10 17
-0 1 -1|-4|—>]0 1 -1|-4
0 0 0|O 00 0|O
X=7-r
Thus <y=r—4 wherer=4,5,6,7.
z=r

The only solutions for the problem are z=4,x=3,and y=0;z=5,x=2,andy=1;z=6,x=1,andy=2;z=7,
x =0, and y = 3. Their respective costs (in cents) are 15, 23, 31, and 39.

a. The possible combinations are 3 of X, 4 of Z; 2 of X, 1 of Y,50fZ; 1 of X, 2 0f Y, 6 0f Z; 3 of Y, 7 of Z.

b. The combination 3 of X, 4 of Z costs 15 cents a day.
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c. The least expensive combination is 3 of X, 4 of Z; the most expensive is 3 of Y, 7 of Z.

32. Letux, y, and z be the numbers of units of A, B, and C, respectively.
3x+1y+2z2=490 (machine I)

Ix+2y+12=310 (machine (1)
2X+4y+12=560 (machine III)

3 1 21490 1 2 1310

1 2 1(310|—=[3 1 21490

2 4 1560 2 4 1560
1 2 1] 310 1 2 1]310

—>O—5—1—440—>01%88
10 0 -1] 60| |0 0 -1|-60
_103134 10 $|134

—>01%88—>01%88
0 0 -1|-60 0 0 1| 60
1 0 0]98

—>|0 1 0|76
0 0 1/60

x=98,y=76,z=60
Thus, 98 units of A, 76 units of B, and 60 units of C should be produced.

33. a. Lets,d, and g represent the number of units of S, D, and G, respectively. Then
125+20d +32g =220 (stock A)

16s+12d +28g =176 (stock B)
8s+28d +36g =264  (stock C)

12 20 3222004 3 5 8|55
(5)Ra
16 12 28(176 |- |4 3 7|44
s 28 36| 26| (5)R2 11 933
(l)R 2 2
8 3
7 9
- 11 3|33
1 3. 14 3 7|44
3 5 8|55
7 9
4R, +R A
SRl R2> 0 -11 -111|-88
oK1+ R 1 1
0 -4 i) 4
7 9
i, 1 I 2| s
U s 1o 1 1| 8
11 11
0 - -4
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IRyemy 10 1]5
22" L 1o 1 18
2R24Rs g ¢ 010

Thus s=5-r,d=8—-r,and g=r, where r=0, 1, 2, 3,4, 5.
The six possible combinations are given by

COMBINATION
r 0 1 2 3 4 5
S 5 4 3 2 1 0
D 8 7 6 5 4 3
G 0 1 2 3 4 5

b. Computing the cost of each combination, we find that they are 4700, 4600, 4500, 4400, 4300, and 4200
dollars, respectively. Buying 3 units of Deluxe and 5 units of Gold Star (s = 0, d = 3, g = 5) minimizes the
cost.

Principles in Practice 6.5

1. Write the coefficients matrix and reduce.

3 4
5 3 4], 32 1 5 35
687§_1>687_6R1—+R02£
31 2 3 1 2| RuitRs o
0o -4 _2
5 5
1 2 4 104
5 5 5| 3 2
R -3R,+R
22—2>01%521>01%
éR2+R3
0 _% _% 000

The system has infinitely many solutions since there are two nonzero rows in the reduced coefficient matrix.
1

X+—z=0
2

1
+=2=0
y 2

Letz=r,50 X= —% rand y= —%r , where r is any real number.

Problems 6.5
11 -1 -9|-3 1 1 -1 -9| 3 11 -1 -9|-3 11 -1 -9|-3
1. |12 3 2 15|12|(-»|0 1 4 33|18|—»|0 1 4 33|18|—>|0 1 4 33|18
2 1 2 5| 8 0 -1 4 23|14 0 0 8 56|32 00 1 7] 4
110 -2]|1 100 -7|-1
-0 1 0 5|2|-»>|0 1 0 5| 2
001 7|4 001 7| 4
Thus w=—-1+7r,x=2—5r,y=4—T7r, z=r (where r is any real number).
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2 1 10 15| -5 1 -5 2 15|-10
2. /1 -5 2 15|-10|—>|2 1 10 15| -5
1 1 6 12 9 1 1 6 12 9
1 -5 2 15|-10] [1 -5 2 15|-10
6 15| 15
—(0 11 6 -15| 15(—|0 1 11 "1l 1
0 6 4 3] 19 |o 6 4 -3| 19
r 52 90| 3] [ 52 90| _35
YO || (104 u|nh
6 15| 15 6 15| 15
8 57 | 119 57 | 119
00 3 Tl (00 1 F] %
i 51 147 ]
100 -S|
21 27
—~/0 10 -2 -2
57 | 119
001 F %]
Thus, =L M7 24 27§ 109
2 4 4 8
1 1 2
3 -1 -3 -1|-2 1 -4 1 -1]-2
2 2 -6 -6|-4 2 _ _ _
3. N 2 2 -6 6 4
2 -1 3 -2|-2 2 -1 -3 2| -2
3 1 3 7| 2 3 1 3 7 2
_1 _ _1|_2
-5 -1 -3]-3 1 -3 -1 —3|-% 100
0 -4 4 -2 0 1 3 4| 2 01 3
- - -
_1 9 _4_2 0 0O
0 4 4 —g|-g) o 3 giE) 000
0 2 6 8| 4 0 2 6 8] 4
Thus, w =—s, x =-3r—4s + 2, y=r, z=s (where r and s are any real numbers).
(1 1 0o 5[|1] [1 1 0o 5|1 1 1 0 5
1 0 1 2|1 0 -1 1 -=3|0 0 1 -1 3
4. - -
1 -3 711 0 4 4 -12|0 0 -4 4 -12
0 1 -1 3f/o] [0 1 -1 3|0o] [0 1 -1 3
Thus, w=-r—2s+ 1,x=r—3s,y=r, z=s (where r and s are any real
1 3 -1 2] 1 1 3 -1 2] 1 1 3 -1
2 5 2| 0 0 -1 -1 0| -4 0O 1 1 o0
5./12 1 3 -2|-8/—»/0 -3 3 0|-12|—>|/0 -3 -3 O
3 2 8 3| 2 0 -1 -1 0| -4 0 -1 -1 O
1 02 -1|-2] |0 -1 -2 of -4/ |0 -1 -1 0

=——r +?, z =r (where r is any real number).
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_)

O O

0

1
0
0
0

numbers).

2

4
-12
-4

4

Thus, w=-2r+s-2,x=-r+4,y=r, z=s (where r and s are any real numbers).

O O - O

O O O O

O O O - O

O O O - N

O O w N

O O O

o O o o
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1 11 2]|4] 1 11 2| 4 1 11 2| 4 10 1 0|3
2 12 2|7 0 -1 0 -2|-1 0 10 21 1 0 10 2|1
6. |1 2 1 4|5|—>|0 1 0 2| 1|->|0 10 2| 1{—»>|/0 0 0 0|0
3 -2 3 4|7 0 -5 0 -10|-5 0 -5 0 -10|-5 0 00 O0fO0
|4 -3 4 6|9 |0 -7 0 -14]|-7] |0 -7 0 -14|-7] |0 0 0 00|
Thus,w=-r+3,x=-2s+ 1, y=r, z=s (where r and s are any real numbers).
. (4 -3 5 -10 11 —8_)0 -5 5 -10 5|-20
12 15 0 3/6/] |2 1 5 03] 6
2 1 5 0 3 6 2150 3|6
- -
0 5 -5 -10 5|-20 0112 -1|4
2 0 4 -2 4|2 102 -1 2|1
- -
011 2 -1(4 011 2 -1|4
Thus, X =-2r+s—-2t+1, X, =—r—2s+t+4, X3=r, X4 =S, X5 =t (where r, s, and ¢ are any real numbers).
1 3 1 4| 1 1 0 3 1 4| 1 10 3 1
0 1 -2 0] O 0O 1 1 -2 0 01 1 -2 0
8. — —
2 -2 3 10 15|10 0O -2 -3 8 7| 8 00 -1 4 7| 8
1 2 3 -2 2|-2 0 2 0 -3 -2|-3 00 -2 1 -2|-3
i 12 127 [ 33 72]]
{ 0 3 { 10 30 = |-% 1000 el
32 38 17 18
01 1 =2 0 0 0110 = = 0100 = &
- - -
00 1 -4 798 Joo 10L& o010 & X
000 -7 -16]-19 16 | 19 16 | 19
_0 0 0 1 71 7] _0 0 0 1 71 7]
Thus X1:—7—2+3—73r, Xo :E—gr, X3:§_§r’ X4 :2—7& and X5 =r, where r is any real number.

9. The system is homogeneous with fewer equations than unknowns (2 < 3), so there are infinitely many solutions.

10. The system is homogeneous with fewer equations than unknowns (2 < 4), so there are infinitely many solutions.

3 4 1 5 1 5 1 5 10
11. |1 5|—>|3 —4|—>|0 -19|—>]|0 1|l—->|0 1|=A
4 -1 4 -1 0 -21] 0 -21 00

A has k =2 nonzero rows. Number of unknowns is n = 2. Thus k = n, so the system has the trivial solution only.

i 3

2 312] |1 2 6 |1 3 6] 11 6] 10 3

12. {3 -2 5|53 -2 5—>0-§—13—>o 2|>|0 1 2|=A
000

4 1 14 4 1 14 0 -5 -10 0 -5 -10

3
2
1

A has k =2 nonzero rows. Number of unknowns is n = 3. Thus & < n, so the system has infinitely many solutions.
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13.

1 1 1
1 0 -1|—>
1 -2 -5

1
0
0

1

-1
-3

A has k = 2 nonzero rows.

1 1
-2|—>10
-6 0

1
1
-3

1

2

—6

Number of unknowns is n = 3. Thus k < n, so the system has infinitely many solutions.

%

10
01
00

-1
2|=A
0

Section 6.5

2 2 _2
32 =2 I 5 -3 3 3 10 0 100
14.22—2—>22—2—>0§—§—>01—1—>010=A
0 4 5 0 4 5 0 -4 5 00 1 00 1

A has k = 3 nonzero rows. Number of unknowns is #n = 3. Thus k = n, so the system has the trivial solution only.

(1 1 1 1 1 1] [1 0
- - -
13 -4 0 -7 0 1] |01

The solution is x =0, y = 0.

(2 -5 2 -5 1
- -
'8 -20 0 0 0

The solution is X = % r,y=r.

15.

16.

5
2
0

1 6 2] [1 6 2] [16 2] |10 ¢
17. - - g | 8
2 -3 4 0 -15 8 0 1 —ic 0 1 -
The solution is Xz—Er, yzir LZ=T.
5 15
477 [0 27 (L Lf [12] 110
18. - 4> - 4>
2 3 2 3 0 -3 o 1| (01
The solution is x =0, y = 0.
1 1 1 1 1 1] 1 0
19. |3 4|—>|0 -7|—>|0 1/—»>|0 1
5 -8 0 -13 0 -13] 00
The solution is x =0, y = 0.
(2 -3 1 0 -5 -1 1 1 1 10 3 10 3 10 1
20. |1 2 -1{—]0 1 -2{—»|0 1 -2(—»/0 1 -2|—>|0 1 -2(—>{0 1 0
_1 1 1 1 1 1 0 5 -1 0 0 -11 00 1 0 0 1
The solutionis x=0,y=0,z=0.
1 1 1 1 1 10 -1
0 -7 -14 0 01 2
21. - -
0 -2 -4 0 -2 -4 00 O
0 -5 -10 0 -5 -10 00 O

The solutionisx=r,y =-2r,z=r.
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1 1 7 1 1 7 1 1 7 1 0 3
1 -1 -1 0 -2 -8 0 1 4 01 4
22. — — —
2 -3 -6 0 -5 -20 0 -5 -20 0 0O
13 1 13 0 -2 -8 0 -2 -8 0 0O
The solution is x = -3r,y=—4r,z=r.
(1 11 4 1 1 1 4 1 1 1 4
1 10 5 0 0 -1 1 0 -1 1 -4
23. -
2 1 3 4 0o -1 1 -4 0 0 -1 1
|11 -3 2 -9 0 4 1 -13 0 4 1 -13
1 1 1 4 10 20 10 2 O 100 2]
0 1 -1 4 0 1 -1 4 01 -1 4 0 10
— - — -
0O 0 -1 1 00 -1 1 00 1 -1 00 1 -1
0 4 1 -13 0 0 -3 3 00 -3 3 0 00 0]
The solution isw=-2r,x=-3r,y=r,z=r.
1 1 27 1 1 2 7 1 1 1 0 1 5]
1 -2 -1 1 0 -3 -3 -6 0 1 011 2
24. e d — —
1 2 39 0 1 1 2 0 1 0 00O
2 -3 -1 4 0 -5 -5 -10 0 -5 -5 -10 0 0 0 0

The solutionis w=-r—5s,x=-r—2s,y=r,z=S5.

Principles in Practice 6.6

1 1 3][-2 15 (10
"2 4j| 1 -05] |0 1
Yes, they are inverses.

[—2 157 28] '13}

1 -05][46]| |5
5

[aloH
By FEMEN
|

-2 15]61 1
1 -05]82] |20

-2 15][59] [14] [N
1 -05]|88| [15] |O
-2 15][57] [15] [O
1 -05]86] [14] [N
F
R

2 15][60] [6]
1 -05]/84] |18

-2 15][21] [9] [
1 -05]|/34] |4| |D

-2 15|[76] [1] [A
1 -05][102| [25] |Y

'l:he message is “MEET AT NOON FRIDAY.”
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312100
3. [Elt]=2 2 20 1 0
2 1 3/0 0 1
R R 2 2 2/010
2R 131 2010 0
2 1 3/0 01
1
. 1110010
2R
2 %5 1312/100
2 13|00
1 1 1}0 %o
_3Rl—+RZ> 2 111 =2 o0
—2R; +R3 2
-1 1]l0 -1 1
1 1 10 %0
R2ORs 1o 1 1l0 11
3
0 -2 -1{1 -3 0
1 1 10%0
2.0 1 -1|/0 1 -1
0—2—11—%0
10 20—% 1
;§2+E 01 -1]0 1 -1
+
27ms 0 3/1 1 2
1
_ig, 10 2/ 0-1 1
3 °% ]o 1 -1l 0 1 41
1 1 2
00 1f-3 -5 3
2 1 1
100 3 -5 -3
_2R3+Rl>010_l 5 1
R3+R2 3 6 3
1 1 2
00 1]-3 -5 3
2 1 _1
3 6 3
-1 1 5 1
E"=1-3 % 3
11 2
3 6 3
2 1 2/100
[F]I]=]3 2 3|0 1 0
4 3 40 0 1

209

Section 6.6
1 1
lRl 171500
2 > 13 2 3]0
4 3 4|0
1 1
151 500
—3R1+R2 l0—§10
—4R1+R3 2 2
1 0/-2 0 1
1%1%00
2R—2>010—320
0 1 0(-2 0 1
101 2 -1 0
1
->Ry +R
227 10/-3 20
—R2+R3

000l 1 21

F does not reduce to I so F is not invertible.

. Let x be the number of shares of A, y be the

number of shares of B, and z be the number of

shares of C. We get the following equations

from the given conditions.

50x + 20y + 80z = 500,000

x=2z

0.13(50x) + 0.15(20y) + 0.10(80z)
=0.12(50x + 20y + 80z)

Simplify the first equation.

S5x + 2y + 82=50,000

Simplify the second equation.

x-2z=0

Simplify the third equation.

6.5x + 3y + 8z =6x + 2.4y + 9.62

0.5x+0.6y-1.6z2=0

S5x+6y—16z=0
Thus, we solve the following system of
equations.
x—2z=0
5x+6y—16z=0
5x + 2y + 82 =150,000
10 -2
The coefficient matrixis A=|5 6 -16].
5 2 8
10 -2|100
[All]=|5 6 -16|0 1 0
5 2 8|10 0 1
ER. 4R 10 -2, 100
s R X 5 10
—5R1+R3
0 2 18|50 1
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10 2| 100
lRZ 5 1
6
>01—1—g€0
0 2 18/ -5 0
10 2| 1 00
—2R2+R3 5 1
01 -1-2 Lo
10 1
00 2[-2 -1
10 2| 1 0 0
2710R3>01—1—i 1
6 6
1 1 1
oo 1/-+ -1 L
2 1 1
2R, +R PO e
3t 10/-1 2 L
R3+R2 20 20
1 1 1
oo01/-+ -1 1L
2 1 1]
3 0 1
-1 3 1
AT=1-1 2% %
1 1 1
6 60 20
2 1 1]
X 3 30 10 0 5000
y|=| -1 & &l 0 |=|2500
z| | 1 1 1]/50000]| |[2500
6 60 20|

ISM: Introductory Mathematical Analysis

They should buy 5000 shares of Company A, 2500 shares of Company B, and 2500 shares of Company C.

Problems 6.6

6 1|1 0 1 1
1. N 6
7 1|10 1 7 1

. =11
The inverse is .
7 -6

1 2|4
, [2 4]1 0], >
3 6[(0 1 1 2

0

0
1

3

H

The given matrix is not invertible.

01 0 0|-1

3 2210_)22
12 2

10

IS

The given matrix is not invertible.

12
00

E

1
0

N[~ N

1
2
-1
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™[0 —|w©

At O

The inverse is {

0
0
1
4

0
1
3
0

- o o
o O —
o o
- O o
»ﬁ
o o
o 1 o
- O o
o O <
OQ_.VO
— O o
v

[ —
O O d<

O Hm O

1
0
0

The inverse is {

o o
o <1 o
v © O
< O o
o <
— 1__ [qV]
|
»ﬁ
o o
o 1 o
- o o
0 O O
o <
N 1__ N
|
)

-1 01

1

o O dHo
|

(= 1_%

N o |0

< —

<t < o
' o < o
o — — — o o
- T,
— o o \ﬁ
L - =
1
) o o «HA ——
= <o —lo o
© © O o< I
|
o < o o o l_%
N | _I__ ey oo 9"8 _
o O oo
< < < — [op}
| | o o —
o & 49 o 4 o o «A o
_l o O _ — o o | _1 o o |

1
<o o o
|

—o oo l_%

o O oo

The inverse is [
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10.

11.

ISM: Introductory Mathematical Analysis

2 3/17 00 1 2 3|1 00
00401o—>0010%0
0 0 5/0 01 0 05/0 0 1

3

1201—10

—|0 0 1/0 £ 0

5
OOOO—Zl
The given matrix is not invertible.

1

20 0100 [1OO70 0
000010—>00100—%
0 0 4|10 01 000l0 1 o

The given matrix is not invertible.

0 0 O]

For any 3 x 3 matrix B, B|0 0 0|=

00 0

Thus the matrix is not invertible.

1 3
0 2
0 1

2
1
0
1
—|0
0

0
1
0

The inverse is

gl vl ol
|

= =

ml" U'Il‘b Ul

O = O
= O O
O O -
O - O
N
O O -

. The matrix is not square, so it is not invertible.

o O o

o O O

o O o
H

O
= O O

212

gl gl g

= =
U'll'—‘ ml"> ulw



Section 6.6

ISM: Introductory Mathematical Analysis

|

1
7

0|0 1 0
110 0 1

10
01
-3 0

1

110 0 1

2|10 0
0|0 1 0

7 0
13. | 0 1
-3 0

|

1 001 0 2
01 0(010
001|307

i
N

1

™|~

|~

10 0[{10 2
0 1 0|0 10

i
1

™|~

1
7
0/0 10

|~

10
1
0

—10
0

N O I~

o «+H O

1
The inverse is {0
3

0
-1
0

1
-1
-2

=31
120
0 10
0

0

2 1
-1 4]0
-1

1
0
0

0
-1
0

1

-111 0
12 1|0
0 1 4]0

1|0
-3|0 0
0 0 1|1

1 2
11
2 3

3 -1{1 00
2 1|10 1 0
-1 3|0 0 1

2
1
-1

-1 2
4 5
1 -1

1

it

1
11
-1
4|11 0

110 1 0
410 1 1|->
-3|1 -2 0

2
1
-1

1
—|0
0

5
-3].
1
1
4
2

i

2|10 0
-3|0 1

-8
5
-1
411 0

7
4
1

The inverse is {

10100

-1 2|0 0 1
-1 5|0 10

1 0100
-1 5/0 10
-1 2|0 0 1

2
4
1

-1 2

1

0
0

1
-4
-2

-1

(1

1
3

3
3

0

<|en

-1
1

—10

The inverse is

213



ISM: Introductory Mathematical Analysis

Chapter 6: Matrix Algebra

M N ™
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19.

20.

21.

22,

23.

24.

25.

X 1. [1 2][2] [10
X = =A"B= = =% =10, X, =20
| X | 8 1][4] |20
_ 1 0 1][10 9
X
X = Xl =AB=[0 3 0| 2|=| 6|=x% =9, X =6, x3=16
- 2 0 4 -1 |16
6 5|1 0 1 1]0 1] [1 1]0 1 110 1
- - -
1 1]0 1 6 5/1 0/ |0 -1|1 -6 0 1/-1 6
[ x 1 1 -5][ 2 17
=A"B= = =x=17, y=-20
y -1 6| -3] |-20
2 1 0 1 21 ¢ 12|50 103 -
1 3‘0 J—) e 14|77 1
L -1 3/0 1} |0 5[5 1] |0 1|5
r 3 2 23
X 0 £l 5
_Algo|10 5 _|10 szﬁly:i
y 1 12| | L 1 10
- 10 5 10
1)1 1] 1 1 1)1
3 1‘10}_}1 513 0,1 35|50/, 3|3
3 110 1] "|3 -1f0 1] [0 -2|-1 1] "|o 1|3
1 1
[1 ol 61
1 1
0 13 -2
[x 1 i i 5
_Alp_|6 6 — - —
Jone-ft A5 goreeren
- 2 2
3 201 0] [1 2[% o] [L 4| 50 [LO
2300 11704 alo 11”0 2] 2 4]0 2
L 4 3|0 1 0 1|-% 1 3
[x 4 3 -2][26] [4]
=A'B= =|_|=x=4,y=7
Ly -4 3]|37] |7
The coefficient matrix is not invertible. The method of reduction yields
2 612 1 3[1] [1 3]1
- - .
13 93 3 9|3 [0 o0]0

Thusx=-3r+1,y=r.

26. The coefficient matrix is not invertible. The method of reduction yields

2 6
39

8 13
%
7 39

4 13
%
7 00

)

{10
_)

(SIS

01

N O
| |

|
Wl
8
b
—
O
= O

Second row indicates O = —5, which is never true, so there is no solution.
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1

10
-3 10

2 1
6 -2
3 0]-10 1

1
0
0

i

1 2 1|1 00
3 0 1{0 1 0
-11/0 01

27.
1

o o

Al o |

O N N

0
1
6
0

1
1
2
-1

2
1
-3 0

1
0
0

1
O 1 N
1
Il

e
< N A

[E—
1
| o

A O N
|

—|© M N

0,y=1,z=2.

Thus, x

1

11 10
0j-1 10
-2|-1 0 1

1
-2
-2

1 1|1 0 0 1
-1 1|0 1 0|—|0
-1 -1{0 0 1 0

1
1
1

28.

1

-2 -2|-1 01 00 2|0 -

0

N Hn O
o o
o <1 o
- o o

[ ——

| —
o o

:5, y:

Thus, X

1

11 10
0j-1 10
-2|-1 0 1

1
-2
-2

1 1|1 0 0 1
-1 1|0 1 0|—|0
-1 -1{0 0 1 0

1
1
1

29.

1

-2 -2|-1 01 00 2|0 -

0
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30.

31.

32.

1 1 1 1
101750 100507
1 1 1 1
1 1 1 1
0 0 1|0 5 -3 0 0 1|0 3 -3
1 1
X 2 0 2021 |1
Al 1 _1 -1
y|l=A"B=|2 -1 o|1|=|2
z 1 1|0 1
2 7
Thus,x:l,y:l,Z:l.
2 2
2 0 8({1 00 1 -4 0|0 -1 0
-1 4 00 1 0|—>|2 0 81 0O
2 1 0(0 0 1 2 1 0|0 0 1
1 -4 0]0 -1 0 1 40/0-10
—>|0 8 8|1 2 0|—>]|0 11%%0
0 900 2 1] |o 9 0|0 2 1
[ 1 1 1 4
104500 104700 1000—55
1 1 1 1 2 1
9 1 1 1 1 1 1 1
00 9|-2 —F 1] |00 1§ 5 -3¢ oo 1+ & -1
1 4
X 0 -5 987 Jo
-lp _ 2 1 —
y|A'B=l0 £ 1lli36|=|9
z 1 1 1|9 1
8 36 9

Thus,x=0,y=9, 1.

|
I

The coefficient matrix is not invertible. The method of reduction yields
1 3 3|7 1 3 3| 7 1 3 3|7 1 0 0|1

2 11|4/->|0 5 -5|-10|—»>|0 1 1| 2| —>|0 1 1]|2].
1 11|4 0 -2 -2| 3 0 -2 -2|-3 0 001

The third row indicates that 0 = 1, which is never true, so there is no solution.

The coefficient matrix is not invertible. The method of reduction yields
1 3 3|7 1 3 3 7 1 3 3|7 10

211|{4|-»>|0 -5 -5[{-10|—>(0 1 1| 2| —>|0 1
11 1|3 0 -2 2| -4 0 -2 -2|-4 00
Thus,x=1,y=-r+2,z=r.

0|1
1(2].
0|0

217

Section 6.6



ISM: Introductory Mathematical Analysis

Chapter 6: Matrix Algebra

2 1, 1000
-2 1{-1 100
-4 -1|-2 0 10
-1 0|-1 00 1

0
-1
1
2

1
0
0
0

|

02 1|1 000
-1 0 2|0 100
10 10 0 10
2 1 1/{0 00 1

1

1
33.

2

1

2 1|1
2 -1| 1

—6
-5

0
2

00
00

2

0 0 -5

1

0

2

-3

O O dHuo Ho
|
— — o N
I
o o — o
o — o o
— o o o

AN o O |y
|
o<t l_n1/__ —|© S_W_.
A
< l_ﬂ —|w© 7_H
| | |
Al s N s
| |
o o o —
o o — o
o — o o
— o o o

T
AN v O

|
el
il
|

il

< l_ﬂ | 5_W__

< l_ﬁ o 7_W__

< < N |

=17.

3,y=-2,z

Thus,w=1, x
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10 00
0100
1
2
0

0
1
0

-1
1
0
01

- o o o
A’
o o o -
o o <1 o
o <1 o o
— o - -
|
o 4 o«
,I__ - O o

1
1
2
-2

1
0
0
0

e ——
»ﬁ
o o o
o o 1 o
o <1 o o
— o o o
o 1 o«
T T

1
1
1
-1

1

34. 0
-1

1

- 1

o

0

-1

(11

o

o

—

o

O N

—Alau O
|

—

o

0

0

-1

1

0

-1

11

N N |y

—| N

—

o

1

T

|l

o

o

AN ©  HlN AN
I |
™| |y —I__ ey
|
- o <« o
O dN HoN O
|
o o o —
o o — o
D ———
o — o o ~N oo
| |
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N : [
1
. A O «d
|
AN O N AN T 1
| | Al O o | —
| |
A | [ VI o B PN F
_ _ mlN A v e
_ ! o
- o = o I
—“ o «=H o I
N HN - O -
I O dN Hon O —_
o o o — | ! 1 _v_m
Il N
o o « o m N
- I
| I
— i o o A
=
- o o o _ Il 5
S —
\ﬁ = X > N .m
=

o 1111 2]

35. I—A:{

"

_)110
0 6|1

-1
0

210_)—1—101_) 11
-1/0 1 -4 2|10 -4 2

B
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ooy T2

{4-2‘10} 1 —5]4 0
%
-4 -210 1 -4 2|0 1
1 _1]1 o 1 -1 1 o 10 & -1
S R I N L
0 411 jo 1|-1 -2 o 1/-+ -1
1.1
-1_| 8 8
Thus (I1-A)"" = 1 a
4 4

37. Let x = number of model A and y = number of model B.

a. The system is
X+y =100 (painting)
2X+y=80 (polishing)

11
LetAzl.
11
11]10 11, 10 11/ 10 10| 2 -2
- 1 1 - -
110 1 0 &-1 1 0 1|-1 2 0 1/-1 2

o2 e

Thus 40 of model A and 60 of model B can be produced.

N

b. The system is
10x+7y =800 (widgets)
14x+10y =1130 (shims)

10 7
Let A= .
14 10
714
10 7|10] |15 O
14 100 1] |14 10| 0 1

7
5 -3
-7 5

1 9 7] 1
10 _)15@0_)10
- 1 0 1|-7 5 0 1

MRS e

Thus 45 of model A and 50 of model B can be produced.

38.

o O 9o

o ol O

ol O o
o O QD
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39. a. (B‘lA‘l)(AB) =gt (A‘lA)B -gliB=B'B=1
Since an invertible matrix has exactly one inverse, BLA™ is the inverse of AB.

b. From Part (a),

L

11
40. Leftside: AT :{o 2} We find that (A7) =
IR %
Rightside: A= | ;[, s0 (A7) .
2 2 2
Thus (A1)t =(A™)T.
3 43 4] 1
41. P'P= 5 55 S :{ }zl,so PT:P71.Yes,Pisorth0gonal.
_4 3]la 3| |01
5 5]L5 5
14 -2 9
42. 2. Al=|-6 1 -4
1 0 1
14 -2 9
RiA™T=[33 87 70]|-6 1 -4|=[10 21 19]
1 0 1
14 -2 9
RyA™ =[57 133 20]|-6 1 -4|=[20 19 1]
1 0 1
14 -2 9
RsA™1=[38 90 33]|-6 1 —4|=[25 14 15]
1 0 1

b. Just say no.

43. Let x be the number of shares of D, y be the number of shares of E, and z be the number of shares of F. We get the
following equations.

60x + 80y + 30z = 500,000

0.16(60x) + 0.12(80y) + 0.09(30z) = 0.1368(60x + 80y + 30z)
z=4y

Simplify the first equation.

6x + 8y + 3z =150,000

Simplify the second equation.

9.6x + 9.6y + 2.7z = 8.208x + 10.944y + 4.104z

1.392x - 1.344y - 1.404z=0

1392x — 1344y — 1404z =0

116x—-112y-117z=0
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Simplify the third equation.

4y-z=0

Thus we solve the following system of equations.
6x + 8y + 3z =150,000

116x-112y-117z=0

4y-2z=0
6 8 3
The coefficient matrix is A=|116 -112 -117].
0 4 -1
6 8 3/]1 00
[A||]: 116 -112 -117/0 1 ©
0 4 -1/0 0 1
4 1|1
1r, 1 4 i1t 00
b5 % 116 -112 -117]0 1 ©
0 4 -1]0 1
4 1 1
116R; +R X 3 R
TR, g B0 975|881 g
0 4 1| 00 1
4 1 1
s 1 4 111 0 0
800 2 12429 _3
_1p 32 | 400 800
4 1 1| o o -1
4 4
4 1 1
. 14 11 0 O
2 tR3 21 | 29 3
>10 1 3140 “s00 O
29 29 3 1
0 0 % |20 “80 4
4 1 1
- 14 4] 4 0 0
29 3 21 | 29 3
> 1 %20 "800 O
2 3 8
00 1| % 75 ~29
4 19 3 4
) 130155 w0 20
—3R3+Ry 1 3 21
2 = 1 0L 38 2
—AR +R 50 2900 116
3273 2 0 0 1 2 3 8
2% 75 29
1 1 3
A 10015 % 29
_§R2+R1 010 1 3 21
> 50 2000 116
00 1/ -3 _8

222
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L 1 3
10 290 29

X 50,000 5000
|4 __3 21 _

Y1150 ~2000 116 0 |=|1000

z 2 3 8 0 4000

25 725 29

They should buy 5000 shares of company D, 1000
shares of company E, and 4000 shares of company F.

Let x be the number of shares of D, y be the number
of shares of E, and z be the number of shares of F.
We get the following conditions.

60x + 80y + 30z = 500,000

0.16(60x) + 0.12(80y) + 0.09(30z) = 0.1452(60x +
80y + 30z)

z=12y

Simplify the first equation.

6x + 8x + 3z=150,000

Simplify the second equation.

9.6x + 9.6y + 2.77=8.712x + 11.616y + 4.3567
0.888x —2.016y — 1.656z=0

888x — 2016y — 1656z =0

111x -252y-207z=0

Simplify the third equation.

2y-z=0

Thus we solve the following system of equations.
6x + 8y + 32 = 50,000

111x - 252y -207z=0

2y—z=0
6 8 3
The coefficient matrix is A=|111 -252 -207 .
0 2 1
6 8 3100
[A||]= 111 -252 -207 |0 1 O
0 2 -1/0 0 1
4 1|1
1R, 1 4 1100
6% 111 252 —207|0 1 O
0 2 -11]0 1
4 1 1
111R, +R X 3 2 800
oLTR2, o 400 55|31 g
0 2 -1| 00 1
4 1 1
L (P32 s 000
400 "2 0 1 2|3 _1 g
—lR3 32 | 800 400
2 1 1
0 -1 1] o o -1
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4 1 1
R 1 3 2 5 0 0
2R3 21|37 _ 1
> 10 1 5 1%0 ~z0 O
|3 __1 _1
0 0 32180 ~20 2
4 1 1
2Zr, 14 111 0 o
37 21 (37 __1
> 10 1 3 150 ~700 0
1l __2 _16
00 1] % -o5 3
4 11 1 8
_1R.4R 13013 o5 37
2371 10/L L 2
_2lR.+R 50 925 74
32 '3 2
00 1/L -2 _16
25 925 37
3 _1_  _6
4 10 0% w5 37
—*R2+R1
8“4 ~lo1o0ldl1 L 2
50 925 74
1 __2 _16
00 1{% -9 —3%
3 1 _6 |-
X 25 2775 37 || 50,000 6000
|1 __1 21 _
Y|Tl50 ~95 7a 0 |=|1000
z 1 2 16 0 2000
25 925 37

They should buy 6000 shares of company D, 1000
shares of company E, and 2000 shares of company

Section 6.7
x] [09 3 -a7]'[13] [ 478
48. |y|=| 2 -04 2 4.7 |=]-1.33
z 1 -08 -05 7.2 -2.70
x=4.78,y=-1.33,7=-2.70
(2 4 1 37t 14
w 5 2 7 13 14.44
5 2
5 _2 4 7
X = 0.03
49. =9 3 8 |-
ypjo 1 -4 2| (9| |08
z 1 1 4 10.33
2 0 4 5 Ly
w=14.44, x=0.03, y=-0.80, z = 10.33
Problems 6.7
200 500
1 _ 1200 1500
| 400 200
1200 1500
| 600
805
1290
X=(-A)"'D=
1425
The total value of other production costs is
600 800

Pa + Pg = —— (1290) + —— (1425) = 1405
ATTB 1200( ) 1500( )

40
200

120
200

200
a. D=
[300}

120
300
90
300

x:(l—A)‘lD{

1125

812.5}

3

64
64

|

xz(l—A)lD{

220
280

F.
[2.05 1.28
45. a.
1073 171
(84 105
b. 41 82
30 10
| 41 41
[-0.03 0.06 -0.12
46. a. 0.13 0.02 0.05
|-0.10 0.07 0.01
[_11 18 _ 39
323 323 323
b 83 11 15
° 646 646 323
_32 23 4
|l 323 323 323
275 -159 -1.11
47. |-0.48 143 0.00
-122 032 222

223
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A5 30 45
100 120 180

3. A=| 25 30 60

100 120 180
50 40 60
100 120 180
15
a. D=[10
35
134.29
X=(1-A)"'D=|162.25
234.35
10
b. D=|10
10
68.59
X=(1-A)"'D=| 8450
108.69
[100 400 240
1000 800 1200
4. A=|A00 B0 480
300 160 240
| 1000 800 1200
500
D =150
| 700
1559.81
X=(1-A)"'D=|1112.44
1738.04

[ 400 200 _200
1000 1000 1000

_| 200 400 100
5. A= 1000 1000 1000
200 100 300
L1000 1000 1000

(300

D =| 350

450
1301
X=(1-A)D=|1215
1188

224
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400 200 200
1000 1000 1000
A =|-200 400 100
1000 1000 1000

200 100 300
1 1000 1000 1000

[250

D =| 300

350
1073
X=(-A)"'D=|1016
952

[ 400 200 200
1000 1000 1000
A =|-200 400 100
1000 1000 1000

200 100 300
L1000 1000 1000

300
D =| 400
| 500
1382
X=(-A)'D=|1344
1301
r 1
A= 3 4
1
2 0
300
o= |5o0)
I-A)X=D
2 31300
Reducing i 4 with a calculator
-3 1]500
results in 1 0|1408.70
0 1| 85217

Thus 1408.70 units of agriculture and 852.17
units of milling need to be produced.

(1 1 1
10 3 4
_|11 1 1
A=li5 10 3
1 1 1
110 10 10
300
D =|200
500
I-A)X=D
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9

1 1
w0 "3 ~7|300 10 073639
Reducing —% % —% 200 | with a calculator resultsin {0 1 0 | 563.29 |.
1 1 9 0 0 1]699.96
-6 ~ig 10 |°00

Thus 736.39 units of coal, 563.29 units of steel, and 699.96 units of railroad services need to be produced.

Chapter 6 Review Problems

1. 2{_2 ﬂ‘{; ﬂ:[—lg sz 12}{—12 _ﬂ
>4 oo s oo -l

7 1+0 0+42 -2+7 1 42 5

10 -2
3. |2 -3 {O 6 J: 2+0 0-18 -4-3|=|2 -18 -7
1+0 0+0 -2+40 1 0 -2

~
o

2 3
4. [2 3 7]|0 -1|=[2(2)+3(0)+7(5) 2(3)+3(-1)+7(2)]=[39 17]
5 2

JEH R B R
o {7 s L7 e )
S

3 R AR A A T

1 -1] [3 0
9. 2A) -317=2AT -31=2 -
1 2|0 3

2 o G

2 2
10. A(zl)—AoT:2(A|)—A0:2A—0=2A=[ ) 4}
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s 5 [1 0F M1 oP [10][10] 20
B +1° = + = + =
0 2 01 0 8 01 0 9
T ATRTAT _ ATRTAT _ ATRTAT 00
12. (ABA)' -A'B'A'"=A'B'A'-A'B'A :O:0 0
5x] [15
x| |y

Sx=15,orx=3
Tx=y,7-3=y,ory=21

2+x% 143X :{3 4}
4+xy 2+3y| [3 Y
2+3y=y,2y=-2,ory=-1
1+3x=4,3x=3,0orx=1

11.

j—

13.

“w

14.

=

For these values of x and y, 2+ x2 =3 is true, and 4 + xy = 3 is true. Thusx =1, y =-1.

(1 4 1 4 1 4 10
15. — — —
5 8 0 -12 01 01
0 0 7] [o5 9] [0o12] [o10
16. - - 5S>
|10 5 9] |0 0 7] 00 1 10 0 1
(2 4 7] [1 2 4] [1 2 4 1 2 4
17. |1 2 4|>|2 4 7|>|0 0 -1|-|0 -2 -18
5 8 2] |58 2] |0 -2 -18 |0 0O -1
12 4 10 -14] [1 0 -14 100
/0 1 9|0 1 9|/>|0 1 9|0 10
0 0 -1 00 -1] |00 1 00 1

o
o
o
[EEN
[EEN

18. |0 O

o
o
1
o
o O o
o O O
o - O

2 510 2 5|0 1 -210 1 00
19. - - 2 -

4 3|0 0 130 o 1lo0 0 110
Thus x=0,y=0.

1 -1 2|3 1 -1 2| 3 1 -1 2|3 10
- - 5 -
3 1 1|5 0 4 -5|-4 0 1 -3(-1| "o 1 -

4

2

S

-1

Nlor Bw

Thus x=—§r+2, y:Er—l,z=r.
4 4
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1 1 2| 1 1 1 2| 1] [1 1 21 10 0]-1
21. |3 -2 —4|-7|>|0 -5 -10|-10|—>|0 1 2|2|—>|0 1 2
2 -1 2| 2 0 -3 6| 0 0 -3 6|0 000
Row three indicates that O = 6, which is never true, so there is no solution.
1 3
1 -1 1] 1] 1 -1 -1| 11 [ -1 -1] 11 (L O 5 /-1 j1200] 5
22. |1 1 2|-3|=]/0 2 3|-4|=]0 1%—2%01%—2%010%
2 0 2|7 0 2 4]-9 0 2 4|-9 00 1|-5 0 0 1|-5
Thus X:E,y—E, =-5.
2 2
1 5[1 0 1 5/ 10 151 0
23. — — 1 1
3 9|0 1 0 6[-3 1 0 1|3 -4
1 0/=3 2 [_3 5]
Sl Sear T
0 1] 3 % | 2 %)
[0 1|1 0 1 0]0 1 4 (o1
24. - = A "=
1 0/0 1 0 11 0] 110
1 3 =2|100 1 3 21100
25. |4 1 0]/0 1 0|—>|0 -11 8|-4 1
3 -2 2/00 1 30 1
i 3 211 00 1 00
4 1
0 -11 8|-4 10 llH—Ho
10 0 0| 1 -11 1 1
2 1
8 4
-0 1 —i1 i1 —> no inverse exists
00 O 1 —11
1
5 00[100] [500[/100] |100500
26. —521010%021110»01%%%0
-5 1 3|0 0 1 0 1 3|10 1 0 1 3/1 0 1
1 1 1
100/t 00 100(¢ 0 O : 0 0
101 1 2 3 1 -1_|2 3 _1
—)0135 EO—)OlOg g—gﬁA—S 5 5|
511 1 1 1 2 1 1 2
0037 -2 1 [001]5 -5 % 5 5 5
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27.

28.

29.

30.

o O P
= O O

1
-2

1
-3

0
0
1

ISM: Introductory Mathematical Analysis

0 1 0}, itis clear that there is no way of transforming the left side into I3, since there

is no way to get a nonzero entry in the first column. Thus A does not have an inverse.

314|100 10110
10 1/01 0[/>|3 1 4|1
0 21(00 1 |02 1]0
(1 0 1|0 1 0] 10 1
-0 1 1|1 -3 0|=>|0 1 1
0 21/0 0 1] [0 0 -1
(1 0 1|0 1 O 100
-0 1 1|1 -3 0|=>|0 10
0 0 1(2 -6 -1 0 0 1
X -2 7 1][1] [o
yl=AB=|-1 3 1|l0|l=|1
z 2 -6 -1(|2] |0
Thusx=0,y=1,z=0.
We found A~ in Exercise 26, so
1 3
X 5 0 037 |3
y|-ate-|2 ¢ -ifo|-¢
z 1 .1 22| |z
5 5 5 5
0 1 1][o 1 1] [o
AZ-AA=/0 0 1|0 0 1|=|0
0 0 0//l0 0 O] |0
0 0 1o 1 1] [o
A®=-A%A=|0 0 0f|0 0 1|=|0
0 0 0//0 0 0] |0
Since A =0, every higher power of A
011|100
Lookingat {0 0 1
0 00[/0O0 1
AT:20
0 4
1
IR
0 %
1
A—1:20
1
0 7
1
-
o 1
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31. a. Letx,y, and z represent the weekly doses of capsules of brand I, II, and III, respectively. Then
X+y+4z=13  (vitamin A)
X+2y+7z=22 (vitamin B)
X+3y+10z =31 (vitamin C)
1 1 4]13 1 1 4]|13
12 7|22|=RtRe 1o 4 3] g
13 10|31 4R 1o 2 618

P ERCIE
R2FRs g 0 0o

Thusx=4-r,y=9-3r,and z=r, where r =0, 1, 2, 3.
The four possible combinations are

Combination X y Z
1 4 9 0
2 3 6 1
3 2 3 2
4 1 0 3

b. Computing the cost of each combination, we find that they are 83, 77, 71, and 65 cents, respectively. Thus
combination 4, namely x = 1, y = 0, z = 3, minimizes weekly cost.

32. a. (A’l)B A3 = (A*1)2 (A’lA)AZ :(A*1)2 1A2 :(A*1)2 A?
- A‘l(A‘lA)A —AlA=-ATA=]
Thus A8 is invertible.

b. AB=AC. Thus AX(AB)=A(AC), (A‘lA) B= (A‘lA)c ,IB=IC,B=C.
¢. AA=A=ATAA=ATA JA=LA=L Thus A=1,.

(215 87
33. }

89 141

x] [79 -43 277*111] [ 157]
34. |y|=|34 58 —76| [108|=]-0.30
2| |45 -62 —7.4| [159] |-095]
Thus x = 1.57, y = -0.30, z = —0.95.

10 20 r

02 10 39.7
35, A= ;D{ }X=(I—A)_1D=

5 1 5 351

34 39 -

229



Chapter 6: Matrix Algebra ISM: Introductory Mathematical Analysis

Mathematical Snapshot Chapter 6

20 40 30 10
1. A={30 0 10 10
10 0 30 50
-
L0
c=| 8
_10_
20 40 30 10] " 800
c"(AT)=Cc"{|30 0 10 10 1010 _ 7330
10 0 30 50 ; 530
800
=[9 8 10]|330|=[15,140]
530

The cost is $151.40.

2. To the linear system, add x1 + x2 + x3 + x4 = 52.

20 40 30 10
30 0 10 10
A:
10 0 30 50
1 1 1 1
1180
580
B:
1500
52
8
|10
T=AlB=
14
20

Guest 1: 8 days; guest 2: 10 days;
guest 3: 14 days; guest 4: 20 days

3. Itis not possible. Different combinations of lengths of stays can cost the same. For example, guest 1 staying for
20 days and guest 3 staying for 17 days costs the same as guest 1 staying for 15 days and guest 3 staying for 21
days (each costs $214.50).
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Chapter 7

Principles in Practice 7.1 2.

1. Letx = the number of type A magnets and
y = the number of type B magnets.
The cost for producing x type A magnets and y
type B magnets is 50 + 0.90x + 0.70y. The
revenue for selling x type A magnets and y type
B magnets is 2.00x + 1.50y.
Revenue is greater than cost when
2x + 1.5y >50 + 0.9x + 0.7y.
0.8y >—1.1x + 50 3.
y>-1375x + 62.5
Sketch the dashed line y = —1.375x + 62.5 and
shade the half plane above the line. In order to
make a profit, the number of magnets of types A
and B must correspond to an ordered pair in the
shaded region. Also, to take reality into account,
both x and y must be positive (negative numbers
of magnets are not feasible).

2. Since negative numbers of cameras cannot be
sold, x = O and y = 0. Selling at least 50
cameras per week corresponds to x +y = 50. H
Selling twice as many of type I as of type II T
corresponds to I 10
x = 2y. The system of inequalities is +

X+ Yy =50, 1 \
X>2y, 1 \
Xx=0,
y>0. 5. s

The region consists of points on or above the \
x-axis and on or to the right of the y-axis. In

T > X
x +y =50 and on or below the line x = 2y. + 4

addition, the points must be on or above the line

Problems 7.1
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17.

18.

19.

25. 6x+4y<20

26. 7x+3y<25

20.

21.
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27.

28.

29.

Let x be the amount purchased from supplier A,
and y the amount purchased from B. The system
of inequalities is

x+y < 100,

x =0,

y = 0.

Since negative numbers of computers cannot be
produced, x = 0 and y = 0. Producing at most
650 computers per week corresponds to x +y <
650. The system of inequalities is
X+ Yy <650,
x20,
y >0.

Since negative numbers of chairs cannot be
produced, x = 0 and y = 0. The inequality for
assembly time is 3x + 2y < 240. The inequality

for painting time is %x +y <80. The system of
inequalities is
3x+2y <240,
1
—Xx+y <80,
> y
X =0,
y>0.

The region consists of points on or above the
x-axis and on or to the right of the y-axis. In
addition, the points must be on or below the line
3x + 2y = 240 and on or below the line

%X +y =80 (or, equivalently x + 2y = 160).

Problems 7.2

1.

The feasible region appears below. The corner

. 47 41 4
points are (2, 0), | —, — |, —5, 0.
3 9 2
Evaluating P at each corner point, we find that P

has a maximum value of 112% when X = %

and y=0.

234
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25+

2. The feasible region appears below. The corner
points are (0, 0), (0, 83%), (62%, Oj.
Evaluating P at each corner point, we find that P

has a maximum value of 416% when x = 0 and

1
=83-.
y 3

[621, O) 100
2

3. The feasible region appears below. The corner
points are (2, 3), (0, 5), (0, 7) and (?, 7}.

Evaluating Z at each point, we find that Z has a
maximum value of —10 whenx =2 and y = 3.

y

107
1 P
3x-y=3_-
7

7
7

//
.2 Z=-10
+ 7
x+y=5—-

4. The feasible region appears below. The corner

12 12 99 99
int 8,0,3,0, | === | | ==
points are (8, 0), ( )(7 7} (20 20]

and (8,%} . Evaluating Z at each point, we find

that Z has a minimum value of 3 when x = 3 and
y=0.
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104

9x + 11y =99

(3,0) 10

5. The feasible region is empty, so there is no
optimum solution.

10 1y //
+ /
1 /
1 S 2=y=2
/
T /
1 /
/
T ’
1 I,
1 7 x—4y=4 i
1 7 Y o
/ - X
—_-—

6. The feasible region is empty, so there is no
optimum solution.

\‘\\\\fx +7y=56
AN

NN 3x+4y =24
\ ANEN X

N

10

7. The feasible region is a line segment. The corner
points are (0, 1) and (4, 5). Z has a minimum
value of 3 whenx=0andy = 1.

y

T @.5)

©,1)]

X
5

8. The feasible region is a line segment. The corner
points are (2, 0) and g, é .
17 17
Z has a maximum value of 0.8 for x =2 and
y=0.

Section 7.2

10 J
T /
1 /
/
+ /
1 /
/
+ ,I
1 ,/ 2=08
+ /
/
T /
1 j J/ y
(2,0 10

9. The feasible region is unbounded with 3 corner
points. The member (see dashed line) of the
family of lines C = 3x + 2y which gives a
minimum value of C, subject to the constraints,
intersects the feasible region at corner point

(g, %) where C = ? Thus C has a minimum

value of 23 when X :Z and Yy :1. [Note:
3 3 3

Here we chose the member of the family

y= %(—3X +C) whose y-intercept was closest

to the origin and which had at least one point in
common with the feasible region.]

5-

T ) X

o + + +
x+2y=3 (.0) 5

10. The feasible region is unbounded with 4 corner
points. The member (see dashed line) of the

family of lines y =—X +% which gives a

minimum value of C, subject to the constraints,
intersects the feasible region at corner point
(40, 20) where C = 120. Thus C has a minimum
value of 120 when x = 40 and y = 20.

/5x+2y:200

3x +2y=160

+2y =280
/x y
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11.

12.

13.

The feasible region is unbounded with 2 corner
points. The family of lines given by Z = 10x + 2y
has members (see dashed lines for two sample
members) that have arbitrarily large values of Z
and that also intersect the feasible region. Thus
no optimum solution exists.

10+

/"
x+2y=4

The feasible region is unbounded with 3 corner
points. The family of lines given by Z =y — x has
members (see dashed lines for sample members)
that have arbitrarily small values for Z and also
intersect the feasible region. Thus no optimum
solution exists.

10

x+3y=6

Let x and y be the number of trucks and spinning
tops made per week, respectively. Then we are
to maximize P = 7x + 2y where
x=0
y>0
2x+y <80 (for machine A)
3x+ Yy <50 (for machine B)
5x + y <70 (for finishing)

The feasible region is bounded. The corner
points are (0, 50), (14, 0) and (10, 20).
Evaluating P at each corner point, we find that P
is maximized at corner point (10, 20), where its
value is 110. Thus10 trucks and 20 spinning tops
should be made each week to give a maximum
profit of $110.
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ny
‘/3x+y=50

5 . o
1 \/MaX|mum Profit Line

50 1

50

14. Let x and y be the numbers of Vista and Xtreme

15.

models made each day. Then we are to
maximize
P =50x + 80y, where
x>0
y>0
x+3y <24 (for machine A)
2x+ 2y < 24 (for machine B)

The feasible region is bounded. The corner
points are (0, 0), (0, 8), (6, 6), and (12, 0).
Evaluating P at each corner point, we find that P
is maximized at corner point (6, 6) where its
value is 780. Thus 6 of each model should be
made each day in order to give a maximum
profit of $780.

25 P

Let x and y be the numbers of units of Food A
and Food B, respectively, that are purchased.
Then we are to minimize C = 1.20x + 0.80y,
where

x>0,
y=0,
2xX+2y >16 (for carbohydrates),
4x+y > 20 (for protein).

The feasible region is unbounded. The corner
points are (8, 0), (4, 4) and (0, 20). C is
minimized at corner point (4, 4) where C =8
(see the minimum cost line). Thus 4 units of
Food A and 4 units of Food B gives a minimum
cost of $8.
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304 504"
200x + 50y = 2500
IS
Minimum™ T ~_100x + 200y = 3000
Cost Line = - /\’.‘ - t -
30 Minimum 50
Cost Line
16. Let x and y be the numbers of units of Blend I ]
and Blend II, respectively, that are bought each 18. Let.x and y be the number of days Refinery I and
week. Then we are to minimize C = 8x + 10y Refinery II are operated, respectively. Then we
where are to minimize C = 25,000x + 20,000y where
X0, X0,
y >0, y >0,
2x+2y >80 (for Nutrient A), 2000x +1000y >8000 (for low grade),
6x+2y >120 (for Nutrient B), 3000x + 2000y > 14,000 (for medium grade),
4x+12y > 240 (for Nutrient C). 1000x +1000y = 5000  (for high grade).
The feasible region is unbounded with 4 corner Th.e feasible region is unbounded With.4 corner
points. C is minimized at the corner point points. Evaluating C at each corner point, we
(30, 10) where C = 340 (see the minimum cost find that C is minimized at corner pomt 4, 1)
line). thus each week the grower should buy 30 where C = 120,000. Thus, operate Refinery I for
bags of Blend I and 10 bags of Blend II. 4 days and Refinery II for 1 day for a minimum
y cost of $120,000.
100 1 y
+ 10 4
1 ex+2y=120 )\
T 1\ 2000x + 1000y = 8000
A\ 2c+2y=80
Minimum 4x + 12y = 240 3000x + 2000y = 14,000
Cost Line + ~ X 1000x + 1000y = 5000
"""""" 100 i X
10
17. Let x and y be the numbers of tons of ores I and
11, respectively, that are processed. Then we are 19. Letx and y be the number of chambers of type A
to minimize C = 50x + 60y, where and B, respectively. Then we are to minimize
x>0 C =600,000x + 300,000y, where
y > O X2 4,
100x + 200y > 3000 (for mineral A), yz4
200x +50y > 2500 (for mineral B). 10x+4y >100 (for polymer Py),
>
The feasible region is unbounded with 3 corner 20+ 30y = 420 (for polymer Py).
points. C is minimized at the corner point The feasible region is unbounded with 3 corner
(10, 10) where C = 1100 (see the minimum cost points. Evaluating C at each corner point, we
line). Thus 10 tons of ore I and 10 tons of ore II find C is minimized at corner point
give a minimum cost of $1100. (6, 10) where C = 6,600,000. Thus the solution
is 6 chambers of type A and 10 chambers of
type B.
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20.

Let x and y be the number of liters produced by
the old and new processes, respectively. We
want to maximize P = 0.4x + 0.15y, where
x>0
y>0
25x +15y <12,525 (for carbon dioxide)
50x+ 40y < 20,000 (for particulate matter)

The feasible region is bounded with three corner
points. Evaluating P at each corner point, we
find that P is maximized at the corner point
(400, 0), where P = 160. Thus daily production
of 400 liters by only the old process maximizes
daily profit at $160.

y

1000 +

25x + 15y = 12,525
/ d

50x + 40y = )%0,000

1000

. a. A builds x km of highway and y km of

expressway, so B builds (300 — x) km of

highway and (200 — y) km of expressway.

Thus

D =2x + 6y + 3(300 — x) + 5(200 — y)
=1900 - x +y.

b. The first constraint is company A’s

construction limit.
The second constraint is company B’s
construction limit, which arises as follows:
(300 -x) + (200 - y) < 300,

500-x -y <300,

—-X -y <-200,
X+ Yy >200.

The third constraint is the minimum contract
for A.
The fourth constraint is the minimum
contract for B, which arises as follows:

238
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2(300 - x) +8(200 - y) > 300,

2200 -2x -8y > 300,

—-2x -8y >-1900,
2x+8y <1900.

The fifth constraint reflects the fact that
company A will not build more than 300 km
of highway, since 300 km is the total being
built; the sixth constraint is the
corresponding constraint for the amount of
expressway.

c. The feasible region (see below) is bounded.

The corner points are (0, 200), (150, 200),

(?, ?) (300, 100), (300, 0), and

(200, 0).

Evaluating D at each corner point, we find
that D is maximized at point (0, 200), where
D =2100. That is, D is maximized when

x=0,y=200.
500 4
T y =200
2x + 8y = 1900
x+y=400
x =300
) N
500
x+y=200

Z=271whenx=1.14,y=1.43
Z =15.54 when x =2.56, y = 6.74

The feasible region is empty, so there is no
optimum solution.

Z=-7598 when x=9.48,y =16.67

Principles in Practice 7.3

1.

Using the hint, the cost of shipping the TV sets
isZ=18x+24(25-x)+ 9y + 15(30 - y)

= 1050 - 6x — 6y.

Since negative numbers of TV sets cannot be
shipped,x = 0,y = 0,25-x = 0, and

30—y = 0. Since warehouse C has only 45 TV
sets,

X +y < 45. Similarly, since warehouse D has
only 40 TV sets, 25 —x+30—y < 45 or

x+y = 10.

We need to minimize Z = 1050 — 6x — 6y subject
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to the constraints
X+y <45
Xx+y =10,
X < 25,
y <30,
x>0,y>0.

507

A

x+y=10: ;

The feasible region shown has corners

A =(0, 10), B=(0, 30), C = (15, 30),

D = (25, 20), E = (25, 0), and F = (10, 0).
Evaluating the cost function at the corners gives
Z(A) = 1050 — 6(0) — 6(10) =990

Z(B) = 1050 — 6(0) — 6(30) = 870
Z(C)=1050-6(15) — 6(30) = 780

Z(D) = 1050 — 6(25) — 6(20) =780

Z(E) = 1050 — 6(25) — 6(0) =900

Z(F) = 1050 — 6(10) — 6(0) = 990

The minimum value of Z is 780 which occurs at
all points on the line segment joining C and D.
This is x = (1 —1)(15) + #(25) = 15 + 10¢ and
y=(1-030)+120)=30-10rfor0 < r < 1.
Thus, ship 10z + 15 TV sets from C to A,

— 107 + 30 TV sets from C to B,

25— (10t + 15) =—10t + 10 TV sets from D to A,
and 30 — (-10z + 30) = 107 TV sets from D to B,
for 0 < ¢t < 1. The minimum cost is $780.

Problems 7.3

1. The feasible region is unbounded. Z is

minimized at corner points (2, 3) and (5, 2),
where its value is 33. Z is also minimized at all
points on the line segment joining (2, 3) and
(5, 2), so the solution is Z = 33 when
x=(1-02)+5t=2+3¢
y=(1-HB3)+2t=3-tand0 <r < 1.

10t
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2. The feasible region is a line segment. The corner

points are g, E and E, E . At each of
3 3 3 3

these points Z = 12. Thus Z is maximized at both
corner points, as well as at all points on the line
segment. Thus the solution is Z = 12 when

x=(1-t) 2 +Et:E+Et,
3 3 3 3

x=(1-1) E +£t=E—Et, and0<r< 1.
3 3 3 3

spai s

[SS]/ )
—

(

S

""‘3

. The feasible region appears below. The corner

8 36 4
oints are (0,0), | 0,—|,| —, — | and (6, 0). Z
e 00, (0.2 (2.4] a6
is maximized at (?, ;j and (6, 0), where its
value is 84. Thus Z is also maximized at all
. . D 36 4
points on the line segment joining 77 and
(6, 0). The solution is Z = 84 when
X=(1-t) 36 + 6t :§t+§,
7 7 7
y=(1-t) 4 +0t :i—it and0<r<1.
7 77

10

2x+3y =12

X+5y=8

. Using the hint, the cost of delivering the cars is

Z=060x+45y +50(7 —x) +35(4 - y)

=490 + 10x + 10y.

Since negative numbers of cars is not possible,
x=20,y=20,7-x=0,and4 -y = 0. Since
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the warehouse in Concord has only 6 cars,
xX+y < 6.
Similarly, since the Dublin warehouse has only 8

ISM: Introductory Mathematical Analysis

dividing by the greatest common factor of the
numbers involved. Thus, we will use
3% +3X9 +4X3 <300

cars,7—-x+4-y <8or3 < x+y.
We need to minimize Z =490 + 10x + 10y
subject to the constraints

3% +3Xp +2x%3 < 240
2% + 2%y +3X3 <180

x+y <6, X, Xp, X3 =0
i +<y72 3, X1 Xo X3 $ Sp S3 P b
y <4, S 3 3 4 1 0 0 0300
x=0,y=0. S, 3 3 2 0 1 0 0]240
104" s/ 2 2 300 10180
1 p|-150 -250 -200 0 0 O 1 0
T x=7 X1 Xo X3 S Sy S3 P b
it [ 0 0 21 -100 60|
Al Lry=6 2 1
\ | 11 20 100 80
x+y=3F X 5 2
+—+ +—t —— S = —
AN o P E el B
The feasible region shown has corners A = (0, 3), Pl100 0 —200 o 250 ¢ 120000
B=(0,4),C=(2,4),D=(6,0),and E=(3,0). L 8 8 o
Evaluating the cost function at the corners gives X X X3 § S, S3 P b
Z(A) =490 + 10(0) + 10(3) = 520 - 1 6 -
Z(B) =490 + 10(0) + 10(4) = 530 | 0001 -¢ -2 0 36
Z(C) =490 + 10(2) + 10(4) =550 X 3 2
Z(D) = 490 + 10(6) + 10(0) = 550 201100 5 -5 0 2
Z(E) =490 + 10(3) + 10(0) = 520 X 00 10 -2 30 12
The minimum value of Z is 520 which occurs at o S S -
all points on the line segment joining A and E. Pl1100 0 0 0O 70 20 120,400

This is x = (1 - £)(0) + #3) = 37 and The maximum value of P is 20,400 when
y=10-0B3)+#0)=-3t+3for0 <t < 1. % = 0.% =72 and xa =12 . Th .

Thus have 3¢ cars delivered from Concord to 1= =1 3 =+4. Lhe maximum
Atherton, =3¢ + 3 delivered from Concord to profit is $20,400 when 72 Type 2 players and
Berkeley, 7 — 3¢ delivered from Dublin to 12 Type 3 players are produced and sold.
Atherton, and 4 — (-3¢ + 3) = 3¢ + 1 delivered
from Dublin to Berkeley, for 0 < ¢ < 1. The
minimum cost is $520.

Problems 7.4

In these problems, the pivot entry is underlined.

Principles in Practice 7.4 XX X & S Z
1. r
In these problems, the pivot entry is underlined. /2 1 1 00|88
’ d N ; . 502 3 01 0(12|4
. Let X1, X, and X3 be the numbers 9 Type 1, 212177550 1T
Type 2, and Type 3 players, respectively, that L
the company produces. The situation is to X X & Sy Z
maximize the profit (4 1
_ ) =01 -% 0|4
P =150%; + 250x, +200x3, subject to the S 13 3
constraints Xo % 10 % 04
300%; +300x, +400x3 < 30,000 i 0 O R ] 8
15% +15x, +10x3 <1200 7|13 3
2% +2X9 +3X3 <180 The solution is Z =8 when ¥ =0,%, =4.
X1y X2, X3 >0

The constraint inequalities can be simplified by

240
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X Xp8 S Z
2 g1 1100|4
/1 10 10|66
Z|-2 -1 0 0 1|0
X X 8 S Z
[0 2 11 010
x|1 10 10]|6
Z|10 1 0 2 1|12
The solution is Z =12 when X =6,X, =0.
X Xp 8 S Z
3. 5
s/ 3 2 10 0[5]3
-1 3 0 10|31
Z|'1 -2 0 0 1|0
X Xo S S Z
11 2
$ 5 0 1 -5 3
_1 1
|- 10 3 0]t
1 2
Z 3 00 £ 112
The solution is Z=2 when X =0, %, =1.
4 X X 8 S Z
“g[2 3 100]9[3
sp7) 1 5 0 1 0(10|2
Z|-4 -7 0 0 1| 0
XX 8 S 7
7 3 15
G| Eor-2olsf
1 1
| 5 1O 59210
13 7
Z_—? 00 5 1114
XX 8 S Z
5 3 15
x[10 5 -3 0|1
1 2 1
(0 1 -7 7917
132 137
Zioo 7 15

The solution is Z =£ when ¥ :E, Xo =—.
7 7 7

11
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X
S2

S3

X
S2

X2
Z

The solution

X
S2

S3

X2 § S S3

-1 1 0 O

2 010

1 0 0 1

-2 0 0 0

X2 81 S S3
-1 1 00
3 110
2 101
-10 8 0 O
X2 & S S3
0 30 3
o 1+ 1-3
1 -0 1

0111
0|8]8
0|5|5
ot

oA N P

1

2
28

X X 8 S 8372

1 -1 100 0|4]a
-1 1 01 0O0|4
1 1 0 0 1 0|66
2 6 000 1]0

X Xp S Sp S3 Z

1 -1 100 0|4
0O 0 1 10 0|8
0 2 -1 0 10]|2
0 4 200 1|8

z

N wl~

Section 7.4

isZ=28 when X =3,X, =2.

The solution is Z =8 when X =4, %, =0
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X X X3 S Sp Z Thus the maximum value of Z is 4, when
X1=2,X2=0,X3=0.
7 /1 2 0 1 0 0(10(5
s502 2 1 01 0)10)5 9. To obtain a standard linear programming
Zl 2 3 1A problem, we write the second constraint as
3 4 2 001)0 —X1+2X2+X3S2.
choosing s, as departing variable X X X3 S S Z
X Xp X3 8 S Z /12 1 010 0|11
lel%O%OS Z_—2—110010
2T LA RSN
2 /1 10 1001
The s(())lutionSis Z=gO when /0 311103
X =0,% =5x3 =
1=5 72 mas z|01 120 1|2
8. If s is the departing variable, then The solutionis Z=2 when ¥ =1, X, =0,%3=0.

XX X3 5 S 2

a2 1110042 10 Toobuins sanard e programrin
01 11 01 022 ¥ X <3
z|-21-100 1[0 X X & S S5 4 Z

X X X5 S S Z s[1 1 1000 0[1]1
W1 L L o002 01 -1 0 100 0]2

L 3 1 s3] -1 0010 0|33

503 2 -1 1000

S22 2 T s4 000 10|5
“lo2 2 1 0 14 Z|'2 30000 1]0

X X X3 5 S Z X, Xp S Sy S3 S4 Z
X11%0%%02 ] 11 100 0 0]1]
Blop L 1 -1 2 oo s/ 20 1100 0]3

O SR S N I 5|2 0 -1 0 10 0|2
z|0 30 § 3 1[4 s,/ 10 000 10(5
The solution is Z = 4 when z|' 50 3000 1|3

X1:2,X2=0,X3=0.

. . . The solution is Z =3 when ¥ =0, X, =1.
Choosing s, as the departing variable

X X X3 8 S Z X X 8 Sp 83 84 Z
s[2 1 -110 042 o f2 410000[47
|1 11 01 0]2)2 (-1 2 01000
Z|-21-100 1]0 s35/5 3 0010 0|20]4

XX Xo X3 4 Sy Z S4 2 1 000 1 O0(105
[0 -1 31 2 0|0 Z|-1 1 0000 1|0
x|1 1 10 10|2 ) ]
zZ|o0 3 10 2 1(4
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choosing X, as entering variable XXy S Sy 838 z i

X Xy S8 Sp83 S Z al 201 %0007%

1 1
|1 -z 7 0000}2 2l 210 Loo0o0|3
3 1 16
20 3 7 10007875 5|8 00 -2 10 0|11|2
S i1 _5 2 I
31003 -3 01 0 07110m s S 00 -1o0 10|74
Sq _ B . SO SO
zjo -3 1 000 1|2 L .

L E X X0 & So S3 Sy Z

X X 8 S 8384 7 [ 1 _3 581
X _1 0 3 0 1 00 32732 11001 13 13 00 13
' oo s %010 5 L ool
510 0 %1_1_3100%% 13 13 13

u |1 0 0 —% % 00 %
2001 -2 0 20028 s 1 s .
00 -4 0 - 10[® 7 P R R

R = S S 0 0O = 33 0 1 5
Zloo-2o0 20 1|22 - ) 2§

- h The solution is Z =— when ¥ =—,

X X8 S S S4 2 13 13

3 2 22
|11 00 -3 5 00|55 XZ:@.
sjo o1 4 -3 00|28 13
01 0 = L1 0 o|X 12. To obtain a standard linear programming
113 135 ;z problem, we write the first constraint as
S4 0 0O 13 13 10 13 2X1—X2—X3S2.

000 2 3 1|2 X X X3 & Sp S3W
000% % w0t 51'21—12-i5158021
Thus the maximum value of Z is 7—2, when So 1 -1 1 010044

13 /1 1 2 001 0|6l
Xl:ﬁ’ XZZE. If we choose X, as the W_—2 -1 2 000 1|0
entering variable, then we have: X X X3 S S5 W
1 1 1
y Xo S Sy S5 7 X1 1 -2 T3 3 0 0 01
/2 -1 10000 2 2 2 "
3 5 1 YV
s,[-1 2 0100063 55 015 —501 05 3
35 3 0010 0f202 Wio 2 1 1 0012
54 ..2...... ....(.)...0....(.)....:!-....9. :19 10 X Xo X3 S S» S3 W
Z|-1 -1 0 0 0 0 1|0 X_lol loloﬁ_
- - 1 3 3 3 3
S 7 _2 1 14
210 0 3 s 13 0|3
5 1 2 10
0t 3.73°% 3%
B 1 4 26
W_O 0 5 3 0 3 1 3 |
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13.

14.

The solution is W = 2—; when X =%

10
3

,X2=—,X3=0.

ISM: Introductory Mathematical Analysis

To obtain a standard linear programming problem, we write the second constraint as —X; — Xy + X3 <2 and the

third constraint as X; — Xy — X3 <1.

X Xp X3 S Sp S3 W
54 3 -11000
s/-1 -1 1 010 0|22
501 -1 -10010]1
w|l-112 -4 0 0 0 1{0

X Xp X3 § S s3 W
s[3 2 0110 0[3)1
x3(-1 .11 010 02
s5/0 2001103
wil-5 8 00 40 1|8

X Xo X3 S So S3 W
x[1 201 1o of1]
)5(20—%1% 40 0|3

0 -2 00 1 10]S3
wio 303 o0 113
The solution is W= 13 when X =1, X, =0, X3 =3.

X Xp X3 8 Sp s3 W
g[1 1 1 100 0|66
s,/ 1 -1 1 010 01010
501 -1 -1 001 0|44
w|l-4 0 1 000 1|0
X X X3 8 S s3 W
g/0 2 2 10 10|21
/0 0 2 01 -10/|6
|1 -1 -1 00 1 0|4
w|i0 -4 -3 00 4 1|16

X X X3S S s3 W
(001130 -30]1
5/0 02 01 -10|6
/100320 20|65
Wioo 120 2 1(2

The solution is W =20 when ¥ =5,%) =1, %3 =0.
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1, X3 =4, Xq

600 for X = 4, Xo

The solution is Z
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— 1
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: R
Noooid (oo oid
So - oo o < oio
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choosing X, as the entering variable.
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X X X3 X4 S]_ 52 53 Z Xy Xo 51 52 R
Xl;g;j;iigg X2l 2 1 10 0| 2400
%2 B B s,|-7 0 -5 1 024,800
[0 1 -2 2 -10 10]2 e e
2107071 2710 2 113 Rig 0 3

Thus 0 boxes from A and 2400 from B give a

Choosing X, as the entering variable in the .
& %4 & maximum revenue of $1200.

second table, we have:

X Xp X3 X4 S Sp S3 Z 18. Let x, y, and 7 denote the numbers of units of X,
X 1 0 1 -1 1000]3 Y, and Z produced, respectively. We want to
3 maximize P = 6x + 8y + 12z subject to
0 -1 -1 2 -1100|3
%2 2 X+ 2y +32 < 900,
(0 1 -2 2 -1010]2)1 4x+ 4y +82 <5000,
Z|0 -2 5 -2 3 00 1|9 X, ¥, 220.
X Xp X3 X4 § S, S3 Z Xy z .5 $P
x[1 L 00 Lo L ofals 511 2 3 1 0 0 900 |300
2 2 2
0 2 10 01 -10]1 204 4 8 01 050001625
1 1 1 P 6 -8 -12 0 0 1| O
X4 0 5 -1 1 ) 0 5 0 1(2 -
 F I S A AR R A b ¥y za o wP
R z|4 2 1 1 0 of 300|900
X Xo X3 X4 S S S3 Z D 6
x[10 11 10003 203 73 0 73 7 0 2000
/0 0 -3 4 -2 110|5 Pl-2 0 0 4 0 13600
/01 -2 2 -10 102 B b
7100012 102 113 Y %1 %2
The solution is Z = 13 wh x{1 2 3 10 0| 900
e solution 1s Z = 13 when |0 -4 -4 —4 1 0]1400
X =3, X=2,%=0,%=0
PIO 4 6 6 0 1|5400
17. Let ¥ and x, denote the numbers of boxes P is maximum when x = 900, y = 0, z = 0.
transported from A and B, respectively. The This maximum profit is $5400.

revenue received is R =0.75% +0.50%, . We )
want to maximize R subject to 19. Let ¥, Xy,and X3 denote the numbers of chairs,
2% + Xy <2400  (volume) rockers, and chaise lounges produced,

3x%, + 5%, < 36,800 (weight) respectively. We want to maximize
1x1 xz > 0 ' ’ R =21x +24x, +36X3 subject to

X X S5 R X + Xo + X3 <400,
L2 - Xy + Xp + 25 < 500,

s/ 2 1 1 0 0| 2400 | 1200 2% +3Xy +5xg <1450,

S0 3 50 1 036800012266 %%, X3 2 0.

R[_83 _1 0900 1| o X X2 X3 § S5 S3R

L4 2 | s[1 1 1 1 0 0 0| 400]400
X X 5 R i s/ 1 1 2 010 0500250
[tz 5 0 0) 120050 |23 5 00 101450 290
500 I -2 1 03320004853 R[-21 -24 =36 0 0 0 1] 0

R_O -1 3 01 900_
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X X2 X3 8 S sz R
[ 1 1 1 ]
815101_500150300
1 1 1
5| 2 3z 10 3 0 0250500
s3(-3 3 0 0 -2 1 0| 200 400
R|-3 6 0 0 18 0 19000

X Xo X3 S S» S3 R
xx 110 2 -100 300
x3001-1 100 100
3/-1 00 -1 -210 50
Rl 3 0 0 12 12 0 110,800

The production of 0 chairs, 300 rockers, and
100 chaise lounges gives the maximum revenue
of $10,800.

Principles in Practice 7.5

1. Let X, Xp, X3 be the numbers of device 1,
device 2, and device 3, respectively, that the
company produces. The situation is to maximize
the profit P =50%; +50x, +50x3 subject to the
constraints
5.5% +5.5%y +6.5x3 <190,

3.5)(1 + 6.5)(2 + 7.5X3 <180,
4.5% +6.0x, +6.5%3 <165,

and X1, X9, X3 >0.

The matrices are shown rounded to 2 decimal
places, although the exact values are used in the
row operations.

Since the indicators are equal, we choose the
first column as the pivot column.

XX Xp X3 S Sp s3 P b
5[ 55 55 65 1 0 0 019
s,/ 35 65 75 0 1 0 0180
s30 45 60 65 0 0 1 0165
P|-50 -50 -50 0 0 0 1| O

X1 Xo  Xo ) 53 P b
x[1 1118 018 0 0 0] 3455
s,|0 3 336 -064 1 0 O 59.09
s3/0 150 118 082 0 1 0 9.55
P[0 0 909 909 0 0 1[1727.27

An optimum solution is
X =35, X9 =0, x3 =0,and P =1727. However,

Xo is a nonbasic variable and its indicator is 0,

Section 7.5

so we check for multiple solutions. Treating Xy

as an entering variable, the following table is
obtained:

X X0 X3 & S S3 P b
x|l 0 039 073 0 -067 0| 2818
s,/0 0 1.00 1.00 1 -2.00 O| 40.00
X0 1 079 -055 0 067 0| 6.36
PO 0O 909 909 O 0 1|1727.27

Another optimum solution is

X =28,% =6,%3=0,and P =1727.

Thus, the optimum solution is for the company
to produce (1 —£)35 + 28¢ = 35 — 7¢ of device 1,
(1 =0 + 61 = 61 of device 2, and none of device
3,for0 <r<1.

Problems 7.5
1. Yes; for the table, X, is the entering variable

and the quotients g and % tie for being the

smallest.

2. Yes; the B.F.S. corresponding to the given table
has the basic variable X, equal to 0.

XX 8 S 837
3 g[4 3100 0|4
s,/ 3 -1 0 100|6
s/ 5 000 108
z|-2 700 0 1[0

The entering variable is X, . Since no quotients

exist, the problem has an unbounded solution.
Thus, no optimum solution (unbounded).

X Xo S Sp S3 Sg Z
A gf1 11000 0] 77
s, | -1 010005
s;/ 8 500 10 0[40]5
S| 2 000 10| 6|3
Z|-2 -1 0 0 0 0 1| O
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X Xp S Sp S3 S4 Z
sfo -2 100 -1 of 4]
520%010%08%
30 100 1 -4 0[16(16
[t £ 000 1036
Zzlo 0000 1 1|6

The maximum value of Zis 6 when ¥ =3 and
Xo =0. Since X, is nonbasic for the last table

and its indicator is 0, there may be multiple
optimum solutions. Treating X, as an entering

variable and continuing, we have
X X 8 Sp S3 S4 Z

/001 10 0 0]12]
/010 20 £ 0%
30 00 -2 1 -3 0|2
¥[100 -3 0 3 0|3
Z|[0 0O 00 11|68

Here Z =6 when X :% and Xy = ?6 Thus

multiple optimum solutions exist. Hence Z is a

maximum when ¥ = (1-1)(3) +%t = 3—%t,

Xp = (1—t)(0)+%t :%t, and 0 <7< 1. For the

last table, S, is nonbasic and its indicator is 0. If

we continue the process for determining other
optimum solutions, we return to the second
table.

X Xp & Sp S3 Z

$[2 -2 1 0 0 0]4
/-1 2 01 0 04]2
5/3 1 0010|616
Z|4 -8 000 1|0
X Xp 8 S S3 Z
s[1 01 1 00|88
X|-3 10 3 00|2
7 1 8
53100—51047

Z|'o 00 4 0 1[16

Z has a maximum of 16 when ¥ =0, X, =2.
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Since X; is nonbasic for the last table and its

indicator is 0, there may be multiple optimum
solutions. Treating X; as an entering variable,

we have

X Xo S S S3 Z
$10 0 1 % —% 0 %
X|0 1 0 % % 0 %
|1 0 0 —% % 0 %
Z|lo0 oo 4 0 1|16

Here Z =16 when X :g’ Xo :g. Thus

multiple optimum solutions exist. Hence Z is

maximum when X = (1-1t)(0) +§t = gt,

Xo = (1—t)(2)+%t = 2+;t, and 0 <7< 1. For
the last table S is nonbasic and its indicator is O.

If we continue the process for determining other
optimum solutions, we return to the second
table.

. To obtain a standard linear programming

problem, we write the second constraint as
=X+ X + X3 < 4.

XX X388 S S3Z
5[1 -1 4 100 0|66
s;2/-1 1 1 010 0|4
/1 -6 1 00 10|88
z|-8 2 -4 000 1|0

XX X3 5 S 83 7
x/[1 -1 4 100 0|6
s;/0 0 5 1 10 010
s3/0 -5 3 -1 0 1 0] 2
z|0 -10 28 8 0 0 1]48

For the last table, X, is the entering variable.

Since no quotients exist, the problem has an
unbounded solution.
Thus, no optimum solution (unbounded).
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Xt Xo X3 8 Sp Sz Z
7. [9 3 -2 100 0[5]8
s,/ 4 2 -1 010 0f2]
/1 -4 1 001 0|3
z|-5 6 -1 0 0 0 1|0

X Xp X3 8 S S3Z

Sl30—%1—%002
x221—%0 %001
39 0 -1 0 2 1 0|7
ZI70 40 30 16

For the last table, X3 is the entering variable.

Since no quotients exist, the problem has an
unbounded solution.
Thus, no optimum solution (unbounded).

XX Xp X3 S Sp S3 Z
r 15
8 5[6 3 -3 100 0103
/1 -1 1 01 00|11
(2 12 00101216
Zl-2 -1 4 0 0 0 1|0
X Xo X3 S S S3 Z
5[0 9 91 60 0]4]4
- 9
x/1 -1 1 0 1 001
510 1 0 0 -2 1 0]1049
zZ|0 -3 6 0 2 0 1|2
X Xo X3 § S, S3 Z
i 1 2 4]
/1 0 0 L1 1 o o[y
9 3 9|3
1 4 86
001 s 3t 0y
Z|l0 0 3 % 0 01 %

Z has a maximum value of % when

13 4 . . .
X = g Xo = 9’ X3 =0. Since S, is nonbasic
for the last table and its indicator is 0, there may
be multiple optimum solutions. Treating S, as

an entering variable, we have
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X Xo X3 § S» S3 Z

x2 1 -1+ 0002
2(30 01 100 %
B[40 13 010%
z|o 0o 3100 1 %

Here Z = % when ¥ =0, Xy :%,X3 =0.

Thus multiple optimum solutions exist. Hence Z
is maximum when

13
X =@0-t)] — |+0t =——-—t,
1= )(gj s 9

Xp = (1—t)(%}+(%}t =g+%t,

X3 =(1-1)(0)+0t =0,
and 0 < ¢ < 1. For the last table, X; is nonbasic

and its indicator is 0. if we continue the process
for determining other optimum solutions, we
return to the third table.

. To obtain a standard linear programming

problem, we write the second constraint as
4x +x, <6.

X Xp X3 8 S Z
s/2 1 1 1007
504 1 0 0 0|63
z126 22 2100 1(0l?
_X]_Xz X38152
90 £ 1 1 -1 0|44
Xll%OO%O%
zO—%—lO%lQ
XX X X3 S Z
X3 1 1

0 1 11 -1 o0f4g
|1 + 00 1 0|36

Z has a maximum value of 13 when
3 . . .
X = Py X =0, X3 =4. Since X, is nonbasic for

the last table and its indicator is O, there may be
multiple optimum solutions. Treating X, as an

entering variable, we have
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10.

11.

X XoX3 S Sp Z
X3(-2 01 1 -1 0] 1
X 4 100 10]|6
z| 0001 1 1|13

Here Z =13 when X =0, X, =6, X3 =1. Thus

multiple optimum solutions exist. Hence Z is
maximum when
3 3

3
X =0-t) - |+0t=—-—t,
1= )(Zj >

Xp = (L-1)(0) + 6t = 6t,
X3 =1-t)(4)+Ut=4-3t, and 0 < r < 1. For
the last table, X; is nonbasic and its indicator is

0. If we continue the process for determining
other optimum solutions, we return to the third
table.

X X X3 X4 8 S8 P
s [1 -1 0 010002
Szol_l 0 010 0(3}3
/0 1 -3 100 10|4[
pPl-1 -2 -1 -2 0 0 0 1|0

X X2 X3 X451$253P )
s[10 -1 01 100[5
2 01 -1 00 10 0]3
s 00 2 10 -110]1
pl-1 0 -3 -2 0 2 0 1|6

Now Xz is the entering variable but no quotients

exist. Thus, the feasible region is unbounded
and, hence, there is no optimum solution.

Let X, Xy, and x3 denote the numbers of chairs,

rockers, and chaise lounges produced,
respectively. We want to maximize
R = 24x% +32x, +48X3 subject to

X1 + Xo + X3 < 400,
X1 + Xo +2x%3 <600,

2%1 + 3%y +5%3 <1500,
X1, Xp, X3 = 0.

X X X3 8 S 53R
s 1 1 1 1 0 0 0] 400 |400
sp| 1 1 2 0 1 0 0] 600|300
s3] 2 3 5 0 0 1 0]1500|300
R|-24 -32 48 0 0 0 1| O
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choosing Sz as departing variable

XX X X3 & S sz R
[ 3 2 1 7
1 1 2
32 E —g 0 O 1 —g O O 0
2 3 1
x| 5 5 100 5 0] 300 g
24 16 48
R_—? -5 0 00O 5 1 14,400_
X Xy X3 8 S s3 R
/0 L 01 -3 1 0] 100 (100
¥/l -1 00 5 =20 0 0
0 1 10 -2 1 0] 300 {300
RO -8 0 0 24 0 114,400
X X X3 8 S S3 R
Xo (01 0 1 -3 1 0| 100
(1 00 1 2 -1 0| 100 |50
(0 01 -1 1 0 0] 200 1200
R/IO OO 8 0 8 1]|15,200

The maximum value of R is 15,200 when

X =100, X, =100, X3 = 200. Since S, is
nonbasic for the last table and its indicator is 0,
there may be multiple optimum solutions.
Treating S, as an entering variable, we have

X X X3 S S 53 R .
3 5 1
Xo| 5 10 3 0 Y 0 250
1 1 1
Sy 5l 00 0l 1 -3 0 50
1 3 1
5|72 0175 0 5 0] 190
RI 000 8 0 8 115,200

Here R = 15.200 when

X =0, Xo =250, X3 =150.

Thus multiple optimum solutions exist.
Hence R is maximum when

X = (L-t)(100) + Ot =100 —100t,

Xo = (1-1)(2100) + 250t =100+ 150t

X3 = (1-1)(200) +150t = 200 - 50t, and
0 =<t < 1. For the last table, ¥ is nonbasic and
its indicator is 0. If we continue the process for
determining other optimum solutions, we return
to the fourth table. If we were to initially choose
S, as the departing variable, then
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X X2 X3 S8 S s3 R
s/ 1 1 1 1 0 0 0] 400400
s,/ 1 1 2 0 1 0 0600|300
|2 8 5 00 1 0]1500 300
R|-24 -32 —48 0 0 0 1| O

Xl X2 X3 Sl 52 53 R
s|3 % 01 -3 0 0| 100 |200
X3%%10%00300600
3-2 2 o0 -310f 0 |0
RO -8 00 24 0 114,400

X X X3 8 S  S3R
s[1 001 2 -1 0| 100 |50
x3f1 01 0 3 -1 0| 300 [100
71100 -5 2 0] 0
R|-8 0 0 0 -16 16 1 |14,400

X Xp X3 S S s3 R

1 1 1 ]
5| 2 oo 1 1-10 50 |100

1 3 1
x;|~3 01 -3 0 5 0| 150

3 5 1
X3 10 3 0 -3 0 20158
RIo 00 8 0 8 1/15200

Section 7.6

the maximum value of R is 15,200 when X; =0, X, = 250, X3 =150. For the last table, X is nonbasic and its

indicator is 0. Treating ¥; as an entering variable, we have

X X0 X3 & S» S3 R
/100 1 2 -10 100
3001 -1 1 00 200
010 1 -3 10 100
RI0OOO 8 0 8 1]15200

Here R = 15,200 when X; =100, x, =100, x3 = 200. For the last table, S, is nonbasic and its indicator is 0. If we
continue the process of determining other optimum solutions, we return to the table corresponding to the solution

X = 0, Xy = 250, X3 = 150.

Thus, the maximum revenue is $15,200 when ¥ =100-100t, x, =100+150t,

X3 =200-50t, and0 < ¢ < 1

Principles in Practice 7.6

1. Using the hint, 1000 - X; standard and 800 — X, deluxe snowboards must be manufactured at plant II. The

constraints for plant I are X + X, <1200 and X, — X < 200. The constraints for plant II are
(2000 - x;) + (800 —x,) £1000 or ¥; + X, =800. The quantity to be maximized is the profit
P = 40x +60x, +45(1000 — X;) +50(800 — X5)

=-5x; +10x, + 85,000 subject to the constraints

251



Chapter 7: Linear Programming

X1 + Xo <1200,
=X + X <200,

X1 + Xo 2800,

and X, Xy >0.
Note that maximizing Z = -5% +10X, also maximizes the profit. The corresponding equations are:

X + %o + 51 =1200,
=X + Xo +Sp =200,
X + X9 —S3 +1=800.

The artificial objective equation is
W = -5x +10x, — Mt.
The augmented coefficient matrix is:

X Xo 8 S S3 t W
1 110 0 0 0]1200
-1 101 0 0 0| 200
1 100 -1 1 0| 800
5 -10 00 0 M 1 0
The simplex tables follow.
X1 Xo S S S3 t W
s| 1 1 10 0 0 0] 1200
s,| -1 1 01 0 0 0] 200
t] 1 1 0 0 -1 10| 800
w|(5-M -10-M 0 0 M 0 1|-800M
X Xo § Sy s3 t W
s 2 01 -1 0 00O 1000
X9 -1 10 1 0 0O 200
t 2 00 -1 110 600
wW|-5-2M 0 0 10+M M 0 1 |2000-600M
X X8 S S t W i
$/0 01 0 1 -1 0| 400
1 1 1
X010 35 -3 0 500
1 1 1
M0 aa 2 0%
15 _5 5
W_O 00 3 -3 3+M 1 3500_
Delete the #-column since ¢ = 0 and return to Z.
X Xp § Sy 837
;[0 0 1 0 1 0| 400]
X0 1 5 4 0 0| 700
1 _1
w102 720095
z|0 0 2 £ 0 0]4500

ISM: Introductory Mathematical Analysis

Thus, X =500, x, =700, and Z = 4500. Plant I should manufacture 500 standard and 700 deluxe snowboards.

Plant II should manufacture 1000 — 500 = 500 standard and 800 — 700 = 100 deluxe snowboards. The maximum
profit is P = -5(500) + 10(700) + 85,000 = $89,500.
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Problems 7.6

X Xp 8 S b

-1 10 -1

X Xo S S th W
1 1 0 0 0| 6 |6

t,| -1 1 0 -1 10| 4 |4
W|[-2+M -1-M 0 M 0 1|-4M

X X8 S o W
12 01 1 -1 0|21
/-1 1 0 -1 1 04
W(=3 00 -1 M+1 1[4

X X 8 S Z
|10 0|1

(0 11 -1 o5
zl0 0 107

The maximum is Z=7 when X =1, X, =5.

Nw N e
i
I\JII—‘:I\JID—\ N

X Xo & Sp th W

121 0 00} 8
1 60 -1 10]12
3 40 0M 1|0

X Xo $ S B

2 1 0
| 1 6 0 -11
0 0

0
:m|H |<,o|m =

o

=

[

|
w(~
o =
o: o
| |

H
H

wN o
H

.
wNo

K
NG

X X2

X

-
o

X2

i o o N
= O

N
N

o
H
P
NN A Djw
H
|
N B N

z|10 O

The maximum is Z =22 when ¥ =6, %, =1.
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X Xp X3 S W
1211 0 00
-1 110 10
2 110 1

X Xo X3 & S b W
S 1 2 1 1 0 00O
ty -1 1 1 0 -1 10
W|-2+M -1-M 1-M 0 M 0 1]

= pojo

5
1
-M

X X X3 8 S L W
g/3 0 -11 2 =2 o3
/-1 1 1 0 -1 1 01
Wi-3 0 2 0 -1 1+M 1|1

X X Z

&

S
X

[N
o
|

X2

z|0o 0

o
H
|_\:w||\) wl
Hiwln—\ (.».)ll—"g)
b
Wl wo ™D
I o
N

HI
N

The maximum is Z=4 when X =1, %) =2, X3 =0.
X X2 X3 8 S D

W
1 1 11 0 00O
1 -2 10-1 10

W[3 7 0 0 -4 4+M 1|24

x,|0 1 0
X3

wlNiw w9
'
:
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X Xo X3 S Sp Z
/0 30 1 10| 3
X311 1 10 0|9
Z|350 40 1|36

The maximum is Z=36 when ¥ =0,%, =0,X3=9.

X Xp X3 8 B W

1 1 1 1 0 0]10
1 -1 -1 0 1 0| 6
3 2 210 M 10

S
s 1 1 11
0
0

W|-3-M -—2+M -1+M 0
X X X338 B W
s;J0 2 21 10|42
/1 -1 -1 0 1 0| 6
W|i0 -5 -4 0 3+M 118

X X X3 W
%[0 1121 0] 2
x|1 0020l 8

z|o o 15 128

NloriNlk N
H

The maximum is Z =28 when ¥ =8, X =2, and X3 =0.

X X X3 08 4 W
0O 1 -2 -1 1 0 O0]5
1 1 1 0 0 10]|7

2 -1 -3 0M M 1]0
X1 Xo X3 S tl t2 W
t 0 1 -2 -1 1 00 5 15

| 1 1 1 0 010| 7 |7
W|[-2-M -1-2M -3+M M 0 0 1|-12M

X X X3 S1 B LW
Xo 0 1 -2 -1 1 00 5
| 1 0 3 1 1 10| 2
W|-2-M 0 -5-3M -1-M 1+2M 0 1]|5-2M

wlno
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X X X3 8 L5} b W

2 1 1 2 19
| 310 -3 T

1 1 1 1
SEILERE -1 Lo| 26

_1 2 _2 S 25
W3 00 5 3+M 3+M 1 3

X X X3 8 Z

%[0 1 2 -1 0|5
x|1 0 3 1 0f2
wioo 1 1 19

The maximum is Z=9 when ¥ =2, X, =5, x3 =0.

X X 8 S2 S3 3 W
771 -110 0 001
1 201 0 00|8
1 100 -1 10|5
-1 1000 0 M 1|0
X Xo & Sp S3 t3 W
s 1 -1 10 0 00| 1 ]1
s, 1 2 01 0 00| 8 |8
3| 1 1 00 -110| 515
W|-1-M 10-M 0 0 M 0 1|-5M
X X S$ S Sz 3 W
x[1 -1 1 00 00| 1
5|0 3 -1 1000 7 L
30 2 -1 0 -110]| 4 |2
Wi0 9-2M 1+M 0 M 0 1/|1-4M
X Xo & Sp S3 t3 W
i 1 1 1 ]
x[1 0 10 -2 10| 3
S 1 3 _3
2100 + 1 3 30 1
1 1 1
20 1-50-5 209 2
wioo %o 2 -34m 1/-17

For the above table, t3 =0. Thus W=Z.
The maximum is Z=-17 when ¥ =3,X, =2.
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XX Xp X3 & S ot tg W
871 1-1-10 1 00]5
11 1 01 0 003
1 -1 1 00 0 10/|7
-1 4 1 00M M 1]0
X Xo X3 S, 4 otz W
t 1 1 -1 -10100 5 |5
s, 1 1 1 0 1000 3 |3
t 1 -1 1 0 0010 7 07
W(-1-2M -4 1 M 0 0 0 1|-12M
X Xo X3 S S, H tg W
t |0 0 -2 -1 -1 100 2
x| 1 1 1 0 1000 3
t3] 0 -2 0 0 -1 010 4
w0 -3+2M 2+2M M 1+2M 0 0 1|3-6M
There is no solution (empty feasible region).
9. We write the third constraint as —X; + X, + X3 = 6.
X X X3 8 S S3 fp 3 W
11 11 0 0 0 00]1
1 -1 10-1 0 1 002
-1 1 10 0-1 0 106
3 2-10 0 0M M 10
X X X3 S S S3 b 3 W
g1 1 1 10 0 00O
t,| 1 -1 1 0 -1 0 10 0‘
-1 1 1 0 0 1010
w/-3 2 -1-2Mm 0 M M 0 0 1
X Xp X3 i S2 83 fp g W
X3 1 11 1 0 0000
t, 0 -2 0 -1 -1 0100
ty -2 00 -1 0 -1 010 5
W[-2+2M 3+2M 0 1+2M M M 0 0 1|1-6M

There is no solution (empty feasible region).
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10.

X X8 S S3 L W

1 21 0 0 0O O0O0] 8

1 6 0 -1 0 1 00|12

0 10 0 -1 0 10f2

1 40 0 0OM M 1]

X Xp 8 S S3 B 3 W

St 1 2 1 0 0 00O 8 |
ty 1 6 0 -1 0100 12
t3 0 1 0 0 -1 010 2 2
W(-1-M —4-7M 0 M M 0 0 1|-14M

Here we choose t3 as the departing variable.

) X1 Xo Sl 52 53 t2 t3 W .
s[ 1 010 2 0 -2 0[4)2
ty 1 0 0 -1 6 1 -6 0(0|0
wi-1-M 0 0O M -4-6M 0 4+7M 1|8
XX 8 S S L W o
2 1 1

Sa| 1 1 1

3 3 00 -5 1 3 -1 0|0
1 1 1

ps 1050 § 002
1 2 2

W_—§ 0 0 -5 0 §+M M 1 8_

X Xo S S S3 Z

(2 0 310 0]12
%2 1 1
|3 0320102
xz% 1 % 0 00| 4
ZI'10 200 1|16

Thus the maximum value of Zis 16, when X =0, Xy = 4.
If we choose t, as the original departing variable, then

X Xo S S S3 th t3 W
s 1 2 10 0 00O 8 |4
ty 1 6 0 -1 0 100]| 12 |2
t3) O 1 0 0 -1010 2
w/-1-M -4-7M 0 M M 0 0 1|-14M
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11.

X2

S2

Wl
+

o X

X

| |
e
ocio r o

N N e

I ol wh X

H
o= o=
H

>
N

X2
0
1

0
0

NG w N N e o;oorA'X,
: . :
N

<

X2 9 S2
1
0 1 3
1
0 -5
1
0 0 E
2 1
00 -2-1m
S &3 L 43
02 0 -2
0O -1 O 1
1 -6 -1 6
0 -4 M 4+M
53 Z
0 1 0| 2
0 0 0| 4
1 0 0]12
0 0 1|16

The maximum is Z= 16 when ¥ =0, %, =4.

XX X0 8 S3 th tz W

1 -11 0 0 00]|4

-1 10 0 1 0 0|4

1 00 -1 0 10/|6
320 0OM M 1/0

X Xo 8 S3tp 3 W
5| 1 -1 1 0 00O 4
ty | -1 1 0 0100 4 14
tg| 1 0 0 -1 010 6
w3 2-M 0 M 0 0 1]|-10M

X Xo S S3 t) t3 W
| 0 01 0 1 00 8
x» -1 10 0 1 00 4
) L 00 -1 0 10 6
wi{l-M 0 0 M 2+M 0 1|8-6M

X X S S3 t, t3 W
(0 0 1 0 1 0 0| 8
/0 1 0 -1 1 1 010
/1 00 -1 0 1 0] 6
wio 00 1 2+M -1+M 1| 2

For the above table, t, =t3 =0. Thus W=Z.
The maximum is Z=2 when X =6, X, =10.

o
©O o o =
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12. We write the first constraint as —X; +2X, <12.

13.

X X S S S3 th tg W
-1 21 0 0 0 0 0]12
-110 -1 0 1 0O0f2
110 0 -1 0 10]10
280 0 0OM M 1]0

X Xp S S s3 G 3 W
s [-1 21 0 0000
t -1 1 0 -1 0100
| 1 10 0-1010
Wl-2 8-2M 0 M M 0 0 1|

X X 8 S2 S3 ty

s, 101 2 0 -2
;< -1 10 -1 0 1
] 200 1 -1 -1
W|(6-2M 0 0 8-M M -8+2M

X X2 8 S S3 t t3
afoor 3 4 -3 -
eoi0-t-3 i
w100 33 -4 3
W(0 00 5 3 -5+M -3+M

1276
202
10 [10

Z1oMm
ty W
00 87s
00 2
10 84
0 1] 16-8M
W
o| 4]
o| 6
o| 4
"1]-40

ISM: Introductory Mathematical Analysis

For the above table, ty =tz =0. Thus W = Z. The maximum is Z = —40 when X =4 and X, =6.

Let ¥ and X, denote the numbers of Standard and Executive bookcases produced, respectively, each week. We

want to maximize the profit function P =35x +40X, subject to
2X1 + 3)(2 <400,
3% +4x%, <500,
3X1 + 4X2 > 250,

—
w

X1, Xp 2 0.
The artificial objective function is W = P — Mts.
X Xo & Sp Sz g W

2 310 0 0 0400

3 4 01 0 0 0]500

3 4 00 -1 1 0]250

35 40 00 0 M 1] 0

X X2 5152 S3

s 2 3 10 0

Sy 3 4 010

t3 3 4 0 0 -1

w|-35-3M -40-4M 0 0 M

ol O o

w
0| 400 4%
0| 500 [125
0| 250 |2
1| -250M
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X Xo S Sp S3 t3 W
a[-+010 § -3 o 4]m
/0 001 1 -1 0|25 |250
03100 3 3 oo
W| 5 00 0 -10 10+M 12500

Xg X & S sz P
s[-1 01 -2 00 25]
s3s 0 00 1 1 0] 250
|2 10 %+ 0 0125 3%

P| 557076710701 5000

_X1X251 S, s3 P —
sfo 11 -2 0 0] 20
510 00 1 1 0| 250
x/1 40 ool ¢
Plo 2 0 % o 1|

. - - . 500 2 .
This table indicates that, to maximize profit, the company should produce =3 = 1665 Standard and 0 Executive

bookcases. Since an integer answer is preferable, note that X =167, X, =0 does not satisfy the constraint
3% +4x%y <500, while X =166, X, =0 satisfies all of the constraints. Thus the company should produce
166 Standard and O Executive bookcases each week.

14. Let x, y and z denote the numbers of units of products X, Y, and Z produced each week, respectively. We want to
maximize the profit function P = 50x + 60y + 75z subject to
X+2Yy+2z <40,
X+Yy+2z<30,
Z25,
X,y,220.
The artificial objective function is W = P — Mts.
X y Z S8 S3 tZaW
1 2 2 10 0 0 0/40

1 1 201 0 0 0]30

0 0 100 -1 10| 5
50 60 -75 0 0 0 M 1|0

X y z S Sp S3 tz3 W
s 1 2 2 1 0 0 0 O 40 |20
s 1 1 2 01 0 0 0| 30 |15
t; 0 O 1 00 -110| 5 |5
w|-5%0 -60 -75-M 0 0 M 0 1|-5M
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_X y Z 5 S S3 t3 W
s[1 2 010 2 -2 0] 30115
s;2/ 1 1 001 2 -2 0]20]10
z] 0 0 100 -1 1 0|5
W|-50 —-60 0 0 0 -75 75+M 1375

X y z s S s3 P
0 1 01 -10 0|10 |q0
51 1 1 1
o 2 2 00 % 10|10 |20

1 1 1

2z 2 10 2 0010
Pl_25 _45 s
-7 3 00201 1125_

Xy Z 5 % 8 P i
y[0O 10 1 -10 0|10

1 1
1 1

2 0t e 1000
p—%oo%15011350

Xy 2z 8 S s3 P
y[Ooo1 0 1 -1 00| 10
x1 00 -1 2 20| 10
20 01 0 0 -1 0 5
PIO 0 0 10 40 25 11475

The production order should be 10 units of X, 10 units of Y, and 5 units of Z for a maximum profit of $1475

15. Suppose I is the total investment. Let X;, Xp, and X3 be the proportions invested in A, AA, and AAA bonds,
respectively. If Z is the total annual yield expressed as a proportion of /, then ZI =0.08x;1 +0.07x,1 +0.06x31 ,
or equivalently, Z = 0.08%; +0.07x, +0.06x3. We want to maximize Z subject to

X+ X +X3 =1,

X9 + X3 = 0.50,

X1 + X <0.30,

X1, X2, X3 = 0.
The artificial objective function is W = Z — Mt; — Mt,.

X Xo X3 Sp S3 i thy W

1 1 1 0 01 0 0]1

0 1 1 -10 0 1 0]05

1 1 0 01 0 0 003
-008 -007 006 0 0 M M 1|0

X Xo X3 S) S3 4 L W

t 1 1 1 0 0100 1 1
t 0 1 1 -1 0 01 0| 05 |05
S3 1 1 0 0 1000} 03 (03
W|-0.08-M -0.07-2M -0.06-2M M 0 0 0 1[-15M
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X3
X

S2
X3
X
w

X X2

X X2 X3
0 -10
0 0 1
1 10

Problems 7.7

X X2 § S

1
2

-1 -1 O

1 0 -1
5 0

X X2
1 -1
2 1

X2
0

0 007+M

0 0

1

S2
1
0
0

S

0

2-3M 5 M

1

o |k X

S2
1
-1
0
-0.06-M 0.08+M 0 0.06+2M

S2
0
-1
0
-001+M 0 -006-2M M 007+2M O

1

S3
-1
0
1

S3
-1

-1
1

1
0
0

ty
1

0
0

o t, W

1 -10
1 00

0 00
0 001 0 0 002 0.06+M M 1]0.066

For the above table, t; =t, =0. Thus W=Z.

The fund should put 30% in A bonds, 0% in AA, and 70% in AAA for a yield of 6.6%.

Sy tl t2 "
-1 0 1 00 7
-1 010 9

M 0 0 1[-16M

Njo

—
N

o]
1

0
0

-006-M 001 0 0.06+2M

t
-1
1
0

0.2
0.7
0.3
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= »—\ioooé

o o o

w
0

0
0

0.7
0.2
0.3
10.021-0.9M

05
0.2
0.3

0.033-0.5M

0.2
0.5
0.3

0.7
0.2

0.5

0.3

1]0.054-0.2M

0.2

Section 7.7
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X X2 8 S y LW
|0 -3 -2 1 2 -1 0 5
|1 -1 -1 0 1 00| 7
W0 7 20 —2+M M 1|-14

The minimum is Z = 14 when X =7, X, =0.

XX X S S 4 bW

2 2 -1 0 1 0 0|1
1 3 0 -1 O 1 0|2
812 0 0OM M 10

X1 X2 X3 Sy S3 tl t2 w
t 2 2 -1 0 1 00 1
| 1 3 0 -1010| 2
w|8-3M 12-5M M M 0 0 1|-3M

W N

X X 9 Sy 4 b W

1 1 -

NI
o

N~
o
o

X2
t,| -2 0

|

'_\

|
N

[EEN

o
N N
wl—

3
2
—4+2M 0 6—%M M —6+%M 01 —6—%M

wn

A we N
:

t t, W
0 0

X X2 8
10

X2

W W=
ol wn

01

-1 0

S
W M —4+M 1]-8

Niwld wl-

The minimum is Z = 8 when ¥ =0, X, = 3

18
0

X Xo X3 s t W
t] 1 -1 -1 -11 0| 18 |18
w|1l2-M 6+M 3+M M 0 1|-18M

X X X3 s tW
1 -1-1-1 10
12 6 3 0 M 1

X1 Xp X3 S t W
x[1 -1 -1 -1 10| 18
W|0 18 15 12 -12+M 1|-216

The minimum is Z =216 when X =18,X, =0,%x3 =0.
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X Xp X3 S tW

4. [1 2 -1 -1 104
11 2 0M 1]0

X Xo X3 s t W
t[ 1 2 -1 -11 0| 4 72
W|l1l1-M 1-2M 2+M M 0 1|-4M
Xp[1 _1 1 1 1

1 5 1 1
wiz @ 2 7 —2tM 1]-=2

The minimum is Z=2 when ¥ =0,X, =2, %3 =0.

5. We write the second constraint as —X; + X3 = 4.

X X X3 S S s3 b W
1 111 0O0 0O0|6
-1 010 -10 10|4
110 01 0O0]5
2310 00M 10
X X2 X3 S8 S S3 L W
s[ 1 1 1 1 0000|616
ty -1 0 1 0 -1 010 4 |4
s/ 0 1 1 00 100| 5[5
wl2+M 3 1-M 0 0 0 1|-4M
X XpX3 S S S3 t, W
S 2101 10 -1 0| 2
X;/=1 0 10 -1 0 10/ 4
S3 1100 11 -1 0| 1
w3300 10 -1+M 1|-4

The minimum is Z=4 when X =0,%, =0,x3 =4.

X X X3 S S3 By W
31 -110 0

0 0|4
02 01 0 00|5
11 100 -1 10]2
51 300 0M 1/0
X Xp X3 8 Sp s3 3 W
5 3 1 -110 000 414
s 0 2 201 000 55
ts 1 1 100 -110 2|2
W|5-M 1-M 3-M 0 0 M 0 1[-2M
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X Xp X3 S Sp S3 t3 W
1 20 -2 10 1 -1 0| 2
/-2 0 00 1 2 -2 0| 1
11 100 -1 10| 2
w40 200 1 -1+M 1|-2

The minimum is Z =2 when ¥ =0, X, =2, and X3 =0.

7. A%
1
0 1
1 1
T
X
L’}
t
S3

L’}
X2
S3
w

X
X2
S3

W

X
X3

S3

ko |, X

=

x
¢}

oo r o

X

-3

s3 h thb W
10 1 004
10 0 101
01 0 0O0|6
Xo X3 S3 oty W
2 1 0 100| 4
1 1 00101
1 0 1 000| 6
W|1-M -1-3M -3-2M 0 0 0 1[-5M
Xo X3 Sz L W
0 -1 01 -2 0 2 |2
1 1 00 1 0 1
0 -1 10 -1 O 5 |5
0 -24M 0 0 1+3M 1[1-2M
X3 S3 1§ b W
-1 0 1 -2 0|2
10 0 1 0|11
o1 -1 1 0|3
-1 0 -1+M 3+M 1[-1
X3 S3—7Z
0 0 03
1 00(1
0 10]3
00 1]0

-Z

X2
1
1
0
T

The minimum is Z=0 when ¥ =3,X, =0,x3=1.

266

ISM: Introductory Mathematical Analysis



ISM: Introductory Mathematical Analysis

8.

X X 5 4y th W
-1 1 -1 1 0 0|4
1 1 0 0 1 0]1
1 -1 0 M M 1]0
X X9 S 4 b W
-1 1 -1 10 0| 4 |4
th| 1 1 0 010 1 |1
W1 -1-2M M 0 0 1]|-5M
X XX 5 4 o W
ty -2 0 -1 1 -1 0 3
1 0 1

X9 1 1 0 O

W|[2+2M 0 M 0 1+2M 1[1-3™

Section 7.7

Since all of the indicators in the last table are positive, but the artificial variable t; is 3, the feasible region is

empty. (This can also be seen graphically.)

X X X3 S S Y
111 -1 0 1
-1 21 0 -1 O

185 0 0 M

X X2 X3
|1 1 1
th|-1 2 1

W[l 8-3M 5-2M

X X X3

by 3 0 3
X2 —% 1 %
] -3mM 0 1-Im
X X X3 § S
X 1 2 1
10 35 -3 3
AU
w00 -3 3 3
X Xp X3 § S
X [ 1 1 1
1-20-3 3
3 1 1
0 2173 72
Wio 10 3 2

o
D
o
o
I~

ty t, W
2 1 14
3 -3 0] %
1 1 10
3 3 0] %
10 7 94
?‘FM §+M 1 —?
ty t, W
1 1
2 20 3
1 1
-3+M 2+M 1]|-28

The minimum is Z =28 when % =3,X; =0, X3 =5.

267

t, W
0 0|8
1 0|2
M 1|0
S S 4y L W
-1 0 1 0 O 8 8
0 -1 010 2 1
M M 0 0 1|-10M
S S, Y b W
1 1
1 21 1o
0
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X X X3 8 S th W
-1 -1 1 0 0 0]3
10.
1 -1 10-1 10|3
4 4 6 0 O M 1|0
X Xo X3 S S th W
St 1 -1 -1 1 0 0O 3 (3
tbf 1 -1 1 0 -11 0| 3 |3

W(4-M 4+M 6-M 0 M 0 1|-3M

Here we choose t, as the departing variable.

X X2 X3 S S t, W
s[o 0 21 1 -1 0| 0
|1 -1 10 -1 10 3
W0 8 20 4 —4+M 1[-12

Thus Z has a minimum value of 12 when ¥ =3, X, =0, X3 =0.

If we choose $; as the departing variable, then

X Xo X3 S1 Sy th W
s 1 -1 -1 1 0 0O 3 |3
Lt/ 1 -1 1 0 -110]| 3|3
W|i4-M 4+M 6-M 0 M 0 1]|-3M
X Xo X3 S$ S LW
w1 -1 4 1 0 00]3
|0 O 2 -1 -1 1 0| 0 |O
wio 8 10-2M 4+M M 0 1]-12
X Xp X3 S S t, W
i 1 1 1
Xl 1 -1 0 5 T3 0 0 3
11 1
%0 01-3-3 200
W_O 8 0 1 5 -b+M 1]|-12

The minimum is Z =12 when X =3, %Xy =0, X3 =0.
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11. Let X, Xp,and x3 denote the annual numbers of barrels of cement produced in kilns that use device A, device B,
and no device, respectively. We want to minimize the annual emission control cost C (C in dollars) where

C= 1 X + 2 Xo +0X3 subject to
4 5
X + X9 + X3 = 3,300,000,
%xl +%x2 + 2X3 <1,000, 000,
X1y X9, X3 >0.
X1 Xo X3 Sp 1] w

1 110 1 0]3300,000

2 % 2 1 0 01000000

X Xo X3 S H W
t 1 1 1 0 1 0| 3,300,000 (3,300,000
S| 3 £ 2 10 0| 1000000 | 500,000
WIl_mM 2-M -M 0 0 1]-3300,000M

) X Xo X3 S 4 W
tl_ 3 § 0 -3 1 0| 2800,000 3,200,000
X3 % % 1 % 00 500,000 | 4,000,000
Wil_3m 2-7m 0 IM 0 1|-2800,000M

) X Xo Xg Sp 7 W
%, & 10-4 & 0] 3200000 _11’203000
X3 j 01 2 -1 0] 100,000 |700,000
WIZi 00 & “Bim 1]-1280,000

X Xo X3 52—C

X0 1 -6 -4 0| 2,600,000
|1 0 7 40 700,000
-C 3 3 _
00 0 1|-1,215, 000_
Thus the minimum value of C is 1,215,000 when ¥ = 700,000, x, = 2,600,000, x3 = 0.

The plant should install device A on kilns producing 700,000 barrels annually, and device B on kilns producing
2,600,000 barrels annually.
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12. Let X =number of type A trucks rented,

13.

Xo = number of type B trucks rented.
We want to minimize C = 0.40 X, + 0.60 X, subject to
2% + 2% 212,
X +3Xy 212,
X, X9 = 0.
oo X s S 4 W
2 2 -1 0 1 0 012
1 3 0 -1 0 1012
040 060 0 0 M M 1|0

X X2 5 S 4 tHh W
y| 2 2 -1 0 100 12 |6
| 1 3 0 -101 0| 12
Wi2_av 3-5M M M 0 0 1|-24m
X Xo Sy 7] ty W_
tl_ 4 01 21 -2 o] 4 |3
x| + 10 -1 0 i 0 4 12
Wil tm oM L-2M 0 -143M 1|-2-am
_xl Xo & Sy f t, W
Jro-i s ol
w0 1 1 -1 -1 1 0|3
Wioo 2 L —2im -Llim 1|-3

ISM: Introductory Mathematical Analysis

The minimum value of Cis 3 when ¥ =3 and X, = 3. They should rent 3 of type A and 3 of type B. The cost per

mile is $3.00.

Let x =number of DVD players shipped from Akron to Columbus,

Xo = number of DVD players shipped from Springfield to Columbus,

X3 = number of DVD players shipped from Akron to Dayton,

X4 = number of DVD players shipped from Springfield to Dayton.

We want to minimize C =5x +3Xy +7%3 +2X4 subject to
X + Xp =150,
X3+ X4 = 150,
X + X3 < 200,
X9 + X4 <150,
X1, Xo, X3, X4 = 0.
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X Xo X3 X483 84 H LW
110000 1 0 0]150]
001100 0 1 0(150
101010 0 0 0]200
010101 0 0 0150
537200M M 1| 0
X Xo X3 Xg S3 S84 § b W
bl 1 1 0 000100 150 |
ty 0 0 1 1 00010 150 (150
S3 1 0 1 010000 200
Sy 0 1 0 101000 150 |150
W|5-M 3-M 7-M 2-M 0 0 0 0O 1[-300M
X Xo X3 X4 S3 S4 1 t, W
4 1 1 00001 00 150 |
X4 0 0 11000 10 150
S3 1 0 10100 00 200
Sy 0 1 10010 -10 0
W|(5-M 3-M 500 0 0 —2+M 1|-300-150M
X X X3 X4 S3 Sa 4 b W
[ 1 0 100 -11 10 150 |
X4 00 110 00 10 150
S3 10 101 00 00O 200
Xo 01 -1 00 10 -10 0
W|5-M 0 8-M 0 0 -3+M 0 1 1[-300-150M
Xg Xp X3 X4 S3 Sa 7] t, W
[10 100 -1 1 10 150 |
X400 1 10 O 0 10 150
s30 0 00 1 1 -1 -1 0 50
X200 1 -1 0 0 1 0 -1 0 0
W|0 O 300 2 -5+M —4+M 1|-1050

150

150

200

Section 7.7

The retailer should ship as follows: to Columbus, 150 from Akron and 0 from Springfield; to Dayton, O from
Akron and 150 from Springfield. The transportation cost is $1050.
If s4 is chosen as the departing variable in the second table, the result is the same, although the final table is
different:

Xl Xp X3 X4 S3 S

41 10
X0 -1 1
30 00
X, |0 10
Wio 30

0

Ol O O

0

0
1
0

L’}

0 1

-1 0

1 -1

1 0
5 5+M -7+

150

50
150
1050
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14. Let Xxa = number of alternators from supplier X to plant A
Xg = nhumber of alternators from supplier X to plant B
ya = number of alternators from supplier Y to plant A
yg = humber of alternators from supplier Y to plant B
We want to minimize C = 300X, +320xg + 340y, +280yg subject to
Xpa+Ya= 7000
Xg + yg =5000
Xa + X > 3000
Xa + Xg <5000
ya+Yg = 7000
Xa: Xg, YA, YB 20

XA X YA YB &35 S5 b b B3 G5 W i

1 0 1 0 00 O 1 0O O O 0]7000

0 1 0 1 00 O O 1 O O 0]5000

1 1 0 0 -1 0 0 O O 1 0 0]3000

1 1 0 0 01 0 O O O O 0]5000

0 0 1 1 00 -1 0 0O O 1 0]7000
300 320 340 280 00 0O M M M M I] 0

i XA XB 17 YB S3 84 S5 4t 3ts W i
t 1 0 1 0 00 010000 7000
ty 0 1 0 1 00 001000 5000 (5000
t3 1 1 0 0 -10 0O0O0OT1O0TO0 3000
Sa 1 1 0 0 01 00O0OOOTO 5000
ts 0 0 1 1 00 100010 7000 {7000
W|300-2M 320-2M 340-2M 280-2M M O M 0 0 0 0 1|-22,000M

i XA Xg YA YB S3 54 S5 & b 3ts W )
t 1 0 10 00 01 0 00O 7000 | 7000
Vg 0 1 01 10 00O 1000 5000
t3 1 1 00 -10 00 0100 3000 {3000
Sy 1 1 00 01 00 0 00O 5000 5000
ts 0 -1 10 00 -10 -1 010 2000
W|300-2M 40 340-2M 0 M 0 M 0 -280+2M 0 0 1|-1,400,000-12,000M

X Xg NG 384 S5 b 3 W i
4|0 -1 10 10 01 0 -100 4000 {4000
yg |0 1 01 00 0O 1 000 5000
Xal 1 1 00 -10 00 0 100 3000
S410 0 00 11 00 0 -100 2000
t5| 0 -1 10 00-10 -1 010 2000 | 2000
W|0 —260+2M 340-2M 0 300-M 0 M 0 -280+2M -300+2M 0 1|-2,300,000—-6000M

XA Xg YaYe S3 4 S5 4 b t3 ts W .
%0 0 0 0 1 0 11 1 -1 -1 0 2000 {2000
yg|0 1 0 1 00 00 1 0 00 5000
xall 1 0 0 -1 0 00 O 1 00 3000
s4/0 0 0 O 11 00 O -1 00 2000 {2000
yalO -1 1 0 00 -1 0 -1 0 10 2000
W|0 80 0 0 300-M 0 340-M 0 60 -300+2M —-340+2M 172,980,000~ 2000M

We choose t; as the departing variable.
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Xpn XB YAYB S3 S4 S5 L} t f3 ts W
S3 [0 00010 1 1 1 -1 -1 0 2000 |
yg/O 1 0 1 00 O 0 1 0 00 5000
xal1 10000 1 1 1 0 -1 0 5000
40 0000 1 -1 -1 -1 0 10 0
yalO -1 1.0 0 0 -1 0 -1 0 10 2000
W|0 80 0 0 0 0 40 —300+M —240+M M —40+M 1]=3580,000

The manufacturer should order 5000 alternators from X to be shipped to A, 2000 from Y to A, and 5000 from Y to
B. The minimum cost is $3,580,000. (Note that the same result is obtained if S, is chosen as the departing
variable in the fifth table.)

15. a. Roll width 15" 3 2
10" o 1

Trimloss 3 g

w w -
100 | O

b. We want to minimize L = 3% +8Xy +3X3 +8X%4 subject to
3% +2X9 + X3 = 50,
Xo +3%3 +4X4 = 60,
Xqs X2, X3, X4 2 0.
X Xo X3 X4 S H thp W
3210-1 0 1 0 0]50
0134 0-1 0 10|60

Xl X2 X3 X4 Sg_ 52 tl t2 W
t 3 2 1 0 -1 0 1 0 O 50 50
t,| 0 1 3 4 0 -1 0 10| 60 |20
w|3-3M 8-3M 3-4M 8-4M M M 0 0 1]|-110M
X Xo X3 X4 S Sy t t) W
5 _4 _ 1 _1
t 3 3 0 3 1 3 1 3 0 30 10
1 4 1 1
Wiz-sM 7-5M 0 4+4M M 1-1M 0 -1+%M 1|-60-30M
X Xp X3 X4 S S t t, W
S _4 _1 1 1 _1
Xq 190 -9 -3 3 3 g 0| 10
1 4 1 1
0 31 5 05 0 309
W 16 16 2 _ _2 -
_0 3 0 3 1 5 1+ M 3+M 1(-90
X =10, %y =0, X3 =20, %4 =0.

c. 90in.
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Principles in Practice 7.8

1. Let X, Xo,and x3 be the numbers respectively, of Type 1, Type 2, and Type 3 gadgets produced. The original

problem is to maximize
P = 300x% +200x, + 200x3, subject to

300x; +220x, +180x%3 < 60,000,
20x%; +40x, + 20x3 < 2000,

3% + Xp +2%g <120,
and Xq, Xp, X3 > 0.

The dual problem is to minimize

W= 60,000y; +2000y, +120ys3,

subject to

300y; + 20y, +3y3 > 300,

220y, + 40y, + y3 > 200,
180y, + 20y, + 2y3 > 200,

and yq, Yo, y3 0.

2. Let ¥ and x, be the amounts, respectively of supplement 1 and supplement 2. The original problem is to
minimize C = 6% +2Xy, subject to
20%; +6xy =98,
8% +16x, > 80,
and xq, Xo > 0.
The dual problem is to maximize
W = 98y, +80y,, subject to
20y; +8y, <6,
6y1 +16y2 <2,
andyy, y, 20.

3. Let X, Xo, and X3 be the numbers, respectively, of devices 1, 2, and 3 produced.
The original problem is to maximize P =30x; + 20X, +20x3, subject to
30x; +15x%y +10x3 <300, 20X +30x, +20x3 <400, 40x; +30x%, +25X3 <600, and X, Xp, X3 = 0.
The dual problem is to minimize W =300y, + 400y, + 600y, subject to
30y, + 20y, +40y3 > 30, 15y; +30y, +30y3 > 20,
10y, + 20y, + 25y3 > 20,
and yy, Yz, y3 20.
The tablex to maximize Z =-W =-300y; —400y, —600y; follow.

Yi Y2 Y3 St S, 3 4t 3 Z

30 20 40 -1 0 0 1 0 0 0]30
15 30 30 0 -1 0 0 1 0 0|20
10 20 25 0 0 -1 0 0 1 0[20
300 400 600 0 0 O M M M 1] 0
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V1 Yo Y3 $$ S2 Ss3 b bty Z
t 30 20 40 -1 0 0 100 0| 30
t 15 30 30 0 -1 0 010 0| 20
tg 10 20 25 0 0 -1 00 10| 20
71300-55M 400-70M 600-95M M M M 0 0 0 1|-70M
h Y2 Y3 S S$2 S 4 t 3 Z .
4 _4 10
. 10 -20 0 -1 : 0 1 : 0 0 <
1 1 1 2
ol 3 1 10 -4 00 % 0 0 2
5 5 5 10
z —%M —200+25M 0 M 20—%|v| M 0 —20+%M 1 —400—2—??M
i Y2 Y3 S S2 S5 4 t 3 Z .
1 2 1 2 1
1 1 1 1 1
y3| 0 2 % 16 0 -3 10 00 2
t _ _1 7 11 1 25
Z|0 -200+10M 0 %M 20—%M M %M —20+%M 01 —400—%M
oon Y2 V3 S5 S K | 3 2 .
s 15 _ _3 3 _ 5
2 ! 15 0 3 1 0 3 100 >
3 1 1 1 3
va 3 1 1 -1 00 % 0 00 3
35 15 5 5 5
ta -5 2 0 2 0 -1 -2 0 10 2
Z —150+3T5|v| 100—%|v| 0 15—g|\/| 0 M —15+%M M 0 1 —450—%M
V1 YaY3 s S S b t 3 Z .
S2/ -10 0 0 % 1 -2 —% -1 2 0| 5
4 1 1 1 1 2
y 3 01 %0 % w® 0 -1z 0] 3
7 1 2 1 2 1
100 20 40 20 40 1400
Z __T 0 0 ? 0 ? _T+M M —?+M 1 —T_
The t1, ty, and t3 columns are no longer needed.
VY2 Y3 % S Sz Z )
15 3
/00 L 01 -3 0| 10
3 1 1 1
10 4 -5 0 25 0 3
7 1 3 3
200 1 5 a9 0 "0 0| 3
Z|o 0 25 5 0 15 1|-450

From this table, the maximum profit of $450 corresponds to X; =5, X, =0, and X3 =15.
The company should produce 5 of device 1 and 15 of device 3.
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Problems 7.8

1. Minimize W =5y; + 3y,
subjectto y; —Yy, =1
Yi+Y222
Y1, Y220

2. Minimize W= 3y; +5Y, subject to
2y1-Y2 22,
2y1 +4y2 21,
2y2 > —1,
Y1, Y2 20.

3. Maximize W = 8y, + 2y, subject to
yi-Y2<1,
Y1+ 2y2 <8,
y1+Y2 <5,
Y1, Y2 20.

4. Maximize W= y; +2y, subject to
2y1+Y2 <8,
2y, +3y, <12,
Y1 Y2 2 0.

5. The second and third constraints can be written
as X —Xp £-3 and —X — Xy <—-11. Minimize
W = 13y, —3y, —11y3 subject to

“Y1+Y2-Yy321,
2y; =Yy —y3 2 -1,
Y1, Y2, Y3 2 0.

6. The second constraint can be written as
—X1 +2X9 — X3 < —6. Minimize W = 9y, -6y,
subject to
y1-Y2 21,
yl + 2y2 > —1,
Yi—-Y2 24,
Y1, Y2 20.

7. The first constraint can be written as
—% + Xo + X3 = —3. Maximize W = -3y; + 3y,
subject to
-Y1+Yp <4,
Y1-Y2 <4,
y1+Y2 <6,
Y1, Y2 20.
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The second constraint can be written as
—8% +10x, > -80.
Maximize W =-10y; —80y,
subject to —4y; -8y, <5
3y; +10y, <4
Y1,¥2 20

The dual is: Maximize W = 2y; + 3y, subject to

Y1-Y2<2,
-Y1+2y, <2,
2y1+y2S5,
Y1, Y2 20.
Yi Y2 St Sp 83 W
S 1 -1 1 00 0|2
s/-1 2 010 0|21
S3 2 1 0 0 1 0(|5]|5
wl-2 -3 00 0 1|0
Y Y2 &1 Sp s W
1 1
a2 01 1 o0 o0l36
1 1
Y2j-+ 10 1 00|21
5 1 8
53 z 00 - 10 4g
7 3
W__E 00 0 01 3_
Y1 Y2 st Sp s3 W
[ 3 1 117]
21001 ¢ -5 0%
2 1 9
Y20 10 £ Lof?
1 2 8
L0055 505
4 7 43
W_O 00 T % 1 ?_
The minimum is Zz? when x; =0, XZZ%:

_!

X3 =

The dual is: Maximize W = 28y, + 2y, +16Y3
subject to

y1+2Yy -3y3<2,

4y1 =Y, +8y3 <2,

Y1, Y2, ¥3 2 0.

i Y2 Y3 s 2 W
] 1 2 -3 10 0]2]2
S|4 -1 8 010]27
W|-28 -2 -16 0 0 1|0
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Yi Y2 Y3 st S W

S 9 1 3
wit -+ 2 0 1+ 0|1
Wio 9 40 0 7 1|14
Yi Y2 Y3 &1 S W
Y2 _20 4 _1 2
01 9 9 903
w10 B4 202
Wio o 20 4 6 1|20

The minimum is Z =20 when X =4,X, =6.

11. The dual is: Minimize W = 8y, +12y, subject to
Y1+Y2 23,
2y, +6yy =8,
Y1, Y2 20.
Yi Y2 8 S 4 U
1 1 -1 0 1 0O
2 6 0 -1 0 10
812 0 0OM M 1

Y1 Y2 s S 4 U
| 1 1 -1 0 1 00| 3 |3
t,| 2 6 0 1010 8 |4
U/8-3M 12-7M M M 0 0 1|-11M
I/ R R b U
2 1 1 5 5
o T - S B R P
1 1 4 4
Y2 0 -5 0 5 0 3

1
3 1 6
4—§M 0 M Z—EM 0 —2+€M 1 —16—§M

YiY2 St S 4 b U
Yi[ _3 1 3 _1 5
10 2 4 2 4 0 2
y2/0 1 % _% _% % 0 %
Uloo 6 1 -6+M -1+M 1|-26

The maximum is Z =26 when ¥ =6, x, =1.
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12. The dual is: Minimize W = 12y, + 8y, subject to

3y1+Y222,
Y1+Y2 26,
Y1 ¥2 2 0.
iYa 8 S 4 U
31 -1 0 1 00]2
11 0-1 0 10]|6
128 0 0OM M 10
Y1 Y2 s S 4 U
y[ 3 1 10100 2135
| 1 1 0 -1010| 6 |6
ujii2-4Mm 8-2M M M 0 0 1|-8M
YooY S S h b U
1 1 1 2
Yi(1 3 -3 0 3 00 £ 2
t,|0 2 i a2 -1 10 16
J B < U SO MR RN -
2 1 4 16
_0 4—§M 4—§M M —4+§M 01 8—?,\/'
N Y2 s b U
v/ 3 1 -1 0o 1 00| 2
t) -2 0o 1 -1 -1 10 4 4
u|-12+2M 0 8-M M -8+2M 0 1|-16-4M
Y2 s S 4 th U
v/ 110 -1 0 10| 6
/-2 01 -1 -1 10 4
u, 400 8 M -8+M 1]|-48

The maximum is Z=48 when ¥ =0,x, =8.

13. The first constraint can be written as X —Xo = —1. The dual is: Maximize W = —y; + 3y, subject to

Y1+Y2 <6,
“y1+Yy2 <4,
Y1, Y2 20.
i Y2 & s2 W
sl 1 10 0/6|6
s59]-1 1 0 1 0|44
W1l 300 1]0
i Y28 s2 W
s[2 01 -10]2]1
vol-1 10 1 0f4
Wl-2 00 3 1]12
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14.

15.

YiYoss s2 W
Y1 1 _1
1034 -5 01
y(0 1L 3 2 0|5
Wipo 1 2 1[14

The minimum is Z = 14 when x =1, X, = 2.

The first constraint can be written as
—2%1 + Xo + X3 2 —2. The dual is:

Maximize W =-2y; +4y,
subject to —2y; —y, <2

y1-Yy2 <1
y1+2y, <1
Y1, Y2 20
Yi Y2 51 s 3 W
si[-2 -1 1.0 0 0]2]
s,/ 1 -1 010 0|1
3,12 00 10|13
w| 272700 0 1[0
Y1 Y2 81 S2 s3 W
3 1 5]
51—5 0 10 2 0 >
3 1 3
S2 5 0 0 1 3 0 0
1 1 1
20 5 1005013
wi 4 0 00 2 1 2_

The minimum is Z =2 when ¥ =0, X, =0,

X3:2.

Let X =amount spent on newspaper

advertising,
Xo = amount spent on radio advertising.

We want to minimize C = X; + X, subject to

40x; +50x, > 80,000,
100x; + 25x, > 60,000,
X1y X2 >0.
The dual is: Maximize
W= 80,000y; + 60,000y, subject to
40y, +100y, <1,
50y; + 25y, <1,

Y1 Y2 20.

Y1 Y2 s S5 W
S 40 100 1 0 0|1 %
| 50 25 01015
W | -80,000 -60,000 0 0 1|0
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16.

Y1 )
o0 &
1
nti 3

s S W
4

1 -4 0
1

0%0

Section 7.8

1L
5 |400

I
50 | 25

Wi0 20,000 0 1600 1 |1600

Y Y2 &
YZ 0 1 %
1|1 0 —ﬁ
Wio 0 250

S2
_1
100
1
Y
1400

W
0

0

11

1
400

3
160

650

The firm should spend $250 on newspaper
advertising and $1400 on radio advertising for a
cost of $1650.

Let ¥ = number of type A trucks rented,
Xo = number of type B trucks rented.
We want to minimize C = 0.40%; +0.60x,
subject to
2X + 2%y 212,

X +3Xp 212,

X1, Xp 0.

The dual is: Maximize W =12y, +12y, subject
to

2y, +Y, £0.40,
2y, +3y, <0.60,

Y1 Y2 2 0.

Yi’®. Y2 s s2 W
Sl 271

2 1 1002
02 3 010[23
W12 -12 0 0 10

Here we choose Y, as the entering variable.

Yi Y2 51 S W

1 1 12

wlt 2 2 0055

_ 101

20 2 -1 1 0]5 0
Wio 6 6 0 1]

yi Y2 51 s2 W

Y1 3 _1 3
10 4 4 0 20

1 1 1

200 15 2 0% %
Wioo 3 3 1| 3

Thus the maximum value of W, and hence the
minimum value of C, is 3.
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17.

If we choose Y, as the entering variable, then
io Y2 s 2 W

272
g2 1 100[2]
02 3 0108
W|Z12 212700 1]0
Y Y2 s S, W
4 1 1
ME R R
2 1 113
2)3 10 3 05|
Wigaoo 4 1|2
VY2 5 S W
3 1 3
w10 2 -3 0%
Y20 1 -5 $ 0|3
Wioo 3 3 1| 3

The minimum total cost per mile is $3.

Let y; = number of shipping clerk apprentices,
Y, = number of shipping clerks,
y3 = number of semiskilled workers,
Y4 = number of skilled workers.
We want to minimize W = 6y; + 9y, +8y3 +14y, subject to
Y1 + Yo 260,
—2y; +Y; 20,
Y3+ Y4 290,
Y3 =2Y4 20,
Y1 Y2, Y35 Y4 2 0.
The dual is: Maximize Z = 60%; +0xy +90x3 + 0X4 subject to

X — 2%y <6,

X+ X%y £9,

X3+ X4 <8,

X3 —2%4 <14,

X1, X, X3, X4 2 0.

X Xo X3 X4 S Sp S3 84 Z
51_1 2 0 0 10000O0|6]
s/ 1 1 0 0 01000|9
{0 0 1 1 00100|8|8
s 0 0 1 20001014114
Z|-60 0 -90 0 0 0 0 0 1[0
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S2

S4

X
S2
X3

X
X2
X3
S4
Z

0

oo r o o

x
w

x
K

_ O O

-3

90

X4 8 S S3 S4 Z
0 10 0 O0O0| 6 |6
0 01 0 0O0| 9|9
00 1 00| 8
-3 00 -110| 6
9 0 0 9 0 1720
X4 S Sp S3 Sy Z
0 1 0 0 O0O0| 6
0 -11 0 00| 3
1 0 01 00| 8
-3 0 0 -1 10| 6
90 60 0 90 0 11080
Sy Sy  S3 S84 Z
$ £ 000| 8
-+ £ 000 1
0 0 100 8
0 0 -110 6
20 40 90 0 11200

Chapter 7 Review

The company should employ 20 shipping clerk apprentices, 40 shipping clerks, 90 semiskilled workers, and

0 skilled workers for a total hourly wage of $1200.

Chapter 7 Review Problems

1.
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11.
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Feasible region follows. Corner points are (0, 0),
0, 2), (1, 3), (3, 1), (3, 0). Zis maximized at

(3, 0) where its value is 3.

Thus Z=3 whenx=3 and y = 0.

5
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12.

13.

14.

15.

Feasible region follows. Corner points are (0, 1),
0, 5), (4, 3), and (4, 1). Z is maximized at (4, 3)
where its value is 22. Thus Z = 22 when

Feasible region is unbounded. Z is minimized at
the corner point (0, 2) where its value is —2.
Thus Z=-2 whenx=0and y = 2.

Nx+y= xX—2y=2
’ ) X
5

Feasible region follows. Corner points are (0, 0),

(%, gj, and (0, 5). Z is minimized at (0, 0)

where its value is 0. Thus Z = 0 when x = 0 and
y=0.

101 J

4x +3y =15

3

X—6y=0

g
(0,0) 10

Feasible region follows. Corner points are
[20 10

?, E], (5,0), and (4, 0). Z is minimized at

Q, E where its value is 7—0 Thus Z :7—0
9 9 9 9

when X:E and y:E.
9 9
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10+

5x + 8y = 20 (5,0

16. Feasible region follows. Corner points are (0, 4),

17.

18.

(0, 6), (6, 8), (6, 0), and (4, 0). Z is minimized at
(0, 4) and (4, 0) where its value is 8. Thus Z is
minimized at all points on the line segment
joining (0, 4) and (4, 0). The solution is

Z =8 when x = (1 — 1)(0) + 4 = 4¢,
y=(1-H@4)+0t=4-4f,and0 <1 < 1.

10
T-x+3y=18 ,©8
(0, 6)
0,4) x=6
e
x+y=4 \ 60
4,0) 10

Feasible region follows. Corner points are (0, 0),
0,4), (2, 3), and (4, 0). Z is maximized at (2, 3)
and (4, 0) where its value is 36. Thus Z is
maximized at all points on the line segment
joining (2, 3) and (4, 0). The solution is
Z=36whenx=(1-0)2)+4t=2+2t,
y=(1-03)+0r=3-3t,and0 <t < 1.

s

0,4) &« x+2y=8

3x+2y=12
X
0, 0) t » }
4,0) 5
Feasible region is unbounded. The family of

lines given by Z = 4x + y has members having
arbitrarily large values of Z and that also
intersect the feasible region. Thus no optimum
solution exists.
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204 X X 8 S 5 2
T g[2 3 100 0[18]6
0.12) 2. s, 4 3 0 1 0 0|24|g
1 3y 0 1 0010]515
3x + 2y = 24 —F Z|-18 =20 0 0 0 1
Z=16—: Xl X2 S]_ SZ 53 Z
_ 73
]2 010 30 0
s, 4 001 30 9
4
% ;2 0 100 1 0
o 2t L 7|-1870 0 0 20 17100
52 1 2 - -
7 :;i_"-_S _Xl X2 51 52 53 Z
1 3 3
Xl X2 Xl 1 0 7 O _E O 5
o[ 1 5000 2 1 3 0] 3|1
s 1 01 0 0 1 0|5
20 5 0 zZ|ooo 9 0 71127
7 :%5"0 XX 8 Sy 8 Z .
- x|10-3 300 3
X X 8 S Z
- 310 0 -2 1 10| 1
[0 1 2 -1 0|1l * 3 3
T w|0 1 % -1 00| 4
x|10 -1 3 ofs 7 I M. S
5| T e zjoo ¥ I o0 1|134
00 -3 1 102 L ]
: et Thus Z = 134 when % =3and x, = 4.
X Xo S Sy Z
s[04 1 -10] 4
x|[1 20 10|38
zlo03 0 4 132

Thus Z =32 when ¥ =8 and X, =0.

284



ISM: Introductory Mathematical Analysis

21.

22,

X X X3 §
1 2 3 -1

321 0

X
| 1

X3
W

wloo i wl-
H
H

W[ wlNo

W[3-M 2-2M 1-3M M 0 1|-&

1
0

W

1 0|5
M 1|0

X2 X3 5 4§ W
2 3 —110‘5}%

X X X3 8 tt W

3

1 1
1 1
3 —§+M 1|-

wl|oiwl|o

Thus Z =% when X =0, Xo =0, and X3 =%.

X X S S b W

3 5 -1

0 1 0 0]20

10 0 -1 0 10| 5
12 0 0 MM 1|0

X
| 3
t,| 1

X2 S S tl t2 w
5 -1 0 1 0 0 20 |4
0 0 -1 010 5

W[1-4M 2-5M M M 0 0 1|-25M

X
X 3
2l 5
1

=
<
o
gl »

Xp| 0

Xll

o0

X
x
¢}

520

X |1

H
Wl wlor wlo
H
|

zZlo

o wlpi

Thus Z =

wl'\’

0

o

mlmi o

(Wl wle @
[EEN
o

X2 S tl tz w

1 —% 0 i 00 4
-1 0 10 5
M —%+M 0 1|-8-5M
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23.

24.

25.

X Xp 8 S 3 thp W

11 00 0 0]12
10 -10 10|65
00 O 1 0 0|10
1 20 00M 1]0
X Xo 8 S sz L W
St 1 1 1 0 0 0 0] 12 |12
| 1 1 0-1010| 5 |5
S3 1 0 0 0 1 0 O0f 10
w|l-1-M -2-M 0 M 0 0 1|-5M
X X208 Sp s3 th W
S 001 1 O -1 0| 7|7
1 10-10 1 o0f5
S3 1 00 0 1 0 0|10
wil 00 -2 0 2+M 1|10
X X § Sy S3 Z
5[0 01 100]7
Xo 11100 012
s/1 000 10|10
Z|1 0 2 0 0 1|24
Thus Z = 24 when X =0 and x, =12.
X Xp & S th W
121 0 0 O0f}6
110 -1 10]|1
210 0M 1]0
X Xo 8 S BB W
S 1 2 1 0 0 0| 6 |3
ty 1 1 0 -1 10| 1|1
W(2-M 1-M 0 M 0 1|-M
/-1 0 1 2 -2 0| 4
X, 1 10 -1 10| 1

Wi 100 1 -1+M 1[-1

Thus Z=1 when ¥ =0and x, =1.

We write the first constraint as —X; + Xp + X3 = 1.
XX Xo X3 8 i tHy W
-1 11-1 1 001
6 32 0 0 10)12
121 0M M 1[0

286
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26.

X Xo X3 s$ 0 tH W

| -1 1 1 -1100 1

tb| 6 3 2 0 01 0| 12 |2

X
<

N
<

$$ 4 ty

|
[REN
[EEN

H
H [39)
Wl Wl ol
H
o
o

>

N

o

=
|eoleo &

|

= x
o
ol o
| |
w|N | ©f=

=X

x

N

o = Q>,<
[NEREN NN w0
: |

N

.

blw:ooh—- oo
H

[SIENEE NS, BN %]

W[1-5M 2-4M 1-3M M 0 0 1|-13M

Thus Z = U when xlzi,xz =0,and x3 =2.
2 4 4

XX Xo X3 S S {1 W
1 1 3-10 10|5
2 1 4 01 O
2 35 00M

>
N

>
w
K%

w
N

X3

=
!
N Nk (X
H
H
ENYIE
|~

N[~
+
|~
<
|
|~
|
|~
<
ol
<
NS,
+
Alw
<

W

We choose t; as the departing variable.

W|-2-M -3-M 5-3M M 0 0 1[-5M
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27.

28.

X XoX3 S S y W
Xo|-2 1 0 -4 -3 4 0| 5
s/ 101 1 1 10|00

W|-3 00 -7 -4 7+M 1|15

X Xo X3 8 Sp Z

(2 140 10]5
/10 11100
zZ|a 0703 1]15

Thus Z=15 when X =0, X, =5, and X3 =0.
Note that choosing Xg as the departing variable
results in the same solution.

X Xo X3 8§ S Z
514 -1 0 10 0]2
(-8 2 50 10|2[1
Z|-1 -4 200 10

X Xy X3 8 S Z
s| 0035 11 0|3
|l -4 1202301
Z|-17 0 8 0 2 1|4

For the last table, x; is the entering variable.

Since no quotients exist, the problem has an
unbounded solution. That is, no optimum
solution (unbounded).

X Xp X3 8 S th W
1121 0 0O0]|4
00 10 -1 10]|1
1100 0 M 1]0
X X X3 8 S th W
s[11 2 1.0 00/ 4]2
L00 1 0 110|101
W1 1-MOMO1|-M
X Xo X3 S th W
/1101 2 -2 021
x3/0 010 -1 1 0|1
W1 1000 M 10

The minimum value of Z is O for
X = 0, Xo = 0, and X3 =1.

288
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Since S, is nonbasic for the last table and its
indicator is 0, there may be multiple optimum
solutions. Treating S, as an entering variable,
deleting the t, -column, changing W to —Z, and
continuing, we have

X X X3 8 Sp-Z
S201 1 1

5 5035 101

1 1 1
g 2 12 00]2
-Z|1 10 00 1|0

Here Z=0 when X =0, X, =0,and X3 = 2. Thus

multiple optimum solutions exist. Hence Z is
minimum when

X =(@1-t)(0)+0t=0,
Xo =(1-1)(0)+0t=0,
X3 =[1-t)D)+2t=1+t,
and 0 < ¢ < 1. For the last table, s; is nonbasic

and its indicator is 0. If we continue the process
for determining other optimum solutions, we
return to a table corresponding to the third table.

The dual is: Maximize W =35y; + 25y, subject
to

Yi+Y2 <2,
2y; +Yp <7,
3y1+Y2 <8,

Y1, Y2 2 0.

i Y2 &8 S3 W
g[1 1 100 0]2]2
[ 2 1 0100|7|%
3 1 0010188
W|-35 25 0 0 0 10

Y1 Y2 88283 W
w[l 1 100 0] 2
/0 -1 2 10 0] 3
5[0 2 30 102
W|0 10 35 0 0 1|70

Thus Z =70 when % =35, X, =0,and x3 =0.
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30. We write the third constraint as —4% — X, < —2. The dual is: Minimize W = 3y; + 4y, —2Yy3 subject to
Yi+Y2-4y3 21,
“V1+2Y,=Y32-2,
Y1: Y2, Y3 20.
We write the second constraint of the dual as y; —2Y, + y3 < 2.
io Y2 ¥3 85, 4 U
1 1 -4 -10 10|1

1 -2 1 01 00]2
3 4 -2 00M 1|0
N Y2 Y30 & S 4y U
| 1 1 -4 -1 010|111
syl 1 -2 1 0 1 00| 2 |2
Uui3-Mm 4-M -2+4M ™M 0 0 1|-M
Vi V2 V3 8% h U
w1 1 -4 -1 0 10] 1
s5/0 -3 5 11 -1 0| 1

ufo 110 30 -3+M 1[-3

Thus Z =3 when ¥ =3 and x, =0.

31. Letux, y, and z denote the numbers of units of X, Y, and Z produced weekly, respectively. If P is the total profit
obtained, we want to maximize
P =10x + 15y + 22z subject to
X+2y+2z <40,
X+Yy+2z<34,
X, y,220.
X y zZ s s P
s 1 2 2 1 0 0]40]|20
syl 1 1 2 01 0|34|17
P|-10 -15 -22 0 0 1|0

X y zZ s s P
/0 1 01 -10|6 |6
1 1 1
22,2 20 3 0|17
Pl1 -4 0 0 11 1374

0 1 -1 0 6
1 1

212 01 -5 101
1 00 4 7 11398

Thus O units of X, 6 units of Y, and 14 units of Z give a maximum profit of $398.

289



Chapter 7: Linear Programming ISM: Introductory Mathematical Analysis

32. We want to maximize P = 10x + 15y + 22z subject to

X+2y+2z <40,
X+Yy+2z<34,
X+Yy+122>24,
X, y,22>0.
X oy Z 5 S S3 t3 W
1 2 2 10 0 0 0]40
1 1 201 0 00|34
1 1 100 -1 10|24
-10 -15 -22 0 0 O M 1| O
X y z SS S» S3 g W
| 1 2 2 10 0 00| 40 J20
Sy 1 1 2 01 0 00| 34 |17
t 1 1 1 00 -1 10| 24 |24
w|-10-M -15-M -22-M 0 0 M 0 1|-24M
X y Z 9 So S3 t3 w
5] 0 1 01 -1 000 6 |6
1 1 1
z| 5 5 10 3 0 00 17 34
1 1 1 14
M M M
W_l‘T -4-5 00 11+5 M 0 1 374—7M_
X yz S S, S3 tg W
y_ 0 1 1 -1 0 00 6 |
z| + 01 -1 1 0 00| 14 |28
1 1
t 2 00 -5 0 -110 4 8
w(il-% 0 0 4+% 7 M 0 1|398-4M
X Yy Z S S S3 t3 W
y[O01 0 1 -1 0 0 0| 6
z{[0 001 0 1 1 -1 0| 10
x|]1 00 -1 0 -2 2 0| 8
wlfo 00 5 7 2 -2+M 1|39

Thé company should produce 8 units of X, 6 units of Y, 10 units of Z, for a profit of $390.

33. Let Xac, Xap: Xgc,and xgp denote the amounts (in hundreds of thousands of gallons) transported from A to C,
A to D, B to C, and B to D, respectively. If C is the total transportation cost in thousands of dollars, we want to
minimize C = Xp¢ +2Xpp +2Xge +4Xgp subject to

Xac +XaD < 6,
XBc *+ XBD < 6,
Xac +Xge =9,
XaD + Xgp = 5,
Xac: XaD: Xgc» XD =0
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34.

Xpc XapXc XD 1 S2 B3 G W
1 1 0 0 1 O 0 0 0|6
0 0 1 1 0 1 0 0 0|6
1 0 1 0 0 O 1 0 0]5
0 1 0 1 0 O 0 1 0|5
1 2 2 4 0 0 M M 1[0
_Xac XaD Xsc Xep S1%2 B 4y W i
| 1 1 0 0 10000 6 |6
s, O 0 1 1 01000 6
t3] 1 0 1 0 00100 5 |5
4/ 0 1 0 1 00010]| 5
W|1-M 2-M 2-M 4-M 0 0 0 0 1[-10M
XAC XAD XBC  XBD S S2 3 g W i
[0 1 -1 010 -100 11
s, |0 0 1 101 0 0O 6
Xacll 0 1 000 100 5
ty |0 1 0 100 0 10 515
wi|0 2-M 1 4-M 0 0 -1+M 0 1|-5-5M
XacXap Xsc  XeDp S 52 f3 4 W i
Xap|0 1 -1 0 1 0 -1 00 1
s, |0 0 1 1 0 1 0 0O 6 6
Xac |1 O 1 0 0 0 1 0O 5
400 1 1 -1 01 10| 4
W [0 0 3-M 4-M —2+M 0 1 0 1|-7-4M
XACXADXBC XBD St S2 13 ty W i
Xap/0 10 1 00 0 10 5
1000 0 11 -1 -1 0 2
Xac|1 00 -1 10 0 -1o0| 1
Xge|0 0 1 1 -1 0 1 10| 4
wloOO0OO0O 1 10 -2+M -3+M 1]|-19

Chapter 7 Review

The minimum value of Cis 19, when Xpc =1, Xap =5, Xgc =4, and xgp = 0. Thus 100,000 gal from A to C,
500,000 gal from A to D, and 400,000 gal from B to C give a minimum cost of $19,000.

Let x and y be the weekly sales of Space Traders and Green Dwarf, respectively. We want to maximize
P = 5x + 9y subject to the constraints
30x+10y <300
20x+10y <200
10x+50y <500
X, y=>0
The constraints can be written as
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3x+y <30
2x+y<20
X+5y <50

X, y=0

50 @J, and (10, 0). P has a maximum of ? at

The feasible region has corner points (0, 0), (0, 10), (?, 9

9 9
does not satisfy the second or third constraints. Evaluating P at the other three points gives that Jason should sell
5 copies of Space Trader and 9 copies of Green Dwarf, for a weekly profit of $106.

[@ @) = (5%, 8%) The possible integer values are (5, 8), (5, 9), (6, 8), and (6, 9). However, the point (6, 9)

s04”
3x+y=30
0,10
(0. 10)4 X + 5y = 50
) ) - X
2&+y=20" (10, 0) 50

35. Letx and y represent daily consumption of foods A and B in 100-gram units. We want to minimize C = 8x + 22y
subject to the constraints
8x+4y>176,
16x+32y > 1024,
2x+5y > 200,
X0,
y=>0.

The feasible region is unbounded with corner points (100, 0), (g, 39) and (0, 44). C has a minimum value at

(100, 0). Thus the animals should be fed 100x100 =10,000 grams = 10 kilograms of food A each day.

1004

1 8x+4y=176
re

2x + 5y =200

36. 20

InteFseckion
0 |#=4.7BZENEF _¥=0.1301%04 .| 5

0

Z=0.89 when x=4.78,y=9.14

292



ISM: Introductory Mathematical Analysis Mathematical Snapshot Chapter 7

37. 10
=
0 10
-2 IIEttr:-h:l:i-:-n _

Z=129.83 when x =9.38, y=1.63

Mathematical Snapshot Chapter 7

1. CURATIVE TOXIC RELATIVE
UNITS UNITS DISCOMFORT
Drug (per ounce) 500 400 1
Radiation (per min) 1000 600 1
Requirement > 2000 <1400

Let x; = number of ounces of drug and let X, = number of minutes of radiation. We want to minimize the
discomfort D, where D = % + X5, subject to
500x%; +1000x, > 2000,
400x; +600x, <1400,
where X, Xp 2 0.

5147

.w 600x, = 1400

(2, 1) "% 500x; + 1000x, = 2000
N SN |

5
The corner points are (0, 2), (0%) ,and (2, 1).

At(0,2),D=0+2=2;
at 0,Z ,D=0+ Zzz;
3 3 3
at(2,1),D=2+1=3.
Thus D is minimum at (0, 2).
The patient should get 0 ounces of drug and 2 minutes of radiation.
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2. CURATIVE TOXIC RELATIVE
UNITS UNITS DISCOMFORT
Drug A (per ounce) 600 500 1
Drug B (per ounce) 500 100 2
Radiation (per min) 1000 1000 1
Requirement > 3000 < 2000

Let ¥ = number of ounces of drug A,
Xo =number of ounces of drug B, and
X3 = number of minutes of radiation.
We want to minimize the discomfort D,

600x, +500x, +1000xz > 3000,
500x, +100X, +1000x3 < 2000,

where D =X +2Xy + X3, subject to

X11X2’X320

To minimize D, we maximize —D by considering the artificial objective function
W=-D- M.
X X2 X3 St S HW
600 500 1000 -1 O 1 03000
500 100 1000 O 1 O O |2000
1 2 1 00M 1] o

X Xp X3 5 4 W
tl_ 600 500 1000 -1 0 1 0| 3000 (3
Sy 500 100 1000 0 100 2000 |2
W|1-600M 2-500M 1-1000M M 0 0 1 |-3000M

X X X3 9§ ) L W
t | 100 400 0 -1 1 1 0| 1000 |25
X3 0.5 0.1 1 0 0.001 00 2 20
W|05-100M 1.9-400M 0 M -0.001+M 0 1 |-2-1000M

X X2 X3 0§ $2 B W
X2_ 025 1 0 -0.0025 -0.0025 0.0025 0 2.5
X3/ 0.475 0 1 0.00025 0.00125 -0.00025 0| 1.75
W[0025 0 0 0.00475 0.00375 -0.00475+M 1|-6.75

The minimum value of D is 6.75 when
The patient should get 0 ounces of drug

3. Answers may vary.

X =0,%, =2.5, and X3 =1.75.
A, 2.5 ounces of drug B, and 1.75 minutes of radiation.
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Problems 8.1 3. Gg}gn Result

1. Assemblyl Finishingl Productionl Red 1 11
Line Line Route Die 12

D AD 1
A
Start < B
C

AE
6 possible production routes 2

1,3
1,4
1,5
1,6

E

D BD
E BE
D

E

o g A W N

CD
CE

A

2,1
2,2
2,3
2,4
2,5

2. Fanl  Modell
BTU's Speeds  Type
1 6000 - 1

6000 < 2,6
2 6000-2
1 8000-1 31
Start 8000 < 3,2
2 80002 \ ,
1 10,0001 3.3
10000 <<

2 10,0002 3.4
3,5

3,6

o g A W N P

o g A W N P

6 model types
Start
4,1

4,2
4,3
4,4
4,5
4,6

~
o g A~ W N B

51
5,2
5,3
54
55
5,6

(%21
o g B~ W N P

6,1
6,2
6,3
6,4
6,5
6,6

[=2]
o g B~ W N

36 possible results
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Start

5.

10.

11.

Toss 3 Toss4  Result

H, H, H, H
H,H,H, T
H,H,T,H
H,H, T, T
H,T,H,H
H, T,H, T
H,T,T,H
HTTT

T,H,H,H
T,H,H, T
T,H, T,H

T.H, T, T

T, T,H,H

T,T,H, T

T,T,T,H

T,T, T, T

Toss 1 Toss 2

16 possible results

/\
/\
iyl

3
/\
=
/\
= =
AA
H X AT A IS SIESZS@3

There are 5 science courses and 4 humanities
courses. By the basic counting principle, the
number of selections is 5 - 4 = 20.

a. There are 5 roads from A to B, and 5 roads
from B to A. By the basic counting
principle, the number of possible routes for
around tripis 5 - 5 = 25.

b. There are 5 possible roads from A to B.
Since a different road is to be used for the
return trip, there are only 4 possible roads
from B to A. By the basic counting
principle, the number of possible round-trip
routes is 5 - 4 = 20.

There are 2 appetizers, 4 entrees, 4 desserts, and
3 beverages. By the basic counting principle, the
number of possible complete dinners is

2:-4-4-3=096.

For each of the 6 questions, there are 4 choices.
By the basic counting principle, the number of
ways to answer the questions is

4-4-4-4-4-4 = 454096 .

For each of the 10 questions, there are 2 choices.
By the basic counting principle, the number of
ways to answer the examination is

2.2--2=29-1024 .

Since there are 26 letters, there are 26 choices
for the first, third and fifth symbols. There are 10
possible digits (0 through 9) for the second,
fourth, and sixth symbols. By the basic counting
principle, the number of codes is
26-10-26-10-26-10 =17,576,000.

| |
o8 _8 ¢5.4-120

==
673" 6-3)1 3
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.
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n__ 95! _95_
%" 95-1)1 041
I I .5.4.3.9.
po O _68' 654321 .,
(6-6)! 0! 1
I |
0Py =— =2 _9.8.7.6=3024
9-4)! 5
4P> 5Py = (4-3)(5-4-3) = (12)(60) = 720

ooP5 99.98-97.96.95
99-98-97-96

99 P4

1000! 1000-999!

999! 999!
For most calculators, attempting to evaluate
1000!

999!
the magnitude of the numbers involved).

=1000

results in an error message (because of

n!
(-t 1
n! n! (n=r)!

A name for the firm is an ordered arrangement
of the three last names. Thus the number of
possible firm names is 3P; =3!=3-2-1=6.

The number of ways to arrange 6 teams in an
orderis gP; =6-5-4-3-2-1=720.

The number of ways of selecting 3 of 8
contestants in an order is gP; =8-7-6=336.

Six out of eight items in column 2 must be
selected in an order. Thus the number of ways
the matching can be done is
gPs=8-7-6-5-4-3=20,160 .

On each roll of a die, there are 6 possible
outcomes. By the basic counting principle, on 4
rolls the number of possible results is

6-6-6-6=6% =1296.

On each toss there are 2 possible outcomes. By
the basic counting principle, the number of
possible results on 8 tosses is

2.2.2.2.2.2.2.2=28 — 256,

The number of ways of selecting 3 of the 12
students in an order is 15 Py =12-11.10 =1320.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

: Introductory Mathematical Analysis

Three of the 26 letters must be selected (without
repetition) in an order. Thus the number of
possible lock combinations is ,5P; =15,600.

The number of ways a student can choose 4 of
the 6 items in an order is gP4 =6-5-4-3 =360.

On the second roll, there are 2 possible outcomes
(a1 or a?2). For each of the other two rolls, there
are 6 possible outcomes. By the basic counting
principle, the number of possible results for the
three rollsis 6 - 2 - 6 = 72.

The number of ways to select six of the six
different letters in the word MEADOW in an
orderis 4P; =61=6-5-4.3-2.1=720.

The number of ways to select four of the four
different letters in the word DISC in an order is
4Py =41=4.3-2.1=24.

For an arrangement of books, order is important.
The number of ways to arrange 5 of 7 books is
7P =7-6-5-4-3=2520.

All 7 books can be arranged in

7P =71=5040 ways.

a. A student can enter by any of 5 doors. After
a door is chosen, the student can exit by any
of the 4 remaining doors. By the basic
counting principle, the number of ways to
enter by one door and exit by a different
dooris 5 - 4 =20.

b. There are 5 doors by which to enter and 5
doors by which to exit. By the basic
counting principle, the total number of ways
to enter and exitis 5 - 5 =25.

After a “four of a kind” hand is dealt, the cards
can be arranged so that the first four have the
same face value, and order is not important,
There are 13 possibilities for the first four cards
(all 2’s, all 3’s, ..., all aces). The fifth card can be
any one of the 48 cards that remain. By the basic
counting principle, the number of “four of a
kind” hands is 13 - 48 = 624.

40.

Five colors are available, and two are selected so
that order is important. Thus the number of ways
of placing an order is 5P, =5-4 = 20.
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35.

36.

37.

38.

39.

Section 8.1

The number of ways the waitress can place five
of the five different sandwiches (and order is
important) is 5P =5!=5-4-3-2-1=120.

Because order is important, the number of ways
that the 5 people can line up is

5P =51=5.4.3.2.1=120.

If a woman is to be at each end, then the number
of ways to place one of the two women on the
left side is 5 B . Once a woman is chosen for the

left side, the other woman must be on the right
side. The number of ways to line the three men
in the middle is 3P;. By the basic counting

principle, the number of line ups is
2R3 =(2)(3-2.1)=12.

a. To fill the four offices by different people, 4
of 12 members must be selected, and order
is important. This can be done in
12P4 =12.11.10-9=11,880 ways.

b. If the president and vice president must be
different members, then there are 12 choices
for president, 11 for vice president, 12 for
secretary, and 12 for treasurer. By the basic
counting principle, the offices can be filled
in12-11-12-12=19,008 ways.

a. There are 24 possibilities for each of the
three letters in a name. By the basic
counting principle, the number of names is

24 -24 - 24 = 24° =13,824 .

b. Since the order of letters is important and no
letter is used more than one time, the
number of names is
24 P3=24.23.22=12,144 .

There are 2 choices for the center position. After
that choice is made, to fill the remaining four
positions (and order is important), there are

4 P4 ways. By the basic counting principle, to

assign positions to the five-member team there
are 2- 4P, = 2(41) = 2(24) = 48 ways.

For the first letter there are two possibilities. For
the second and third letters there are 26
possibilities, and for the last letter there are 25
possibilities. By the basic counting principle, the
number of possible identifications is
2-26-26-25=33,800.
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41. There are 3P; ways to select the first three

batters (order is important) and there are gP;

ways to select the remaining batters. By the basic

counting principle, the number of possible
batting orders is
3P P =3!-61=6-720 = 4320.

42. a.

Four of four flags can be arranged (order is

important) in 4P, =4!=24 ways. Thus 24

different signals are possible.

b. If only one of the four flags is used, there

are 4P, possible signals. If exactly two
flags are used, there are 4P, possible
signals. Similarly, for exactly three and

exactly four flags, there are 3P, and 4P

possible signals, respectively. Thus if at
least one flag is used, the number of
possible signals is

4P+ 4P+ 4P+ 4Ry
=4+4-3+4-3-2+4-3-2-1
=4+12+24 +24 =064

Problems 8.2
6! 6 6.5.41 65
AG-4)! 4121 4121 21
6! 6!  6.54! 65
2. 6C2: = = [
206-2)1 21-41 (2.4 21
100! 11
3. 100Clpp = —— = — ===
100100 1 001100-100)! 0! 1
1001! 1001!
4. 1001C1 = =
1(1001-1)!  1+1000!
. I
_1001-2000! _, 0
1000!
5. <Py Cp=5.4.3— 1
B 21(4-2)!
.3.21
_5.4.3432
2121
=606
=360

=15

10.

11.

12.
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5!

P,. cCo=(4-3)—
4P 5C3 =( )3!(5_3)!

5.4.3!
=(4-3) EY =(12)-10=120

n!
n r_r!(n—r)!
n! n!

nCrr = (n=r)![n=(n-n)]! - (n—r)!r!.
Thus ,C, =, C,_, .

n! 1 1

“nin-n)! ol 1

nCn

The number of ways of selecting 4 of 17 people
so that order is not important is
17! 17!

TA7-4) 41131
. . . . I

171615144181
4-3-2.1(13)

17C4

If horses A, B, and C finish in the money, then it
does not matter if A finishes in first, second, or
third place. Similarly for B and C. Thus order is
not important. The number of ways in which 3
of 8 horses finish in the money is the number of
ways of selecting 3 of the 8 without regard to
order, namely
8 8 8.7.-6-5!
3/8-3)! 3.5 3.2.1.5!

8Cs3

The number of ways of selecting 9 out of 13
questions (without regard to order) is

3! 13! 13-12-11-10-9!
91(13-9)! 91-41  914.3.2.1
=715.

13Cy =

In a deck of 52 cards, 26 of the cards are red. In
a four-card hand, the order is not important.
Thus, the number of four-card hands from the 26
red cards is
B 26!

41(26-4)!
_26-25-24.23-22!

41221

=14,950

26C4
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13.

14.

15.

16.

17.

The order of selecting 10 of the 74 dresses is of
no concern. Thus the number of possible
74! 74!

samples 7,Cyg = 10! -(74-10)! 100641

This situation can be considered as a two-stage
process. In the first stage, one of the 3 boxes is
selected. In the second stage, 4 of the 7 types of
jelly are selected (and order is not important),
which can be done in ;C, ways. By the basic

counting principle, the number of different gift
boxes that are possible is

I I
3-,C4 =3 [k =3. "
4(7-4)1 " 41.31
.6-5.41
_3.085 4 55 105,
41(3-2-1)

To score 80, 90, or 100, exactly 8, 9, or 10
questions must be correct, respectively. The
number of ways in which 8 of 10 questions can
be correct is

100 10! 10-9-8!
81(10-8)! 8!.21 81.2.1
For 9 of 10 questions, the number of ways is
o0 10t 10-9!
S 9K10-9)! 9111 911
and for 10 of 10 questions, it is

oo 100 100 _
10410 7 10100-10)! ~ 10! -0!

Thus the number of ways to score 80 or better is
45+ 10+ 1 =56.

45.

10Cg =

10,

10C9

Each of the 11 games can be assigned to one of
three cells: a win cell, a loss cell, or a tie cell.
The number of ways to have 4 wins, 5 losses,
and 3 ties is

11! 11.10-9-8-7-6-5!

= = 6930.
41.51.21  4.3.2.1.512-1

The word MISSISSAUGA has 11 letters with
repetition: one M, two I’s, four S’s, two A’s, one
U, and one G. Thus the number of
distinguishable arrangements is

11! 11.10-9-8.7-6-5-4!
10.21.41.21.11.10 (2)41(2)
= 415,800.
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18.

19.

20.

21.

22,

23.

24,

25.

Section 8.2

The word STREETSBORO has 11 letters with
repetition: two S’s, two T’s, two R’s, two E’s,
one B, and two O’s. Thus the number of
distinguishable arrangements is

— :Ezl, 247,400.
21.21.21.21.11.21 32

The number of ways 4 heads and 3 tails can
occur in 7 tosses of a coin is the same as the
number of distinguishable permutations in the
“word” HHHHTTT, which is

7' 7.6-5-41
41.31 41(6)

The number of ways for the given outcome to
occur is the number of distinguishable
permutations of six numbers such that two are
2’s, three are 3’s, and one is 4, which is

6!  6-5-4.3!
21.31-1 (2)3!

Since the order in which the calls are made is
important, the number of possible schedules for
the 6 callsis gP; =6!=720.

The number of ways to place the 12 members in
three specific cars (cells), with 4 members in

]
1—2'234,650.

each car, is
41.41.41

The number of ways to assign 9 scientists so 3
work on project A, 3 work on B, and 3 work on

9!
=1680.
31313!

Cis

There are 9 holly bushes, 5 of which are female,
and 4 of which are male. Then the number of
possible distinguishable arrangements is
| .8.7.6-5!
9! :9 8-7-6 5':126.
51.41 51.4.3.2-1

A response to the true-false questions can be
considered an ordered arrangement of 10 letters,
5 of which are T’s and 5 of which are F’s. The
number of different responses is

10! 10.9-8-7-6-5!

515! 51(5-4-3-2.1)
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26.

27.

28.

29.

30.

31.

The order in which the 7 food items are placed is
important. However, there are 3 hamburgers
(type 1), 2 cheeseburgers (type 2), and 2 steak
sandwiches (type 3). Then the number of
possible distinguishable ways of placing the

|
items is 7— =210
31.21.21

The number of ways to assign 15 clients to 3
caseworkers (cells) with 5 clients to each

]
L:756, 756.
5!.5!1.51

caseworker is

The number of ways of selecting 5 of the 10
remaining members so that order is important is
10! 10! 10-9-8-7-6-5!

1055 =005y " 51 51

=30, 240.

a. Seven flags must be arranged: two are red
(type 1), three are green (type 2), and two
are yellow (type 3). Thus the number of
distinguishable arrangements (messages) is

|
_ oo
21.31.21

b. [If exactly two yellow flags are used, then
seven flags are involved and the number of

I
L: 210. If all
2!.31.21

three yellow flags are used, then eight flags
are involved and the number of different

different messages is

I
L =560. Thus if at least
21.31.3!

two yellow flags are used, the number of
different messages is 210 + 560 = 770.

messages is

Of the 10 applicants, 4 will be hired for the
assembly department (cell 1), 2 for the shipping
department (cell 2), and 4 will not be hired
(cell 3). Thus the number of ways to fill the

|
1—0':3150 .

positions is
41.21.41

The order in which the securities go into the
portfolio is not important. The number of ways
to select 8 of 12 stocks is 1, Cg. The number of
ways to select 4 of 7 bonds is 7C, . By the basic

counting principle, the number of ways to create
the portfolio is

300

32.

33.

34.

35.
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12! 7!
12Cg- 7C4 = :
81(12—-8)! 41(7-4)!
12! 7! 12.11.10-9-8! 7-6-5-4!

T84l 4131 81.4.3.2.1 41.3.21
= 495.35=17,325.

Suppose the possible games are numbered
1,2, 3, ..., 7. The order in which four games are
won is not important. The number of ways that 4
of the possible 7 games can be won is
7! 7!
44(7-4)1 41.3!

7C4

a. Selecting 3 of the 3 males can be done in
only 1 way.

b. Selecting 4 of the 4 females can be done in
only 1 way.

c. Selecting 2 males and 2 females can be
considered as a two-stage process. In the
first stage, 2 of the 3 males are selected (and
order is not important), which can be done
in 3C, ways. In the second stage, 2 of the
4 females are selected, which can be done in
4C» ways. By the basic counting principle,
the ways of selecting the subcommittee is

3! 41

21(3-2)! 21(4-2)!

3Co - 4Cp =

3! 41

= . =3-6=18
2.1 21.21

Exactly 2, 3, or 4 females can serve on the
subcommittee. Following the procedure in
Problem 33(c), the number of ways exactly 2
females can serve is 4C, - 4C, . The number of
ways exactly 3 females can serve is 4C3- 4C;.
The number of ways exactly four females can
serve is 1. Thus the number of ways that at least
2 females can serve on the subcommittee is
4C2 . 4C2 + 4C3 . 4C1 +1
41 4! 41 41

= . + . +1

21.21 21.21 3r.11 11.31
=6:-6+4-4+1=36+16+1=53.

There are 4 cards of a given denomination and
the number of ways of selecting 3 cards of that
denomination is 4Cs.

Since there are 13 denominations, the number of
ways of selecting 3 cards of one denomination is
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36.

37.

38.

13- 4,C3. After that selection is made, the 2 other
cards must be of the same denomination (of
which 12 denominations remain). Thus for the
remaining 2 cards there are 12-,C, selections.
By the basic counting principle, the number of
possible full-house hands is

41 41
13- 4C5-12-4,Cy —13~ﬂ-12~ﬂ
=13-4-12-6=3744.

There are 13 denominations and four cards of
each denomination. The number of ways to get a
pair of 8’s is 4C,. For the other pair, there are
12 denominations left to choose from, so 15 C;
possibilities, with 4,C, ways to get such a pair.
For the last card there are 11 denominations left,
with 4 cards in each denomination. By the basic
counting principle the number of two-pair hands
where one pair is 8’s is
4Cz- 12C1 - 4Cy-11-4
4l 12! 41

21.21 11.111 21.21
=19,008.

11-4

This situation can be considered as placing 18
tourists into 3 cells: 7 tourist go to the
7-passenger tram, 8 go to the 8-passenger tram,
and 3 tourists remain at the bottom of the
mountain. This can be done in

18!
—— =15,250,960 ways.
71.8!.3!

a. The 10 students are to be placed in 3 groups,
with 4 in group A, 3 in group B, and 3 in
group C. This can be done in

1
_10 =4200 ways.
41.31.3!

b. For a given assignment of students to the
three groups, the number of ways of
selecting a group leader and a secretary for
group A (order is important) is 4 P, ; for
group B, itis 3P ; and for group Citis
3P, . Thus the number of ways that the
instructor can split the class into 3 groups
and designate a group leader and secretary
in each group is
=4200(4-3)(3-2)(3-2) =1,814,400.

Section 8.3

Principles in Practice 8.3

1.

This is a combination problem because the order
in which the videos are selected is not important.
The number of possible choices is the number of
ways 3 videos can be selected from 400 without
regard to order.
400! 400!

31(400-3)! 31397!
~400-399-398-397!

31397!
_ 400-399-398

3-2

= 10,586,800

400C3 =

Problems 8.3
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{9D, 9H, 9C, 9S]

{HHHH, HHHT, HHTH, HHTT, HTHH,
HTHT, HTTH, HTTT, THHH, THHT, THTH,
THTT, TTHH, TTHT, TTTH, TTTT}

{1H, 1T, 2H, 2T, 3H, 3T, 4H, 4T, 5H, 5T, 6H,
6T)

{2,3,4,5,6,7,8,9,10, 11, 12}

[64, 69, 60, 61, 46, 49, 40, 41, 96, 94, 90, 91, 06,
04, 09, 01, 16, 14, 19, 10]

{BBBB, BBBG, BBGB, BBGG, BGBB, BGBG,
BGGB, BGGG, GBBB, GBBG, GBGB, GBGG,
GGBB, GGBG, GGGB, GGGG}

a. {RR,RW, RB, WR, WW, WB, BR, BW,
BB};

b. {RW,RB, WR, WB, BR, BW}

{ADF, ADG, AEF, AEG, BDF, BDG, BEF,
BEG, CDF, CDG, CEF, CEG}

Sample space consists of ordered sets of six
elements and each element is H or T. Since there
are two possibilities for each toss (H or T), and
there are six tosses, by he basic counting
principle, the number of sample points is

2:2-2-2-2-2=25-64.

Sample space consists of ordered sets of five
elements where each element is an integer
between 1 and 6 inclusive. Since there are six
possibilities for each die, and there are 5 dice, by
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11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

the basic counting principle, the number of
sample pointsis6-6-6-6 -6 = 6° =7776.

Sample space consists of ordered pairs where the
first element indicates the card drawn (52
possibilities) and the second element indicates
the number on the die (6 possibilities). By the
basic counting principle, the number of sample
points is 52 - 6 = 312.

Sample space consists of ordered sets of four
elements where the elements and their position
indicate the rabbit selected on the respective
draw. Since the rabbits are not replaced, for the
first draw there are 9 possibilities, for the second
draw there are 8 possibilities, and for the third
and fourth there are 7 and 6 possibilities,
respectively. By the basic counting principle, the
number of sample pointsis 9 - 8 - 7 - 6 = 3024.

Sample space consists of combinations of
52 cards taken 10 at a time. Thus the number of

sample points is 5 Cyg.

Sample space consists of all four letter “words.”
For each of the four letters there are 26
possibilities. By the basic counting principle, the
number of sample points is

26-26-26-26= 26% = 456,976 .

The sample points that are either in E, or in F, or
in both E and F are 1, 3, 5, 7, and 9. Thus
EUF={1,3,5"17,9}.

The sample points in S that are not in G are
1,3,5,7,9, and 10. Thus
G'={1,3,5,7,9, 10}.

The sample points in S that are not in E are 2, 4,
6,7,8,9,and 10. Thus E'={2,4,6,7,8,9,10}.

The sample points common to both E"and F are
7and 9. Thus E'~ F={7,9}.

F'={L 2,4, 6,8, 10} and
G'={35,7,910} so F'nG' ={l, 10}.

The sample points in S that are not in F are
1,2,4,6,8,and 10. Thus F' = {1, 2, 4, 6, 8, 10}.

(EUF) ={1,3,5,7,9} ={2,4,6,8,10}

(FAG) =0'=S$

302

22,

23.

24.

25.

26.

217.

28.

ISM: Introductory Mathematical Analysis

(EUG)NF'
={1,2,3,4,5,6,8}{L,2,4,6,8,10}
={1,2,4,6, 8}

ElﬁEz ?f@; ElﬁE?, ¢®; ElﬂE4 =®;

E2ﬂE3=@;EzﬂE4¢®;E3ﬁE4=®.
Thus E]_ and E4, E2 and E3 , and E3 and E4
are mutually exclusive.

If both cards are jacks, then both cards can
neither be clubs nor 3’s. Thus Ej "Ec = and

E; NEz =@. If both cards are clubs, then both
cards cannot be 3’s. Thus Ec N E3 =.

E; and Ec, E; and Eg, Ec and Ej3 are
mutually exclusive.

ENnFz0, ENnG=CJ,EnH=*J,
Enlz2d3, FNnG=Jd, FNnH=J
FNnI=3, GNH=0,GNnI=J,

HN I+ . Thus Eand G, F and I, G and H, and
G and [ are mutually exclusive.

Er\F:Q’ Er\G:Q’ ENH=J,
ENnl=z0, FNnG=YJ, FNH =T,
FNl=d GnH=0J,Gnl=J,
Hnl=YJ.

Thus Eand F, E and G, Fand I, G and H,
G and I, H and I are mutually exclusive.

a. S={HHH, HHT, HTH, HTT, THH, THT,
TTH, TTT}

b. E; = {HHH, HHT, HTH, HTT, THH, THT,
TTH}

¢. E, = {HHT, HTH, HTT, THH, THT, TTH,
TTT)}

d. E UE, ={HHH, HHT, HTH, HTT, THH,
THT, TTH, TTT} =S

e. E; NE, = {HHT, HTH, HTT, THH, THT,
TTH}

f. (EUE)=S=0

g. (E;nE,) ={HHT, HTH, HTT, THH,
THT, TTH}' = {HHH, TTT}

a. {BB,BG, GB, GG}
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29.

30.

31.

32,

b. {BG, GB, GG}

c. {BB,BG, GB}

d. No; {BG, GB, GG}' = {BB} # eventin (¢)
a. {ABC, ACB, BAC, BCA, CAB, CBA}

b. {ABC, ACB}

c. {BAC, BCA, CAB, CBA}

a. {UUV,UUW, UUX, UUZ, UVV, UVW,
UVX, UVZ, UXV, UXW, UXX, UXZ,
UYV,UYW,UYX, UYZ, VUV, VUW,
VUX, VUZ, VVV, VVW, VVX, VVZ,
VXV, VXW, VXX, VXZ, VYV, VYW,
VYX, VYZ, WUV, WUW, WUX, WUZ,
WVV, WVW, WVX, WVZ, WXV, WXW,
WXX, WXZ, WYV, WYW, WYX, WYZ}

b. {VVV])

c. {UUV,UUW, UUX, UUZ, UVV, UVW,
UVX, UVZ, UXV, UXW, UXX, UXZ,
UYVv,UYW, UYX, UYZ, VUV, VUW,
VUX, VUZ, VVVW, VVX, VVZ, VXV,
VXW, VXX, VXZ, VYV, VYW, VYX,
VYZ, WUV, WUW, WUX, WUZ, WVV,
WVW, WVX, WVZ, WXV, WXW, WXX,
WXZ, WYV, WYW, WYX, WYZ}

More than one supplier is used.

Using the properties in Table 8.1, we have
(ENF)N(ENF)

=(ENnFNE)NF’ [property 15]
=(ENENF)nF' [property 11]
=(ENE)n(F nF’) [porperty 15]
=Eng [property 5]
= [property 9]
Thus

(ENF)N(ENF)=C, soEnFandEnF’
are mutually exclusive.

Using the properties in Table 8.1, we have
(ENnF)U(ENF)

=En(FUF) [property 16]
=ENS [property 4]
—E [property 7]
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Problems 8.4

1.

2.

3000P(E) = 3000(0.25) = 750

3000P(E) = 3000[1 — P(E")] = 3000(1 — 0.45)
=13000(0.55) = 1650

a. P(E)=1-P(E)=1-02=0.8

b. P(EUF)=P(E)+P(F)-P(ENF)
=02+03-0.1=04

1 3
a. PE)=1-PE)=1- —=—
(E") (E) 1-2
b. P(EUF)=P(E)+P(F)-P(EnF)
1 1 1 5
=t ———=—
4 2 8 8
If E and F are mutually exclusive, then
EnF=0.
Thus P(ENF)=P(&)=0. Since it is given
that P(ENF)=0.831=0, E and F are not
mutually exclusive.

P(EUF)=P(E)+P(F)-P(ENF)
Thus P(F)=P(E UF)+P(E NF)-P(E)
131 1.1

=—+ ==
20 10 2 4
a. Eg=1{2,6),3,5).44),(5,3),(6,2)}

_n(Eg) 5
P(Es) = n(s) 36

b. Eyorz=1{(11),(12),2 1)

n(E ) 3 1
|3(EZor3)=—niSo)r3 =£=E

C. E3,4,OI’5 :{(11 2)!(211)!(11 3)!(2!2)’(311)!
1,4).(2,3),(3.2),(4.1)}

N(Es4 o) 9 1

P(E = S 79 =

(Es,4,0r5) a(S) %4
d. Ejyor13 =Ep2, since Eq3 is an impossible

event.
E» ={(6,6)}

n(E ) 1
P(Eppor1s) = ——2or 832 = =

n(s) 36
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e. E,={(11)}
Es ={(13).(2,2),(31}
Ee ={(1L.5).(2,4),3.3).(4,2),(51)}
Eg ={(2,6).(3,5),(4,4),(5,3),(6,2)}
Eio ={(4.6).(5,5),(6,4)}
Eio ={(6,6)}
P(Eeven) = P(E2) + P(E4)
+P(Eg) + P(Eg) + P(Eqo) + P(Er2)

1,3,5 5 3 1 18 1
2

t—t—t—F—+—=
36 36 36 36 36 36 36

1 1
f. P(Eodd)zl_P(Eeven):]-_E:E

g Elessthan10 =E10 VE11 VEpD
={(4,6),(5,5),(6,4)}{(5,6),(6,5)}{(6,6)}
={(4,6),(5,5),(6,4),(5,6),(6,5),(6,6)} .

P(Eless than 10) =1- P(El,ess than 10)
_8_30_5
36 36 6

8. Ejorashows =1{(2,1),(2,2),(2,3),(2,4),
(2,5),(2,6), (3, 1), (3, 2), (3, 3),
(3,4),(3,5),(3,6),(1,2),(4,2),
(5,2),(6,2),(1,3),(4,3), 5, 3),
(6,3)}

N(E2 or 3 shows) :E_ 5

P(E =
(20r35hows) n(S) 36 9

9. n(S)=52.

N(Egi
a. P(king of hearts) = W = 5i2
n

b. P(diamond) = Mzgzl
n(s) 52 4
n(E;
e Pliacky="Eiek) _ 4 1
nS) 52 13
d P(red)= NErea) 26 _1
ns) 52 2

304

ISM: Introductory Mathematical Analysis

e. Because a heart is not a club,

Eneart N Eciup =9 -

Thus

P(Eneart or club) = P(Eneart Y Eclub)

= P(Eneart) + P(Eciun)

_ N(Eneart) + N(Eciub) :E+E
n(s) n(s) 52 52

26 1

"5 2

f. Eclub and4 = {4C}

N(Eclup and 4) _ 1

P(E =
( club and 4) n(S) 52

g. P(clubor4)
= P(club) + P(4) — P(club and 4)
_13,.4_1_.16_4
52 52 52 52 13

h.  Eregand king ={KH, KD}

N(Ered and king)

P(red and king)= a(S)

i. Espade and heart =9
Thus P(spade and heart) = 0

10. n(S)=2-6=12

a. Eys={H5}

ns) 12

n(E
P(head and 5) = (Eris) = L

b. n(Ehead):l-G:G.

P(head) = N(Ehead) =£=£

ns) 12 2
¢. n(Eg)=21=2
nEy) 2 _ 1

PO="6) 1276

d. n(Enead and even) =1-3=3

P(head and even)
_N(Eneadand even) _ 3 _ 1
n(s) 12 4
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11. n(S)=2-6-52 =624

a. P(tail, 3, queen of hearts)
_ N(Ergon) 111 1

n(s) 624 624

b. P(tail, 3, queen)
_N(Erzq) 114 1

n(s) 624 156

c. P(head, 2 or 3, queen)
_ NEn2orzq) 1.2:4 1

n(s) 624 78

d. P(head, even, diamond)
_ MEnep) 1313 1
n(s) 624 16

12. n(S)=8

a.  Egpeads ={HHH}
1

P(3 heads) = N(Eg heads) _ 1
ns) 8

b. Ej il ={HHT,HTH,THH}.

N(Ep i) _ 3

P(1 tail) = n(S) 3

¢. P(no more than 2 heads) = 1 — P(3 heads)

_p-iot

8 8

d.  E o more than 1 tail = Eo tails Y Ex tail
= {HHH} U{HHT HTH THH}
= {HHH, HHT, HTH, THH}.
P(no more than 1 tail)

_ N(Eno more than 1 tail) :le
n(s) 8 2
13. n(S)=52-51-50= 132,600
4.3.2 1

a. P(all kings) =

132,600 5525

131211 11

b. P(all hearts) =———=—
132,600 850
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14. n(S)=52-52=2704

N(Epoth kings) _ 4-4

a. P(both kings) = =
¢ &) n(s) 2704

169

b. Number of ways both cards are king of
hearts: 1. Number of ways either first card is
king of hearts and second card is a different
heart, or vice versa: 2(1 - 12) = 24. Number
of ways either first card is king of diamonds,
clubs, or spades, and second card is a heart,
or vice versa: 2(3 - 13) = 78. Thus, number
ways one card is a king and the other is a
heartis 1 + 24 + 78 = 103, so probability of

103

2704

given event is

15. n(§)=2-2-2=8

a.  Eggirs ={GGG}

E .
P(3 girls) = % =%

b. Ejpoy ={BGG,GBG,GGB}

E
P(1 boy) = %:g

¢.  Enggin ={BBB}

E. .
P(no girl) = —n( nn(oS?rl) =%

d. P(atleast 1 girl) = 1 — P(no girl)
L7
8 8

. The sample space consists of 18 jelly beans.

Thus n(S) = 18.

4

N(Epige) _9 _

a. P(blue) = E
n(s) 18 9

b. P(notred)=1- P(red)
N(Eeq) 1 7 11

=1 [
n(s) 18 18
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17.

18.

19.

c. The events of drawing a red jelly bean and
drawing a white jelly bean are mutually
exclusive. Thus
P(red or white) = P(red) + P(white)

_ 71,3105
18 18 18 9

. . 3 1

d. P(neither red nor blue) = P(white) =E = 5

e Eyeow =< . Thus P(yellow) =0

f. Ered N Eyeliow =9

Thus P(red or yellow) = P(red) + P(yellow)
7 7

=—+0=—.
18 18

The sample space consists of 60 stocks. Thus
n(S) = 60.

E
a. P(6% or more) = N{E6% or more)
n(s)

b. P(less than 6%) = 1 — P(6% or more)

41
5 5

Let N = number of ties. Then the number of pure
silk ties is 0.4N.

a.  P(100% pure silk) = 0'% _04

b. P(not 100% silk) =1— P(100% pure silk)
=1-0.4=0.6

n(S) =40
Of the 40 students, 4 received an A, 10a B, 14 a
C,10aD,and2 anF.

a. P(A)= n(EA):i:i:o,1
(S) 40 10
b. P(AorB)= "EAors) _4+10
n(s) 40
14

=—=0.35
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¢. P(neither D nor F) = P(A, B, or C)
_ MEap,orc) 4+10+14 28

=—=07
n(s) 40 40
d. PmoF)=1-PF)=1- @
n(S)
—1- 28 g5
40 40

e. Let N =number of students. Then n(S) = N.
Of the N students, 0.10N received an A,
0.25N aB,0.35NaC, 0.25N a D, 0.05N an
F.

0.10N _o01

P(A) =

P(A or B) = 0.10N ’J\er.ZSN

_OBN _ 535
N

P(neither D nor F) = P(A, B, or C)
_ 0.10N +0.25N +0.35N

N
_O70N _
N
P(no F) = 1 — P(F)

=1- @:1-0.05:0.95

20. Bag 1 contains 5 jelly beans, and Bag 2 contains
9.
n(S)=5-9=45.

n(E .
a. P(both red) = nErRr) _3-4_4
n(s) 45 15

b. P(one red and other green)
_ N(Epg)+N(Egr) 3-5+2-4

n(s) 45
_15+8 23
45 45



ISM: Introductory Mathematical Analysis

21.

22,

23.

24.

The sample space consists of combinations of 2
people selected from 5. Thus
5! 5-4
nS=cChr=—=——
TR
are only 2 women in the group, the number of
possible 2-woman committees is 1. Thus

N(E2 women) :i'
n(s) 10

=10 . Because there

P(2 women) =

Because there are 3 men and 2 women, the
number of possible committees consisting of a
man and a woman is 3 - 2 = 6.

Thus

N(Eman and woman)

n(S)

P(man and woman) =

gl w

5
10
Number of ways to answer exam is
210 21024 =n(S).

a. There is only one way to achieve 100 points,
namely to answer each question correctly.
Thus

n(E i
P(100 points) = (E100 pomts) _ 1 .
n(S) 1024

b. Number of ways to score
90 points = number of ways that exactly one
question is answered incorrectly = 10.
Thus
P(90 or more points)
= P(90 points) + P(100 points)
_ 10 N 1 1
1024 1024 1024

Number of ways to answer exam is
48 = 65,536 =n(S) .

N(Eai correct) _ 1
n(S) 65,536

a. P(all correct) =

b. The probability of answering one question
correctly when answering in a random

fashion is % and the probability of

L .3
answering incorrectly is 1 Thus, the

probability of answering the first four
questions correctly and the last four
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25.

26.

Section 8.4

4 4 4
incorrectly is 3 :3—. Since there
4) \ 4 48

are gC, distinguishable orders in which one

can arrange 4 correct and 4 incorrect
answers, and since each arrangement has the
same overall probability of occurring, the
probability of 4 correct and 4 incorrect

3! 34 gl
answers is —8-8C4 =g
4 4° 414!
3 8.7.6.5.41 3" 2.7.5
48 4.3.2.1.41 48 1
2835
32,768

A poker hand is a 5-card deal from 52 cards.
Thus n(S) = 5,Cs. In 52 cards, there are 4 cards
of a particular denomination. Thus, for a four of
a kind, the number of ways of selecting 4 of 4
cards of a particular denomination is 4C,4. Since
there are 13 denominations, 4 cards of the same
denomination can be dealt in 13- 4,C, ways. For
the remaining card, there are 12 denominations
that are possible, and for each denomination
there are 4,C; ways of dealing a card. Thus

E .
P(four of a kind) = N(Efour of a kind) four(osf)a kind)
n
_13-4C4-12-4C

52Cs
13124

52Cs

a. P(EUF)=P(E)+P(F)-P(ENF)
Thus P(F)=P(E UF)+P(ENF)-P(E)
s, 111

147 4 4
b. P(E'UF)=P(E")+P(F)-P(E'nF)
=(1—1J+1—P(E’m F)
4)" 4

~1-P(E'nF)
Since F=(EnF)U(E'nF)
and ENF and E'"F are mutually
exclusive P(F)=P(EnF)+P(E'nF),

L Ll pEnR
47
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Thus P(E'n F)=l—l=i. Hence,
4 7 28
IV 0
28 28

100!

27. I’l(S) = 100C3 =W

=161,700

35!
a.  N(E3 females) =35C3 = 3132 = 6545

N(E3 females)

P(EB females) = n(S)

6545
161,700

b. The number of ways of selecting one
professor is 15; the number of ways of

selecting two associate professors is 24Cs .

Thus n(El professor & 2 associate professors)
|
=15. 24! =15.276=4140.
21.22!

Therefore,

P(E professor & 2 associate professers)

__ 4140 6006
161,700

28. P(even number) = P(2) + P(4) + P(6)
2 1 1 4 2
10 10 10 10 5

29. Shiloh needs to win 3 more rounds to win the
game and Caitlin needs to win 5 more rounds.
Shiloh’s probability of winning is

4 4
C 1
7%k
i S C
7%k
go 2! 2! kzo
1
= 2—7(7 Co+7C1 +7C2 +7C3 +7Cy)
:i(1+7+21+35+35)
27
_%
128
Shiloh’s share of the pot is then
99 425) ~$19.34.
128
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30.

31.

32.

33.

34.
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Here Shiloh needs to win 5 more rounds to win
the game and Caitlin needs to win 8 more
rounds. Shiloh’s probability of winning is

7 15C, 3302 1651
EO 212 4006 2048
16

20

. Thus Shiloh’s share

of the pot is i; ($50) ~ $40.31.

Let p = P(1) = P(3) = P(5). Then
2p = P(2) = P(4) = P(6). Since P(S) = 1, then

1
3p)+32p)=1,9p=1, p= p(l):g.

Let p; =P(a)=P(b)=P(c)=P(d) =P(e), and
p, = P(f)=P(g). Then

P(S)=5(p)+2(P2) =L Pp =3~ P

Since p; is not known, it is not possible to
determine P(f)= p,.If it is also known that

P(a, f}) = % then we have
P{a, f})=P(@)+P(f)=p +p, :%_

1 1 5(1
Thus PL=2"P and P2=———(§—p2j.

—gpz =—% or py :g and so P(f):é.

a. Of the 100 voters, 51 favor the tax increase.

Thus P(favors tax increase) = % =0.51.

b. Of the 100 voters, 44 oppose the tax
increase. Thus

44
P(opposes tax increase) = — = 0.44.
(opp ) 100

c. Of the 100 voters, 3 are Republican with no
opinion. Thus

. . . . 3
P(is a Republican with no opinion) = —

100
=0.03.

a. For the chain, the total average number of
sales is 170 units. For brand B, 65 units per
month are sold. Thus

P(sale is for brand B) = E _B

=—~0.38.
170 34
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b. Since 95 units per month are sold at the Problems 8.5
Exton store, and 30 are of brand C,
P(sale is for brand C given that it is at Exton

06 1 a. P(E|F):—H(E(E)F):%
store) =—=—~0.32.
95 19
b. Using the result of part (a),
4 4
s PE_PE 5 5 4 P(E'|F)=1-P(E|F)=1-¢ = ¢
! - 4 1
P(E) 1-P(E) 1_(3) 11
The odds are 4:1. c. F'={37,8 9} so
nENF) 1
1 1 "N = -
6 FE)__PE) & _&_1 PEIF)= n(F) 4
) ’ - 1) 5
P(E) 1-P(E) (g) 3 5
The odds are 1:5. d. p(F|E)=n(FmE)=£
n(E) 2
37 P(E) P(E) _ 07 07 7
" P(E) 1-P(E) 1-07 03 3 e. FnG={5,6} so
The odds are 7:3. P(E|F AG) = n(En(FNG)) :9:0.
n(F nG) 2
38 P(E)y P(E) _ 0.001 0.001 _ 1
" P(E) 1-P(E) 1-0.001 0.999 999 n(E) 2
The odds are 1:999. 2. a. (B)= n(s) 5
39. P(E)zizl n(EnF) 0
7+5 12 b. P(ElF):W:EZO
100 100
40. P(E)=——-="—
(B)= 10041~ 101 c. P(E|G):%:§
n
4 4 2
41. P(E)= =—=—
4110 14 7 d. PG|E)=NCNE) _2_,
n(E) 2
a a 1
42. P(E)=—>=—=— '
E) a+a 2a 2 e. F'={125}
~ NGNF) 2
43. Odds that it will rain tomorrow P(G“:):W:E
P(rain) 075 075
P(norain) 1-075 025 f. E'-{345}
The odds are 3:1. ' '
pE|Fy="NENF) 1
44. The odds of E not occurring are the odds of n(F") 3
event E' which is P(E”):@:i en P(ENE) P(E)
P(E) P(E) 5 3. P(E|E)= P " PE)
%:%:%:g, so the odds that E does
5
P(E) 4. P(®|E)=P(®mE)=P(®)= 0 _
occur are 5:3. P(E) P(E) P(E)
In general, if the odds of E not occurring are a:b,
then the odds that E does occur are b:a. 5. P(E'|F)=1-P(E|F)=1-0.57=0.43
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PFNG) P@) O

& PEIO="56 ~rG) P "
7. a. P(E|F):%:1;—2:%
b. P(FlE)="(ENE)_1/6_2
) ~ P(E) 14 3

8. First we find P(ENF):

pE|F)=ECF)
P(F)
31 1
P(ENF)= P(E|F)P(F)_Z§:Z.
Then
P(EUF)=P(E)+P(F)-P(ENF)
1,11
4°3 4
_1
=3
9. a. P(F|E)=-PIFNE)_1/6_2

P(E) 1/4 3

b. P(EUF)=P(E)+P(F)-P(ENF)
7.1

12 4 P(F)"

Thus P(F):l— E:l
12 6 2

c¢. From part (b) P(F) :%

P(ENF) 1/6 1
Then P(E|F)=%=m=§_

d. P(E)=P(ENF)+P(ENF

l:1+P(EmF')

4 6

so P(ENF") = 11 i
6 12

P(E NF"
P(F")
1712 1/12 1

T1-1/2 12 6

Then P(E|F') =

310

10.

11.

12.

ISM: Introductory Mathematical Analysis

P(EUF)=P(E)+P(F)-P(ENF), 50
P(ENF)=P(E)+P(F)-P(EUF)
3 3 7 1

“5'10 10 5
Then P(E|F) = FEQF) _ 175 2
P(F)  3/10 3°
a. P(F)=12_5
200 8
b, pE|my="EQM_3
n() 58
e pO|nH_n@ND_22 11
n()y 78 39
d. pamy=24_8
200 25
e. PQI|O)=NINN0O) 10
nO) 47
(AN
. paiN)="EOT)
(N") (N

35+15 50 25
T125+47 172 86

n(Public ~ Middle)

a. P(Public|Middle)= -
n(Middle)

_s5_1t
80 16

n(High  Private)
n(Private)

b. P(High|Private)=

14

_14_2
7

9

n(Private n High)

. P(Private|High)=
¢ P IHigh) n(High)

_14
25

d. P(Publicu Low)
=P(Public) + P(Low) — P(Public m Low)
126 70 60 136
T175 175 175 175
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13. a. P(A|B)="ANB) 020 1
P(B) 040 2
b, p(s|A)_PBOA) 020 4

P(A) 045 9

14. P(scratched screen|def. ear pieces)
_ P(scratched screen ndef. ear pieces)

P(def. ear pieces)
013 13

T019 19

15. S = {BB, BG, GG, GB}
Let E = {at least one girl} = {BG, GG, GB},
F = {at least one boy} = { BB, BG, GB}.

Thus P(E | F)zng.
n(F) 3
16. S = {BBB, BBG, BGB, BGG, GBB, GBG,
GGB, GGG}
Let

E = {at least two girls}
= {BGG, GBG, GGB, GGG},
F = {at least one boy}

= {BBB, BBG, BGB, BGG, GBB, GBG, GGB},

G = {oldest is a girl }
= {GBB, GBG, GGB, GGG}.

a. P(E|F) =—”(:(:)F) =§
b. P(E|G):%:%

17. S ={HHH, HHT, HTH, THH, THT, TTH,
TTT}.
Let E = {exactly two tails}
= {HTT, THT, TTH},
F = {second toss is a tail }
= {HTH, HTT, TTH, TTT},
G = {second toss is a head }
= {HHH, HHT, THH, THT}.

a. P(E|F)=%=%=%
b. P(E|G)=—n(5(2)6)=%

311

18.

19.

20.

21.

22,
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S = {HHHH, HHHT, HHTH, HHTT, HTHH,
HTHT, HTTH, HTTT, THHH, THHT, THTH,
THTT, TTHH, TTHT, TTTH, TTTT}.

Let E = {four tails } = {TTTT}, F = {first toss is
atail} = {THHH, THHT, THTH, THTT, TTHH,
TTHT, TTTH, TTTT}.

since P(E|F)=1ECF) 1 e
n(F) 8
corresponding odds are
P(EIF) = 1/8 21 ; thatis, 1 to 7.

P(E'|F) 1-(1/8) 7

n(<4nodd)  n({L3}) 2
nodd)  n({135) 3

P(< 4] odd) =

Let F denote face card. There are 3 face cards
for each suit. Let R denote red card. Half the
cards are red, so there are 26.
p(F|R):M:£:i_

n(R) 26 13

Method 1. The usual sample space has 36
outcomes, where the event

“two 1’s” is {(1, 1)}. Note that

{at least one 1} ={no 1's}, and the event

’”

“no 1’s” occurs in 5 - 5 = 25 ways. Thus

P(two 1’s | at least one 1)

_N(two1s natleastonel) n({@D}) 1
n(at least one 1) 36-25 11

Method 2. From the usual sample space, we find

that the reduced sample space for “at least one

1”” (which has 11 outcomes) is {(1, 1), (1, 2),

(1,3),(1,4),(1,5),(1,6), (2, 1), 3, 1), (4, 1),

(6, D}

1
Thus P(two 1’s | at least one 1) = TR

Method 1. The reduced sample space, having 6
outcomes, is {(5, 1), (5, 2), (5, 3), (5, 4), (5, 5),
(5, 6)}, where, in each pair, the outcome 5 on the
red die is given first. Two pairs have a sum
greater than 9, namely (5, 5) and

(5, 6). Thus P(sum>9|5 on red) =

ol N
w|

Method 2. The usual sample space has 36
outcomes. Let E = {5 onred}. Then n(E) = 6.
Let F = {sum >9}. Then n(E "F) =2, namely

(red 5, green 5) and (red 5, green 6). Thus
p(F |5y MENF) 2 1
n(E) 6 3
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23.

24.

25.

26.

27.

28.

The usual sample space consists of ordered pairs
(R, G), where R = no. on red die and G = no. on
green die. Now, n(green is even) = 6 - 3 = 18,
because the red die can show any of six numbers
and the green any of three: 2, 4, or 6. Also,
n(total of 7 ~green even)
=n({(5,2), (3, 4),(1,6)})=3.
Thus
P(total of 7|green even)
_ n(total of 7 ~green even)

n(green even)
3 1

18 6

The usual sample space S consists of 36 ordered
pairs. Let E = {sum is 6} and

F = {second toss is neither 2 nor 4}.

Then n(F) =6 -4 =24 and

n(ENF) =n{(5,1),3,3),(1,5}=3.

nEnF) 3

a, P(E|F)=W=24=%

nENF) 3 1
ns) 36 12

The usual sample space consists of 36 ordered
pairs. Let E = {total > 7} and

F = {first toss > 3}. Then n(F)=3-6=18 and
n(ENF)

=n({(4,4),(4,5),(4,0), (5, 3),(5,4), (5, 5),

(5, 6), (6,2), (6, 3), (6,4), (6,5), (6,6)})
=12

b. P(ENF)=

Thus P (E| F):M:E:E.

n(F) 18 3
Let the sample space consist of ordered pairs
(c, d), where c is T or H, and d is the number
showing on the die. Let E = {tails shows} and
F = {die shows odd number). Then

N(F)=2-3=6and n(ENnF)=1.3=3. Thus
pE(F)=NMEQF) 3 1
n(F) 6 2

ot~ _L

P(H|F)=%:

3_1
12 4

312

29.

30.

31.

32,

33.

34.

35.
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Let E = {second card is not a face card} and
F = {first card is a face card}.

p(e|F)<NEQF) 1275740
n(F) 12 51

a. P(FRnFk)=P(FR)P(FRI|R)
21 u
52 51 221

b. P(RNF)=P(R)P(FRI|FR)
1212 33 9
52 52 13 13 169

P(K1nQy M J3)
=P(K1)P(Q2 | K1)P(J3 | (K1 nQy2))
4 4 4 8

" 52 51 50 16,575

P(ASl M AH2 M ADz)
= P(AS1)P(AH,| AS; ) P(AD,|(AS N AH)))
11 1 1

P(\]lf\\]z ﬁJS)
=P(31)P(J2131)PI3|(I1n )
4 3 2 1

Using a probability tree, we find that there are
two possible paths such that the second card is a
heart, namely, a heart followed by a heart, or a
nonheart followed by a heart. Thus

P(Hz) =P(H nH)+P(H{nH))
=P(Hy)P(Hy [ Hy)+P(H{)P(H, [ H)

1312 39 13 1
il W

52 51 52 51 4°

Let D = {two diamonds} and
R = {first card red}. We have
D N R ={two diamonds} = D and

Py = 212
52 51
1312
Thus P(D|R)=—PR) 551 2
PR) B 17
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36. Using a probability tree, we find that there are two possible paths such that she will be on time, namely, she gets
the call and she is on time, or she doesn’t get the call and she is on time.
P(T)=P(CNT)+P(C'NT)
=P(C)P(T[C)+P(C)P(T|C)
=(0.9)(0.9) + (0.1)(0.4) =0.85

37. a. PU)=P(FNU)+P(OANU)+P(NAU)
= P(F)P(U|F) + P(O)P(U|0) + P(N)P(UIN)
=(0.60)(0.45) + (0.30)(0.55) + (0.10)(0.35)

—047=2L
100

b. P(E|U)= P(F NU) _ (0.60)(0.45) _ 27
) ~ P(U) 047 47

38. a. P(contact npurchase) =P(contact)P(purchase|contact)
= (0.02)(0.014) = 0.00028

b. 100,000(0.00028) = 28

39. a. After the first draw, if the rabbit drawn is red, then 4 rabbits remain, 3 of which are yellow.

P(second is yellow | first is red) = %

b. After red rabbit is replaced, 5 rabbits remain, 3 of which are yellow.

. .. 3
P(second is yellow | first is red) = g

4 4 3 3 25
40. P(Gy)=P(G;NGy)+P(RiNGy) =P(G)P(G, |G)+P(R)P(Gy |Ry) == o += o =—
77 7 7 49

12 12 9

41. PQW) = P(Box 10 W) + P(Box 21 W) = P(Box )P(W | Box 1) + P(Box 2)P(W [ Box 2)= -2+ =4 =

42. a. PW)=P(BLnW)+P(B2AW)+P(B3nW)
= P(B)P(W | B1) + P(B2)P(W | B2) + P(B3)P(W | B3)
13 14 12 158
35 37 36 315
b. P(R)=P(BLAR)+P(B2NR)+P(B3NR)
= P(B1)P(R | B1) + P(B2)P(R | B2) + P(B3)P(R | B3)
12 1312 12

w|
(2]
w
~
w
[op}
w
[uies
o1

c. P(G)=P(B3nG)=P(B3)P(G|B3) :%-

W
|+

313
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43. P(W,)=P(B1NG; nW,) + P(B1NR; "W,)+ P(B2 "Wy nW,)
= P(B1)P(Gy |BL) P(W, (G, " BL) )+ P(BI)P Ry |BL) P(W; [(Ry ~ B1))+ P(B2)P (W, |B2) P (W, [W; 1 B2))
111 111 111 1

44. P(Dy "D, N Dy N Dy)=P(D;)P(Dy| Dy )P (D3| (Dy N D,))P(Dy|(Dy ~ D, N D))

45. P(Und.) = P(MS~Und.)+ P(DS~ Und.)
= P(MS)P(Und.|MS) + P(DS)P(Und|DS)
_20,000 1 40,000 3
" 60,000 100 60,000 100
7

" 300

46. P(5000) = P(B1~5000)+ P(B2~5000) + P(B35000)
= P(B1)P(5000|B1) + P(B2)P(5000|B2) + P(B3)P(5000|B3)
11 12 11 11

= . 4=
32 38 36 36

47. P(Def) = P(A N Def)+P(B ~ Def)+P(C ~ Def)

= P(A)P(Def | A) + P(B)P(Def | B) + P(C)P(Def | C)
= (0.10)(0.06) + (0.20)(0.04) + (0.70)(0.05) = 0.049

48. P(Def) = P(A N Def) +P(B n Def)+P(C  Def)+P (D  Def)
= P(A)P(Def | A) + P(B)P(Def | B) + P(C)P(Def | C) + P(D)P(Def | D)

= (0.30)(0.06) + (0.20)(0.03) + (0.35)(0.02) + (0.15)(0.05)
=0.0385

49. a. P(DNV)=P(D)P(V | D)= (0.40)(0.15) = 0.06

b. PN)=P(DAV)+P(RAV)+P(AV)
= P(D)P(V | D) + P(R)P(V|R) + P(DP(V | I)
= (0.40)(0.15) + (0.35)(0.20) + (0.25)(0.10)
=0.155

50. Because Richard was not hired, the number of sample points in the reduced sample space is ;C4 =35, of which
Allison, Lesley, Tom, and Bronwyn form one sample point. Thus

P(Allison, Lesley, Tom, and Bronwyn were hired) = 3—15

314
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51. P(3 Feml|at least one Fem)
_ P(3 Femnat least one Fem)
P(at least one Fem)

s
PBFem)  ,C; 33 4

T1-P(oFem) 1_sC 1-2 3l
1 11C3 33

Problems 8.6

1. a. P(ENF)=P(E)P(F)=

3.1
4 4

ooll—\

b. P(EUF)=P(E)+P(F)-P(ENF)
1315
—_—t =
3 4 4 6

c. P(E|F):P(E):%

d. P(E’|F)=1—P(E|F)=1—%:%

e. P(ENF)= P(E)P(F)—% %

-I>|H

f. P(EUF)=P(E)+P(F)-P(ENF’)

~ P(ENF) 1/12 1
g. P(E|F)= ( ,)z ==
P(F) 1/4 3

2. a. P(ENF)=P(E)P(F)=(0.1)(0.3) = 0.03
b. P(FNG)=P(F)P(G)=(0.3)(0.6)=0.18

c. P(ENFnG)=P(E)P(F)P(G)
=(0.1)(0.3)(0.6) = 0.018

P(ENFNG)

P(FNG)
O 018 o1
018

d. P(E[(FNG))=

e. P(E'NFNG')=P(E)P(F)P(G)
=(0.9)(0.3)(0.4) =0.108

315
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P(E NF)=P(E)P(F),

1 17 7
52— P(F) SOP(F)—§ E:E
1
P(E)=P(E|F)=.
s0 P(E'):l—P(E):l—%:%.
38
P(E)P(F) =2 5 =5=P(ENF)

/'\ ()Oll\)

Since P(E)P(F)=
are independent.

P(EnF),events E and F

. P(E)P(F) = (0.28)(0.15) = 0.042  P(ENF),

so E and F are dependent events.

. Let F = {full service} and

I = {increase in value}.

400 2
P(F)=—
600 3
and P(F|1)=FOD _320_2
n(l) 480 3

Since P(F | I) = P(F), events F and I are
independent.

. Let M = {male} and C = {cruncher}.

P(M)= 130 é and
175 35
n(M NnC) 95 11
n(C) 80 16
Since P(M | C) # P(M), events M and C are
dependent.

P(M|C)=

. Let S be the usual sample space consisting of

ordered pairs of the form (R, G), where the first
component of each pair represents the number
showing on the red die, and the second
component represents the number on the green
die. Then n(S) =6-6 =36. For E, any number
of four can occur on the red die, and any number
on the green die. Thus n(E) =4-6=24. For F
we have F'={(2, 6), (3, 5), 4, 4), (5, 3), (6, 2)},

so n(F) =5.
Also, ENnF ={(4, 4), (5, 3), (6, 2)}, so

2% 5 5
N(E~F)=3. Thus P(E)P(F) =
(ENF)=3 Thus PEP(F) =536 " 54
and P(ENF)=— 3 :i. Since
36 12
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P(E)P(F) # P(EnF), events E and F are
dependent.

10. P(E)= 26 _ = L
52 2
P(F)= 12 :i,and P(EmF)zizi.
52 13 52 26
Because P(E)P(F)—— i—i P(ENF)
2 13 26 '
events E and F are independent.
11. S={HH, HT, TH, TT},
E={HT, TH, TT},
= {HT, TH}, and EnF ={HT,TH}.
Thus P(E) :g
4
P(F):E:E,and
4 2
P(EmF):g 1 . We have
4 2
1 3
P(E)P(F) = E = r #P(EnF),soevents E
and F are dependent.
12. S ={HHH, HHT, HTH, THH, HTT, THT, TTH,
TTT}
and n(S) =
= {HTT, THT, TTH, TTT} and n(E) = 4.
F = {HHT, HTH, THH, HTT, THT, TTH} and
n(F)=6.
ENF={HTT,THT,TTH}and n(EnF) =3.
Thus P(E)P(F) —i gzg— P(ENF),soE
and F are 1ndependent.
13. Let S be the set of ordered pairs whose first

(second) component represents the number on
the first (second) chip. Then n(S) =7 -7 =49,
nEy=1-7=7,andn(F)=7-1=7. For G, if
the first chip is 1, 3, 5 or 7, then the second chip
must be 2, 4 or 6; if the first chip is 2, 4 or 6,
the second must be 1, 3, 5 or 7. Thus
n(G)=4-3+3-4=24.

14.

15.

ISM: Introductory Mathematical Analysis

a. ENF={33)} so P(EmF):4—19.Since

77 1
P(E)P(F)=———=—=
EIPF)= 529~ 29

events E and F are independent.

P(ENF),

b. EnG={32),(34),(36)}
so P(ENG) _3 . Since
49

P(E)PG) = 2024,
49 49 343

events E and G are dependent.

#P(ENG),

c¢. FnG={(23),(4,3),(63)}
3
so P(F nG) :4—9

Since

7 24 24
P(F)PG)=— ~="y
(FIPC) =45 29 =343

Events F' and G are dependent.

#P(FNG).

d EnFnG=g,soP(ENFNG)=0.

However,
P(E)P(F)P(G) #0=P(EnFNG),
so events E, F and G are not independent.

a. E={3}
={5}
ENnF =, so E and F are mutually
exclusive.
1
b. P(E)=P(F) :E
P(ENnF)=0
11 1
P(E)P(F)==-—==—=P(EnF
(E)P(F) 66 30 ( )
Thus E and F are not independent.
P(EnF)=P(E)P(F | E), thus
P(E) _P(ENF)_03_
P(F|E) 04
Since P(E) =0.75 # 0.5 = P(E | F), E and F are

dependent.
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16.

17.

18.

19.

20.

21.

22,

23.

P(ENF)=P(F)P(E|F),

PENF) § 5
PEIF) 2 6
P(EUF)=P(E)+P(F)-P(ENF), s0
17 5 5 2
—_————_—_=—
18 6 9 3

thus P(F) =

P(E)=P(EUF)-P(F)+P(ENnF) =
. 2 .
Since P(E) = 3" P(E|F),events E and F are independent.

Let E = {red 4} and F = {green > 4}. Assume E and F are independent.
11 1
PENF)=P(E)P(F)==-=—=—
( )=P(E)P(F) 5318

E; = {2 or 3 shows on ith roll}, where i = 1, 2, 3. Assume the E;'s are independent.

1y1)1

P(ELnEp N Eg) = P(E))P(E2)P(E;) = (5][5)(5}

_1
27

Let F = {first person attends regularly} and S = {second person attends regularly}.

Then P(F ~S) = P(F)P(S) = =L = 1

55 25

P(double on any throw) = 5 = 1
36 6

Assume that the throws are independent.

P(double on all three throws) = P(double on 1st) - P(double on 2nd) - P(double on 3rd)

111 1

6 6 6 216

Because of replacement, assume the cards selected on the draws are independent events.

P(ace, then face card, then spade) = P(ace) - P(face card) - P(spade)
4 12 13 3

Assume the outcomes on the rolls are independent events.

a. P(>4,>4,>4,>4,>4,>4, >4)=E~EEEEEE— !

b. P(<4,<4,<4,<4,<4,<4,<4) :EEEEEEE— !

a. P(Bill gets A n Jim gets AnLinda gets A)
= P(Bill gets A) - P(Jim gets A) - P(Linda gets A)
314 3
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b. P(Billno AnJimno AnLindano A)

= P(Billno A) - P(Jim no A) - P(Linda no A)
1

c. P(Billno AnJimno A nLinda gets A)
= P(Bill no A) - P(Jim no A) - P(Linda gets A)

1

24. Assume independence of rolls.

ISM: Introductory Mathematical Analysis

P(atleastone 6) =1 - P(no 6’s) =1— E E E :ﬂ
6 /\6)\ 6 216
25. Let A = {A survives 15 more years},
B = {B survives 15 more years}.
23 2
a. P(AnB)=P(AP(B)=—=-—=—
( )=P(A)P(B) 35 s
13 1
b. P(AAnB)=P(A)PB)==-=—==
( ) =P(A)P(B) 355
c. AnB’and A’ B are mutually exclusive.
22 13 7
P[(AnB)YU(A'nB)] =P(AP(B)+P(AYPB) == —+=-—=—
[( )u( )] ()()()()353515
. . . 7 2 13
d. P(atleast one survives) = P(exactly one survives) + P(both survive) = E + g = E .
. . . 13 2
e. P(neither survives) = 1 — P(at least one survives) = 1_E = TS

26. Assume that drawing a particular size of paper and a particular size of envelope are independent events.

P(paper A nenvelope A) + P(paper B envelope B) = (0.63)(0.57) +

27. Assume the colors selected on the draws are independent events.

a. P(WlmGz)zP(\Nl)P(GZ):%.%:%
b, PI(RiW,) L (W (1 Ry)] = P(R)PWE) + PW)P(Ry) =2+
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28.

29.

30.

31.

32.

33.

34.

Assume the rolls are independent.
P(7onaroll) =P{(1,6), (2, 5), 3, 4), (4,3, (5,2), (6, 1)} = % =%
P(12 on aroll) = P{(6,6)} = 3—2
P(7 on one roll and 12 on the other) = £i+il _ 1
6 36 36 6 108

Assume that the selections are independent.

P(both red U both white U both green) = ii+ll+ii 139

1919 19 19 19 19 361

Assume the throws are independent. For a particular number,
3
P(particular number on three throws) = 1 ll = l .
6 6 6 \6
Since the particular number can be any of 6 numbers,
3
P(same number in 3 throws) = 6 1 = i .
6 36

Assume that the draws are independent.
P(particular 1st ticket n particular 2nd ticket)
_1 11

20 20 400
P(sum is 35) = P{(20, 15), (19, 16), (18, 17), (17, 18), (16, 19), (15, 20)}

R
400 ) 200

a. P({TT33}) = P(T on Ist coin) P(T on 2nd coin) P(3 on 1st die) P(3 on 2nd die)
1111 1

b. P(two heads, one 4 and one 6)
= P(H on 1st coin) P(H on 2nd coin) P(4 on 1st die) P(6 on 2nd die)
+ P(H on 1st coin)P(H on 2nd coin) P(6 on 1st die) P(4 on 2nd die)

(111, 1
l22686) 72

D112 1778

b. To get exactly one even, there are 3C; =3 ways.
P(one even and two odd) = 3[P(even l1st spin) - P(odd 2nd spin)-P(odd 3rd spin)]

_of6. 6 6)_3
12 12 12) 8°

4 13 2 1
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35.

36.

37.

e.

ISM: Introductory Mathematical Analysis

52 52 52 2197

The queen, spade, and black ace can be drawn in any order, so there are 3! = 6 orders, thus
4 13 2 3

52 52 52 676

The ace can come first, second, or third, so 3i4—8 48 _ 432

52 52 52 2197

The number of ways of getting exactly four correct answers out of five is 5C4 = 5. Each of these ways has a

probability of llllé 3 . Thus
44 44 4 1024

P(exactly 4 correct) =5- 3 = 15
1024 1024

P(at least 4 correct) = P(exactly 4) + P(exactly 5)
15 1 1111 i

1024 4 4 4 44 64

The number of ways of getting exactly three correct answers out of five is

5C3 =10. Each of these ways has a probability of lllgi J
44 444 1024°

P(exactly 3 correct) =10- 9 = il . Thus
1024 512

P(3 or more correct) = P(exactly 3) + P(at least 4)

s ,1. 58

512 64 512°

P(none hit) = (0.5)(0.6)(0.3) = 0.09
P(only Linda hits) = (0.5)(0.6)(0.7) = 0.21

P(exactly one hits target) = P(only Bill) + P(only Jim) + P(only Linda)
= (0.5)(0.6)(0.3) + (0.5)(0.4)(0.3) + (0.5)(0.6)(0.7) = 0.36

P(exactly 2) = P(not Bill) + P(not Jim) + P(not Linda)
= (0.5)(0.4)(0.7) + (0.5)(0.6)(0.7) + (0.5)(0.4)(0.3) = 0.41

P(all hit) = (0.5)(0.4)(0.7) = 0.14

A wrong majority decision can occur in one of two mutually exclusive ways: exactly two wrong
recommendations, or three wrong recommendations. Exactly two wrong recommendations can occur in
3Co =3 mutually exclusive ways. Thus

P(wrong majority decision)
=[(0.04)(0.05)(0.9) + (0.04)(0.95)(0.1) + (0.96)(0.05)(0.1)] + (0.04)(0.05)(0.1)
= 0.0106.
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Problems 8.7
2.1
1. P(EID)= P(E)P(D|E) __ 510 _1
- P(EID) 7131
P(E)P(D|E)+P(F)P(D|F) 2.143.1 4
For the second part, P(D'|F)=1-P(D|F) :l—é:%,and
P(D'|E)=1-P(D|E) =1-~ =2 Then
10 10
3.4
P(F P(F)P(D'|F) __ 55 _4
(FID)= T 2.9 ,3.4 )
P(E)P(D'|E)+P(F)P(D'|F) 2.9.3.4 7
P(E;)P(S |E 1.2 4
2. P(E|S)= (E)PSIE) _ 55 _4
P(E()P(S | Ep)+P(E2)P(S | Ep)+ P(Es)P(S [By) L.2+3.T41.1 27
P(E3)P(S'| Eg) 33 25
P(E3|S") = ; YT ; =13 32 23 1.1 15
P(Ey)P(S'| Ep) + P(E2)P(S'| Ep) + P(E3)P(S'| Eg) stttz s 46

3. D = {is Democrat},
R = {is Republican},
I = {is Independent},

V= {voted}.
P(D|V) = P(D)P(V | D)
P(D)P(V |D)+P(R)P(V [R)+P(1)P(V | 1)
B (0.42)(0.25)
B (0.42)(0.25) + (0.33)(0.27) + (0.25)(0.15)
_17 0453
386
4. D = {tire is domestic}
= {tire is imported }
S = {tire is all-season}
2000 _ 2 1000 1
P(P)=3000 =3 ™ PO = 3000 "3

Note: 40% = E and 10% = l
5 10

P(DP(S T

PUIS) =
P(HP(S|1)+P(D)P(S|D)
1.1
__ 31 _1
Tl s

321
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5. D = {has the disease}
D’ = {does not have the disease}
R = {positive reaction}
N = {negative reaction} = R’

a. P(D|R)= P(D)P(R| D) _ (0.03)(0.86) 258 e
P(D)P(R|D)+P(D')P(R|D’)  (0.03)(0.86)+(0.97)(0.07) 937
b. P(D|N)= P(D)P(N | D) (0.03)(0.14) 140005

"~ P(D)P(N|D)+P(D)P(N|D’)  (0.03)(0.14)+(0.97)(0.93) 3021

6. I = {increase in earnings}
D = {declare a dividend}

Note: 60% = E and 10% = i
5 10

P(1|D)

_ P()P(D| 1) __ 38 3
P(HPMD|1)+PIYP(D]|I1" % 4

7. By ={first bag selected}
B, ={second bag selected}
R = {red jelly bean drawn}

P(B) = P(By) =3

P(B)P(R|By) 36 5
P(B,|R) = - =2,
R B E)PRIB)+PEIPRIB) T 2+32 6
8. B; ={Bowl | selected}
B, ={Bowl Il selected}
B ={Bowl Il selected}
W = {white ball selected }
P(B) = P(B2) = P(Bs) =
(B, W) - P(B)PW |By) 3 e
P(Bl)PW [By) +P(B,)P(W [ By) + P(By)PW [Bg)  1.3+1.341.2 143

A = {unit from line A}
B = {unit from line B}
D = {defective unit}.
303
800 8
_50_5

800 8

P(A) =

P(B)

P(A| D)= P(A)P(D| A) _ 3.
P(A)P(D| A)+P(B)P(D|B) %.L
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10. A = {unit from line A}

11.

12.

13.

B = {unit from line B}

C = {unit from line C}
D = {unit from line D}
F = {defective unit}
a. P(A[F)= P(AP(F|A)
P(A)P(F|A)+P(B)P(F|B)+P(C)P(F|C)+P(D)P(F|D)
B (0.35)(0.02) a l
(0.35)(0.02) + (0.20)(0.05) + (0.30)(0.03) +(0.15)(0.04) 32
Parts (b), (c), and (d) are similarly determined.
b, 0.3
32 16
9
c. —
32
. 2.3
32 16

C = {call made}
T = {on time for meeting}

PC|T) = P(C)P(T|C)

P(C)P(T |C)+P(C)P(T|C)
~ (0.95)(0.9) 114
~(0.95)(0.9) +(0.05)(0.75) 119

0.958

Jp ={jar with dark chocolate only selected}
Jm ={jar with dark and milk chocolates selected}
D = {dark chocolate selected}

PUIp)=PUM) =

=
[=}

5

P(J D) = P(Jp)P(D|Jp) __ 2’50 _3
(Up[D)= T1.50,1. 20
P(Jp)P(D|JIp)+P(IM)IP(D[Im) 2501t 2 50 7
W = {walking reported}
B = {bicycling reported}
R = {running reported }
C = {completed requirement}
1.9
PW)P(C W) 2°10

_ _ 2
PO = B WIPC W)+ P(BP(C I B) = PRIPCIR) Tt st

55.1% would be expected to report walking.
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14. C = {charges battery}
S = {car starts}

r !/ ’ L.A
(G pm——— P L CHESS NN M S LS
P(CHP(S'|C+P(C)P(S'|C) 5 5ti0°8 7
15. J = {had Japanese-made car}
E = {had European-made car}
A = {had American-made car}
B = {buy same make again}
3.85
- P()P(B]3) _ 3 10 _3
(18)= P(J)P(B|J)+P(E)P(B|E)+P(A)P(B|A) 3.8 1 50,3 40
5 100 10 100 10 100
16. D = {dalhousium is present}
P = {positive test}
N = {negative test} = P’
a. P(D|P)-= P(D)P(P|D) _ (0.005)(0.80) _ 400 ~0.0261
P(D)P(P|D)+P(D)P(P|D’) (0.005)(0.80)+(0.995)(0.15) 15,325
b. P(D|N) P(D)P(N | D) (0.005)(0.20) _ 100 ~0.0012

~P(D)P(N|D)+P(D)P(N|D)  (0.005)(0.20) +(0.995)(0.85) 84,675

17. P = {pass the exam}
A = {answer every question }

P(A)P(P|A) ~ (0.75)(0.8) 24

P(A|P) = = =—~0.828
P(A)P(P|A)+P(A)P(P|A) (0.75)(0.8) +(0.25)(0.50) 29
18. P = {predicted smoking}
S = {smoking now}
P(P|S) = P(P)P(S'| P) _ (0.75)(0.7) _1270%

P(P)P(S'| P)+P(P)P(S'| P")  (0.75)(0.7) +(0.25)(0.9) 10

19. S = {signals sent}
D = {signals detected }
P(S | D) = P(S)P(D]$) _
P(S)P(D|S)+P(S)P(D|S")

20. Ay = {A average at midterm}

A = { A for course}
Py | A) = P(A'm)P(A| Ay ) __ONO8) 4
P(A')IP(AIA'M)+P(A)P(Al Ay)  (0.4)(0.6)+(0.6)(0.7) 11

21. S = {movie is a success}
U = {*“Two Thumbs Up”}

8 . 70
P(S)PU |S) __ 107100 _14
POPUIS)+PEIPUIS) B 0+p 25 15 0
10 100 * 10 100

P(S|U) =
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22,

23.

24,

25.

G; = {green ball drawn from Bowl 1}
Ry = {red ball drawn from Bowl 1}
G, = {green ball drawn from Bowl 2}

5
( 1 | 2) = 5 4,4 3

P(G)P(G2 |G)+P(R)P(Gy |R)  §-g+55 8
S = {is substandard request}
C = {is considered substandard request by Blackwell}
a. P(C)=P(S)P(C|S)+P(S)P(C|S")=(0.20)(0.75) + (0.8)(0.15) = 0.27 = %
b. P(S|C)= P(S)P(C|S) _ (0.20)(0.75) _ 0.15 :E: 0.556

P(S)P(C|S)+P(S)P(C|S") 0.27 027 27

¢. P(Error)= P(C'nS)+P(CNS")

=P(S)P(C’|S)+P(S)P(C|S")

=(0.20)(0.25) + (0.80)(0.15) = 0.17 = %

I = {first chest selected}

1I = {second chest selected }

III = {third chest selected }

G = {gold coin found}.

For the coin in the other drawer to be silver, we want the probability that the third chest was selected given that a
gold coin was found.

b P(INP(G | 111 1.2 1
(1 G) = _ _1
P(NPGIN+PUNPG[I)+PMNPG[IN)  L.a+l.0+1.1 3
a. P(L|E)= P(LP(EIL)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)
B (0.25)(0.49) 018
~ (0.25)(0.49) + (0.25)(0.64) + (0.5)(0.81)
b. P(M|E)= P(M)P(EIM)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)
_ (0.25)(0.64) ~0.23
(0.25)(0.49) + (0.25)(0.64) + (0.5)(0.81)
c. P(H|E)= P(H)P(E [H)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)

_ (0.5)(0.81) 0.5
(0.25)(0.49) + (0.25)(0.64) +(0.5)(0.81)

d. High quality
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P(L)P(E|L)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)
_ (0.25)(0.44) 0.39

(0.25)(0.44) + (0.25)(0.32) + (0.5)(0.18)

26. a. (a) P(L|E)=

P(M)P(E|M)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)
_ (0.25)(0.32) 0.2

(0.25)(0.44) +(0.25)(0.32) +(0.5)(0.18)

(b) P(M|E)=

_ P(H)P(E|H)

"~ P(L)P(E[L)+P(M)P(E|M)+P(H)P(E|H)

_ (0.5)(0.18) 030
(0.25)(0.44) + (0.25)(0.32) + (0.5)(0.18)

() P(HIE)

(d) Low quality

P(L)P(E|L)
P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)
_ (0.25)(0.07) ~0.54

(0.25)(0.07) +(0.25)(0.04) + (0.5)(0.01)

b. (@ P(L|E)=

_ P(M)P(E|M)

" P(L)P(E|L)+P(M)P(E|M)+P(H)P(E|H)

_ (0.25)(0.04) 031
(0.25)(0.07) +(0.25)(0.04) + (0.5)(0.01)

(b) P(MIE)

_ P(H)P(EH)

~ P(L)P(E |IL)+P(M)P(E|M)+P(H)P(E|H)

_ (0.5)(0.01) ~0.15
(0.25)(0.07) +(0.25)(0.04) + (0.5)(0.01)

(d) Low quality

() P(HIE)

27. F = {fair weather}
I = {inclement weather}
W = {predict fair weather}.

P(F|W) = P(F)PW |F) _ (0.6)(0.7) 7 o
P(F)PW [F)+P(1)PMW [1)  (0.6)(0.7) +(0.4)(0.3) 9

Chapter 8 Review Problems
1. gP3=8-7-6=336
2. 0P =20

of 9l 987! 98

= = = = 36
7e-7r 7r2t 7121 2

3. 4C;
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| .11-10.9.8.7!
4. 1,Cs 12! :12 11-10-9-8 7.:792
51(12-5)! 5.4.3-2-1-7!
5. For each of the first 3 characters there are 26

10.

11.

12.

choices, while for each of the last 3 characters
there are 10 choices. By the basic counting
principle, the number of license plates that are
possible is
26-26-26-10-10-10=17,576,000.

The number of choices for appetizers is 2, for
the entrée it is 4, and for the dessert it is 3. By
the basic counting principle, the number of
complete dinners that are possible is
2:-4-3=24.

Each of the five switches has 2 possible
positions. By the basic counting principle, the
number of different codes is

2:2:2-2-2=2°=-32.

A batting order consists of nine names selected
from nine names such that order is important.
The number of such selections is

9Py =91=2362,880.

A possibility for first, second, and third place is
a selection of three of the seven teams so that
order is important. Thus the number of ways the
season can endis 7P3 =7-6-5=210.

Nine of the nine trophies can be arranged so that
order is important. The first two can be placed
on the top shelf, the next three on the middle
shelf, and the last four on the bottom shelf. The
number of such arrangements is

9Py =91=2362,880.

The order of the group is not important. Thus the
number of groups that can board is
11! 11-10-9-8-7-6!

= = = 462,
6!-5! 5.4.3.2.1.6!

11Cs

There are four cards with a particular face value
and there are 4C, ways of selecting two of
them. Because there are 13 different face values,
the number of ways of selecting two cards with
the same face value is 13- 4C, . There are 12

remaining face values, so there are 12 ,C, ways

of selecting two cards having a different face
value. After making these selections, there are
44 cards available with a different face value.
Thus the number of 5-card hands with two cards

327

13.

14.

15.
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of the same face value, another two with a
different face value, and the last with yet another
face value is

41 41
134C;12:4C, 44 =13~ =12 44
=13-6-12-6-44 = 247,104

a. Three bulbs are selected from 24, and the
order of selection is not important. Thus the
number of possible selections is

B

31(24-3)1 3121
| 24.23.22.211  24.23.22
© 321210 321

24C3

=2024.

b. Only one bulb is defective and that bulb
must be included in the selection. The other
two bulbs must be selected from the 23
remaining bulbs and there are ,3C, such
selections possible. Thus the number of
ways of selecting three bulbs such that one
is defective is

23 23
C21(23-2)1 2121
23.22.211  23.22
2.1.210 21

153G =23C;

=253.

To score 90, exactly nine questions must be
correct; to score 100, all ten questions must be
correct. If exactly nine questions are answered
correctly, there are three ways of answering the
tenth question incorrectly. But the number of
ways of selecting nine of ten items is 19Cqg .

Thus the number of ways to score 90 is 3-15Cq .

The number of ways to answer all ten questions
correctly is 19Cyg , or more simply, 1. Thus the

number of ways to score 90 or better is
10!
3'10C9 +1= 3ﬁ+l

=3-10+1=31.

In the word MISSISSIPPI, there are 11 letters
with repetition: 1 M, 4 I’s, 4 S’s, and 2 P’s. Thus
the number of distinguishable permutations is

I
L: 34,650.
11-41.41.21
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16.

17.

18.

19.

20.

21.

Nine flags must be arranged: two are red (type
1), three are green (type 2) and four are white
(type 3). Thus the number of distinguishable

I
permutations is 9 1260.
21.31.41

Of the nine professors, four go to Dalhousie
University (Cell A), three go to St. Mary’s (Cell
B), and two are not assigned (Cell C). The
number of possible assignments is

9!
— > —1260.
41.31.21

Two of the three vans can be selected in 3C,

ways. After two vans are chosen, the operator
must assign 14 people so that 7 go to one van
(cell 1) and 7 go to the other van (cell 2). This

can be done in

T ways. By the basic
counting principle, the number of ways to assign
the people to two vans is

14! 3! 14!

: = : =10,296 .
7071 2011 7171

3v2

a. ElUE2:{1927374959677}

&

E,NE, =1{4,5,6}
c. E/{UE,={7,84U{4,56,7}={4,5,6,7,8}

d. The intersection of any event and its
complement is &.

e. (E,nE5) =({L234,56}~{L238})
={L, 2,3y ={4,5,6,7,8

f. From (b), EENEy, #J,s0 E and E, are
not mutually exclusive.

a. {IH,2H, 3H, 4H, 5H, 6H, 1T, 2T, 3T, 4T,
ST, 6T)

b. {2H,2T}
c. {2H,4H, 6H}

a. {R1R2R3,R1R2G3, R1G2R3,R16263,
G1R2R3,G1R7G3,G1G,R3,G1G,G3}

b.  {R1R,G3,R1G,R3,G1R,R3}
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¢. {R;R3R3,G1G,G3}

P(E; WEp) =P(E)+P(Ey) - P(E; nEyp)
0.7=0.6+P(E,)-0.2
P(E,) =03

10! 10-9-8! 10-9
218! 2.1.8! 21
Let E be the event that box is rejected. If box is
rejected, the one defective chip must be in the
two-chip sample and there are nine possibilities
for the other chip. Thus

n(E)=9

n(S) = 1Cy = 45

and P(E) = %:%:%20.2.

Percentage of rats given drug

D=100-35+25+15)=25%.

Number of rats given C = 100(0.15) = 15.

Number of rats given D = 100(0.25) = 25.

If E = event that rat was injected with C or D,

nE) _15+25 _4 49

n(s) 100

If the experiment is repeated on a larger group of

300 rats but with the drugs given in the same

proportion, then the number of rats given drug C

is 300(0.15) = 45 and the number of rats given

drug D is 300(0.25) = 75 and

P(E) = n(E) _ 45+75
n(S) 300

effect on the previous probability.

then P(E) =

=0.40. Thus there is no

Number of ways to answer exam is
4 =1024=n(S) . Let
E = {exactly two questions are incorrect). The
number of ways of selecting two of the five
5!
2131
However, there are three ways to answer a
question incorrectly. Since two questions are
incorrect n(E) = 10 - 3 - 3 = 90. Thus
n(E) 90 45

PE) = L= T -
n(S) 1024 512

questions that are incorrect is 5Cy = 10.

a. Of the 200 cola drinkers, 35 like both A and
B. Thus

35 7

P(likes both A and B)=——=—.
200 40
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b. If a person likes A but not B, then the person likes A only, and conversely. Thus

P(likes A, but not B) = 7—0 !

200 20°

27. a. There are 10 jelly beans in the bag.
n(S)=10-10=100
N(Epoth req) =4-4=16

N(Epoth red) _ 16 4
Thus P(E =—oards _ - —
( both red) n(S) 100 25

b. n(S)=10-9=90
N(Epoth red) =4-3=12
E 2

Thus P(E = =—.
us P(Epoth red) 90 15

28. n(S)=6-6=36

a. E2 or7 :{(11 1)7 (17 6)7 (6! 1)1 (21 5)1 (51 2)! (37 4)1 (41 3)}

E
P(Ear) =222 =

b. Emultiple of 3 = E3, 6,9 or12
={1 2), (2,1, 1 5), (5,1, (2, 4), (4, 2), 3 3), (3 6), (6 3), (45), (5 4), (6, 6)}
N(Emuttiple of 3) 12 1

P(Euti = ===z
(multlpleof3) n(S) 36 3

¢ Englessthan7 = E7,8,9,10,11 or 12 = {(1,6), (6, 1), (2,5), (5,2), (3,4), (4,3), (2, 6), (6,2), 3, 5), (5, 3),
4, 4), (3, 6), (6, 3), (4,5), (5, 4), (4,6), (6,4), (5,5), (5, 6), (6, 5), (6, 6)}
N(E7,8,9,10,11,0r12) _ 21 7

P(E = "3 12
(Eno less than 7) n(s) 36 12

29. n(S)=52-52-52.
a. There are 26 black cards in a deck. Thus n(Eg pjack) = 26-26- 26 and

26-26-26 1
P E S Y—
(Eall black) 52.52.52 8§

b. There are 13 diamonds in a deck, none of which are black. If E = event that two cards are black and the other

is a diamond, then E occurs if the diamond is the first, second, or third card. Thus
nE)=13-26-26+26-13-26+26-26-13=3-13-26-26 and P(E):M:i.
52-52-52 16
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30.

31.

32.

33.

34.

35.

36.

37.

38.

52
n(S) = 5,Cy = 1501

=1326

a. There are 13 hearts in a deck. Thus

n(E )= 15Cp = =
both hearts 13%2 21111
78 1

and P(E =—=—
( both hearts) 1326 17

b. There are four aces and two red kings, and
no red king is an ace. If E = event that one
card is an ace and the other is a red king,
then n(E) =4 -2 =8 and

P(E) = —2—— % < 0.006.
1326 663
3 3
RSN

P(E) _ 0.92 20'92:%:§ or23:2
P(E) 1-0.92 0.08 8 2

6 6
P(E)=——=—
® 6+1 7
3 3
P(E)=——==
® 3+4 7
10

, P(F'nH) 3 10

P(F|H)=—=T:—

P(H) L 13

The reduced sample space consists of {(6, 1),

(6, 2), (6, 3), (6,4), (6, 5), (6, 0), (1, 6), (2, 6),
3,6),(4,6),(5,6)}.

In none of these 11 points, is the sum less than 7.
Thus P(sum < 7 | a 6 shows) = 0.
P(SAM)=P(S)P(M |S)=(0.6)(0.7) =0.42

P(QNHNAC)=P(Q)P(H)P(AC)
4 13 1 1

52 52 52 2704

330

39.

40.

41.

42,

43.

44.

ISM: Introductory Mathematical Analysis

a. The reduced sample space consists of
{4, 1), (4,2),(4,3),(4,4), (4,5),(4,0),
(1,4),(2,4),3,4),(5,4), (6, 4)}.

In two of these 11 points, the sum of the
components is 7. Thus

P(sum =7 | a 4 shows) = 3
11

b. Out of 36 sample points, the event
{getting a total of 7 and having a 4 show} is
{(4, 3), (3,4)}. Thus the probability of this

event is i =—.
36 18

The reduced sample space consists of
{(3,6),(6,3),(4,5),(5,4), 4, 6), (6,4), (5, 5),
(5, 6), (6,5), (6,6)}. Out of these 10 points, only
one has a first toss that is less than 4. Thus the

conditional probability is %

The second number must be a 1 or 2, so the

reduced sample space has 6 - 2 = 12 sample

points. Of these, the event

{first number < second number} consists of

(1, 1), (1, 2), and (2, 2). Thus the conditional

3 1
robability is —=—.
P VBT

It does not matter whether the first two cards are
drawn or are left in place. Thus, imagine that
they are merely lifted high enough for the third
card to be drawn. The probability that this card is

a heart is l
4
n(L'nF) 160

pL|Fy=LNF) 160 1
n(F) 480 3

®

b. P(L)= 400 = 2 and

600 3
n(LNM 80 2
b= PLOM) 802

n(M) 120 3
Since P(L|M) = P(L), events L and M are
independent.

4,1),(4,2),(4,3),4,4),4,5),4,6)}

= {(
={(1,4),(2,4),(3,4),(4,4),(5,4), (6, 4)}

a. Since ENF ={(4,4)}# J, E and F are not
mutually exclusive.
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1
b. PE)=2 =L ana pE|F)=PECF) 36 1
36 6 PF) & 6

Since P(E) = P(E | F), events E and F are independent.

45. P = {attend public college}
M = {from middle-class family}

p(py=12_3
175 7
p(p (M)~ NP M) _55 11

n(M) 80 16
Since P(P | M) # P(P), events P and M are dependent.

46. P(E|F) =—P(§(;)F)

1

)

so P(ENF)=P(E|F)P(F)= 18 thus

1
6 3
P(EUF)=P(E)+P(F)-P(ENF
11 1 19
R
43 18 36

47. a. P(none take root) = (0.3)(0.3)(0.3)(0.3) = 0.0081

Chapter 8 Review

b. The probability that a particular two shrubs take root and the remaining two do not is (0.7)(0.7)(0.3)(0.3).
The number of ways the two that take root can be chosen from the four shrubs is 4C, . Thus

P(exactly two take root) = 4C, (0.7)2 (0.3)2 =0.2646 .

c. For at most two shrubs to take root, either none does, exactly one does, or exactly two do.

P(none) + P(exactly one) + P(exactly two)

=0.0081+ ,C;(0.7)(0.3)° +0.2646

=0.0081 + 0.0756 + 0.2646
=0.3483

48. Being effective for at least three of the persons means that it is effective for exactly three of them or for all four of

them. Thus

P(exactly three) + P(all four)
=4C3(0.75)(0.75)(0.75)(0.25) + (0.75)(0.75)(0.75)(0.75)
~0.738

49. P(Ry)=P(G))P(R; |G))+P(R)P(Ry |R))
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b. P(Bj |W)
_ P(Bi)PW |By)
P(B))P(W | By)+P(By)P(W |By)
1.3
_25_9
175 14

st Py PEOA 01 1

P(A) 04 4

52. § = {live within the state} and
F = {first time attending}.
o' - P(S)P(F'|S)
P(S)P(F'|S)+P(S)P(F'|S")

98 27
507 100 _ 44 ~0.097

T 409 60 98 . 27
507 100 t 507 ‘100 4051

53. a. F = {produced by first shift}

S = {produced by second shift}
D = {scratched}

P(D) = P(F)P(D|F) + P(S)P(D|S)

_ 3000 6,02+ 2990 5 02)
8000 8000
— 0.00375+0.0125 = 0.01625
b. P(F|D)= P(F)P(D|F)
P(F)P(D[F)+P(S)P(D|S)
_000375_3°_ .
0.01625 13

54. E = {passed the exam}
S = {satisfactory performance}.

p(Els) - PEPCID
(E)P(S|E)+P(E)P(S|E’)
(0.35)(0.8) 028 56

= = =—=~0.59
(0.35)(0.8) + (0.65)(0.3) 0.475 95
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Mathematical Snapshot Chapter 8

1. Trial and error should yield a critical value of
around 0.645.

2. Possible answers: One could use cellular
automata to model disease spread. The rules
would be similar to the fad model, since a person
who recovers from a disease is generally
immune for some time afterward. One could also
use cellular automata to model the formation of
political opinion blocks. Each cell could be in
one of three of four states, and a cell could be
influenced by its neighbors. Some cells could be
highly subject to neighbor influence while others
were relatively immune.



Chapter 9

Problems 9.1

L u=Y xf(x)=0(0.1)+1(0.4)+2(0.2)+3(0.3) =1.7

X

Var(X) = sz f(x)— 12 =[0%(0.1) +1%(0.4) + 2°(0.2) + 3%(0.3)] - (1.7)> =1.01

X
o =4/Var(X) =+1.01~1.00

fx)
0.5t

041

031
021

0.1t
| ) ) ) ) X

o 1 2 3

2. u= Zx f (x) = 4(0.4) +5(0.6) = 4.6

Var(X) = [4%(0.4) +5%(0.6)] - (4.6)% = 0.24

o =4+/0.24 =0.49

fx)
L0t

0.8 1
0.6 T

044
021 I
t t t t 5.
_ TR Y EE R YR B
3. y—lexf(x)—l(4j+2[dj+3[2j ;=225
1 1 1)] (9 11
Var(X) = > x*f(x) - u* = {12 (Z} 22 (2}32 (EH_(ZJ === 06875

X
o= /E=ﬂzo.83
16 4
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o))l 3) o)

Var(X) = {02 (1j+12 (gj +22 (1}32 (gj +42 (Eﬂ 212 07
7 7 7 7 7 7

o= /E ~1.31
7

5.a. PX=3)=1-[PX=5+PX=6)+PX=7)]=1-[03+0.2+0.4]=0.1

b. u= ZX f (x) = 3(0.1) +5(0.3) + 6(0.2) + 7(0.4) = 5.8

X

¢. o’= ZXZ f(x)— 4% =[3%(0.1) +5°(0.3) + 62(0.2) + 7%(0.4)] - (5.8)*> =1.56

X

6. a. 6a+2a+02=1=a=0.1
Thus P(X =2) =6(0.1) = 0.6, and P(X =4) =2(0.1) = 0.2.

b.  u=2(0.6)+4(0.2)+6(0.2) = 3.2.

7. Distribution of X
f(O)—— f(1>— f(2)—— f(3>—§

E(X):ZX:xf(x):o[gj (] (§j+3(1j=%=g=1.5

% =Var(X) = Z x2 £ (x) =[E(X)]?

({22 32

_24 9_6_3 45
478 4

8
a=\/§=£z0.87
4 2

8. Distribution of X: f (1) = 4. (2= 2.1
6 6 3

3
c00-1{2)s2[2)- 10

3 3

2 _ 2600y 2 _|2(2 21_&2__E_§
o _ZX:x f (x)—[E(X)] _{1 (3j+2 (3}} (3) 2= =g =022

Jz\/ZzOAY
9
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9. The number of outcomes in the sample space is

5C, =10.
Distribution of X:
C 1 Ci-3C; 3
f(0) = 2 2 =— f(1 :Mz_,
0= 10 @ 10 5
f(z):ﬁ:i
10 10

1 3 3
E(X)= lex f(x)= O(Eju(g}rz(ﬁj

AR
5

o? = X () -[EMF

X

ORI

5 25 25

10. Distribution of X:

9 12 4
fO)=e fO=J0 1@ =
oo 2Jo(2} 2] 2

25 25) 25 5

=08

ot @

28 16 12

== =22-048
25 25 25
oo 2208 o
25 5
1. f0)=P(X=0=22_1
5C; 10
foy-px —p-322%_06_3
5C; 10 5
f(2)=p(x =2)=32_3
5C; 10
12, P(X =x)=249x 6%
10C3

335
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13. a. If Xis the gain (in dollars), then

= -2 or 4998.
Distribution of X:
7999 1
2)=——, f(4 —_—
f(-2)= (4998) = 8000
E(x) =D xf(x)
X
—_2. 7999 4998.L
8000 8000
__11.000 ~—$1.38 (a loss)
8000

b. Here X = —4 or 4996. Distribution of X:

7998 2
—4)=——, f(4996) =
F(=4) = gogg F(499%) =

8000
E(X) =) xf(x)
X
=—4.—— 7998 4996-L
8000 8000

=-$2.75 (a loss)

14. If X is the gain (in dollars) per game, then
X =10or-6.
Distribution of X:

f(10)=§=%, f(-6) =

6 3
8 4
E(X) = Zx f(x)=10-= L (—6).E
4 4
=-%$2 (a Ioss)
15. Let X = daily earnings (in dollars).
Distribution of X:

f(200)=§, f(-30) ==
E(X):fo(x)

—200-2 4 (-30).2
7 7

_ 7710 ~$101.43

16. Let X = gain (in dollars) to the chain of a
restaurant in a shopping center.
Distribution of X:

f (75,000) = 0.65, f (-20,000) =0.35
E(X) =75,000(0.65) + (-20,000)(0.35)
= $41,750.
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17. The probability that a person in the group is not hospitalized is

18.

19.

20.

21.

1 —(0.001 + 0.002 + 0.003 + 0.004 + 0.008) = 0.982.
Let X = gain (in dollars) to the company from a policy.
Distribution of X:

ISM: Introductory Mathematical Analysis

f (10) = 0.982, f (-90) =0.001, f(~190)=0.002, f(-290)=0.003, f(~390)=0.004, f (-490) = 0.008
E(X) =10(0.982) + (~90)(0.001) + (~190)(0.002) + (—290)(0.003) + (~390)(0.004) + (—490)(0.008)

=$3.00

E(X) = 0(0.05) + 1(0.10) + 2(0.15) + 3(0.20) + 4(0.15) + 5(0.15) + 6(0.10) + 7(0.05) + 8(0.05) = 3.70

Let p = the annual premium (in dollars) per policy. If X = gain (in dollars) to the company from a policy, then

either X = p or X = —(180,000 - p). We set E(X) = 50:
—(180,000 - p)(0.002) + p(0.998) =50
—360+0.002p +0.998p =50
-360+ p=50
p =$410

Let X = player’s gain (in dollars) per play.
Distribution of X:

f(35)_ L f(=D) = 26

7

1
E(X)=35- 3—7+( 1. ———3—7 ~ —$0.03 (a loss)

Let X = gain (in dollars) on a play.
If 0 heads show, then X =0-1.25= —%.

If exactly 1 head shows, then X =1.00-1.25= —1.
If 2 heads show, then X =2.00-1.25= %

Distribution of X:

B 2w
oo (S

Thus there is an expected loss of $0.25 on each play.
For a fair game, let p = amount (in dollars) paid to play.
Distribution of X:

f(-p)= f(l p)— f@2-p)=
WesetE(X)—O.

1 1 1
(—p)z+(1— p)5+(2— p)z—o

fair game.
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Principles in Practice 9.2
1. Here p=0.30,g=1-p=0.70, and

n=4.

P(X =x)=,Cxp*q"*,x=0,1,2,3,4

P(X =0) =4C(0.3)°(0.7)* =0.2401
2401

~ 10,000

P(X =1) =,4C;(0.3)}(0.7)* =0.4116
4116

~ 10,000

P(X =2)=,C,(0.3)?(0.7)? = 0.2646
2646

~ 10,000

P(X =3)=4C5(0.3)%(0.7)! =0.0756
756

~ 10,000

P(X =4) =4C4(0.3)*(0.7)° = 0.0081

81
~ 10,000

Problems 9.2

0/ ,\2
1y (4 2! 16
L f(O)ZZCO(Ej (gj :W'l.g

16 16
25 25

1 1
14y 21 14
fQ)=,G|=| 2] =222
@ =2 1(5] [5) 1115 5

8

=11

2.1
5

5
2 0
1% ( 4 21 1
F(2)=,Col=| [ 2] =25 =1
@)=2 2(5} (5) 2101 25

gl s
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0 3
2\ (1 11
f(0)=4Co| Z] [2] =112 ==
©)=s 0[3 [3) 21 21
1 2
21 3121
f)=4C| 2| 2] =222
@=s 1[3) (3] 1213 9

1. 848
27 27
2 21
=np=3-—=2,0=4/npg =,[3-—-—
H=1p 3 o =+/Npq 33
_[2_46
3 3
04 4 4
(0)=4Co(0.4)°(0.6)" = 7-1:(0)

=1-1-(0.6)* =0.1296
f (1) = 4C1(0.4)1(0.6)° = 1%I(OA)(O.G)3

= 4(0.4)(0.6)° = 0.3456
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f(2) =4C,(0.4)?(0.6)% = %(0.4)2(0.6)2

=6(0.4)?(0.6)° = 0.3456
(9)=4C3(04 (06" = .- (04)°(06)
=4(0.4)%(0.6) = 0.1536

f(4) = 4C4(0.4)*(0.6)° = %:3!(0.4)4 1
=1(0.4)* 1=0.0256
u=np=4(0.4)=1.6

o =+/npq =./4(0.4)(0.6) ~0.98

5. P(X=5)= ¢C5(0.2)°(0.8)
= 6(0.00032)(0.8) = 0.001536

2 3
6. P(X=2)=:C, (%) (%)

=10 18 = 80 ~ 0.3292

927 243

2 2
7. P(X:Z):4C2(%j [lj _g. 161

= 9% =0.1536
625

8. P(X =4)=,C4(0.2)%(0.8)°
= 35(0.0016)(0.512) = 0.028672

9. P(X <2)=P(X =0)+P(X =1)

—C£015+C11£4
_502 2 512 2
g Ll,g11_6_3

i

32 216 32 16

10. P(X >2)=1-[P(X =0)+P(X =1)]
_1_C2016+Cgll5
= 6~0 3 3 6“1 3 3
1t e2 |18

729 729 729

716

——~0.982
729
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11.

12.

13.

14.

15.

16.

ISM: Introductory Mathematical Analysis

Let X = number of heads that occurs.

1
=—,n=11
P 2

1
Let X = number of correct answers. p = 7 n==6

3 3
1 3 27
P(X=3)=Ca|=| |=]| =20-—
(X=3=s 3[4] (4j 45

540

= ~0.132
4096

Let X = number of green marbles drawn. The
probability of selecting a green marble on any

draw is l, n=4.
12

2 2
el

_e. 2225 1225 aess
144 144 3456

Let X = number of aces selected. The probability

of selecting an ace on any draw is p———i

s Y "5 13
n=3

2 1
px =20y [ L [2) g L 12
13) \13 169 13
= 36 ~0.016
2197

Let X = number of defective switches selected.
The probability that a switch is defective is
p=0.02,n=4.

P(X = 2) =4C,(0.02)%(0.98)?
= 6(0.0004)(0.9604) ~ 0.002

p=02,n=3
P(X =) =3C,(0.2)*(0.8)>*
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17. Let X = number of heads that occurs. p=—,n=3

1
4

2 1
1\2(3 13 9
. P(X=2)=4C| =] [2] 232222
a. P( )32(4j [4} 16 4

3 0
133 1 1
b. P(X=3)=Cal=| 2] 1. 212
(X=3)=s 3(4) (4} 64~ 64

Thus
P(X=2)+P(X =3)= 9 ! 10_5

- ==
64 64 64 32

18. Let X = number of hearts selected.
52 4

4 3
a. P(X=4)=,C,4 V(3] 25 L2095 osg
4) \ 4 256 64 16,384

b. P(X>4)=P(X =4)+P(X =5)+P(X =6)+P(X =7)

5 2 6 1
945 1yY(3 1Y°(3
=2 L oCe| = [ 2] sl = 2] 4562
16,384 ' 5(4) (4j ! 6(4j (4j ! 7(

1

945 1 9 1 3 1
= +21- —t 7 —+1. .
16,384 1024 16 4096 4 16,384
_ 1156 _ 289 ~0.071
16,384 4096

19. Let X = number of defective in sample.
1
==, n=6
P 5
P(X<)=P(X=0)+P(X =1)

-l (3 -l

4096 1 1024

=11 — 6 - —

15,625 5 3125

_ 10,240 _ 2048 ~ 0655
15,625 3125

20. Let X = number of persons with computer.
p=07,n=5
P(X>3)=P(X =3)+P(X =4)+P(X =5)
=£C3(0.7)%(0.3)? +5C4(0.7)*(0.3)* + 5C5(0.7)°(0.3)°
=10(0.343)(0.09) + 5(0.2401)(0.3) +1(0.16807)(2)
=0.3087 +0.36015+ 0.16807
=0.83692
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21. Let X = number of hits in four at-bats.
p=0.300,n=4

P(X 1) =1-P(X = 0) =1 4C(0.300)° (0.700)* =1—1-1-(0.2401) = 0.7599

22. Let X = number of stocks that increase in value. The probability that a stock increases in value is p = 0.6.
Here n = 4. We must find
PX=2)=1-PX<2)=1-[PX=0)+PX=1)].
P(X =0) = 4C(0.6)°(0.4)* =1-1-(0.0256) = 0.0256
P(X =1) = 4C;(0.6)}(0.4)° = 4(0.6)(0.064) = 0.1536
P(X 22)=1-P(X <2)=1-[0.0256+0.1536] =1-0.1792 ~ 0.82

23. Let X = number of girls. The probability that a child is a girl is p = % . Here n = 5. We must find
PX=2)=1-PX<2)=1-[PX=0)+PX=1)].

0 5
1\%/1 11
P x:o = C f— p— :1.1._:_
(X=0)=5 °(2j [2} 32 32

Y1y} 11 s
P(X :1):5c1(5] (Ej 52—
Thus,
P(X >2)=1-[P(X =0)+P(X =1)] =1_[$+3}=1_i_ 13

32 16 16

24, p=§,n=50, g=1-p=1-

gl
ol w

o? =npq=50-§- =12

o w

25. /1:3,02:2

w|r
Wl

Since x =np, then np = 3. Since o’ = npg, then (Np)gq=2, or3¢g=2,s0 q :% Thus, p=1-q=1-

1
Since np = 3, then n 3 =3, orn=9. Thus

2 7
P(X =2)=oCy| | [2] =36.2. 128 _ 512 5 0qy
3) 3 9 2187 2187

26. a. E(X)=u=np=15(0.06)=0.9
b. Var(X)=o? =npq =15(0.06)(0.94) = 0.846

c. P(X<D)=P(X=0)+P(X=1)
=15C0(0.06)°(0.94)'° + 1C,(0.06)!(0.94)**
=1-1-(0.94)'° +15(0.06)(0.94)** ~ 0.77
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Problems 9.3 a b
8 5
12 12 @
L 27 5 5 7
_3 1 a+—=1 soa=1-—=—.
2 3 12 12 12
No, since the entry at row 2 column 1 is 7 5
negative. b+a=1,s0 bZI_E:E'
5 {0.1 1} 04 a a
0.9 0 9. |a 01 b
Yes, since all entries are nonnegative and the
o . 03 b ¢
sum of the entries in each column is 1.
04+a+03=1,s0a=0.3.
1 1 1 a+0.1+b=1,03+0.1+b=1,s0b=0.6.
2 8 3 a+b+c=1,03+06+c=1,s0c=0.1.
3. |-1 5 1
* 4 8 3
3 1 1 a a a
L4 403 10. |a b b
No, since there is a negative entry. 1
a i c
(02 06 0 1
4. 107 02 0 a+a+a:1,3a:1,a:§
101 02 0 1 1 1 5
No, since the sum of the entries in column 3 is a+b +Z =1 §+ b +Z =Lb= 12
not 1. 1 5 1
atb+c=1 —+—+c=1c=—
04 0 05 3 12 4
5. (0.2 0.1 03 0.4
04 09 0.2 1. [0.6}
Yes, since all entries are nonnegative and the Yes, all entries are nonnegative and their sum is
sum of the entries in each column is 1. 1.
05 01 03 12. [1}
6. |04 03 03 0
06 06 04 ;[es, all entries are nonnegative and their sum is
No, since the sum of the entries in column 1 is '
not 1. [0.2
13. | 0.7
2 b 05
7 L
a % No, the sum of the entries is not 1.
E+a—1soa—l | 09
o 3 14. |-0.1
b+£=1,sob:§. L 02
4 4 No, the entry in the second row is negative.
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15.

16.

17.

18.

19.

2
Xy =TXq =3
L3
[2
Xp=TX =| 3
L3
2
X3=TX; = [i
3
[1
X =TXo=|?
12
[1
Xp=TX; =| 2
L2
1
X3=TX, = [f
2
== 23
=023
=m0
=002
Xp=TX, = [8.'91
o[22
(0.1
X; =TXy =02
07
[0.1
Xp=TX; =[02
10.7
0.1
X3=TX; =02
07

e 11
Ly :[12]
3 1
0jl2] |2
e 25
1 12]: 36]
1 1
0l%] |3

N
al

1

o
=W
(S

) ]
136

Al B
L

1 T
ot @|w N N
||

|
N W

[
B K=
e—_ 1

Bl B

||
—

W W ©
N N L

Al A

0.5
0
0

]

0.9
0 1}
0.9
0 1}

— 1

0.26

[
[0.74

ﬁ]
108

oo|u1 o|w
| IR |

0.2
08|

[oe]
w

N
3]

427 [0.416
0.58 |~ | 0.584
0.416] [0.4168
0.584 |~

0.5832

_[0.74
10.26

|-[ose2)

0.3464

0.91[0.308] [0.6536
0.1)| 0.692 |

0 03]
0.4 03
0.6 0.4]
0 03]
0.4 03

[0.2] [0.26
0 |=|0.28
08| |046
[0.26] [0.164
0.28 |=| 0.302

0.6 0.4
0 03
0.4 03
0.6 0.4

10.46 0.534

0.164 0.1766
0.302 | =| 0.3138
0.534 0.5096
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(0.4

20. X, =TXq=| 0
LTI T 04
0.2

(0.4

0

Xp=TX1=| o,
0.2

0.4

0

Xg=TX2=\04

0.2

13

21. a. T2=|%4 ¢
3 1

4 4

T =T2T=

b. Entry in row 2, column 1, of T2is

0.1
0.1
0.7
0.1

0.1
0.1
0.7
0.1

0.1
0.1
0.7
0.1

1

Bl N
Al Blw

@|w oo|ur
oo o|w

0.2
0.3
0.4
0.1

0.2
0.3
0.4
0.1

0.2
0.3
0.4
0.1

Alw &=

0.1]
0.3
0.4
0.2]

0.1]
0.3
0.4

(0.1
03|

04|
0.2

[0.17
0.21
049 |~

0.2]

0.1
0.3
0.4
0.2

Ble Kw ®lw oo

3
8
5
8

1013
0.200
0.207

0.130

|
.

| w

. .9
c¢. Entry in row 1, column 2 of T3 IS E

2. a. T?=

wN Wl
N N

W Wl

oo ©o|s
= =
Nl\' Nlm N N

oo ©o|s

W Wl

N N
|

54 72

54 72

b. Entry in row 2, column 1, of T2 is g .

31

c. Entry in row 1, column 2 of T is =—.

T3-T2T=|040 069 0541 04 0.3|=|0690

0 05 03[0 05 03
23. a. T2=|1 04 03|/1 04 03|=[040 069 054
0 01 040 01 04

0.17
0.21
0.49
0.13

0.200
0.207
0.463
0.130

0.2063
0.1986
0.4621
0.1330

0.463 |

23 31

31 41

0.50 0.23 0.27

0.10 0.08 0.19

050 0.23 0.27(0 05 0.3

0.10 0.08 0.19(0 0.1 04

b. Entry in row 2, column 1, of T?1s 0.40.

0.369 0.327
0.530 0.543
0.101 0.130

Section 9.3
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¢. Entry inrow 1, column 2 of T° is 0.369.

01 01 0101 01 01 0.10 0.10 0.10
24. a. T?=|02 01 01/02 01 01|=/011 011 0.1
0.7 0.8 08]/07 08 038 0.79 0.79 0.79

0.10 0.10 010401 01 01 0.10 0.10 0.10

T3=T2T=|011 011 011([02 01 0.1|=|011 011 0.11].

0.79 0.79 0.79(/0.7 0.8 0.8 0.79 0.79 0.79

b. Entry in row 2, column 1, of T2 is 0.11.

c. Entry in row 1, column 2 of T3 1s 0.10.

1 2 E 1 2
25 To1-|2 3| (10 |72 3
) 11|10 1 1 _2
2 3 - 2 3
1 1)1 10[%
1 2 3
1 _2 0 0|0
2 30 L
4
|7
Q=|s
7
1 1 A 1 1
26. T—1-|2 4| |1 0] |72 %
) 1 3|10 1 1 _1
2 4 - 2 4
1 11 103
1 1 2
1 _1 0 0|0
2 40 L
1
13
Q_;
2
1 3 . 4 3
27T_|:§€_10:_§€
) 4 2|10 1 4 _3
5 5 - 5 5
1 11 103
4 3 4
4 _3 0 0|0
5 50 L
3
|7
Q_i
7
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28.

29.

30.

31.

1 1 3 1
To121% 3|1 0] |74 3
3 21|01 3 _1
4 3 4 3
1 04
1 11 13
3 1 9
3 1
3 Lo 0 0|0
4
|13
Q= 9
13
04 06 06| [1 0 O
T-1={03 03 01|-/|0 1 ©
03 01 03| |0 0 1
1 1 1 |1 1
06 06 06 |0 0
_)..._)
03 -07 0110 0
03 01 -07]0 0
0.5
Q=|0.25
0.25
01 04 03] 1 0 0
T-1={02 02 03|-|0 1 0
07 04 04] [0 0 1
1 1 1 |1 1
-09 04 0310 0
>
02 -08 0310 0
07 04 -06/0] 0
0.2707
Q~|0.2481
0.4812
_FIu No flu
Flu [01 02
a. =
No flu[ 0.9 0.8
120
b, Xq=| 2% |- 06
0 80 |04l
200 *~

o O~ O

o O —~ O

-0.6 0.6

0.3
0.3

o B O O

-0.7
0.1
0.5
0.25
0.25
0

-09 04

0.2
0.7

0
0
1
0

-0.8
0.4
0.2707
0.2481
0.4812
0

0.6
0.1
-0.7

0.3
0.3
-0.6

Section 9.3

If a period is 4 days, then 8 days corresponds to 2 periods, and 12 days corresponds to 3 periods. The state
vector corresponding to 8 days from now is

0.186
0.814 |

2
Xy =T?Xg =

[0.19 0.18
10.81 0.82

|

0.6
0.4

|
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Thus 0.186(200) = 37 students can be b. X,=TX;
expected to have the flu 8 days from now. f0.7 0.2 0217030
The state vector corresponding to 12 days
from now is =01 08 0.2/0.48
w13y 0181 0.182]06 02 0 06022
37 70710819 0818| 04 0.350
~10.1814 =|0.458
0.8186 ] 0.192
Thus 0.1814(200) = 36 students can be 35% to location 1, 45.8% to location 2,
expected to have the flu 12 days from now. 19.2% to location 3
H L D R O
T H| 0.55 0.25 D08 01 03
" " TL[o45 075 32 T=plo1 08 02
0.65 0|01 0.1 05
Xg =
0.35
0.68 0.19 041
5 0.415 0.325]| 0.65 2
Xy =TXg = b. T°=|018 0.67 0.29
0.585 0.675]|0.35 014 014 0.30
_| 0989 Th, 1; bilit | 0 1§
=1 0.6165 e probability is 0.19.
38.35% of the members will be performing high- c. X =TX,
impact exercising. 0.8 01 0317040
A B =01 0.8 0.2|/0.40
Al0.7 04 01 01 05(0.20
33 T= -
8{0.3 0.6} 0.42
=|0.40
b. Wednesday corresponds to step 2. 0.18
T2 = 061 052 ) 40;%; are expected to be Republican.
0.39 0.48
The probability is 0.61. u S R
Uo7 01 01
34. a. X]_:TXO 36. T=S 01 08 0.1
0.7 02 02102 R|02 0.1 038
=101 08 02|05
102 0 06]03 a. 15 years corresponds to step 3.
[0.30 0.412 0.196 0.196
=10.48 T3=|0219 0562 0219
10.22 0.369 0.242 0.585
30% to .location 1, 48% to location 2, 22% The entry in row 3, column 2 of T3 is
to location 3 0.242, so the probability is 0.242.
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b, X3=TXg
0.412 0.196 0.196 || 0.50 0.304
=(0.219 0.562 0.219 (| 0.25| =|0.30475
0.369 0.242 0.585]| 0.25 0.39125
The population is expected to be 30.4% urban, 30.475% suburban, 39.125% rural.

A Compet.

37. a. T= A[08 03
Compet.| 0.2 0.7

0.8 0.3][0.70
b. Xy =TXg=

0.2 0.70.30
_[o65
~10.35

A is expected to control 65% of the market.

08 03| |1 0| [-02 03
c. T-I= - =
{0.2 0.7} {0 J { 0.2 —0.3}

11 |1 1 0]06

02 03|0|>..0 1|04

02 -03|0 00| 0
0.6

Q:{OA}

In the long run, A can expect to control 60% of the market.

Fords Non-Fords

38. a. T= Fords| 0.75 0.35
Non-fords| 0.25 0.65
b, Tel< 075 035 |1 0] |-025 035
' ~|025 065| |0 1] | 025 -0.35
1 1 1 1 0]0.5833
-025 035 |0|—>...—>|0 1]0.4167
025 -035]|0 00 0
0.5833
Q~[0.4167}
In the long run, 58.33% of car purchases in the region are expected to be Fords.
1 2
5 3
39. a. T= 1|7 7
2|2 4
77
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s1 27717 [29

29 49 |2 49 0.5918
b Xo=TXo=| 15 5 |l1|"|20 {

18 22|11 20 0.4082

29 49)l2] (a9

About 59.18% in compartment 1 and 40.82% in compartment 2.

5 3 2 3
5 37 o1 [-2 2
e T-1=|7 7_{ }: 7 7
2 4|10 1 2 _3
7 7 7 7
1032
1 11 =
2 3 2
2 _3 0 0[O0
7 70
Q_%_'o.a
12| |04
£ L

In the long run, there will be 60% in compartment 1 and 40% in compartment 2.

Doesn't
Works Work
40. a. T= Works| 0.8 0.1
Doesn't Work| 0.2 0.9
3 (0562 0.219
b. T°=
0.438 0.781

The probability is 0.562.

08 01| |1 0 |02 01
c. T-I= - =
02 09] |0 1 02 -01

1

101 |1 1013

-02 01 (0|—>..>|0 1%

02 -01]0 0 olo
1
|3
Q_;
3

In the long run, the number of machines working properly is (%J (42)=14.
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3 1 1 1
41. a. T- =[4 2{ }: 42
11|01 11
i 2 4 T2
1 1|1 102
1 1 1
1 1
. 0 0|0
2
|3
Q=|,
3

. . 2 2
b. Presently, A accounts for 50% of sales and in long run A will account for 5 , or 66§ % , of sales. Thus the

662 50 2
percentage increase in sales above the present level is ‘;’_)—0 -100% = 5—03 -100% = 33%% .

A B C
A[08 02 02
2.2 T=plo1 07 01
C|0.1 01 07
0.68 0.32 0.32
b. T?=]016 052 0.16
0.16 0.16 0.52
The probability is 0.52.
. . . . 200
c. Initially 500 customers are to be considered. The probability that a customer goes to branch A is —=0.4;
200 100 o4
to branch B, — =0.4 ; and to branch C, —=0.2. Thus Xy =|0.4 |.
500 500 0.2

08 02 02][0.4] [044
X;=TXy=|01 07 0.1(/04|=|034
01 01 07[02] |0.22

Thus 0.44(500) = 220 customers can be expected to go to A on their next visit,
0.34(500) = 170 to B, and 0.22(500) = 110 to C.
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08 02 02] [1
d. T-1={01 07 01|-|0
01 01 07] |0

1 1 1 |1]

-02 02 020
—>.

01 -03 0110

01 01 -03|0

In the long run, 0.50(500) = 250 ca

s Tz:TT:[ OH

2
0

N N
N~ N

ENEN TN

ISM: Introductory Mathematical Analysis

00 -02 02 0.2
1 0/=| 01 -03 0.1
01 01 01 -03
1 0 0]050
0 1 0(0.25
.o
0 0 1(0.25
0 00 O
n be expected to go to A, 0.25(500) = 125 to B, and 0.25(500) to C.
1
2
1
2

Since all entries of T2 are positive, T is regular.

!
0

0
44. For the matrix A = L

, A? =1 (the 2x 2 identity matris). Thus A" =1 if nis even, and A" = A if n is odd.

In either case there are nonpositive entries, and thus A is not regular.

Chapter 9 Review Problems

Lou=Y xf()=1-f()+2-(2)+3-(3) = 100.7) +200.1) +3(02) = 1.5

X

Var(X) = > 2 f (x) - 2 = [12 (0.7)+22(0.1) + 32 (0.2)] —(1.5)%=0.65

X
o =,/Var(X) =+0.65 = 0.81
10--ﬂx}

091
0.8
0.7t
0.6 T
051
041
031

021
0.1t ‘ —| ‘ | x

1 2 3

1,1
2. ,u:fo () :o-€+1-§+2
X

Var(X):szf(x)—,uz

2
11 49 17

"6 36 36
-

O = _——=

6

{02 %+12 L2

[y

mﬁ‘
\l

=~ 0.69

1
3

!
6

-3
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f(x) 192 32
Y21 F0 =P (Brace) = 7006 =501
6 1
1/3’ f(z):P(EZaces):ﬁ:E-

188 32 1

b. E(X xf(x)=0-—+1.—+2.—
()= Z (0= 221 221 221

161

o 1 2 342

3. a. n(S):26=12 221 13

Bo ={HD} & ={TL HZ}, & ={T2 H3}, 5. Let X = gain (in dollars) on a play. If no 10
Ez ={T3, H4}, E, ={T4, H5},
Es ={T5, H6}, Eg ={T6}

appears, then X =0 —% = —% ; if exactly one 10

f(0)= P(EO) n((ESO)) _% appears, then X :l—% :%; if two 10’s appear,
1 7
f=p(e)-"t8)_2_1 then X ~2-7 =5
n@s) 12 6 n(S) =52 - 52. In a deck, there are 4 10’s and 48

non 10’s. Thus n(Eyq 19)=48-48 . The event

Similarly, f(2), f(3), f(4), and f(5) equal l
6 Eone 10 occurs if the first card is a 10 and the

f(6)=P(E ):n(EG):i second is a non-10, or vice versa. Thus
" ns) 12 N(Epne10)=4-48+48-4=2.4.48.
n(EtwolO's):4'4-
b. E(X)= ) xf(x
() Z () Dist. of X:
1 112434445 _ 1 f[_lJ—M:ﬁ’
0ot %5 4) 52.52 169
15 6 36 3) 2-4-48 24
=0+—+—=—=3 fl-|=———=—,
6 12 12 4 52-52 169
52! 52.51 f flo 44 _ 1
4. a. n(S)=g5Ch=——-=""-=1326.Ina 4) 52.52 169
21501 2
deck there are 4 aces and 48 non-aces. Thus E(X )__i.% 3, 24+7 1
48! 48-47 4 169 4 169 4 169
n(EOaces):48C2:—:— -144+72+7 6
2146 2 _-laa+2+7 65 5 | 410
=1128. 4-169 676 52

For Ej 4 to occur, one card is an ace and

the other is non-ace. Thus
n(Elace) =4.48=192.

4! 4.3
n(EZ aces ) = 4C :ﬁ:T:&
Therefore,

1128 188
f(O): P(EOaces):—1326 :ﬂ’

351

There is a loss of $0.10 per play.

. Let X = gain (in dollars) to company.

Dist. of X: f{40,000) = 0.45,

f(=10,000) = 1 - 0.45 = 0.55

E(X) = (40,000)(0.45) + (-=10,000)(0.55)
= 18,000 — 5500 = $12,500 per station
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8.

9.

a. Let X = gain (in dollars) on each unit
shipped. Then P(X =—-100) = 0.08 and
P(X=200)=1-0.08=0.92.

E(X) = -100£(—100) + 200£(200)
=-100(0.08) + 200(0.92)
= $176 per unit

b. Since the expected gain per unit is $176 and
4000 units are shipped per year, then
expected annual profit is
4000(176) = $704,000.

There are 41 million combinations from which
to choose. Let x = gain (in dollars) per play. If
the player wins, then
x = 15,000,000 — 1.00 = 14,999,999 and

1

41,000,000
loses, then X = —1.00 and

P(X =14,999,999) = . If the player

B 1 40,999,999
41,000,000 41,000,000 °
E(X) = 14,999,999 (14,999,999) — 1.00f (~1.00)

P(X=-1.00)= 1

= 14,999,999 _t
41,000,000

100 40,999,999
41,000,000
There is a loss of about $0.63 per play.

~ —0.63

f(0) = 4C(0.15)°(0.85)* z%i(O.SZZ)
-0.522 o
f (1) = 4C;(0.15)}(0.85)°
41
~ 15 (019)(0614)=0.368

f(2) = 4C,(0.15)%(0.85)?
41
=5y (0.0225)(0.7225) ~ 0.098
f(3) = 4C3(0.15)%(0.85)!
41
=g (0:003375)(0.85) ~ 0.011
f (4) = 4C4(0.15)*(0.85)°
I
~ 2L (0.000506)1 = 0.0005
410!
u=np=4(0.15)=0.6
o =+/npq = /4(0.15)(0.85) ~ 0.71
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0 5
1\ 2 32 32
©=s 0(3 [ J 243 243

2 511680
3 3 81 243
2

f(z)zscze) (éjszlo.%.%:%

SO

sl 42
5,30

el 10k

o= VhPd = 5%22 %:%zl.%

1. PX < )=PX=0)+P(X=1)

. 3 0 1 5+ . 3 1 1 4
5o 2 ) |2) T34 7 |3
1 3 1 16 1
._+5._.—:—:—
1024 4 256 1024 64

0 6
12. P(X =0)=6c:0[§j (%} =%(1)(7_;9j

1 1

—1‘1’(%)—7—29

1Y el (2) 1
oc-n=ea( 3] (3] -75i3 )2
_G(ZJ(LJ_E
~(3)\243) 729

2V (1Y e (a1
Poc=2-0( 2] (3] =53 &)
“Srailolo1)5(s ) 7
“2.1.41l9)l81) Tlolsl) 729
P(X>2)=1-P(X < 2)
—1-[P(X=0)+P(X=1)+P(X =2)]

1 12 60 73 656
=l —— = —|=1l-— ==
{729 729 729} 729 729
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13. The probability that a 2 or 3 results on one roll is

%: % Let X = number of 2’s or 3’s that appear

on 4 rolls. Then X is binomial with p = % and

n=4.
3 1
oix-9-ic 1] (2] =

14. Let X = number of bushes that live. Then X is
binomial.

P(X =0) = 4C((0.9)°(0.1)* =0.0001

L2 8
27 3 8l

15. Let X = number of heads that occur. Then X is

binomial.
0 5
poc-0-sca 2] (3 10,2828
5 5 3125 3125

1 4
oy -2 (2] s 2. B0
5)1\5 5 625 3125

P(X =2)=1-[P(X=0)+PX=1)]
_, [243 8107 _, 1053 2072
3125 3125 3125 3125

16. On any draw, the probability of selecting a red
jelly bean is 2 = 1 Let
10 5
X = number of red jelly beans selected in five

draws. Then X is binomial with p :% and

n=>5.
0 5
1[4 1024
P(X=0)=5Co| = | [2] =1.1.222
(X=0)=s 0(5) (5] 3125
1024
3125
1 4
1Y 4 1 256
P(X=1)=sC | = || 2| =5.2-22
(X=D=s 1[5} (5) 5 625
1280
3125

353

17.

18.

19.

Chapter 9 Review

2 3
1V (4 1 64
P(X=2)=sC,o| = | [ 2] =10 —. 2>
(X=2)=s 2(5) [5) 25 125

640
3125
P(X <2)=P(X =0)+P(X =1)+P(X =2)

1024 1280 640 2944
_ L1280 _

= = =0.94208
3125 3125 3125 3125

From column 1,0.1 +a+ 0.6 =1,s0a=0.3.

From column 2,2a+b+b=1,s02b=1-2a,

1-2a 1-2(0.3)
2 2

From column3,a+b+c=1,s0c=1-a-b,

or

c=1-03-0.2=0.5.

or b= =0.2.

From column 1,a+a+0.2=1, so2a=0.8, or
a=04.
From column3,b+b+a=1,s02b=1-a, or

po1z8_ 104 44
2 2

From column2,a+b+c=1, so
c=1-a-b=1-04-03=0.3.

01 03 0.1][05] [0.10
X;=TXg=|02 04 01|l 0 |=|015
0.7 03 08/ 05] |0.75
01 03 0.][0.10] [0.130
X;=TX;=/02 04 01][0.15|=|0.155
07 03 08][0.75] |0.715
0.1 03 0.1][0.130
X3=TX,=|02 04 01| 0.155
0.7 03 08]/0.715
0.1310
=|0.1595
0.7095
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[04 0.1 0.1][01 0.13 c. From T3, entry in row 2, column 1, is 0.25.
20. X;=TXp=[02 06 05|/03(=[0.50
04 03 041/ 0.6 0.37 1 2 1 0] _2 2
- o= 23, T_1-|3 3| _| 73 3
X,=TX;=|02 06 05| 050|=|0511 3 3 - L3 73
|04 03 04]/0.37] |0.350 1111 1 o[l
04 01 0.17[0.139 s 1
X3=TX,=|02 06 05/ 0511 : 0= =0 15
04 03 0.4]0.350 0 0 0/0
0.1417 1 B
=10.5094 |2
0.3489 L
2
1 311 37 [19 15
21aT2=TT=7777=EE 04 04 03] 1 00
- 6 4|6 4| |30 34 24. T-1=/03 02 03|-/0 1 0
7 707 7] |49 a9
19 1571 37 03 04 04 0 0 1
Td_T2T_|% |7 7 06 04
30 34|16 4
49 497 7] =| 03 -08 03
109 117 _
|33 s 03 04 -0.6
234 226 1 1 1 |1
43 34
33 33 06 04 03 |0
—>..
2 . .15 03 -08 03 |0
b. From T¢, entry in row 1, column 2, is —.
49 03 04 -0610
5 _ _ 0 01036
c. From T, entry in row 2, column 1, is 0 1 0027
_)
%. 0 0 1]0.36
0 0 0O
22. a. T?°=TT 0.36
[0 04 03[0 04 03 ~0.27
_ 0.36
=0 03 05||0 03 05
1 03 02jj1 03 02 Japanese Non-Japanese
=103 021 0.26 25 To Japanese| 0.8 0.6
0.5 0.24 0.25 " Non-Japanese| 0.2 0.4
0.2 055 0.49
A , [08 06][08 06
=TT = T°=102 0402 04
[0.3 021 0.26][0 0.4 0.3 ' ) ' '

=05

(026 0261 0.247
~10.25 0347 032
1049 0392 0.433

0.24 0.25||0 03 05
0.2 055 0491 03 0.2

_10.76 0.72

1024 028

From row 1, column 1, the probability that a
person who currently owns a Japanese car
will buy a Japanese car two cars later is
0.76. Thus 76% of people who currently

own Japanese cars will own Japanese cars
two cars later.

b. From T2, entry in row 1, column 2, is 0.21.
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) 0.76 0.72][0.6] [0.744
b. X, =T2Xg = -
0.24 028][0.4] |0.256

Two cars from now, we expect 74.4% Japanese, 25.6% non-Japanese.

08 06| |1 O -02 06
c. T-I= - =
{0.2 0.4} {O J { 0.2 —0.6}

1 1 |1 1 0075
02 06|0|—>..—>|0 1025
02 -06|0 0 0|0
0.75
Q= [0.25}

In the long run, 75% Japanese cars, 25% non-Japanese cars.

0.7 04 01|05 0.49
26. a. X;=TXy=|02 05 0103|=|0.27
0.1 01 08}/0.2 0.24

49% are expected to vote for party 1, 27% for party 2, 24% for party 3.

07 04 0171 0 O -03 04 01
b. T-1=/02 05 01|-|0 1 0=l 02 -05 0.1
01 01 08| |0 0 1 01 01 -02
3
11 11 1007
-03 04 01]0 010 %
...
02 -05 011/0 00 1 %
01 01 -021|0 00 olo
0.429
Q~|0.238
0.333

In the long run, 43% will vote for party 1, 24% for party 2, and 33% for party 3.

Mathematical Snapshot Chapter 9

1. For Xy = or

0 0
é (i , the first entry of the state vector is greater than 0.5 for n = 7 or greater. If X = , then
0

0
1
0
0
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1 01 01 001] [1 0 0 0] [0 01 01 o0.01
s T 0 0 09 009| (010 o}{o -1 0.9 0.09
0 09 0 009| |0 O 1 O |0 09 -1 0.09
0O 0 0 081]| |0 00 1| |0 O 0 -019
1 1 1 1 1] (1 0 0 0]1]
0 01 01 00110 0 100/|0
0 -1 09 009 |[0|>..—> |0 0 10]0
0 09 -1 009 |0 000 1|0
0 0 0 -019|0] 10 0 0 0[0]

3. Against Always Defect,
1 2 3 4

(0 0 0 0]
101 1 01}
00 0 0
0 09 0 09]

Against Always Cooperate,
1 2 3 4

11 01 1 0.1]
200 0 0 0
30 09 0 09
40 0 0 0

Against regular Tit-for-tat,
1 2 3 4

0.1 0]
0 011,
0.9 0
0 0.9

e N

A W DN -
o O O -
o O +» O

4. With Player 2 always defecting, after one round the game is in a stable pattern of Player 1 cooperating with

0
probability 0.1 and defecting with probability 0.9. The steady state vector in this case is 0(')1
0.9

With Player 2 always cooperating, after one round the game settles into steady mutual cooperation.

1
With Player 2 playing standard Tit-for-tat, the probabilities gradually tilt toward mutual cooperation: 8 is the

0
steady state vector. In this case, it takes only one “forgiving” Tit-for-tat-er to guarantee mutual cooperation in the

long run.
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Principles in Practice 10.1

1. The graph of the greatest integer function is

shown.
10

-10 = 10

lim f(x) does not exist when a is an integer
x—a

since the limits are different depending on the
side from which you approach the integer.

lim f(x) exists for all numbers which are not
X—a

integers.
limV (r)=lim i;rr3 :iﬂ limr®
r-l r-l r—-1
4 3 4
=—n)’=—=—nx
3 @ 3
lim R(x) = lim (500x—6x2)
X—8 x—8
= lim 500x — lim 6x?
X—8 X—8
=500 lim x—6 lim x? =500(8) — 6(8)°
X—8 X—8

=4000-384 = 3616

50(t2 + 4t)  Jim [50(t2 +4t)}

lim p = lim — =122
t—>2 t—>2t“+3t+20 |im(t2+3t+20)
t—2

502" +4(2)| g0

C2243(2)+20 30

. As h— 0, both the numerator and denominator
approach 0. For i # 0,

lim 125+ 2(x+h)—(125+ 2X)

h—0 h

. 125+2x+2h-125-2x .. 2h
= lim = lim —

h—0 h h—0 h
=lim2=2.

h—0

Problems 10.1

1.

10.

357

a. 1

b. 0

b. does not exist
c. 3
a. -1

b. does not exist

c. 1
. f(-0.9)=-3.7
f(-0.99) = -3.97

f(=0.999) = -3.997
estimate of limit: —4

. fi=3.1)=-6.1

f(=3.01) =-6.01
f(=3.001) =-6.001
estimate of limit: —6

f(-0.1)=0.9516
f(=0.01) ~ 0.9950
f(=0.001) ~ 0.9995
estimate of limit: 1

f(=0.1) = 0.5132
f(-0.01) = 0.5013
f(=0.001) = 0.5001
estimate of limit: 0.5

lim16=16

X—2

lim 2x =2(3) =6
X—3

fi-1.1)=-4.3
f-1.01) = —4.03
f(~1.001) = —4.003

f=2.9)=-5.9
f(=2.99) = —5.99
f(=2.999) = —5.999

£(0.1) ~ 1.0517
£(0.01) = 1.0050
£0.001) ~ 1.0005

£0.1) = 0.4881
£0.01) ~ 0.4988
£0.001) = 0.4999



Chapter 10: Limits and Continuity

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

lim (t2 —5)= (-5)2-5=25-5=20

t—>-5

lim (5t—7):5[ j 7——E
t—1/3 3 3

lim (3x3 —4x% + 2x—3)
X——2
3(-2)° —4(-2)? +2(-2)-3
=-24-16-4-3
=47

i 4r-3_4©)-3_36-3_33_
r>9 11 11 11 1

(-2 im(-2)

i
t>-3t+5 lim (t+5)
t—>-3

3-2_-5_ 5
3+5 2 2

; 2
lim x2 +6 _ XILrT_](;(X +6) (—6)2 +6
t>6 X—6 lim (x 6) (-6)-6

X—>—6

42 7

120 2

lim h

lim—n h—0

A0 K2 —7h+1 Iim(h2—7h+l)
h—0

— O —
02-7(0)+1
lim(z? -52-4

-5z2-4 Z_>( )

.z
lim 5
z°+1

z—0

I|m(z +1)
z—0

_0%-5(0)-4
0% +1

lim \/p2+ p+5= /Iim (p2+ p+5)
p—4 p—4
=V42 +4+45=25=5

lim \/y+3 =\/ lim (y+3) =+15+3=4/18
y—15 y—15
=32
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21.

22,

23.

24,

25.

26.

27.

28.

29.

30.

31.

lim

X—>-2 X+2

lim
X—>—

lim
X—2

ISM: Introductory Mathematical Analysis

X2 +2X

= lim
Xx—>—2 X+2

X1 im1-1
1X+1 xo-1

x> —x-2 B

X—2  x52

m (x—2)(x+1)
X—2

=lim(x+1) =3
X—2

lim

t3 + 32 t2(t+3) o133

t—0

lim

Xx—3

I|m
t—2

lim
X—3

lim
Xx—0

lim

X—4

X—>—

lim
X—2

= lim

3 — 4t? t—>0t2(t—4) t—>0t 4 4

x2—x—6= lim (x=3)(x+2)

x-3 x—3 x—3
= lim(x+2)
X—3

=5

~4 _im FA=D) i —a
t—-2 to2 t-2 t—2

Xx—3 . 1
im im
x—=3 (X +3)(x— 3) x—3X+3

1
x2—9 6
2

XS —2X _lim X(x—2)

X x—0 X

= lim(x-2)=-2
x—0

X% —9x+20

m (x—=4)(x-5)
x° —3x—4

x—4 (X—4)(X+1)

x* —81
3x% +8x+15

(x? +9)(x* -9)
x—>—3 (x+3)(x+5)
(X% +9)(x+3)(x—3)
(x+3)(x+5)
(x? +9)(x-3)
X+5

X——3

= lim
X——3

=54

3x% —x-10 _
X% +5x—14
3x+5 11

im (3x+5)(x-2)
X2 (X+7)(x-2)

x>2 X+7 9
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32.

33.

34.

3s.

36.

37.

38.

39.

40.

41.

2 —
X“+2X-8 lim (x+4)(x-2) _qim X 2

lim = =2
x4 x2 4 5x+4 x4 (X+4)(X+1)  x>-4 x+1
2 2 [4+4h+h2J—4 2
lim G =2 L i AT i POEN)  i any =4
h—0 h h—0 h h—0 h h—0 h—0
2 2
tim CFD7 4 i XX iy (x4 4) =4
x—0 X x—0 X x—0
2 2 2
lim O =X i 20T ok hy = 2x
h—0 h h—0 h h—0
lim 3(x+ h)2 +7(x+ h)—3x2 -7X lim 3x% +6xh+3h% + 7x+7h—3x% - 7x
h—0 h h—0 h
. 6xh+3h%+7h . h(6x+3h+7)
= lim = lim
h—0 h h—0 h

= lim(6x+3h+7)=6x+7
h—0

pn FOEM =100 L [7-30rh)]-(7-39) _ |

h—0 h h—0 h h—0 h h—0
lim f(x+h)—f(x) _lim [2(x+h)+3]-(2x+3) _ Iim2—h= lim 2 = 2
h—0 h h—0 h h—0 h h—0
_ (x+h)2—3 ~(x?-3

im SN =) _ “m[ J ( )
h—0 h h—0 h

2 2 2

X“+2xh+h®-3—(x“-3 2
— lim ( )=IimM=Iim(2x+h)=2x

h—0 h h—0 h h—0

2 2
lim F(xeh)—F(x) i [(x+h) +(x+h)+1}—(x +x+1) i

_2xh+h%+h
m

Ilm_—?’h: lim-3=-3

h—0 h h—0 h h—0

P —f(0 _ [(x+h)® —4(x+h)?]-[x° —4x%]

lim
h—0 h h—0 h
_lim %3 +3x2h + 3xh? + h® —4x% —8xh —4h% — x3 + 4x°
h—0 h
_im 3x%h+3xh? + h® —8xh — 4h?
h—0 h
_im h(3x? +3xh +h? —8x—4h)
h—0 h

= lim (3x? +3xh+h? —8x — 4h) = 3x% —8x
h—0
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im f(x+h)-f(x) _

2. | i [3=(crh) +4(x+ )] (8- x+ 4x%)

h—0 h h—0 h
_lim 3—x—h+4x2+8xh+4h2—(3—x+4x2)
h—0 h
. —h+8xh+4h?
= lim —m—mM——
h—0 h
. h(-1+8x+4h)
= lim ——~2
h—0 h
= lim (-1+8x+4h)
h—0
=-1+8x
43 |im—”x‘2‘2—|im( R2-2)(x-2+2)
X—6 X—6 X—6 (x_6)(qlx_2+2)
. (x-2)-4 . X—6
= lim = lim
x»G(x—e)(\/x—2+2) >H6(x—6)(\/x—2+2)
. 1 1
= lim—==
x—6+X—-2+2 4
2 2
44. For lim X“+X+C X“+X+C

= 1im
x—>3x2 _5x+6 x—-3(Xx=3)(x-2)

xz+x+c:(x—3)(x+r)=x2+(r—3)x—3r
Thusr—-3=1,orr=4.Soc=-3r=-3(4) =-12.

For c=-12,
. X2+x+c X2 x-12 . (x=3)(x+4) . x+4
Iim——=Ilim———— = lim =i =
x>53x2 —5x+6 x-23x2_5x+6 x-3(Xx-3)(X—-2) x—53Xx-2
T.—0 Th Th Th
b, lim - Te _ThoTa _ 0
T.-T, Th Th Th
17 17
46. im E< lim ~ 7.0x10 __7.0><10 =—7—'0><1010z—
r—>75x10"  r—7.5x107 r 7.5x10’ 7.5
47. 15
0 5
0
11.00
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to exist, x — 3 must be a factor of the numerator X2 4 X4C:

I
1

7

9.33x10° ft-Ib
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48.

49.

50.

51.

52.

5
-5 J 5
-5
1
10
5]: 15
0
4.00
2
I
0 5
0
0.80
The graph of C(p) is shown. (Negative amounts

of impurities and money are not reasonable, so
only the first quadrant is shown.)
100,000

0 5
0

As p gets closer and closer to 0, the values of
C(p) increase without bound, so lim C(p) does
p—0

not exist.

The graph of P(x) is shown with the value

x = 53.2 indicated.
3500

361
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lim P(x) = 2343.056

Xx—53.2
lim P(x) = 224(53.2) —3.1(53.2)> —800
x—53.2
= 2343.056

Principles in Practice 10.2

1. The graph of p(x) is shown.
10,000

0 10
0

From the graph, it is apparent that
lim p(x) =0. The graph starts out high and

X—0
quickly drops down toward zero. According to
this function, a low price corresponds to a high
demand and a high price corresponds to a low
demand.

2. The graph of y(x) is shown.
550

0 1000
0

From the graph, it is apparent that
lim y(x) =500. The greatest yearly sales that

X—>0
the company can expect is $500,000, even with
unlimited spending on advertising.

3. The graph of C(x) is shown.
1,000,000

0l 1000
0

From the graph it is apparent that

lim C(x) = o . This indicates that the cost
X—>0

increases without bound the more units that you
make.

4. lim f(x) does not exist since

Xx—1
lim f(x)= lim 100=100 while
x—1" x—1"



Chapter 10: Limits and Continuity ISM: Introductory Mathematical Analysis

lim f(x)= lim 175=175. 6. lim 19=19
x—1* x—1" X—>—00

lim f(x)=250 since
X258 7. lim bx _ lim i——oo since X° is negative
lim f(x)= lim f(x)=250 BV RN &
X—2.5" x—2.5"

and close to O for X > 0.
Problems 10.2

7 lim7
1. a. 2 8. lim —_x22 ___._7
x—»2X-1 lim(x-1) 1
b. 3 X—2
c. does not exist 9. lim x%=oo since X is positive for X — —oo.
X—>—00
d -
10. lim(t-1)° =
€. o0 t—o
f. o 11. lim \/H:O since \/ﬁ is close to O when £ is
h—0"
© positive and close to 0.
h. 0 12. lim 5-h =0
h—5~
i 1
i 1 13, lim ——w
X—>-2" X+2
k. 1
14. lim 212 =p1/2
2. a. 0 *s0"
b. -

15. lim (4\/x—1).As x—1" thenx— 1

: +
c¢. does not exist x—1

approaches 0 through positive values. So
d. o vX=1—0. Thus
e 2 lim (4\/x—1)=4~ lim Vx-1=4.0=0.
x—1* x—1*
f. 1
16. lim (X\/XZ—4):0
g 1 x—2"
3. lim (x-2) 17. lim Yx+10
X—>0
As X — 3", then x-2 1. As x becomes very large, so does x + 10.
Because square roots of very large numbers are
4. lim (1-x?)=0 very large, lim v/x+10 = .
x—-1" X—>o0
5. lim 5x 18. lim —+1-10x
X—>—® X—>—00
As x becomes very negative, so does 5x. Thus As x becomes very negative,
xl—lﬁ] SX =—00. 1 — 10x becomes very positive. Because square

roots of very large numbers are very large,

lim —4/1-10X = —co.

X—>—0

362



ISM: Introductory Mathematical Analysis

. 1
19. lim —:3 lim —=3.0=0
X—>oo\/7 X—00 X%
20. lim ——= 6 lim — 1 —E-O:O
X—»00 5xf 5 X—>0 X4/3 5
21, 1im 28 jim X Zim 121
X—0 X — X—o X X—0o
2. 1im 222 im 22X im c1) = 1
x>0 3—2X x>0 —2X  X—w®
2 2
23, dim =1 im X _im oo
X—>—00 X3 +4x -3 Xo>-w X3 X—>—00 X
3 r3
24. lim =lim—=Ilimr=o
r—o r2 +1 row r2 r—oo
3 2 _ 3
25. lim M: Iimi
t—>o0 5t2 _5 t—w 5t2
.3t
= lim =
towo 5
=—limt
5t>w
= 00
26, lim — 5"3 - |im5—x7
X200 3X" — X7 +4 x>0 3x
= lim izé lim i:E 0=0
X—0 3% 3 xswyxb 3
27. lim = | l:— lim 1:Z~0:0
X—>00 2X+1 x—0 2X 2 x—ow X 2
28. lim L: lim
X—>—0 (4)( _]_)3 X—>—00 43 X3
=i lim i=i 0=0
43 X—>—00 X3 43
v 9y3 543
29. lim 334"—ZX= lim —2%
X—© 5x° —8x+1 x—» 5y
. =2 2
= lim —=-=
x—xo 5 5
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30.

31.

32.

33.

34.

3s.

36.

37.

38.

39.

Section 10.2

o3-ax-2x8 -8
lim — - lim 3
X——0 7 —5X° +2X°  X—>-w0 —5x

X+3 . X+3

lim = lim ————
x—3 (X+3)(x=3)

x—3" x? -9

As x— 37, then 3x - -9 and 9—x* -0
through negative values. Thus
. 3X
lim
Xx—>-3"9-X

2200.

wooo 52 +7w—1

4-3x° . -3x°
= lim
X—w X

lim

3 = lim (-3)=-3
X2 x° -1

X—0

lim ——— = lim
X0 44+ 5X-7X" X0 -7x

3 3
. 3X—X . =X .
lim 2= — im 2= lim (-)=-1
X—>—00 X3 +X+1 X—>—o X3 X—>—0

_ 5x%114x-3
x—>-3~ X +3X

(5x-D(x+3)
X(X+3)
. 5x-1

= lim

x—>-3~ X

_-16

-3
16

3

Xx—>-3"

2 —4t+3 (t-1)(t-3)
lim = lim
t>3t2 _2t—3 to3(t+1)(t-3)
gmiio2 1
t—>3t+l 4 2

. 2

| —3x+1_)|(|_>ml(x _3X+1)_____

x>l x2 41 Iim(x2 +l) 2 2
Xx—1
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40.

41.

42,

43.

44.

45.

46.

47.

: 3 .2
3 —x? :Xll,nll(3x X )_—4_

lim - ==
x—>-1 2x+1 lim (2x+1) -1
X—>-1
As x > 1", then — oo . Thus
X_
. 1
lim |:1+—:|:oo
x—1* x-1
. X% +2x -1 . X
lim -—————= |lim -——
X—>—00 X5—4X2 X—>—00 X5
= lim (-1)=-1
X—>—00
2
lim X—+1.As X — =7, then

x>-T" \x? —49
x2 +1—50 and \/x? —49

approaches 0 through positive values. Thus
x2 +1

X2 —49

—> 0.

As x— -2, then x - —2 and ¥16-x* >0
through positive values. Thus,

. X

lim ———=-o.
x—>-2" /16— x*

As X =0, x+x approaches 0 through

positive values. Thus

—> 0.
X+ X

As X — o0, then 1—>O.Thus
X

m(x+5)
lim| x+=|=o.
X—>00 X

X

lim —=-
x—1 X—1

. X

lim —=o
x>l X=1

Answer: does not exist
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48.

49.

50.

51.

52.

53.

54.

5S.
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. 1

lim =—w
x—>1/2” 2X-=1

. 1

lim =0
x—1/2+ 2X—1

Answer: does not exist

As x — 1", then 1 — x — 0 through negative

values. Thus, lim .
x—1t 1-X

m (5]
lim | —— |=+4x
Xx—3~ X—3

Answer: does not exist.

lim |x|= lim x=0
x—0" x—0"

lim |x|= lim (-x)=0
Xx—0" x—0"

Thus, lim |X| =0.
x—0

1

X

.1
= lim ==
x—0" X

(3]
=lim|-=|=o
x—0~ X

Thus, lim
x—0

lim
x—0*

lim
x—0"

< |~

X

= 0,

.o x+1 . X
lim —= lim —=
X——0 X X——0 X

13 2x? 3% 43-2x8
lim|—- = lim ————

lim 1=1

X—>—00

X—o| X X2 +1 X—>00 X3 +X
3

—1im 22X lim (<) =2

X—>0 x3 X—>0

2 ifx<2
foo=1- "%
1 ifx>2

a. lim f(x)= lim 1=1
x—2* x—2*

b. lim f(x)= lim 2=2

X—2~ X—2~
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c. lim f(x)= lim f(x),so lim f(x) does
x—2* X—2~ x—2
not exist.

d. lim f(x)= lim1=1

X—00

X—>0

e. lim f(x)= lim 2=2

X—>—00

X

56. f(x):{

-2+

X—>—00

ifx<2

Ax—x% ifx>2

a. lim f(x)= lim (-2+4x—x?)=2

x—2"

x—2*

b. lim f(x)= lim x=2

X—2"~

X—2~

c. limf(x)= Iim+f(x)= lim f(x)=2

X—2

X—2 X—2~

d. lim f(x)= lim (-2+4x-x%) =—»
X—00

X—o0
e. lim f(x)= lim x=-w
X—>—00 X—>—0
57 () = x ifx<0
© I x>0

a. lim g(x)= lim (-x)=0
* x—0"

x—0

b. lim g(x)= lim x=0

x—0"

x—0"

c. Iim+g(x): lim g(x)=0, so

x—0

x—0"

limg(x)=0
x—0

d. limg(X)= lim(-x)=-w
X—>00 X—>»00

e. lim g(x)= lim x=-x
X—>—0 X—>—0

58. g(x) :{iz

ifx<0
ifx>0

59.

60.

61.
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®

lim g(x)= lim x=0
x—0" x—0"

b. lim g(x)= lim x> =0

x—0" x—0"

c. limg(x)= lim g(x)=0,so
x—0* x—0~

limg(x)=0
x—0

d. lim g(x)= lim x=

X—>00 X—>00

. _ . 2_
e. lim g(x)= lim x“=w

X—>—00 X—>—00

lim €©= lim (M+6j=0+6=6

g—>—° g\

o

7q+12,000

lim ¢ = lim
g—>o0 q—o0 q

12,000

= lim (7+
q

J:7+0:7
g—x

s

12,000
=7+ 2
c=T+=

limc="1
g

= q
12,000

lim | 50,000 — 2000) =50,000-0=50,000

t—o t+1
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10
62. lim (\/xz +X —xj 68.
X—00
(\/x2+x—x)(\/x2+x+x) -5 0

= lim
X0 VX2 4+ X +X ﬁ
(x2+x)—x2 « -10
= lim = |lim —/— —o0
[,2
PO NX T x+x K Lo 1)
< 69. 1
. X
= lim ———
om 1 //
X, [1+= +X /
V' ox
0 5
Clim——X gim——L1 0
X—>00 1 X—>c0 1
x{ /1+X+1] ,/1+;+1 a. 11
B 1 1 b. 9
V14041 2 c. does not exist
63. lim y= lim 00X __ jjp 900X Problems 10.3
X—>0 x—010+45X  x—w 45X
= lim 20=20 1L f()=x3-5x x=2
X—00
i is defined at x = 2: fi2) =2
64, £(x) N2-x ifx<?2 ® s 2
. f(x)=
X3 +k(x+1) ifx>2 i) lim f(x) = lim (° ~5x) = 2° ~5(2) =2,
X—2 X—2
lim f(x)= lim v2-x=0 which exists.
X—2~ X—2"
lim f(x)= lim [x3+k(x+l)]:8+3k (i) lim f(x)=-2=1(2)
x—2* x—2* X—2

Thus f'is continuous at x = 2.

If lim f(x) exists, then 8 + 3k =0. So k = —E.
X—>2 3 X

2. f(x)= 5‘X3; x=-3

65. 1,0.5,0.525,0.631,0.912, 0.986, 0.998;
conclude limit is 1.

(i) fis defined at x=-3: f(-3)= 6.2
66. 0.368, 0.135, 0.00674, 0.0000454, 3.72x107*, 155
can’t do last two. Conclude that the limit is O. 3 2
Gi) lim f(x)= lim 222 =<, which exists
67. 4 x—-3 x—>-3 5X 5
i) lim f(x)= 2 (-3)
0 // 1 x—>—-3 5
-1 Thus fis continuous at x = 3.

366
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3. g(x)=4/2-3x;x=0

(i) gisdefinedatx=0; g(0)=+2.
(i) lim g(x) = lim v2—3x =+/2, which exists
x—0 x—0

(i) lim g(x) = V2 =g(0)

Thus g is continuous at x = 0.

x=2

f(x):g

(i) fisdefinedatx=2; f(2)=—=

L
T

o N

i) tim F00=lim X =221 Ghich exists.
X—2 x—»28 8 4

(iii) lim f(x) =l: f(2).
X—2 4

Thus fis continuous at x = 2.

(i) hisdefinedatx=4,h (4)=0.

i) lim h( = fim 22222 _ 0 which exists.
x—4 x—>4X+4 8

(iii) lim h(x)=0=h(4)
X—4
Thus £ is continuous at x = 4.
f(x)=x;x=-1
(i) fis defined at x =-1; f{-1) =-1.
G lim f(x)= lim 3x =¥~1=-1, which
X—>-1 X—>-1
exists.
(iii) lim f(x)=-1=f(-1)
Xx—-1
Thus fis continuous at x = —1.
. Continuous at —2 and 0 because fis a rational

function and at neither point is the denominator
zZero.
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. Continuous at 2 and -2 because fis a polynomial

function (which is continuous everywhere).

. Discontinuous at 3 and —3 because at both points

the denominator of this rational function is 0.

Continuous at 2 and -2 because fis a rational
function and at neither point is the denominator
Zero.

X+2
f(x)={ ,

ifx>2

X ifx<2

fis defined at x =2 and x = 0; f{2) =4, f(0) =0.

Because lim f(x)= lim (x+2)=4 and
x—>2" x—>2"

lim f(x)= lim x*> =4, we have

x—2" X—2"
lim f(x) =4. In addition,
X—2

lim f(x)= lim x> =0. Since
x—0 x—0

lim £(x)=4=£(2) and lim f(x)=0=1(0),

fis continuous at both 2 and 0.
Answer: Continuous at 2 and 0.

L ifx=0

f(x)=4%
0 ifx=0

Because lim (x) = lim S =co, lim f(x)
x—0" x—0" X x—0

does not exist. Thus fis discontinuous at x = 0.
Atx =-1, fis defined; f{-1) = -1.

lim f(x)= lim 1 =-1. Since
Xx—>-1 x—>-1X

lim f(x)=-1= f(-1),fis continuous at
X—>-1

x=-1.
Answer: Discontinuous at 0, continuous at —1.

fis a polynomial function.

fis a polynomial function
fU):E+§x—£x2.
5 5 5

fis arational function and the denominator is
never zero.

fis a polynomial function [ f(x)=x- XZJ .

None, because f'is a polynomial function.
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18.
19.

20.

21.

22,

23.

24,

25.

26.

27.

28.

29.

None, because # is a polynomial function.

The denominator of this rational function is zero
only when x = —4. Thus f'is discontinuous only
at x = 4.

The denominator of this rational function is zero
only when x = £2. Thus f'is discontinuous only
at x = +2.

None, because g is a polynomial function.

None, because fis a polynomial function.

X2 +2x-15=0, (x +5)(x—3) =0, x =5 or 3.
Discontinuous at —5 and 3.

X2 +x=0,x(x+1)=0,x=0o0r—1.

Discontinuous at 0 and —1.
3 _ 2 _ _
¥ _x=0, x(x —1)—0,x(x+l)(x—l)—0,

x =0, 1. Discontinuous at 0, +1.

. . 3 .
Discontinuous at X = E, for which the
denominator is zero.
x2 +1=0 has no real roots, so no discontinuity
exists.
x*-1=0 , (x2 +1)(x2 —1) =0,

(x2 +1)(x+1)(x—1) =0,x==l.

Discontinuous at +1.

1 ifx>0
f=1
-1 ifx<0

For x < 0, fix) = -1, which is a polynomial and
hence continuous. For x > 0, f(x) = 1, which is a
polynomial and hence continuous. Because

lim f(x)= lim (-1)=-1 and

x—0" Xx—0"

lim f(x)= lim 1=1, lim f(x) does not
x—0* x—0* x—0
exist.

Thus fis discontinuous at x = 0.
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2x+1 ifx>-1
f(x)= .

1 ifx<-1
For x < -1, fix) = 1, which is a polynomial and
hence continuous. For x > -1, fix) =2x + 1,
which is a polynomial and hence continuous.
Because lim f(x)= lim 1=1 and

x—-1" x—-1"

lim f(x)= lim (2x+)=-1, lim f(x)
x——1" x—-1" x—>-1
does not exist.

Thus fis discontinuous at x = —1.

0

For x < 1, fix) = 0, which is a polynomial and
hence continuous. For x > 1, f{ix) = x — 1, which
is a polynomial and hence continuous. For x = 1,
fis defined [f(1) = 0]. Because

lim f(x)= lim 0=0 and

Xx—1" X—1"

lim f(x)= lim (x-1)=0, then lim f(x)=0.
x—1* x—1 x—1
Since lim f(x)=0= f(0), fis continuous at

x—1

ifx<1
ifx>1

x=1.
fhas no discontinuities.
Xx-3 ifx>2
f(x)= .
3-2x ifx<2

For x < 2, fix) = 3 — 2x, which is a polynomial
and hence continuous. For x > 2, fix) = x — 3,
which is a polynomial and hence continuous.
Because fis not defined at x = 2, it is
discontinuous there.

2 .
F(x) = X“+1 ifx>2
8x ifx<?2

For x < 2, f{x) = 8x, which is a polynomial and
hence continuous. For x > 2, f(x)= x2 +1,

which is a polynomial and hence continuous.
Because fis not defined at x = 2, it is
discontinuous there.

E if x=2
f(x)=1 x?
3x-2 if x<2
For x < 2, fix) = 3x — 2, which is a polynomial
and hence continuous. For x > 2, f(x) = %,
X

which is continuous because x > 2 means that the
denominator is never zero.
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For x =2, fis defined [f(2) = 4]. Because
lim f(x)= lim (3x—2)=4 and

X—2"~ X—2"

lim f(x)= lim E=4, then lim f(x)=4.
x—2* x—2* X2 X—>2

Since lim f(x)=4= f(2), fis continuous at
X—2
x=2.
fhas no discontinuities.
35. 0341’
0.28 t
0.22 +
0.16 +
0.10 ¢—=
) ) ) ) ) X
1 2 3 4 5
Discontinuous at 1, 2, 3, 4.

36. y

< x < 3.5, discontinuities at -3, -2, —
3

37. 10004

X
-
20

fis continuous at 2.
fis discontinuous at 5.
f1is discontinuous at 10.
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38. 2

)/ 1

-2
Answer: Yes

Principles in Practice 10.4

1. We need to solve V(x) > 0. The zeros of V(x)
occur whenx=0,8 -2x=0, and 10 —-2x =0, or
x=0, 4, and 5. These zeros determine the
intervals (—o, 0) (0, 4), (4, 5), and (5, ). Using
x=-1, 1, 4.5, and 6 for test points, we find the
sign of V(x):

V(-1) = (-)#)(+) =—, so V(x) <0 on (-0, 0);
V(1) = (H)(+)(+) =+, so V(x) > 0 on (0, 4);
V(4.5) = (+)(-)(+) =—,s0 V(x) <0 on (4, 5);
V(6) = (+)(-)(-) =+, so V(x) >0 on (5, o).

The volume is positive when 0 <x <4 or 5 < x.
However, x > 5 is unrealistic (as is x < 0) since
the longest side of the piece of metal has length
2(5) = 10 inches. Thus, the volume is positive
when 0 < x < 4.

Problems 10.4

1. x>-3x-4>0
f(x)= X2 —3x—4= (X+1)(x—4) has zeros —1
and 4. By considering the intervals (-0, —1),
(-1, 4), and (4, ), we find f(x) > 0 on (-0, —1)
and (4, «).
Answer: (-o0, —1), (4, o)

2. x%-8x+15>0
f(x) = x2 —8x+15 = (x—3)(x—5) has zeros 3
and 5. By considering the intervals (—oo, 3),
(3, 5), and (5, =), we find f{x) > 0 on (o, 3) and
(5, ).
Answer: (-, 3), (5, )

3. x2-3x-10<0
f(x) = (x + 2)(x — 5) has zeros —2 and 5. By
considering the intervals (—oo, —2), (-2, 5), and
(5, w), we find fix) < 0 on (-2, 5).
Answer: [-2, 5]



Chapter 10: Limits and Continuity

4. 14-5x-x%><0 , or equivalently,

x2 +5x—14>0

f(x)= X2 +5x—14 = (x+7)(x—2) has zeros —7
and 2. By considering the intervals (-0, —7),
(-7, 2), and (2, ), we find f(x) > 0 on (-0, —7)
and (2, «).
Answer: (-0, —7], [2, )

2x2 +11x +14 <0
f(x) = 2x% +11x+14 = (2x+7)(x + 2) has zeros

—% and -2. By considering the intervals
[_wy _1j ) (_%l - 2] s and (_2, (X)), we find

fix) <0 on (—%, —2).

Answer: (—Z, —2)
2

x> —4<0. f(x)=x?—4=(x+2)(x-2) has
zeros +2. By considering the intervals (oo, —2),
(-2, 2), and (2, ), we find f{x) < 0 on (-2, 2).
Answer: (-2, 2)

x> +4<0. Since X*+4 is always positive, the

inequality x% +4 <0 has no solution.
Answer: no solution

2x% —x-2<0. f(X)=2X2—X—2 has zeros

+
1+ ;/ﬁ . By considering the intervals
1-17) (1-17 1+17
—0, , , , and
4 4 4
1+;/ﬁ , ooJ, we find f{x) <0 on
1-17 1+\17
4 ' 4 )
{1—& 14417 }
Answer: YR 1
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x+2)x=-3)x+6) <0

fx) = (x + 2)(x — 3)(x + 6) has zeros -2, 3, and
—6. By considering the intervals (o0, —6),

(=6, -2), (-2, 3), and (3, »), we find f{x) < 0 on
(-0, —6) and (-2, 3).

Answer: (o0, —6], [-2, 3]

x+5x+2)x-7)<0

flx) = (x + 5)(x + 2)(x — 7) has zeros —5, -2 and
7. By considering the intervals (-0, —5),
(-5,-2), (-2, 7) and (7, »), we find f{x) <0 on
(=00, =5) and (-2, 7).

Answer: (-0, 5], [-2, 7]

—x(x —5)(x + 4) > 0, or equivalently,
x(x=5)x+4)<0.

Jx) =x(x — 5)(x + 4) has zeros, 0, 5, and —4. By
considering the intervals (o0, —4), (-4, 0), (0, 5),
and (5, «0), we find f{x) < 0 on (-0, —4) and

(0, 5).

Answer: (o0, —4), (0, 5)

(x+ 2)2 >0
f(xX)=(x+ 2)2 has -2 as zero. By considering

the intervals (—o, —2) and (-2, ), we find
f(x) > 0 on both intervals.
Answer: (-, -2), (-2, )

X3 +4x=0
f(x)= X(x2 + 4) has 0 as the only (real) zero.

By considering the intervals (—oo, 0) and (0, «),
we find f{x) > 0 on (0, o).
Answer: [0, )

(x+2)2(x2 —1)<0

f(X) = (x+2) (x2 —1) = (x+2)2(x+1)(x-1)

has zeros —2, —1, and 1. By considering the
intervals (—oo, -2), (=2, —1), (=1, 1), and (1, ),
we find fix) <0 on (-1, 1).

Answer: (-1, 1)

X3 +8x%2 +15x <0
fix) =x(x + 3)(x + 5) has zeros 0, -3, and —5. By
considering the intervals (-0, =5), (-5, —3),
(=3, 0), and (0, ), we find f{x) < 0 on (—o0, —5)
and (-3, 0).

Answer: (-0, 5], [-3, 0]
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16.

17.

18.

19.

20.

21.

X3 +6x%2 +9x <0

f(x)= X(X2 +6X+9) = x(X+ 3)2 has zeros —3
and 0. By considering the intervals (oo, —3),
(=3, 0) and (0, o), we find f(x) < 0 on (-, —3)
and (-3, 0).
Answer: (—o, =3), (=3, 0)

X
x2 -9

f(x) =
(x) 2 9

fhas 0 as a zero. By considering the intervals
(—o0, =3), (=3, 0), (0, 3), and (3, »), we find
f(x) <0 on (-, -3) and (0, 3).

Answer: (-0, -3), (0, 3)

<0

X

is discontinuous when x = £3;

x2 -1

X
-1. . .
is discontinuous at x = 0; f has

f(x)="—

zeros at +1. By considering the intervals
(=0, —1), (-1, 0), (0, 1), and (1, ), we find
f(x) <0 on (-0, —1) and (0, 1).

Answer: (-0, —1), (0, 1)

<0

X2

A oo
x-1

4 . .
is discontinuous when x = 1, and

f(x) =
X
f(x) =0 has no root. By considering the intervals
(—o0, 1) and (1, ), we find f{x) > 0 on (1, ).
Note also that f{x) # O for any x.
Answer: (1, o)

3
X% —5X+6

f(x)= 3
(x-2)(x-3)
discontinuous when x = 2, 3. By considering the
intervals (-0, 2), (2, 3),and (3, ), we find
fix) >0 on (-, 2) and (3, ).
Answer: (-, 2), (3, ©)

>0

is never zero, but is

2
X“—X—-6 50
X2 +4x-5
2_ - —
F(x) = X" =Xx-6 (x=3)(x+2) s

X2 +4x-5 (x+5)(x-1)
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discontinuous at x = -5 and x = 1; f has zeros 3
and —2. By considering the intervals (o, —5),
(-5,-2), (-2, 1), (1, 3), and (3, «), we find
fix) >0 on (-, -5), (-2, 1), and (3, ©).
Answer: (-0, =5), [-2, 1), [3, ©)

x° +4x-5
— <0

X2 +3x+2

F(x) = xi +4x-5 _ (x+5)(x-1) .

X +3x+2  (x+2)(x+1)
discontinuous at x = —1 and —2; f has zeros —5
and 1. By considering the intervals (-0, —5),
(-5, -2), (-2, -1), (-1, 1), and (1, ), we find
fix) <0on (-5,-2) and (-1, 1).

Answer: [-5, -2), (-1, 1]

_ 3 <)
x2+6x+5

3 3
X +6x+5 (X+5)(x+1)
but is discontinuous at x = -5 and x = —1. By
considering the intervals (o0, -5), (-5, —1), and
(-1, ), we find that f{x) < 0 on (-5, —1).
Answer: (-5, -1)

is never zero,

2x+1

<0
X2
f(x)= 2X;1 is discontinuous at x = 0 and f has
X

1 S .
5 as a zero. By considering the intervals

oo~ 2] (=X 0], and (0. %), we find
2) 72

fix) <0on (—oo, —%j

Answer: (—oo, —l}
2

X2 +2x>2 , or equivalently, X2 +2x-2>0.
f(x)= x2 +2X—2 has zeros —1++/3 . By
considering the intervals (—oo, —1—\/§ )
(—1—\/§, —1+\/§), and (—l+\/§, oo) , we find
fix)>0on (—oo, —1—\/5) and (—l+\/§, oo).
Answer: (—oo, —1—\/5], [—1+\/§, oo)
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26.

27.

28.

29.

x*-16>0.
f(x)= (X2 + 4) (X+2)(x—2) has (real) zeros -2
and 2. By considering the intervals (-0, —2),
(-2, 2), and (2, ), we find f(x) > 0 on (-0, -2)
and (2, «).
Answer: (-0, =21, [2, o)
Revenue = (no. of units)(price per unit). We
want q(28-0.2q) > 750

0.2q° —28q+750<0

q° —140q + 3750 < 0

Using the quadratic formula,
q2 —140q+3750=0 when g = 36.09, 103.91.

Thus q° —140q+3750 <0 when

36.09 < g £103.91, so sales revenue will be at
least $750 when between 37 and 103 units,
inclusive, are sold.

(2-2x)(1-2x) > f—;

64x% —96x+11>0
Bx-11)8x-1)=0

Solving gives X S% or X2 % From the

diagram, clearly, x cannot exceed % . Thus

1
XS —.
8

Answer: % mi

—x-8—
4! 14
| 4_) L4
XIS
4 4
4 14
H 1

If x is the length of a side of the piece of
aluminum, then the box will be 4 by x — 8 by
x-38.
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4(x—8)% > 324
(x-8)% >81

x? ~16x-17 >0

x-17)x+1) =0

Solving gives x < —1 or x = 17. Since x must
be positive, we have x = 17.

Answer: 17 in. by 17 in.

Let n = no. of persons over the 50 that attend.
Then each of 50 + n persons will pay 50 — 0.50n.
We want

(50 + n)(50 — 0.50n) = 50(50)

25n—1n2 >0
2

n(ZS—EnJZO
2

Solving gives 0 < n < 50. Thus the size of the
group is between 50 and 100 inclusive.
Answer: 50 < size of group < 100

10
-10 10
-10
(~o0, =7.72]
5
-5 \\‘—j 5
-5
(—0, 1.51)
5
-5 . 5
-5

(=0, -0.5), (0.667, )
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5
3. 9. As X >, X+1— . Thus lim i:O.
x—o X+1
5 —T- 5 2 2
10, tim X i 25 gim L1
X—>00 2)(2 X—>00 2)(2 x>0 2 2
N 2%+5 2x 2 2
(-2,-1.62), (0.62, 1) 11. lim = lim —= lim ===
x>0 IX—4 x>0 lX x>l 7

Chapter 10 Review Problems
12. lim . 0

1. lim (2x2+6x—1)=2(—1)2+6(—1)—1=—5 x—>—0 x4
x—>-1
i, 3. lim 2232 o and lim 223 — o0 Thus
2 lim (2x —3x+1) - t-3 + t—3
2 i 2% _3X+1_x90 t—3 t—3
x>0 2x2 -2 lim (2x2—2) lim 2= does not exist.
x—0 t—3 -
1 1
14. lim —= lim x=-w
) X—>—00 X5 X—>—00
3. lim 2 =9 _ jm X33
x23x°-3x  x28  X(x-3) 5. tim X2 im X2 im 1y --
_lim X+3 6 5 x—>-0l1-X x—>-0-X x—>-w
>3 X 3
16. lim 364 = lim4=4
. X—4 X—4
o 243 Jm@x+3) 5 5
x>-4x2—4 lim (x?-4) 12 12 7. lim 2 - x2 -1
x4 xo>m (3x+2)° %% 9x2 +12x 14
5. r!irrz)(x+h):x+0:x i x2  lim 1 1
~ X—)oog)(2 x>09 9
2
X5 —4 (x+2)(x-2)
6. lim = lim 2y _
52 2 —3x1 2 xo2 (X=2)(x=1) 18, 1im X HX22 iy (x#2(x=Y)
2 4 x-»1  x-1 x—1 x-1
_imXte 2y =lim(x+2)=3
X—2 X— 1 l x—1
7. lim M_ lim M 19. lim X+3 _ lim _x+3
X—>— 4x2+2x 8 x—>-4(X+4)(x-2) x53 X2 -9  x-3 (X+3)(x-3)
i X _16_ 8 —lim —L -
xodx—2 6 3 x>3 X—3
g fim X2 o (=D(x+2) 20, lim 22X lim | - %22 |2 = lim (1) = -1
- M= =am--— X22X—2 x52| X-2
x>l x4 +4x-5 x-1(X=1)(x+5)
- lim X+2 3 1 21. As x becomes large, so does 3x. Because the square
xolX+5 6 2 roots of large numbers are also large,
lim +/3x =0
X—>0
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22,

23.

24,

25.

26.

27.

28.

As y — 5%, y— 5 approaches 0 through positive
values. Thus lim /y—-5=0.

y—5"
X100+% Xs(xlooJr%)
lim X~ — lim X
X—0 T[_X97 X—0 XS(TE_X97)
Ly 108 ¢ L 4103
Xm0 723 — %100 xosoo _y100
= lim (—x3)——oo
X—00
. EX2—X4 . x4
lim ——= lim
x—-0 31X —2X°3  x—- —2x3
. X
= lim =—=—
X—>—00 2
lim f(x)= lim x* =1
x—1 x—1
lim f(x)= lim x=1
x—1* x—1"

Thus lim f(x)=1.
x—1

lim f(x)= lim (x+5)=8

X—3" x—3"

lim f(x)= lim 6=6

x—3* x—3*

Because lim f(x)= lim f(x),
X—3~ x—3"

lim f(x) does not exist.

x—3

lim X2 -16 _ lim VX—4~/x+4

x—4t  4—X x4t —(x—4)
VXx+4

= lim -
x—4" X—4

As x — 4", \/x—4 approaches 0 through

positive values and x+4 — \/§ . Thus

VX+4
%

X—4
Answer: —oo

x> —3x-10 im (X=5)(x+2)

lim =i
Xx—5"% X-5 Xx—5"% X=5
= lim vXx-5(x+2)
Xx—5%
=0-7
=0

ISM: Introductory Mathematical Analysis

lim f(x+h)-f(x)

h—0 h

— lim [B(x+h)-2]-[8x-2]
h—0 h

29.

= Iimﬁ: lim8=8
h—>0 h  h—0

lim f(x+h)-f(x)
h—0 h

2(x+h)®=3|-| 2x* -3
.| |- -3]
h—0 h
_ 4xh+2h?
= lim ———
h—0 h
— im DAXF20) i (ax o+ 2h) = 4x
h—0 h h—0

31. y=23 1—L
1+2x

30.

Considering 1 , we have
1+2x

lim L :l-lim£=1-0=0.Thus
x—0 1+ 2X 2 x> X

. . 1
lim y= lim {23(1—EH:23(1—0):23

X—>0 X—>0

Answer: 23

. . 10x . 10x
32. lim y=lim = lim —
X—>o0 x—w0l1+0.1X x—w 0.1X

= lim 100=100

X—>00

Answer: 100

33 f)y=x+5x=7
(i) fisdefinedatx="7;f(7) =12
@) lim f(x)=lim(x+5)=7+5=12, which
X—7 X—7
exists
Gii) lim f(x)=12=f(7)
X—>7

Thus f'is continuous at x = 7.
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34.

3s.

36.

37.

38.

39.

40.

41.

42,

)(2_5 1 x=5
X°+2

(i) fisdefinedatx=15;£5)=0

X—5 0

@ii) lim f(x)=lim =—=0, which
X—5 x=5x4+2 27
exists

@iii) lim f(x)=0= f(5)
X—5
Thus fis continuous at x = 5.
. 1 .. . L
Since f(x)= T X is polynomial function, it is
continuous everywhere.

Since f(x)= x2-2isa polynomial function, it
is continuous everywhere.

2

X . . .

f(x)= is a rational function and the
X+

denominator is zero at x = —3. Thus fis
discontinuous at x = -3.

0 . . .

f(x)= — isa rational function and the

X
denominator is zero at x = 0. Thus fis
discontinuous at x = 0.

x—1

2x% +3
whose denominator is never zero, fis continuous
everywhere.

Since f(x)= is a rational function

Since f(x)=(2 —3X)3 is a polynomial function,
it is continuous everywhere.

F(x) = 4-x? _ 4-x?
x2+3x—4  (x+4)(x-1)
function and the denominator is zero only when
x=-4orx=1,sofis discontinuous at x =4, 1.

is a rational

F(X) = 2X+6 _ 2X+6

x4+ x x(x2 +1)

is a rational function

and the denominator is zero only when x = 0, so
fis discontinuous at x = 0.

375

43.

44.

45.

46.

47.

Chapter 10 Review

3x+6 ifx<-2
For x < -2, f{ix) = 3x + 6, which is a polynomial
and hence continuous. For x > -2, fix) = x + 4,
which is a polynomial and hence continuous.
Because lim f(x)= lim (3x+6)=0 and
X—>-2" X—>—2"
lim f(x)= lim (x+4)=2, lim f(x) does
x—-2" x—-2F X—>-2
not exist. Thus fis discontinuous at x = -2.

1
f(x):{x
1

If x<1,then f(Xx)= L , which is a rational
X

f(x):{x+4 ifx>-2

ifx<l1

ifx>1

function whose denominator is zero when x = 0.
Thus f is discontinuous at x = 0. If x > 1, then
ftx) = 1, which a polynomial function and hence
continuous. At x = 1, fis defined [fix) = 1].

Because lim f(x)= lim iz1 and
x—1" x—1" X

lim f(x)= lim 1=1, then
x—1" x—1*

Since lim f(x)=1= f (1), fis continuous at
x—1

lim f(x)=1.

x—1

x=1.
fis discontinuous at x = 0.

X2 +4x-12>0

f(x)= X2 +4x-12 = (X+6)(x—2) has zeros -6
and 2. By considering the intervals (-0, —6),
(-6, 2), and (2, ), we find f(x) > 0 on (-0, —6)
and (2, «).

Answer: (-0, —6), (2, ©)

3x° —3x-6<0

f(x) =3x% —3x—6=3(x—2)(x+1) has zeros
—1 and 2. By considering the intervals (—oo, —1),
(-1, 2), and (2, ), we find fix) < 0 on (-1, 2).
Answer: [-1, 2]

X° < 7x4, x° —7x*<0

f(x)= x° —7x% = X4(X— 7) has zeros 0 and 7.
By considering the intervals (-0, 0), (0, 7), and

(7, ©), we find fix) < 0 on (-0, 0) and (0, 7).
Answer: (—o0, 7]
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48.

49.

50.

51.

52,

x° +8x% +15x > 0

f(x)= %% +8x% +15x = X(X+5)(x+3) has zeros
0, -5, and —3. By considering the intervals

(—o0, =5), (-5, -3), (=3, 0), and (0, ), we find
fix) >0 and (-5, -3) and (0, o).

Answer: [-5, -3], [0, «©)

X+5

x2 -1
f(x) = _ X45
(x+D(x-1
x = =1, and fhas -5 as a zero. By considering the
intervals (-0, —-5), (-5, —1), (-1, 1), and (1, ),
we find fix) < 0 on (—o0, =5) and (-1, 1).
Answer: (-, =5), (-1, 1)

<0

is discontinuous when

X(X+5)(x+8) <0
3

X(X+5)(x+38)

f(x)= has zeros 0, -5, and 8.

By considering the intervals (-0, —8), (-8, -5),
(-5, 0), and (0, ), we find f(x) < 0 on (-0, —8)
and (-5, 0).

Answer: (-0, =8), (=5, 0)

2

2x +3x 50

X°+2x—-8
2

F(x) = 2x +3X _ X(X+3) s
X“+2x-8 (x+4)(x-2)
discontinuous when x = —4, 2 and has zeros
x =-3, 0. By considering the intervals (-0, —4),
(-4, -3), (-3, 0), (0, 2), and (2, ») we find
fix) >0 on (-, —4), (-3, 0), and (2, ).
Answer: (-0, —4), [-3, 0], (2, ©)

x2 -9

<
x° 16
F(x) = x22 -9 _ (x+3)(x-3)
x°-16  (x+4)(x—-4)
when x = 4 and has zeros x = 3. By
considering the intervals (—oo, —4), (-4, =3),
(=3, 3), (3, 4), and (4, ©) we find f{x) < 0 on
(—4,-3) and (3, 4).
Answer: (-4, =31, [3, 4)

0

is discontinuous
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53.

54.

5S.

56.

57.

58.
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5
0 / 3
-5
1.00
1
0 5
-1
0.25
5
-5 / 5
-5
0
5
-5 \ 5
-5
0.50
10
-5 —/.'/ 5
/]
-10
[2.00, o)
10
-10
(-1, 1.32]
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Mathematical Snapshot Chapter 10

1. D=8432e"
A year from now, ¢ = 1 and D = 8000. Thus
8000 = 8432¢™"
efr = M
8432
8000
8432
8000

r=-In——=0.053
8432

The rate is 5.3%.

2. D =8432¢ 008

We want to find t when D = % .
8452 _ gagoe-008t
2

1_ o008t

2

—0.06t = Inl
2

-0.06 0.06

It would take about 12 years.

3. An exponential model assumes a fixed
repayment rate. In reality, the repayment rate is
constantly changing as a result of changing
fiscal policy and other factors.
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Principles in Practice 11.1

H_d
dt dt

= lim
h—0 h

= lim

H(t+h)—H(t)

——(6+4Ot—16t2)

Chapter 11

[6+40(t+h)—16(t+h)2J—(6+40t—16t2)

h—0

6 + 40t + 40h —16t% —32th —16h% — 6 — 40t + 16t2

= lim
h—0

=1
h—0 h

=40 - 32¢

M _ 403
dt

Problems 11.1

. 40h—32th—16h?
m e

h

1. a. f()=x2+3,P=(-2,-5)

To begin, if x = =3, then Mpg

= lim (40— 32t —16h)
h—0

_3°+31-(5) 9

If x=-2.5, then Mpg

3-(-2)
Continuing in this manner, we complete the table:
x-value of Q -3 -2.5 22 -2.1 -2.01 -2.001
MpQ 19 15.25 13.24 12.61 12.0601 | 12.0060
b. We estimate that m,, at Pis 12.
2. a. f(x)=e>,P=(0,1)
020 _q 02(05) _q

To begin, if x = 1, then Mpq =

Continuing in this manner, we complete the table:

~6.3891. If x = 0.5, then mpq = 05 0

_[(-25)°%+3]-(-5)

x-value of Q

1

0.5

0.2

0.1

0.01

0.001

me

6.3891

3.4366

2.4591

2.2140 | 2.0201

2.0020

b. We estimate that My, at P is 2.

3. fix)=x

f/(x) = lim
h—0

f(x+h)—f(x) lim (x+h)—x
h - h

h—0

378

= IimD: liml=1

h—>0h h-0

—25-(-2)

~ 3.4366 .

=15.25.
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. ) =dx—1

169 - lim f(x+h)— f(x)

_ i [A0CH) 1] -[4x 1]
h—0 h

= Iim4—h: lim4=4
h—>0 h  h—0

. y=3x+5. Lety =f(x).

dy _ o fOeeh) = F(0)

dx h-0 h
_lim [3(x+h)+5]-[3x+5]

h—0 h

~lim 3"~ im3=3
h—0 h h—0

. y=-5x. Lety =f(x).

ﬂ: lim f(x+h)—f(x)

dx h-0

—lim [-5(x+h)]-[-5xX]
h—0 h

= lim _—5h: lim(-5)=-5
h—0 h h—0

. Letfix)=5—4x.

9 5-4x) = lim XN =100
dx h—0

—lim [5—4(x+h)]-[5-4x]
h—0 h

— lim =" _ jim (-4) = -4
h—=0 h  h-0

X
. Let f(X)=1-—
et f(x) 5

dx 2
_h
= lim —2 = lim [——j:—l
h—0 h h—o\ 2 2
fx)=3
£1(x) = lim f(x+h)—f(x)
h—0 h
= Iimg: Iim9: lim0=0

h—0 h h—»0h h-0

379

Section 11.1

10. fx)=7.01
£/00 = lim f(x+h)—f(x)
h—0
. 7.01-7.01
= lim ————
h—0 h

= Iimgz lim0=0
h—>0h h-0

11. Let f(x)= x% +4x-8.

%(x2 +4x—8)

i £ =00

h—0 h
[(x+h)2+4(x+h)—8}—[x2+4x—8]

= lim

h—0 h
— lim x2 +2xh+h? +4x+4h—-8—x? —4x+8

h—0 h

. 2xh+h? +4h
= lim—

h—0 h
=lim(2x+h+4)=2x+0+4=2x+4

h—0

12. y= f(x):x2+5x+1
f(x+h)—f(x)

y = lim

h—0 h

_ i [O6+ h)2 +5(x +h) +1] - [x? +5x +1]
h—0 h

_im x? +2xh+h% +5x+5h+1-x% —5x -1
h—0 h

_im 2xh+h? +5h
h—0 h

=lim(2x+h+5)=2x+0+5=2x+5
h—0

13. p=1f(q)=392+2q+1

& _ o f@+h)- (@

dg  h—0 h
[3(q + h)2 +2(q+ h)+1}—[3q2 +2q +1}
= lim
h—0 h
. 6gh+3h? +2h
= lim———M—M———
h—0 h

=lim(6q+3h+2)=6q+0+2=6q+2
h—0



Chapter 11: Differentiation

14. Let f(x)=x2—x—3.
d(2
&(x —x—3)
_lim f(x+h)-f(x)

[(x+ h)2 —(x+h)—3]—[x2 —x—SJ

= lim
h—0 h
2_
Cim 20T N i 2 h-D) = 2x-1
h—0 h—0
15. y= f(x)=E
X
6 _6
y/:”m f(X"rh)—f(X):"m Xx+h X
h—0 h h—0 h

Multiplying the numerator and denominator by
x(x + h) gives
, 1. BX—=6(x+h) . —6h

= lim———=~=

Y Thk(xah)  haohx(x+h)

. 6 6 6
=lim| - =— =—-—
h»o[ X(X + h)} X(x+0)  x2

16. C=f(q)=7+2q-3q>
dc _ i f@+h)—f(q)

dg  h—o0 h
[ 7+2(+0)-3(q+h)? || 7+29-3¢° |
= lim
h—0 h
Canh . an2
_ |im 2h—6gh—3h" _ lim (2 6q —3h)
h—0 h—0
=2-6q
17. f(x)=+x+2
£(x) = lim f(x+h)—f(x)
h—0 h
_lim VX+h+2 —x+2
h—0 h

Rationalizing the numerator gives

380
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VX+h+2—-+/x+2
h

_Ax+h+2-3x+2 Jx+h+2++/x+2

h VX+Hh+2+4/x+2
(x+h+2)—(x+2) 1

- h(\/x+h+2 +\/x+2) VX+h+2++/x+2

. 1 1
Thus f'(x) = lim =
h—>0X+h+2+/x+2  2x+2

3
18. H(x)=—>
) =-—

H(x+h)-H(X)

H'(x) = lim
h—0 h
_3 _ 3
- lim x+h-2  x-2
h—0 h

Multiplying the numerator and denominator by
(x+h—-2)x—2)gives
3(x=2)-3(x+h-2)

H'G) = fim) h(x+h—-2)(x-2)
_ _3h
= lim
h—0h(x+h-2)(x-2)
3 3

= lim =-—
h—0 (x+h-2)(x-=2)  (x-2)?

19. y=f(x)=x*+4
' lim f(x+h)-f(x)

h—0 h

(x+h)?+4 |- x* +4

ik ][ +4]

h—0 h

. 2xh+h?
= lim

h—0
The slope at (-2, 8) is y'(-2)=2(-2)=-4.

y

= lim(2x+h) =2x+0=2x
h—0

20. y=f(x)=1-x
= fim LEM =09
h—0

N

h—0 h

h—0 h
= lim (-2x—h) =-2x
h—0

The slope at (1, 0) is y'(1) =—-2(1) =-2.
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21. y=f(x)=4x>-5 26. y=(x-7)% =x%-14x+49
y' = lim S = T4 _ [(x+h)2—14(x+ h)+49}—[x2—14x+49}
h—0 h y’=i!lm0 H
_ [4(x+h)2—5J—[4x2—5J th _n
= lim H — im 20 TN i (2x+h-14) = 2x 14
2 h—0 h—0
= lim 8xh+4h” lim (8 + 4h) = 8x If x = 6, then y'=2(6)-14 = -2 . The tangent line
h-0  h h—0 at (6, 1)isy— 1 =—2(x— 6), or y = —2x + 13.
The slope when x =0is y'(0)=8(0)=0.
d 27. y:il
22. As shown in Example 5, d—(\/;) X= s 2
1 y = lim (x+h)-1~ x-1
If x =1, the slope is y'(}) == h—0 h
2 3(x-1)-3(x+h-1)
23, y=x+4 :r!mz)L:])(x_l)
, [(x+h) +4]—-[x+4] h -
Y=o h “amn Clim— M _jip— =3
If x = 3, then y'=1. The tangent line at the h=0h(x+h=1)(x-1) h-0(x+h-T)(x-1)
point (3,7)is y—7 = 1(x—3), ory = x + 4. ___ 3
(x-1)?
24. y=3x’-4 3
9 ) If x =2, then y'=——=-3. The tangent line at
i B —41-[3 ~4] 1
y=m h (2,3)is y-3=-3(x-2),or y=-3x+9.
2
_pim N30T i (6x+ 3h) = 6x
h—0 h h—0 28. y=
Ifx=1, then y' =6(1) =6. 1-3x
The tangent line at (1, -1)isy+ 1 =6(x—1) or ' 1im %_ﬁ
y=6x-T7. y  ho0 h
5(1—3x) — 5[1—3(x + h)]
25. y=x>+2x+3 =
y=xoaoxs ho0  h[L—3(x+ h)](L—3X)
[(x+ h)2 +2(x+h)+3}—[x2 +2x+3} 15h
"= lim = lim
e h h—0 h[L—3(x + h)](1—3x)
~im 2xh+h? +2h ~im 15
 h0 h h—>0[1—3(x + h)](1—3Xx)
=lim(2x+h+2)=2x+2 15
h—0 -
If x=1, then y'=2(1) + 2 = 4. The tangent line (1-3x)?
at the point (1, 6) is y — 6 = 4(x — 1), or If x =2, then '=E=§ The tangent line at
y=4x+2. - y 25 5 g
2,-1)is y+l——(x 2), or y_Ex—%
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29.

30.
31.
32,

33.

34.

3s.

)

A+m)r= n(r —d—]

T _r_dc
n-r-3

1.565, 1.470
-3.000, 13.445
0.680, 1820.369

-5.120, 0.038
y="f(x)= X2 + X

f'(x) = lim
() h—0 h

f(x+h)— f(x)

[(x+ h)2 +(x+h)}—[x2 +x}

= lim
h—0 h

2xh+h? +h

= lim—— = lim(2x+h+1)=2x+1
h h—0

h—0

ISM: Introductory Mathematical Analysis

If x=-2, then f’(x)=-3. The tangent line at the point (-2, 2) is y — 2 = -3(x + 2), or

y=-3x-4.
7

T

1

-5
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For the x-values of the points where the tangent to the graph of fis horizontal, the corresponding values of f'(x)

are 0. This is expected because the slope of a horizontal line is zero and the derivative gives the slope of the
tangent line.

3 .
36. n=4: (z—x)Zx'z?"I =(2-X)(22 +x2% +x%22+x%)
i=0
=2 xB 4 x® -2+ X% -3+ 3z - x4
=74 x4
2
n=3: (z—x)Zx'zz" =(z-X)(2% +x2+x%)
i=0
=2 x? +xt? - X2z x%1-x3
3,3
1
n=2: (z—x)Zx'zl‘I =(2-xX)(z+X) = 2% - x?
i=0
f(x):2x4+x3—3x2

£/(x) = lim -2= 1)
X Z—X
274 + 7% - 372 —(2x4 +x° —3x2)

= lim
X Z—X
_lim 2(z4—x4)+(z3—x3)—3(z2 —x2)
X Z—X
_lim 2(z—x)(z3 +xz° +x22+x3)+(z—x)(z2 +xz+x2)—3(z—x)(z+x)
X Z—X
= Iim[2(z3 +xz° +x22+x3)+(z2 +XZ + xz)—3(z+x)]
Z—>X
= 2(4x3) + (3x%) - 3(2%)
=8x° +3x% —6X

4 .
37. n=5: (z—x)Zx'z“‘I = (2% +x2 + X222 + 32+ xh)
i=0
=2 —xtt +x -x2B ex2B -32 +32 — x4+ xt - x°

55

2 ..
n=3: (z—x)Zx'zz‘I =(2-X)(2% + x2+x%)
i=0
=22 -x? +x? - X224+ x%7-x3

_8_3

f(x)= 4x° —3x3
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F(0) = lim A= 1)
X Z—X

47° -37° - (4x5 —3x3)

= lim
X Z—X
5 5y 2,3 .3
:”m4(z x?)=3(z7 = x7)
ZX Z—X
_lim 4(z—x)(24+xz3+x222 +x3z+x4)—3(z—x)(z2 +xz+x2)
X Z—X
= Iim[4(z4+xz3+x222+x32+x4)—3(22+xz+x2)]
Z—>X
= 4(5x*)-3(3x%)
= 20x* —9x?

Principles in Practice 11.2

, d
1. r'(q)= a(50q ~0.39%)

:;—q(SOq)—;—q(O.SqZ)
d

:50;_q(q)_0'3£(q2)

=50(1) - 0.3(2g) =50 — 0.6¢
The marginal revenue is r'(q) =50-0.6q .

Problems 11.2

1. f{x) =5 is a constant function, so f'(x)=0

L

2/3
f(x)= (?j is a constant function, so f'(x) =0
3. y= x5, y'= 6x87L =6x°
4., f'(x)= 21321 = 21x%0
5. y=x®, W _g0x80-1 _gox

dx

6. y=x>3 y =53531 _53x43
7. F(x)=9x%, f'(x) = 9(2x2—1) —18x

8. y'= 4(3x3’1) —12x2

9. g(w)=8w’, g'(w)=8(7w'™) =560°
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' -1
10. V'(x)=ex° 28, f(x)=> (x4—6) f’(x)=5(4x4’1—0):10x3
2
2.4 o, 2(, 41\ 8 3
11. y=—x", y'=—(4x ==X
Y=y 3( ) 3 29. h(x)=4x4+x3—%x2+8x
12. f'(p)=+3 (4 p4_1) =43p° h'(x) = 4(4x4—1)+3x3-1 —%(2x)+8(1)
=16x3 +3x° —9x +8
13. f(t)— () = —(7t7 1)——t6
25 5 5
30. k'(x):—2(2x)+§(1)+0:—4x+§
14. y’:1(7x7‘1):x6
7 4,73
31. f(x)_—x +3x
15. f(x)=x+3, f'(x)=1+0=1 7
F09 =15 ( 3)+—( 2) X3+ 7x2
16. f'(x)=31)-0=3 3
. . 16\, 2 6,2
17. £/(x) = 4(2x)—2(1) + 0 = 8x—2 32. p(x):7(7x )+§(1):x +2

18. F'(x)=5(2x)-9(1) =10x-9 3 3 3
33. f'(x)=gx€‘1=gx—2’5
19. g’(p):4p4_1—3(3p3‘1)—0:4p3—9p2

_14)_ _19
34. f'(x)zz(_%jx( d)1_ 28

20. f'(t)=-13(2t)+14(1)+0=-26t+14 5
, 1 (1 12 > 1 3 (%) 5 (31) 3 -1 102
21, y'=3x° 1—(—X2 )=3X -—F 35. y'=—x\4 "4+2| =x'3 Zx 44—=x3
2 24x V' 3 3 T4 3

22. y'=-8(4ax*1)+0=-32x3 1 1
y ( X )* X 36. y':5(3x2)—(—gjx 5 _15x2 4 25

5 5
23. y'=-13(3x3—1)+14(2x)-2(1)+0 .
37. f(x)=1L/x =11x2,

1) ()4 11 -1 11
f'(x)=11] = |x\? "==x 2 =—F=
* (ZJ 2 23x

=-39x% +28x -2
24. V'(r)=8r81 —7(6r6—1)+3(2r) +0=8r" —42r° 4+ 6r

38. y=x7/2, y'=—x2

25. f’(x)=2(0—4x4‘1)=—8x3 )
3 2 % ' 1 _% _%
26. ¢'(t)=5(3t _1—0):15t 39. f(r)=6r3, f'(r)==6 gl’ =2r
27 _ L3y 1 1 3 3
. g(x)——( X ) 40. y=4x4,y':4(zx 4j:x4

4
g0 =3(0-4x" 1) =2 4 L
3 41, f(X)=x"", f'(X)=—=4x""" =-4x"
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42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

f'(s) =2(-3s"4) =657

f(x)= x3+x®-—2x8,

F/()=-3x"+ (—5x‘5‘1) - 2(—6x‘6‘1)

=-3x4-5x% +12x77
’ _ _ -4 E _%
f(x)_1oo( 3x )+1O[2x j

_1
= -300x " +5x 2

y = l = Xil

X
dy_ g2 1
dx )(2
f(x)=2x"3

f/(x) = 2(-3x~4) = —6x7*

T
f(t)_z(tj ot

0y L(1.42) 2 L2

f(t)_2(1t )_ ot
I

g(X)—gx

. 7 2 7.2
X)=—(-1Ix"“)=—=x
9'(x) 9( ) 9

386

53.

54.

55.

56.

57.

58.

59.

60.

61.

62.

ISM: Introductory Mathematical Analysis

f(x) =%x+7x‘1

f'(x)= %(1) + 7(—1x’2 ) = %— 7x72

D(X) =%x3 ~3x73,

®'(x) = %(3x2) —3(=3x"") =x% +9x7*

f(x)= ~9x!/3 1 5x72/5,

1 .2 2 _1 _2 _z
f'(x):—9(§x 3j+5[—gx 5jz—3x 3_2x 5

_3 7 3 _7
f’(z)=3(12 4)—0—8(—22 4j=§z 446z ¢
4 4 4

1 1 1 -2/3

w2 T 0y23 72
400 :1(_2X5/3) _ 1 503

a(x) =

2\ 3 3
_3
f(x):i=3x 4
4.3
7 7
f'(x):B(—Ex 4j=—gx 4
4 4
_1
y:ilzzx 2
X2
1 -3 3
'=2|-=x 2 |=-x 2
! ( 2 )
1 -1
=—X 2
y 2
_3
y':_lx 2
yzxzx/_:xz(x%):xh(%):xg
5 3
r:_xz
Y 2
f(x) = (8x°), f'(x)=40x*
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63. f(x)=x(3x2—10x+7):3x3—10x2+7x 72, F(X)=x°(x-2)(x+4) = x* +2x% - 8x2
f(x) —9x2 _20x+7 f'(x) =4x% +6x% —16x = 2x(2x2 +3x—8)
_ a9 5.5 3 2,3 2 3
64. f(x)=3x"—-5x>+4x 73, W(X)=X +2x :X—2+X—:l+x
f/(x) = 27x% — 25x* +12x2 X XX
w(x)=0+1=1
= x? (27x6 —25%2 +12)
7x3 + X
74. f(x)=
65. f(x)=x3(3x)2:x3(9x2):9x5 ) 6/
3
T 1) 7x X
f'(x) = 45x _E[WJerT]
66. s(x) = ¥x(¥x—6x+3) :%(7x5/2+x1/2)
_JAI3,1/4
=x" (X" —6x+3) f'(x):l §x3/2+£x_1/2
_y7/12 _ 413 3.1/3 6l 2 >
7 _
s’(x):Ex 512 _gyl/3 4 x2/3 :ix1/2(35x+x‘1)
12
-4 353 75. Y =6x+4
67. v(x)=x 3(x+5)=x%+5x 3
2 5 s Y| _o=4
v’(x):lx 3—Ex 3 :lx 3(x-10) ,X 0
O V) =16
13 8 y|X=—3=_14

3
5

3 13 8
68. f(x)=x5 (x2 +7x+11) = X5 +7x5% +11x

13 ¢ 56 3 33 -2 76. y'=-6-6x>

f'(X)=—x5+—x5+—x % /
=3 5 5 Y]\ =6
1 -2 2 39
— 5 ! —
=<x (13x° + 56x+ 33 Viwsro ==
y|,__,=-60
2 _ 2 x=—3
69. f(q):w:?’i+4_q_iz
q q a g 77. yisaconstant, so Y =0 for all x.
=3q+4-2q"
_ 2
, _ _ 2 78. y'=3-2xY2=3-2
£'(q) =3() +0-2(-q2) =3+2q77 =37 y N
yl|x=4=2
_ , 7
70. f(w)=W—55:w‘4—5w‘5 V0o =73
" 5 6 6 ' 13
f'(w) =—4w™ + 25w > = —-w > (4w— 25) y|x=25:E

71 f(X) = (X+1)(X+3) = x> +4x+3
f'(X)=2x+4=2(x+2)
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79. y=4x2+5x+6

y'=8x+5

yl_, =13
An equation of the tangent line is
y—15=13(x-1),ory=13x+2.

80. y—l(l x)
yl=g(—2X)
Y| .
x=4 5

81.

82.

83.

An equation of the tangent line is

8 8 17
+3=——(x-4), =X,
y 5( ).ory =

5
1 3
y:—:X
X3
, -4 3
y'=-3x"=——
X4
, 3
y|x:2 " 16
An equation of the tangent line is
1 3 3 1
—==——(X=2), or y=——X+—.
y 8 16( ) y 16 2
1
y:_3 X =—X3
’ -2 1
y =_§X 3 —_ 7
3x3
1 1 1

Vhs =" ""35" 1
3[83) 34 12

An equation of the tangent line is

1 14
12—t x-8) ory——tx-2
y X8 ory=—px-g

y=3+x—5x2+x4

y' =1-10x+4x3.
When x =0, theny=3 and y'=1. Thus an

equation of the tangent line is y — 3 = 1(x — 0), or
y=x+3.

ISM: Introductory Mathematical Analysis

\/;(2_)(2) -5 2 3
84. y= =x2(2—x ):Zx 2 _x2,
X
3 31
':_X 2 __—x2
y 2
, 1, 25
Viea=-53="%
When x =4, then y = —7. The tangent line is
25 25 11
+7=—-(X-4),0or y=—-X+—.
y 8( ),ory g\t
S 2 3
85. y=—x"-X
y 2
y' =5x—-3x?

A horizontal tangent line has slope 0, so we set

5x—3x% =0. Then x(5 -3x)=0,x=0or
5
X=—.
3
125
Ifx=0,theny=0.1If x= y:— This

i
3’

. . 5
gives the points (0, 0) and [

125)

5
X

86. y=—-x+1
y 5

y! — X4 _1
A horizontal tangent line has slope 0, so we set
x*~1=0.Then x* =1,sox=1lorx=-1.1If

x =1, then y:%;ifx:—l,then y:%.This

gives the points (l, %j and (—1, %J .

87. y= x> —5x+3

y'=2x-5

Setting 2x — 5 = 1 gives 2x = 6, x = 3. When

x =3, then y = -3. This gives the point (3, -3).
88. y=x*-31x+11

y' = 4x3 =31

If 4x3~31=1, then x> =8, x=2. When x =2,
then y = —35. This gives the point (2, —35).
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1

1 1
89. f(x):\/;+i:x2 +X 2

Ix

f’(x)—le% e b L xAd
2 2 2% 2xx 2x/x
x-1 x-1 x-1
Thus —— - f'(X)=——=-—-==0.
2x+/x ) 22X 2x/x
90. z=(1+b)w, —bw
dw
L P
aw dw
Rewriting the right side and factoring out 1 + b
dw
gives E:(l{-b) P _M’
dw, dw,  1+bDb
dw
92y e b |
dw, dw, 1+D
91. y= x5 —3x
y'(x) = 3x% -3

V0o =3(2%)-3=9

The tangent line at (2, 2) is given by
y-2=9(x-2),ory=9x-16.
8

-5 llrﬁ 5
i)
92. y= Ix = x/3
V() :%X—m _ 31 2
3VX
, 1
y |x=—8 _E
The tangent line at (-8, —2) is given by
1 1 4
+2=—(X+8), or y=—X——.
y 12( ) y 12 3
1
-15 5
[ —"]
-3
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Section 11.3

Principles in Practice 11.3

1. Here 3—P =5 and Ap =25.5-25=0.5.
p

AP ~ d—PAp =5(0.5)=25
dp

The profit increases by 2.5 units when the price
is changed from 25 to 25.5 per unit.

2. d—y:i(16t—16t2):16—16(2t):16—32t
dt  dt
Wl 16-32(0.5)=16-16-0
dtl_os

The graph of y(¢) is shown.
5

i

0|H=g K=y 1

0
When ¢ = 0.5, the object is at the peak of its
flight.

3. V()= %n(3r2)+ 4n(2r) = 4nr? +8ar

When =2, V'(r) = 41(2)? +8r(2) = 321 and

V(r) =%n(2)3 +4n(2)? =32Tn+16n=%n .

The relative rate of change of the volume when
V@) _32rn 6 15 Multiplying 1.2
V(2) 8—307[ 5
by 100 gives the percentage rate of change:
(1.2)(100) = 120%.

r=2is

Problems 11.3

1. s=f(t)=2t2+3t
If At =1, then over [1, 2] we have
As  f(2)-f(1) 14-5
A 2.1 1
If At =0.5, then over [1, 1.5] we have
As _ f(1.5)—f(1)=9—5=8

9.

At 15-1 0.5
Continuing this way, we obtain the following
table:
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At |1 |05 |02 0.1 0.01 | 0.001

ﬁ—f 9| 8 |74 72 | 7.02 | 7.002

. —— o d
We estimate the velocity when # = 1 to be 7 m/s. With differentiation we get v = d—: =4t +3,

91 am)+3=7 mis.

dtley

2. y=f(X)=~+2x+5.
If Ax = 1, then over [3, 4] we have
Ay f4)-f(@) J13-11
A A1
If Ax=0.5, then over [3, 3.5] we have

~ 0.2889

Ay _f@E5)-f(@) 12-V11 0.2950

AX AX 0.5

Continuing in this way we obtain the following table:

AX 1 0.5 0.2 0.1 0.01 0.001

% 0.2889 0.2950 | 0.2988 | 0.3002 | 0.3014 | 0.3015
X

We estimate the rate of change to be 0.3015.

[Note: The actual rate of change is 1 ~ 0.3015)

Vi1
3. s=f(t)=2t> -4t
a. Whenr=7, then s=2(72)-4(7)=70 m.

As (7.5 1(7) _[2(7.5)° —4(75)]-70
At 0.5 - 0.5 -

25 m/s

c. V=$:4t—4. Ift=7,thenv=4(7)-4=24m/s

4. s:f(t):%t+1

a. Whent=2, S:%(2)+1:2 m.

A fD-f@ [3@D+1]-2
At 0.1 = 01

b. =0.5 m/s

V:ﬁzl.lft:Z,then V:E m/s
d 2 2
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5. s=f(t)=2t3+6
a. Whenr=1,5s=2(1)3+6=8 m.

As £L02)- Q)
At 0.02
[2(1.02)3 + 6] -8

0.02
=6.1208 m/s

e v _62 1p/- 1, then
dt

v=6(1)2 =6 m/s

6. s=f(t)=-3t>+2t+1

a. Whent=1, S:—3(12)+2(1)+1:O m.

As_ f(L25)-f(Q)

b.
At 0.25
[—3(1.25)2 +2(1.25) +1} -
= =-4.75 m/s
0.25
ds
C. V=

—t:—6t+2. Ifr=1,v=—4m/s

7. s=f@)=t*-2t3+t

a. Whent=2, s=24—2(23)+2=2 m.

As_fD-1(2)

b.
At 0.1
[(2.1)4 ~2(2.1)° +2.1}2
= =10.261 m/s
0.1
ds 3 .2
c. Vv=—=41"-6t"+1. Ifr=2, then

dt
v=4(23)—6(22)+1=9 m/s

8. s=f(t)=3t"-t"/2

a. Whenr=0, s=3-0=0"/2 =0.

391

10.

11.

12.

13.

14.

15.

16.

17.

Section 11.3

b, —= =
1 1
At 1 1
:i m/s
64
e v=I_jp T2, If £ = 0, then
dt 2
v=12(0)% - ( 0%2 =0 mis.
3
Y257 fprog H_25 Z(27)=337.50.
dx 2 dx
dA—an Ifr=3, d—A—27c(3) 6m .
r dr
ar _ 0+0.27(1-0) = 0.27
Te
dV = 4m’
dr
When r =6.3x107%,
av 472 -8
= 4n]6.3x1074]% =158.76mx10
:
~ 4.988x1075.
dc
¢=500 + 10g, — ; — =10. When g = 100,
q
1,
dq
¢=5000 + 6, — de — =6. When g = 36, $=6.
dg dg
dc
—=0.1(29)+3=0.2q+3. When g = 5,
q
dc

= -02(5)+3=4.
q

E=0.2q+3.Wher1q=3, E:3.6.
dq dqg

E =2(0+50. Evaluating when g = 15, 16 and
q

17 gives 80, 82 and 84, respectively.
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18.

19.

20.

21.

22,

23.

9 0122 -q+44
dq

Evaluating when g = 5, 25, and 1000 gives 2.4,
54.4 and 119,004.4, respectively.

¢ =0.01q +5+@

q
¢ =g = 0.01q2 +5¢ + 500
de _ 0.02q+5
dg
de
dg
de
dg

=6

g=50

=7
q=100

1000
q
c=7Cg=2q+1000

E: 2 forall g
dq

c=2+

¢ =g = 0.00002g° —0.01g? + 6 + 20,000

% =0.00006g° —0.02q + 6
q

If g = 100, then :—C =4.6 . If g = 500, then
q

ey,
dq
¢ =g = 0.002g° - 0.5¢ + 60q + 7000

de_ 0.0069° —q +60
dqg

If g = 15, then g_c =46.35. If g = 25, then
q

de =38.75.

dqg
r=0.8¢
dr

—=0.8 forall g.
dq

392

24,

25.

26.

27.

28.

29.

30.

ISM: Introductory Mathematical Analysis

1 1,
r=q|15-—q |=15q-—
q( 3Oqj 9350

ﬂ: 5_iq
dg 15
Forg =35, ﬂzﬂ;forqzli ﬂ:14;for
dg 3 dg
q =150, ﬂ:5.
dqg

r =250q+45q° —q°

:—r =250+90q - 3q2 . Evaluating when
q

q =15, 10 and 25 gives 625, 850 and 625,
respectively.

r =60q—0.2q°
dr_ 60-0.4q
dg

Evaluating when g = 10 and 20 gives 56 and 52,
respectively.

:—C — 6.750—0.000328(2q) = 6.750 — 0.0006564
q
de — 6.750 — 0.000656(2000) = 5.438

dd 42000
oo 81048469 4 2500000328

q
c(2000) = 2048489 | ¢ 750 0.000328(2000)
~0.851655

dc 2
o = ~079+0.042849 ~0.0003g

q
del 07388

dg q=70

PR%9 _ 5 000,000
P =5,000,000R %9

ap_ —4,650,000R 19
dr

ﬂ =-10,500 for all ¢.
dt
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. 63.2%
3.2 Vo5« ¢ ¢
dx )
36. a. y' =-9x
% =-15-6=-75
Xy
x=6 b L’_ _9)(2
b. Setting —1.5 — x = —6 gives x = 4.5. y 5-3x°
32. c=f(q)=04q°+4q+5 ¢ y®=-9
dc
—=0.8q+4 _
dqg a 2 __9_ 45
dc 5-3 2
If ¢ =2, then — =5.6. Over the interval [2, 3],
dg e. —450%
Ac_ f(3)-f(2) _20.6-146 _
AQ 3-2 1 - 37. a. y=-3%°
33.a. y=1 o Y3
y 8-x°
b Yo L |
y Xx+4 c. Y@=-3
¢ Y@=l A 3. 0429
8-1 7
1 1
d —5+4=§z0.111 e 42.9%
e. 11.1% 38. a. Yy =2x+3
34, a. y'=-3 4 2x+3
L BV
Yy x“+3x-4
b Y_ 83 _ 3
y 7-3x 3x-7 c. Y(ED=2-)+3=1
¢ y(©=-3 a —+ 1. 0167
1-3-4 6
3 3
d. — ="~0.2727
3(6)-7 11 e. —-16.7%
e 2727% 39. ¢=0.39° +3.59+9
dc
35. a. y'=6x a:0.6q+3.5
p, Y __6x Ifq:lO,then%:0.6(10)+3.5:9.5. If
y 3x%+7 q

q = 10, then ¢ =74 and
dc

¢ Y(2)=6(2)=12 dq

y'(2)=6(2) 94 100) = 2 100) ~12.8% .
c 74
d. 22 12 63

12+7 19
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40. y= 100 _100xt
X
4y _ jgox2- 190
dx X
=10, ¥ 290 4 na Y (100) = =2 (100) = ~10% .
dx 100 y 10
s 2 I _30-06q
dg
b, Ifg=10, 1076 _ 28 4 409,
r 300-30 270 45
c. 9%
2. 2. 99 _10-04q
r
b. Ifg=25, r_zwz(),
I 10(25)-0.2(25)
c. 0%

43.

44. a

45.

W' 0.864t %8 0432

W

20432 t

1.3|0.3

Rl 185504 _13

Ry I3 I
1855.24

, 13198

R _umm _13

R2 |1.3 I
1101.29

b. They are equal.

C.

f'x  nCx"* n

f(x)  cx" X

g'(x) _nCx"* n

g(X) C2Xn X

The rates are equal.

ISM: Introductory Mathematical Analysis

The cost of ¢ = 20 bikes is g€ = 20(150) = $3000 . The marginal cost, $125, is the approximate cost of one
additional bike. Thus the approximate cost of producing 21 bikes is $3000 + $125 = $3125.
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dc dc
. . dg P 1 9 1 _ .
46. The relative rate of change of c is d_q which is given to be —: d_= . Thus E oo C , and the marginal cost
c

g ¢ ¢ dg q

function [S—CJ and the average cost function (C) are equal.

q

47. $5.07 per unit

48. 11,275 people per year
Principles in Practice 11.4
R _
dx
=(2-0.15x)(20) + (225 + 20x)(-0.15)
=40-3x-33.75-3x=6.25-6x
drR
dx

1. (2-0.15x)di(225+ 20X) +(225+ 20x)di(2-o.15x)
X X

=6.25-6X

2. T(X)= X2 —%x:‘s

T/(x) = 2x—x?
When the dosage is 1 milligram the sensitivity is T'(1) = 2(2) ~1%2 =1,

Problems 11.4

=

f/(X) = (4x+1)(6)+ (6x+3)(4) =24x+ 6 +24x + 12 =48x + 18 = 6(8x + 3)

L

f'(xX)=Bx=-D)(7)+(7x+2)(3) =42x -1
3. s'(t) = (5-3t)(3t% - 4t) + (t° - 2t%)(-3) =15t% — 20t - 9t® +12t% —3t% + 6t% = —12t% + 33t% — 20t
4. Q'(X) = (3+X)(10X) + (5x% — 2)(1) =15x? + 30X — 2

5. f’(r)=(3r2—4)(2r—5)+(r2—5r +1)(6r) =6r3—15r2 —8r +20+6r3 —30r2 + 6r =12r3 —45r2 —2r + 20

6. C'(I):(2I2—3)(6I—4)+(3I2—4I+1)(4I) —1213-812 -181 +12+1213 ~1612 + 41 :2(12I3—12I2—7I+6)
7. Without the product rule we have

f(x)=x2(2x2—5):2x4—5x2

f'(x) = 8x° —10x

8. Without the product rule we have
f(x)= 3x° (x2 —2X+ 2) =3x° - 6x* +6x°

f'(x)= 15x* — 24x3 +18x°
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9. y':(x2 +3x—2)(4x—1)+(2x2 —x—3)(2x+3)
=(4x3+12x2 —8x—x2 —3x+2) +(4x~°’—2x2 —6x+ 6% —3x—9)
=8x° +15x% — 20X —7

10. ¢'(x) = (3—5X+2x2)(L—8X) + (2 + X — 4x?)(=5+ 4x)
= 3—5X+2X% — 24X + 40x? —16X° —10 - 5X + 20X +8X + 4X?> —16X°
= —32x3 +66x% - 26X —7

11, f/(w) = (W2 +3w—T7)(6W?) + (2w® — 4)(2w+3)
=6w? +18w3 — 42w +4w* + 6w —8w—12
=10w* + 24w — 42w? —8w—12

12. f’(x):(3x—x2)(—1—2x)+(3—x—x2)(3—2x)

“3x—5x2 +2x3 +9-3x—3x% —6x+ 2x2 + 2x°
—4x3 —6x2 -12x+9

13. y :(x2 -1)(9x2 -6) +(3x3 —6x+5)(2x)—4(8x+2)
=9x* —15x% + 6+ 6x* —12x% +10x—32x -8
=15x* —27x% —22x -2
oy 4 2

14. () =4(5x )+3[(8x —5)(2)+(2x+2)(16x)}

=20x* +3(16x% —10+32x? +32X)
=20x* +144%° +96x —30

2

3 1/2 15 12 5 _iy»
=2l15pt/2 g+ 2 pt/2 -2
2[ P o PP }

:%[45p1’2 _12-5p71/2]

15. F’(p)=%[(5p1’2—2)(3)+(3p_1)(5_£p-1/zﬂ

16 g,(x):(xllz+5X_2)[%X—2/3_gx—l/zj+(xl/3_3X1/2)(%X—1/2+5j

1 _ 5 2 _ 3 15 _ 1 _ 3
_Lwe dSws 2 23 3 152 a2 1ocue g3 3 gp002

3 3 3 2 2
= %(—135x1’ 2 4+ 40x13 4 5x7U6 118x 72 _4x72/3 _1g)

17. y=7 % is a constant function, so y'=0.

18. y= x3 —6x% +11x—6
y'=3x2 —12x +11

396



ISM: Introductory Mathematical Analysis

19.

20.

21.

22,

23.

24,

25.

26.

y= 6x° +47x% +31x— 28
y' = 18x° +94x+31

ﬂ: (4x+1)(2) - (2x—-3)(4) _ 8x+2-8x+12

dx (4x+1)2 (4x+1)2
14

(4x+1)2

_ (x=1)(5)~(5%)(1) _ 5x~5-5x
(x-1)? (x-1)

f/(x)
__ 5
(x-1)?

/(g — B 0(8) = (5D

(5-x)?
_ —25+5X—5Xx 25
(5-x)? (5-x)?
13 13 5
f(X)=——=-"—"—
(0=—5=-3

13, __ . 65
fr(X)=—=(-5x")=—x
()=-5 (5=

f(x)=g(x2—2)

f'(x) :g(ZX) =gx

y = X200 - (x+ 2
- 2
(x-1)
_ X=1-x-2
(x—1)2
_ 3
(x-1)?

(W—3)(6W+5) —(3w2 +5w—1) )

h(w) =
(w) w_3)

6w —13w—-15-3w? —5w+1
) (w-3)°

3w —18w-14

w3
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(22 —4)(—2)—(6—22)(22)

o

—27% +8-122+42° 27°-127+8

A

2(22 —62+4)
o]

J_ (3%% +5x +3)(4x +5) — (2X% +5x — 2)(6X +5)
(3x2 +5x+3)2
1253 +35x% +37x+15— (12> + 40x% +13x - 10)
- (3x2 +5x+3)2
 —5x% +24x+25
- (3x2 +5X% +3)2

27. W(z)=

28.

(x2 —5x)(16x— 2) —(8x2 - 2x+1)(2x—5)
(x2 —5x)2

16x3 —82x2 +10x—(16x3 — 44x2 +12x—5) 38?215

29, y'=

(x2 —5x)2 (x2 —5x)2
(x2 +1)(3x2 —2x)—(x3 —x? +1)(2x)
(x2 +1)2
x4 —2x3 +3x% —2x—2x* + 2x% - 2x
- (x2 +1)2

x(x3 +3x-4
( )

]

30. f'(x)=

3. y= (2X2 _3X+2)(2X_4)—(X2 —4X+3)(4x_3)

(2x2 —3x+2)2

4x3 —14x2 +16x-8—(4x3 ~19x% + 24x—9)

(2x2 —3x+2)2

5x2 —8x+1

(Zx2 —-3x+ 2)2
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32. The quotient rule can be used, or we can write

F(z) = 243:4 :%( 3 +4z‘1),

4_
SO F'(z)=l(322—4z‘2)=32 24
3 3z

33. g(x)= (X100 + 7) ©-@ (100X99)

(xloo +7)2

3 3
3s. u(v):v 8 8

2_ 2_
37 y_3x x-1 3x°-x-1

5 2 1
= =3x8 -x3-x?
I K
2 1 4 2
y'=5x?® Ex 3+lx 3 =56x3% - 21+ 14
3 3 3x3 3x2
15x% —2x+1

4
3x3

399
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38, y- (2x2.1 +1)(0.3X70-7)_(X0.3 B 2)(4.2)(1‘1)

2
(2x2'1 +1)
_0.6x% +03x 07 425 4 8.4t
(2x%1+1)2
o.3(1+ 28x18 —12x2-1)

xO-7 (2x2'1 +1)2

B, y-_LBO-O | GxH@) -0
(x—8) (3x+1)
4 2

B (x—8)? ’ (3x+1)°

0. q00 632+ BNO-ELDE | s

(3x—5)°
g2 28

~ (3x—5)?

+6x7?

a1y D90 - (-5)2x-2)
[(x+2)(x—4))?
x2 —2x—8—(2x2 —12x+1o)
T [P
—(x2 —10x+18)
[+ 2)(x- 4P

p— 2 p—
. y:(9x 1)(3x+2):27x +15x-2

4-5x 4-5x
 (4-5x)(54x+15) —(27x2 +15x—2)(—5)
Y= (4-5x)2
_ —270x? +141x+60+135x% + 75x —10
- (4—5x)?
135x — 216X — 50
T (4-5x)
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[(t2 —1)(t3 +7)}(2t+3)—(t2 +3t)(5t4 _32 +14t)

(1))

—3t® —12t° +t% + 6t —21t% —14t - 21
(- 7)]

17
553 ~10s? + 4s

0—17[1552 —2Os+4} 17(15s2 —2Os+4)
f/(s) = - 2
(553 ~10s? +4s) (553 ~10s? + 45)

43. s'(t) =

4. f(s)=

3 2(x-1)-3x
X1 x(x-1)

X1 gy XD
X—2 X—2
X+2 X+2
- = 3AX—
X(x=1)(x-2) X3 —3x2 +2x
(x3 = 3x% + 2%)(0) - (x + 2)(3x% —6X + 2)
[X(x—1)(x~2)]?
23 +3x% -12x+4
[x(x=D(x-2)]?

> N

45. y=3x-

y' =3+

5 X2 +2-5

— 2_
46. y=3—12x3+#=3—12x3+%=3—12x3+%
X“+5 X“+5 XT+7x°+10
4 2 2 3 _5y5 3
y’=—36x2+(x +7X +1021(2x) 2(x 2)(4x +14X):—36x2+ 2>2< +12x2+62;<
(X™ +7x° +10) [(x=+2)(x“ +5)]

_(@-x@-(@+x(y __ 2a

47. f' =
* (a-x)? (a-x)?

xtiat ax _a+x
xt_al ax a-x
@-x)@)-(@a+x)(-1)  2a

(@a—x)? (a-x)?

48.

0

Simplifying, f(x)=

f1(x) =

49.

o

y= (4x2 +2x—5)(x3 +7x+4)
y' =(4x2 +2x—5)(3x2 +7)+(x3 +7x+4)(8x+2)
y'(=1) = (-3)(10) + (-4)(-6) = -6
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3

50. y=
x* +1
,_ ) - () @)
(x* +1)
23)-(-H(-4) 1
yp-QO=C0E L
(2) 2
6
51, y=——
y x-1
,_(x-DO-©®® __ 6
y'= 2 - 2
(x=-1 (x=1
6 3
! 3 == ——
y'() 2272
The tangent line is y—3:—§(x—3),or y:—§X+E.
2 2 2
52. y:X—+25:x_1+5x_2
X
' -2 -3 1 10
y=-Xx°-10x"=———-—
x2 %3

y'@Q)=-1-10=-11
The tangent lineisy—6=-11(x—1)ory=—-11x+ 17.

53. y- (2x+3)[2(x4 _5x2 +4)}

y = @x+3)| 2(4C -10x) | +| 2(x* -5 +4) |2

y'(0)=(3)(0)+[2(4)](2) =16
The tangent line is y — 24 = 16(x — 0), or y = 16x + 24.

54, y= 2x+1 _ 3x+12
X“(x—4) x°—4x
(x3 —4x2)(1) —(x+1)(3x2 —8x)
y,: 2
(x3—4x2)
- CO0-QC8 41
(-8)° 64 16
3 1 1 1
The t t line i —=—(x-2), =—X—-—.
e tangent line is y+8 16( ),or y TR
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S5, ¥= 60. p=>2
2x—6 q
,_(2x-6))-x2) _ -6 r = pg =500
(2x—6)? (2x—6)? dr_,
d
If x =1, then y:i:—l and a
2-6 4
6 _6_ 3 61 p- 108 _
(-4)2 16 8’ q+2
3 108
’ - r = :——3
Thus i:—fzgzw. A=
Yo dr _(q+2)(08)-008Q)()
1 da (a+2)°
s6. y=1 216
1+X _ -
,_@+)ED--x@ - 2 (9+2)
(1+x)2 (1+x)2
R 62. p=9+70
When x = 5, then l:—128:—2. q+50
vt (_ pg 40 +7500
) g+50
57. S:m.WhCHIZ l,thensz 1m. ﬂ_ (q+50)(2q+750)_(q2+750q)(1)
_ds @@ +D0)-2(3%)  6t? dq (q+50)?
dt (t3 +1)2 % +1)2 ~ g% +100q +37,500
- 2
If r=1, then v=—%=—1.5 m/s. (0+50)
t43 63. I _0672
58. s= 5 dl
t“+7
ds (2 +7)(0) - (t+3)(2t dc _
_ds T+ 7))@ - (t+3)(2t) 64. =012
dt t2+7)? '
_Tet ena-y 65. C=3+1Y24/1/3
E+7)? (2 +7) iC 1.9 2.0 1 2
. . .. —=0+=1 +—1 =
v =0 when t =—7 or ¢t = 1. Since t is positive, we dl 2 3 21 33|2
choose r=1. c 12 7
When/l=1,then —=—+—=—.
59. p=50-0.0lg di 2 3 6
r = pq = 50q - 0.01g2 ds__dc_, 1 2
di dl 241 3/ 2
%:SO—0.0Zq Il
q When I = 1, then 1—d—C:1—Z:—1.
di 6 6
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66.

67.

68.

69.

70.

71.

a _3 1
d 4 6&JI
w s a| _ e w
dl s 60" dl|_ss 60 60
8 0o 3_ 1
i _(\ﬁ+4)(ﬁ+1.2ﬁ 0.2) (16\/I—+0.8\/I_ o.m)(zﬁ)
- 2
. (\/T+4)
dCF 0615.50 % ~1-0.615=0.385 when I = 36.
10 _ _ 3 _ 1
d_C_(ﬁ+5)(ﬁ+o.75\ﬁ 0.4) (2oﬁ+o.5\/r 0-‘“)(2ﬁ)
- 2
di (\/T+5)
dCF 030350 35 ~10.303=0.607 when = 100.
dl |y 2100 di

1
Simplifying gives C =10+0.71 —0.212

_1
a. d—C:0.7—0.1I 2 :0.7—E
dl NO
d _, dC_,,, 01
dl dl J1
@ =03 01 =0.32
dl |05 5
@ , 0.7-91
b. — whenI=25is ~0.026
C 10+0.7(25)-0.2(5)
Simplifying S gives
|-21 -8 (\/T+2)(\/T—4)
S= = =1 -4
JI+2 JI+2
Thus d—Szll_ll2 :L.
a2 21
d_S = 1 ~0.04082 and d—C ~1-0.04082 ~ 0.9592.
difj 450 2-v150 1=150

de _. (@+2)20)-9’W) _, a’+4q _6a(a+4)
da (a+2)? (@+2)*  (q+2)°

403

Section 11.4



Chapter 11: Differentiation ISM: Introductory Mathematical Analysis

dc
¢ q-%-c
72. We assume that i(6) =0.Thus 0= d_c = i(gj = dq—2
dq dg dalq q

This implies that q ~%— c=0,q E =cC, % =—=C, so the marginal cost function {:—Cj and the average
q q

c
dq q

cost function (T) are equal.

73 y= 900x
10+ 45x
dy _ (10+45x)(900) — (900x)(45)
dx (10 + 45x)?
dy| _ (100)(900) - (1800)(45) ~ 9
ixlyp (100)? 10

_0.05v
CA+XV
(A+xV)(0.05) — (0.05V)(x)

(A+xV)?

74.

d
o R =

_ 0.05A
(A+ xV)2

. . d . .
Both numerator and denominator are always positive, so W(RT) > 0. This rate of change means that if V
increases by one unit, RT increases.

0.7355x

Y =13 0.02744%
dy  (1+0.02744x)(0.7355) - (0.7355x)(0.02744)

dx (1+0.02744x)?
_0.7355
(1+0.02744x)?

75.

76. f(x)= a(l+x)—b(2+n)x
a(2+n)(1+x)—b(2+n)x

For convenience let ¢ =2 + n.

a(l+x)—bcex _1 a(l+x)—bcx

ac(l+x)—bcx ¢ al+x)—bx
_ 1 [a(t+x)-bx](a—be) ~[a(L+ )~ bex](a-b)
c [al+ x) —bx]?

Then f(X)=

£/(x)

_1 —abc+ab 1 (-c+Dab

T C [a@+x)-bx]2  © [al+x)—bx]?

_ 1 [F12+n)+1ab _ —(1+n)ab

T 24N [a@+x)-bx]®  [al+x)—bx]2(2+n)
A+ Bx

g(X)=m
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g'(x) = (C+Dx)(B) - (A2+ Bx)(D)
(C +Dx)
_ CB+BDx+ AD — BDx
(C+ Dx)2
_BC-AD
(C+ Dx)2

Thus, g'(x) has the form given. When g'(x) is defined [for X # %), its sign is constant.

_OE-C 20(25)-20(150)
dc dc dg
= q-5=—c(l) do 2 )
7. S _dfC) T T e = 20wehave o€ @ 1
dg dglq q° c c 150 120

78. % =R)2x-D(x-4)+ Bx+DH(2)(x—4) + Bx+DH(2x-1H) (1)
X
=18x% ~50x +3
Principles in Practice 11.5

1. By the chain rule,
dy dy dx_d
dt  dx dt dx

Since x = 6¢, % = 48(6t) =288t .

(4x2)~%(6t) — (8)(6) = 48X .

Problems 11.5

o YW A o oy ex-) =[2(x2—x)—2}(2x—1) = (2x2 - 2x-2) (2x-1) = 4x* ~6x? ~2x+2
dx du dx
2. ﬂ:ﬂ~d—”:(6u2-8)(7—3x2):2(3x6—42x4+147x2—4)(7—3x2)
dx du dx
dy dy dw 2 2 2
3. —_———— = —— —1 - —
dx dw dx (W3j( ) WP (2-x)?®
dy dy dz 1 __3/4 4 3 ':_)X4—4-X3
4., —=—".—="7 (5x™ —4x°) =
dx dz dx 4 4(4 (X5_X4+3)3j

5. 0|—"Vzd—"v-d—uz(3u2) ED=C=D1 52| 2 | 1r/o 1 thenu=t"2z0, so I =3(0)2F}=0.
dt  du dt (t+1)2 (t+1)2 1+1 dt 4 4
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dz dz du 1 2 \*
. —=——=| 2u+—— |(4s) . If s =—1, then 2x° +1 4
ds du ds [ ZJUJ( ) 14. y=¥=%(2x2+1)
dz (5]
u=1,s0 — == |(-4)=-10 , 1 A )
dsl_, (2 y _E~4(2x +1) @+
3
=2(2x% +1)%(4x) =8x(2x% +1
7. ﬂzﬂ-d—wz(GW—8)(4x).Ifx=0,then ( V() ( )
dx dw dx
dy — (2o A (2
&_0, 15. y'= 3(x 2) dx(x 2)
4 _
=-3(x*-2) (2x)=-6x(x*-2
8. ﬂ:ﬂ-d—”:(guz-zun)(sylfx:1,then ( ) ( )
dx du dx
, 13 d
=350 Y —@2)5)=410 16y =12 -89 (2’ -8%)
x=1

=—12(6x> - 8)(2x° —8x) ™13
d

9. y=63x+2)°-—(3x+2)
dx 17. y’:Z(—gj(x2+5x—2)12/7~di(x2+5x—2)

—6(3x+2)%(3) =18(3x + 2)° ' X

= —7(2x+5)(x2 +5x—2)12/7

10. y'=4(x? _4)3 .%(Xz ~4)

= 4(X2 —4)3 (2X) =8x(x2 —4)3 18. y'= 4(—%)(7X—x4)_2 (7—4x3)

_5
:—6(7—4x3)(7x—x4) 2
. 3,4 d 3
11. y'=5(3+2x7) ~d—(3+2x )

X

1
=5(3+2x°)*(6x%) 19,y =5 —x=(5x2 )’
=30x%(3+2x%) . N
y’=5(5 2—x) 2 10x~1)
12. y’=4(x2+x)3i(x2+x) 1 _1

dx :—(10x—1)(5x2—x) 2
= 4(x% +x)3(2x+1) 2
= 4(2x+)(x® +x)* 1
20. y= 3x2—7=(3x2—7)2

13. y'= 2-1OO(X3 —8x% + x)gg .di(x?’ —8x? +x)

X y’:%(3x2 —7)_% (6x):3x(3x2 —7)_%

- 2oo(x3 B N x)99 (3x2 —16x +1)
21. y=4%2x-1= (2x—1)%

99
= 200(3x* ~16x+1)(x* =8¢ + x| ) . \
y'= Z(2X -1) “(2)= E(ZX -1) ¢

22. y=38x%-1= (8x2 —1)%
_2
3

y = %(zsx2 —1)_% (16X) = %x(sxz _1)
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23.

24,

25.

26.

27.

28.

29.

y=25 (x3 +1)2 - 2(x3 +1)%

y':z@(xmy?(3x2):§x2(x3+1)‘3

y= 73/(x5 —3)5 —7(x°—-3)5/3

Y = 7%()(5 _3)2/3(5x4
:%th(xs _3)2/3

6 1

y:mze(zxz—xﬂf

y' = 6(-1)(2x" - x+1)_2 (4x-1)

~-6(4x-1)(2x° —x+1)72

y= X43+2 :3(x4 +2)’1

y' = 3(—1)(x4 + 2)_2 (4x3) =-12x3 (x4 + 2)_2

-2
y :m:(x2 —3x)

y' = —2(x2 —3x)_3 (2x-3)

- —2(2x—3)(x2 —3x)_3

y= 1
(2+x)4

Y =—42+X) 1) =-42+x)

=2+ x)_4

yo_4
\/9x2 +1
y' = 4(-%) 9x% +1)7%/2(18x)

=-36x(9x% +1)~%/2

= 4(9x% +1)71/?

407

30.

31.

32,

33.

34.

3s.

Section 11.5

y:—3 :3(3x2 —x)_%

(C-’)x2 - x)%

43

=-2(6x-1) 3x% - x)

_5
3

(3x2 - x)ig (6x-1)
(

1
y =¥7x +37x = (7x)3 + I7x

y' = %(7x)’§ (N+37@) = %(7x)’% +37

1 1
y=\/2x+—2 =(2x)2 +(2x) 2
X

ox
v=[3)en @3 |en
2 2
= (2x)_% - (2x)_%
y = x2 [5(x — 4y (1)} +(x—4)°(2x)

= x(x—4)*[5x + 2(x — 4)]
=x(x-4)*(7x-8)

v =x[ 46+ 9°Q |+ (x+4* @
= (x+4)3(4x+ X+4) = (x+4)3(5x+4)

1
y = 4x2/Bx+1 = 4x% (5x +1)2
1
y' = 4x? (% (5x+1) 2 (5)) +/B5x+1(8x)

_1
=10x° (5x+1) 2 +8x~/5x+1
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36.

37.

38.

39.

40.

41. y

42,

43. vy

w

y= 4x3\1-x% = 4x3(1— xz)%
y' = 4x3 [(%} 1- xz)‘llz(—Zx)}\/l— G (12x2)

4
L L NPV

1-x2

y' :(x2 +2x-1 ’ (5)+(5x){3(x2 +2x—1)2 (2x+ 2)}

5(x2 + 2x—1)2 [(x2 + 2x—1)+3x(2x+ 2)}

2

5(x2 + 2x—l)

ool (o) o

= 2x(x3 —1)3 [6x3 +(x3 —1)} = 2x(7x3 —1)(x3 —1)3

(7x2 +8x—l)

y = (Bx-1)° [4(2x +1)3(2)} +(2x+1)* [3(8x _1)? (8)}
=8(8x-1)2(2x+1)°[(8x 1) + 3(2x +1)]
=8(8x-1)2(2x +1)°(14x +2)
=16(8x-1)%(2x+1)3(7x+1)

y' = (3x+2)°[2(4x - 5)(4)] + (4x - 5)°[5(3x + 2)* (3)]
= (3x+2)* (4x - 5)[8(3X + 2) +15(4X —5)]
= (3x+2)* (4x —5)(84x — 59)

,:12(x—3)ll{(x+2)(1)—(x—3)(1):|

X+2 (x+2)?

:lz[x—sj“ 5
X+2) | (x+2)?

_60(x-3)"
(x+2)1

yr:4( 2x ]3{(“2)(2)_2“1)} 128

X+2 x+2? | (x+2)°

,:l(x—Zj_%{(x+3)(1)—(x—2)(1)}
2

X+3 (x+3)?

5 (x—2j%_ 5 [x+3
2(x+3)° \x+3 2(x+3)? Vx-2
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44, o1 8x% -3 = (X2+2)(16x)—(8)(2_3)(2x)
Y _5[ X2+2J (X2+2)2
_ 1[8)(2 —3J§ 38x
"3 w210 (X2+2)2

_ 38x
3(8x2 —3)% (x2 +2)

4
3

(x2 + 4)3 2)- (2x—5){3(x2 + 4)2 (2x)}
(x2 +4)6
5 +4)2 {(x2 +4)(2)- (2x—5)[3(2x)]}
(x2 +4)6
_ 2x% +8-12x% +30x _ ~10x% +30x+8
(x2 + 4)4 (x2 +4)4
—2(5x2 —15x—4)

)

45. y'=

,_ (3% +7)[4(4x-2)>(4)] - (4x-2)*(6%)
(3x%2 +7)?
~ (4x—2)°[16(3x° +7) - 6x(4x - 2)]
- (3% +7)2
_ (4x-2)%(24x2 +12x +112)
- (3x% +7)2

46. y

(3 _1)3 [5(8x —1)4(8)] —(8x—1)° [3(3x _1)2 (3)}

47. y'= -
(3x-1)
 (3x-1)%(8x—1)*[(3x~1)(40) - (8x—1)(9)]
- 3x-1)°
 (8x-1)*(48x-31)

Bx-1*
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48. y=Y(x-2)2(x+2) =[(x—2)?(x+ )]/
y' = %[(x— 2)% (x+ 21 2P0 (x - 2)% +2(x— 2)(x+ 2)]
:%[(x—2)2(x+2)]_2/3(x—2)[x—2+2(x+2)]

:%[(X—Z)Z(H2)]*2’3(x—2)(3x+2)

- %(x— 2)M3(x+2)23(3x+2)

. y=6(5x2+z)m=6{(5xz+z)(x4+5ﬂ
-8 (56+2)-3(xt 5] 05+ +5] 000
6| (562 +5]"* (2o +5) 000
-2 o 2] (5] (o) x5 )

Factoring out (X4 +5) ? gives
_1
2

(i) o)) o))

- 12x(x4 +5)_% (10x4 +ox2 4 25)

50. y':3—4[x(2)(7x+1)(7)+(7x+1)2(1)]

- 3—4[147x2 + 28X +1] — _588x2 —112x -1

51 y=8+ (t+4)(1)—(t2—1)(1) —2[&_7)[38}
(t+4) 4 4

5

=8+
(t+4)°

—(8t-7)=15-8t+ 5
(t+4)
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52.

53.

54.

55.

56.

57.

58.

y (2x3 +6)(7x—5) _ 14x* —10x3 +42x 30

(2x +4)? (2x +4)?
. (2x+4)%(56x% —30%% + 42) — (14x* —10x° + 42x — 30)[2(2x + 4)(2)]

= (2x + 4)*

(2 +4)[(2x + 4)(56x° —30x? + 42) — 4(14x* —10x3 + 42x—30)]

- (2x+4)4

~ 112x* —60x° +84x + 224x% ~120%% +168-56x* — 40x° —168x +120

- (2x +4)3

_4(14x* +51% —30x? - 21x +72)

- (2x+4)3

(3 —5)°[(2x+13 (2)(x +3)(M) + (x +3)? (3)(2x +1)? (2)] - (2x +1)3 (x + 3)°[5(x° —5)* (3%%)]

y'=
(x3 —5)10

(9x —3)[m (2)(4x2 —1) (8%) +(4x2 —1)2 (L) (x+ 2)‘4-@ (4x2 —1)2 )

(9x - 3)°

y =

% :j_zj_i SEC +6)2(5)]{4(x2 w) (2x)}

When x = 0, then Q:O.
dx

dz_dz dy o = (4y-4)(6)(2)
X

= (24)(6)(2) = 288 .

When =1, thenx=2 and y="7. Thus E
dtl

y' =3(x2 —7x—8)2 (2x-7)

If x = 8, then slope =y’ =3(64—56-8)?(16—7)=0.

y=(x+1)
y'=l(x+l) 2
Ifx=8, y=

411
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59.

60.

61.

62.

63.

-]
y'=§(><2

If x = 3, then y':£
31

—8)_% (2x) = L1

3(x2 —8)5

=4 . Thus the tangent line

isy—1=4(x-3),ory=4x-11.

y' =3(x+3)%(1) = 3(x+3)?
Ifx=-1, y =3(2)° =12.
The tangent lineis y — 8 = 12(x + 1) or

y=12x+20.
(x+D)(3)(7x+ 2)2(7) =X+ 2(1)
(x+1)°
(x+1)(%)m —Tx+2
(x+1)

y'=

A5 1

Ifx=1,then y' =
y 4

tangent line is y —g = _E(X -1),or

yo-Ly. 8
6 3

y= —3(3x2 +1)_3

-4
y = —3(—3)(3x2 +1) (6x)
If x=0, then y'=0. The tangent line is
y+3=0x-0),ory=-3.

3 2
y= (x2 +9) and y' = 6x(x2 +9) . When
x=4,then y= (25)3 and y'= 6(4)(25)2 , SO

%(100) m(100)_2 (100) = 96%

412
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64. yZZ;s and y,=—%
(x= =1 (x* -1
When x =2, y=i and y’ ——zz—i SO
27 34 27

(ij (100) = — 2. 27(100) = ~400%
y 27

65. g=5m,p=-04g+50;m=06
dr _dr dq
dm dg dm

d

r = pq = -0.49° +50q, é — _0.89+50, . For

m = 6, then g = 30, soﬂ =-24+50=26.
d m=6
Also, 29 _5 Thus 97— (26)(5) =130,
dm m=6

66. = 200m—-m
25(200m=r)

p=-0.1g+70; m=40
dr _dr dg

dm dq dm

r—pqz—Olq +70q, so 3—:—02q+70 It
q

m = 40, then g = 320, so

arl o 644+70-6.
dd a0
d—q:i(ZOO—Zm).Whenm=40, dg

=6.

dr

Thus — =(6)(6) =36.
dm

m=40

10m?

67. q=

! m? +9
525
q+3

dr dr dqg

dm dg dm

1575

dr _ e (@+30-90) _
 (q+3)?

dgq (q+3)>
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dr
dq

1575 9

If m =4, then g =32, so — =
1225 7

m=4
1

dq (m2 +9)2 (20m) —10m? %(mz +9)_% (2m)

dm m? +9
(m? +9)7% [ZOm(mz +9)—10m3]

m2 +9
~ 10m® +180m
=—
(m2 +9)2
When m = 4, then

dg 10(64)+180(4) 1360 272 .
dm (25)2 125 25
arl 8272 1399.
dm|,_, 7 25
68. q:ﬂ o
ym? +19 .
4500
g+10
dr _dr dq
dm dg dm
_4500q _dr _ 45000
q+10 " dg  (q+10)° 7.
Ifm=9,then g=90,50 O =2
dgf,o 2
d—q=&0§ When m =9, then gr(; %
(m2+19)2
72.
Thus 7| 2219 g5
dm|n—9 2 10
dp 1( 2 —(
69. —=0-=-19"+20) * (20) =——
e R o

413
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dp i

dg q%+20

P 100-yq?+20

_ q
\g? +20 (100—«/q2 + 20)

q
100y/g% +20 — g%~ 20

c. r=pq=100g—q q2+20

dr
dq

:lOO—{q %(q +2o) %(2q)+\/q2 +20(1)}

1009 —\Jg2+20
JaZ +20
k
p=—:q=fm)
q
dr _dr dq
dm dg dm
r:PCI:k,SOﬂ:O.Thus i:O.d_q:()
dg dm  dm
dc _dc dgq
— = (12+0.4q)(-15
B de dp - 12+ 040(LY)
When p = 85, then g = 772.5, so
gl _ s,
dp|,_gs
3
F(t)=1- ( 250 j
250+t
2
f(t)——S( 250 j 250 :
250+t) | (250+1)
2
f(100)——3(25°j 250
350) | 3507
- [ J[ 490}
_4802

Thus when ¢ increases from 100 to 101, the
proportion discharged increases by

approximately ——

4802
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2+ a0~ (se?) 23] o

dq 92 +3

1
Multiplying numerator and denominator by (q2 +3)2 gives

do (07 +3)a00)-507(@ 543,309 5a(o” +6)

@ () (0

3 3 3
2 2 2

74. a. d—S:680E—4360.IfE= 16, d—526520.
dE dE

b. Solving 680E —4360 =5000 gives 680E = 9360, E ~13.8.
av _av dr _

dt dr dt
Thus

75. (4m’2 )[10‘8(20 +10‘7} . When 7 = 10, then r =108 (102)+10‘7 (10) =107 +107° = 2(10)®.

_ 47{2(10)‘6 T [10‘8 (2)(10) +10‘7] - 47:[4(10)*12}[3(10*7 )} — 48r(10)"2°

t=10

dp 1 -1 -1
76. a. HZE(ZPVI) 2(2pV) = pV(2pVl) 2

dp _1
b A1
T op 12
(2pV1)?

77. a. diux) =-0.001416x> +0.01356X° +1.696X — 34.9
X
d
If x = 65, — (1) = —256.238,
dx

d

b Ifregs dxlx) 256238

~ ~-0.01578
I,  16,236.484

ax(lx) 256238

= =-1.578%.
Iy 16,236.484

If x = 65, the percentage rate of change is

78. P+a)v+b)=k

V+b= K
P+a
V= k -b
P+a
v=k(P+a)t-b
N v nPrayto——K .
dp (P+a)
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79. By the chain rule, E = E dq . We are given that = 100 =100 p_1 SO d—q =-100 p72 = igo Thus
dp dq dp P dp p

E =— de] 100 . When g = 200, then p = 100 = 1 and we are given that E =0.01. Therefore

dp dq p2 200 2 dg

gc 0.01| 22|~ 4.

p 1
(3)
80. a. When m = 12, then g = 3000, so r = 1500.
Thus p:L:@:l=$0.50.
g 3000 2

dr _ +1000+3q(50) 500 (3 ) 1000+ 30)” 23

b.
dq 1000+ 3q
dr| _ 2750 11
dal_ggeo 10,000 40
C. ﬂ dr dq . From part (b) we know d— . Now,
dm dq “dm dg
1 3
da —(2m)( j(2m+1)2(2)+(2m+1)2(2),so dal g0,
dm dmim_12
Thus ﬂ _u 610—671
dml|, _, 40 4
81. ﬂzﬂ'%z f'(x)g'(t) . We are given that g(2) = 3, so x = 3 when ¢ = 2. Thus
dt dx dt
i W K g2 =10(4) = 40.
dth_p dXlx_g(z) dth=2
82. a. lim¢T= lim 324 +E+B = +B_E
. a. gq—w gq—>0 }q2+35 q 18 18 18
b. c=6q=3Zi 5+ Eq

\/qz +35 18
dc 9?2 +35(324) - 324q (%)(q2 +35)_% (2q) 19

dq 9% +35 18
de
dqg

=3
q=17

c¢. From part (b) the increase in cost of the additional unit is approximately $300. Since the corresponding
revenue increases by $275, the move should not be made.
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83. 86,111.37
84. 5.25

Chapter 11 Review Problems

1. f(x)=2-x°
_ 2—(x+h)2 —(2-x2
o tim 10100 _ |-(2-#)
h—0 h—0 h
[2—x2—2hx—h2}—(2—x2) —2hx—h?
h—0 h h—0 h
—im 22X i oxs by = —2x
h—0 h—0

2. f(x) =2x% -3x+1
f(x+h)—f(x)

f'(x) = lim
h—0
[2(x+h)2—3(x+h)+1}—(2x2—3x+1)
= lim
h—0 h
[2x2+4hx+2h2-3x—3h+1]—(2x2—3x+1)
= lim
h—0 h
. 4hx+2h?>-3h . h(4x+2h-3)
h—0 h h—0 h

= lim(4x+2h-3)=4x-3
h—0

3. f(x)=+/3x
f’(x)=r!im FOxh) - 1(x) _ “mm

-0 h h—0
_3(x+h) =/3x f3(x+h) ++/3x
= lim .
h—0 h J3(x+h) ++/3x
_ lim 3(x+h)—3x _ lim 3h
h—>0h(,/3(x+h)+\/37x) h—>0h(,/3(x+h +J37)
. 3
_r!ino,/3(x+h)+@
3 _ 3 _ NE)
VX3 243 24x

416
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2
1+4x

f(x+h)—f(x)
EEr—

4. f(x)=

2 2
£(x) = lim lim A0 Tedx
h—0 h—»0 h

_lim 2(1+4x) - 2[1+ 4(x+h)]
ho0  h[1+4(x+h)](L+4X)
. —8h
= lim
h—0 h[1+ 4(x + h)](L+ 4X)
= lim -8 = 8
ho0 [L+4(x+h)](L+4%X)  [L+4()](L+4X)
8
T 1+ 4x)

5. yis a constant function, so y'=0.
6. y'= e(l)xl‘1 —ex’=e

7. y'=7(4x3)—6(3x2)+5(2x)+0

= 28x° —18x% +10x = 2x(14x2 —9x+5)
8. y=4(2x+0)-7(1)=8x-7
9. f(s)=32(52+2)=s4+232

f'(s) = 4s% + 2(2s) = 4s% 1+ 4s = 43(52 +1)

1
10. y=(x+3)2

Loyt -tury
y_2(x+3) (1)_2(x+3)

1. y =%(x2 +1)

1 2X
'=—(2X)=—
y 5( )
12. y=—i2=—><‘2, s0 Y =-1-2)x° =2x.
2X

13. y'= (x3 + 7x2)(3x2 -2x)+ (x3 —x2 +5)(3x2 +14x)
=3x% +19x%* —14x3 +3x° +11x* —14x3 +15x2 + 70x
= 6x° +30x* —28x3 +15x2 + 70x

4. y= (x2 +1)1°0 @)+ (x—6)(100)(x2 +1)99 (2x) = (x2 +1)%[x? +1+ 200x(x—6)] = (x2 +1)99 (201x2 —1200x+1)
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15.

16.

17.

18.

19.

20.

21.

22,

23.

fr(x) = 100(2x2 + 4x)99 (4x+4) = 400(x + 1)[(2X)(x + 2)]°

f(w)= wa/w + w2 —W2+W f/(w) = W2+2W

y :3(2x+1)_1
) 6
Y =3(-Dx+) ()=~ -
(2x+1)
2
_ 5x© —8x :Ex—4
2X 2
y' -2
2

Y =8+2%)] (4)(x? +1 (2x)} (x2+1)4(2)

32X +8x2 + X +1)

o
: [4x(8+ 2X) + X +1)J
(
(

9x +32x+1)
, 305 _6.,\%
0(2) - [SJ(zz) @+0-202)

22 +4)(2z) —(22 —1) (22) 102
) (22 +4)2

(x+2°@) - (x-5)((x+2) _ 12-X
(x+2)4 (x+2)3

f'(2) =
Z (22+4)2

r

1
y = (4x-1)?

Yoy s
y_3(4x 1) 3(4) 3(4x 1

24. fis a constant function, so f'(x)=0.

25.

y=-x2)2
v=(-Ha-ertezo=xa-y?

418
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26.

27.

28.

29.

30.

31.

32.

33.

X% x

2% 43
(Zx2 +3)(2x+1)—(x2 +x)(4x) ~ %% 1 6x+3

(Zx2 +3)2 (2x2 +3)2

y' =

h(x) = (x - 6)* [3(x+5)2}+ (x+5)° [4(x —6)3J
= (x—6)3(x+5)?[3(x—6) + 4(x +5)]
= (x—6)3(x+5)%(7x+2)

!

_x@E)(x+3)* - (x+3)°(1) _ (x+3)*(4x-3)

x? x?

_(x+6)5)-(5x-4)1) _ 34
(x+6)? (x+6)2

f(x) =5x3v3+2x* =5x3(3+ 2x*)1/2
f/(x) = 3+ 2xH)Y 2 (15x%) +5x° B @+2xHY 2(8x3)}

!

=15x%(3+2x")12 1 20x8 (3+ 2x*) /2

3) _u 3 _u 3 U 3/ -1\ _u
=2l —— X g+ —1|(2X) 8(2)=—-Xx 8 ——|2 8 |X 8
! ( 8j ( 8)( RCES S Ch

_u _u N _u
I TR - AR P
4 4

2
1
_(1 Ll 1 _X;Z\ﬁ
2 2X X2 2)(2 2

(3 +5)F @9 -(x? +6)(3)(x? +5) * 20

X% +5

N

Multiplying the numerator and denominator by (x2 + 5)

' (x2+5)(2x)—x(x2+6) ~ 3 4+ 4x _x(x2+4)

2 o\ 2 oV (W2 .5\
(x +5) (x +5) (x +5)

419
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35.

36.

37.

38.

39.

40.

2

y=(7—3x2)g

y' = %(7 ~3x? )_% (-6x) = —4x(7 -3x? )_%

y =§(x3 +6x2 +9)_% (3¢ +12x)
= g(x3 +6X° + 9)_% (3x)(x+4)

_9 P
_sx(x+4)(x +6X +9)

7' = 0.4[x> (-3)(x + 1) (W) + (x +1) 3 (2%)]+0
= 0.4(x+1)74[-3%% + (x +1)(2X)]
=0.4(x+1) ™ (=x% +2x)

9(2) =-2(z-1)% =-2%+22° -z

9'(2) =-32° +42-1

9(2) = —%( ® 427 —5)_4

g'(2) = —%(—4)(25 +22 _5)*5 (524 +2)
3(524 +2)

(25 +22—5)5

y:x2—6x+4
y'=2X-6
Whenx=1,theny=-1and y'=-4. An

equation of the tangent line is
y—(-1)=—4(x—-1),ory=—4x + 3.

y =-2x3 +6x+1

y' = —6x% +6
When x=2,theny=-3 and y'=-18. An

equation of the tangent line is
y —(-3)=-18(x—2),or y=—-18x + 33.

420

ISM: Introductory Mathematical Analysis

1

41. y=x?8
1 -2
/:_X 3

y 3

When x = 8, then y =2 and y'=$.An

equation of the tangent line is y—2 = % (x-8),

14
or y=—X+—.
1273
2
X
42. y=
y x—12
. (x=12)(2x) - x*(1) _ x? —24x
(x-12)° (x—12)2

When x = 13, then y = 169 and y'=-143. An

equation of the tangent line is
y—169 =-143(x — 13) or y = —143x + 2028.

43. f(x)= 4x% +2x+8
f/(x) =8x+2
fil)=14 and f'(1) =10. The relative rate of
change is '@ = E = E ~0.714, so the
f 14 7
percentage rate of change is 71.4%.

44, f(x):F"4
- OO 4
(x+4) (x+4)

f@) =% and f'() = % . The relative rate of

'@ _ i = 0.8, so the percentage rate

f) 5
of change is 80%.

change is

45. r=q(20-0.1q) = 20q - 0.19°

dr_ 20-0.2q
dg
s6. 3 _ 0.0003g2 —0.04q +3
dq
dep  _,
dd 4100
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47.

4

49.

50.

51.

52.

53.

*

dc
9C 06025/ L)z 06—t
di [2) N

9l 0569

dl 216
Thus the marginal propensity to consume is
0.569, so the marginal propensity to save is
1-0.569 =0.431.

dp_(@+5M)-@+12@) _ 7
dq (q+5)? (q+5)?

Since p = —0.1g + 500, then
r = pg =-0.1g% +500q. Thus j—r =500-0.2q.
q

Since T =0.03q+1.2 +§ , then
q

c=qC =0.03g% +1.2q+3. Thus

jc—006q+12 so 3¢

q Alg=100

=7.2.

01254 0.00878q
dq
dc

dg q=70

=0.7396

q=50m—m2

p=-0.01g+9;m=10
dr _dr dq
dm dg dm

r= pq——OOlq +9q, so j—q=—002q+9

If m = 10, then g = 400, so ﬂ

=-8+9=1.
Alm=10
99 _50_om. Whenm =10, 39 30,
dm dm
dr
Thus — =(1)(30)=30.
dm m=10

Y _ 4% _34x-16
dx

dy

=84 eggs/mm
dx

x=2

421

54.

5S.

56.

57.

58.

59.

Chapter 11 Review

12
=12-
Y 1+3x
Y a3 2@ =—2 ;
dx (1+3x)
Setting 36 3 =£ gives (1+ 3X)2 =108,
(1+3x)¢ 3
1+
1+3x = 643, x:l—TG*@, x~3.130r
x =~ -3.80.

Because we must have x > 0, then x ~ 3.13.

a. ﬁ when T =38 is
dT

i[ﬂT_E} 4 _4
dT 4 | s 3h_gs 3
b. ﬂwhenT=35is
dT
d[l 11} 1 1
R = -2
aT[24 4 5 24p_g5 24
-1
:9(2t2+3)
-2 _
v=?=—9(2t2+3) (4 -—2
t (2t2+3)
If =1, then V:—ﬁ m/s.
25
ft3

vi=tng?, Ifd =4 ft, then V' = 81— .
2 ft

v =128 —321. Set 128 — 32t =64 to get r = 2.

10,000

c=CQ= 2q +— 2q2 +10,000q‘1

dc

— = 4q-10,000q 2 = 4q —w
q



Chapter 11: Differentiation

60.

y= (G +2)}/x+1 _ (< +2)Vx+1 _ Ix+1

x* +2x x(x3 +2) X
" x(%(x+1)_; (1))—Jx_+1(1)
dx x2
%lez_% 2 and y=\/§ whenx = 1. An

equation of the tangent line is

y=~2 ==320-1) or y=-2axs 12,
4 4 4

61. a. q=10vm?+4900 700

p=+/19,300—8q; m =240

dr _dr dg

dm dg dm’

r = pq=q419,300-8q, so

_1
% _ q(%) (19,300—8q) 2 (~8) + /19,300 -84 (L).
q
If m = 240, then g = 1800, so
darj 230 38
da],—240
_1

da =1o-1(m2 +4900) 2 (2m).
dm 2

d—q =9.6. Thus

dMim-240

A L (£32.86)(9.6) = ~315.456
dm|in_o40

d

b dm| _ 315456
m=240 41800
_ -315.456
1800+/4900
=-0.0025

c¢. No. Since j—r < 0, there would be no
m

additional revenue generated to offset the
cost of $400.

62. 21.094
63. 0.305

64. $5.05

422
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65. -0.32
Mathematical Snapshot Chapter 11

1. In Problems 63 and 64 of Sec. 11.4, the slope is
~0.7. In Fig. 11.15 the slope is above 0.9. More
is spent; less is saved.

2. In the lowest quintile, the average family spends
more than it earns, thus accumulating debt.

3. The slope of the family consumption curve is
112,040

J1.9667 x10'° + 224,080x

x = 25,000 equals about 0.705. You would
expect the family to spend $705 and save $295.

, which for

4. For x = 90,000, the slope of the consumption
curve is 0.561. You would expect the family to
spend $561 and save $439.

5. Answers may vary.



Principles in Practice 12.1

dg d

dp

:0+2dip[ln(3p2+4)}

i 2(3p21+4]dip(3p2 +4)= 3 2

_12p
3p2+4

2. With Iy =1, R(I)=1og L
drR

d
a a9

Problems 12.1

dy _,.d
dx

dy _5(1
dx 9{x
ﬂ_ 1

dx 3x-7

5

T ox

3
®) =37

dy 1
dx 5x-6

5
5:
©® 5x—6
y=|nx2:2Inx
dy 2

dx M

X X

dy 1

== (6X+2)=
dx  3x%42x+1

2X

1-x

ﬂ_ 1
dx 1-x2

(-2x) = -

:i Inl
dl | In10

:E[Z5+2In(3p2+4)}

(6p)
p2+4

6X+2

3x2 +2x+1

Chapter 12

423



Chapter 12: Additional Differentiation Topics

dy 1 -2X+6
N2 (ox+6)= X8
dx —x?46x ~x% 4 6x
_ —2(x-3) _ 2(x-3)

© —X(x-6) X(x—6)

1

4X8 42X
_ 24X5 +6X?
Caxb42x3
_6x2(4ax3+1)
T ax32x3 4
_3(4x3+1)
T X(@2x3+1)

9. f'(X)= 3Q4x5+6x%

1
2r*-3r2 +2r+1
8r3 —6r+2
2r* —3r? +2r+1
2(4r3—3r+1)

10. f(r)= (8@-6r+g

2rt —3r? 1 2r+1

n.rm:{a+mom:umt

1. W_,e [£j+(ln X)(2x) = x+2xIn x
X

dx
=Xx(1+2InXx)
dy 3| 1 a2
13. &_x [2X+5(2)}+In(2x+5) 3x
3
= 2X +3x2In(2x+5)
2x+5
14. QX:(ax+bf{——E——(m}+Un@x+bﬂ%ax+bf(®
dx (ax+b)

=a(ax+b)? +3a(ax +b)? In(ax +b)
=a(ax+b)?[1+3In(ax +b)]

424
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ISM: Introductory Mathematical Analysis Section 12.1

15, y=loga(@x_1) = In(8x—1) - (I X)?(2x) - (x* +3)2(In x)
In3 T (Inx)*
dy 1
Friirel d_[|n(8x 1] _ 2x%In x—2(;<2 +3)
x(In x)
11 ©) - 8

“In3 8x—1" (8x-1)(In3)
22. y:Inme:lOOInx

16. f(w)zIog(w2+w):loglo(wz+w) 4y 1.1 100
dx X X
In(w2+w)
e (2 S _ 2
In10 23. y—In(x +4x+5) _3In(x +4x+5)
1
fr(w)=—— (2w+1) dy 1
In10 W2+W &—3m(2x+4)
2w+1
AT _ 3(2x+4)  6(x+2)
(InlO)(W +W) X2 +4x+5 X°+4X+5
In(x* +4) 24. y=6In¥x=6-ZInx=2l
_ 2 . y=6InIx=6-=Inx=2Inx
17. y=x +Iogz(x +4)_ +—— 2 3
n dy .1 2
dy 2 _9o.=_%
2 o —— (2x) dx X X
dx In2 N
1 25. y=9Iny1+x? =gln(1+ x2)
(|n2)(x +4) dy_9 1 o O
dx 2 14x2 1+x
18. y:leogzx: 2 :nx Ii( 21nx) {5
nz In2 26. f(t)=In| ——— |=5Int-In1+3t? +1*)
1+3t° +t

% = %{xz [—j+ In X(2X):|
xn X f'(t)=5(1j ;(Gt+4t)
:%(1+2Inx) t 1+3t

_5(1+3t +1 )—t(6t+4t )
t(1+3t% +t%)

2(3)-0n 20 11

19. f’(z)z B t* 1 ot? 45
22 22 3t 4t
dy  (n0@)-x(3) 141
0. - i 27. f(I)—I( J In(L+1)—In(L-1)
_ 2xInx—x _ X[2In x-1] My —_~ __* ¢
T 2« N2 x f(I)_1+I 1—I( b

_(1—I)+(1+I)_ 2
Coa+ha-1y 192
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Chapter 12: Additional Differentiation Topics

28.

29.

30.

31.

32.

dy _

Y _y

y=In(2X+3j=In(2x+3)—|n(3x—4)
3x—-4

dy 2 3

dx  2x+3 3x-4

_ 2(3x—-4)-3(2x+3) _ 17

T (2x+3)(3x-4)  (2x+3)(3x—4)

y=|n4/i2§ =%[In(1+x2)—ln(1—x2)}
dy 1| 2x —2X
&_Z{sz _F}

1 2x(1—x2)+2x(1+x2) X
2 (1+x2)(1—x2) =1—X4

y=In3 Xz L lined o -3 + 1))
x°+1 3

dy 1 3x? 3x?

&:ELSJE}

_1{3x2(x3 +1)—3x2(x3 —1)}

3 G -1 +1)

2x2
x6 1

y:.n[(m)z(xm_l)}

:2In(x2+2)+ln(x3+x—l)

(2x) +3;(3x2 +1)

dx X2 42 x> +x-1
4x 3x% +1
+

X212 x3ax-1

y= In[(5x+ 2)%(8x —3)6}
=4In(5x + 2) +6In(8x —3)

dx 5x 2 ®)+ 8 -3 ®)

20 . 48
5x+2 8x-3

ISM: Introductory Mathematical Analysis

33. y:13ln(x235x+2)
=13Inx? +13In(5x + 2)*/2
=26In x+%ln(5x+2)

d_y_26[1J 13 ()_ 65
dx 3 5x+2 X 3(5x+2)

X

1
34. y=6In =6Inx—-6In(2x+1)2

X
V2x+1
=6Inx-3In(2x+1)

dy 6 1 6 6
= =

-——_3. (2)=
dx X 2x+1 2x+1

dy_ 2 1
35. &—(x +1)[m(2)}+ln(2x+l)-(2x)

2(x2 +1)
=——+2xIn(2x+1)
2x+1

36. Yy = (ax+h) {i(a)} +In(ax)-(a)
dx ax

ax+b ——+aln(ax)

37. y=|nx3+ln3x=3lnx+(lnx)3
2 1_3 3(nx?

ﬂ=3-1+3(ln X)< -
dx X X X X

~ 3(1+In2 x)

X

3. (In2)x(In2-1
dx

39. y=In*(ax) =[In(@x)]*
3
dy - 4[In(ax)]3 (i aj _ 4In°(ax)
dx ax X

40. y=In?(2x+11) =[In(2x +11)J?

ﬂ: 2[In(2x +11)]- 1 @) = 4In(2x +11)
dx 2x+11 2x+11
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41. y=xIn/x- :lxln(x—l) 47, y=—-o X
2 In x
1
ﬂzi{x(i}rln(x—l)'(l)} ;)@ -x(3) nx-1
dx 2 -1 Y= In? x  In2x
[x — . In3)-1
2(x D +In When x = 3 the slope is y'(3) = (I 2)3
42. y=|n(x3\4/2x+1)=3In x+£|n(2x+1) 48. :L,so r=pq= 259 _Thus the
In(q+2) In(q+2)
ﬂ: E 1 (2 )_ 1 marginal revenue is
dx X 4 2x+1 X 22x+1
@D o @20 (gl
s 2 o5,
43. y=+4+3Inx = (4+3Inx)? dg In*(q+2)
ﬂ—3(4+3|nx)‘%.§— 3 5. (a+2)In(@+2)-q
dx 2 X 2xy/4+3Inx @+2)In*(q+2)
dy 1 { 1 } 49. ¢c=25In(g+ 1)+ 12
44, L= - 1+>(1+ (2x)
ax . /1+x2 2( ) dc 25 E _ 25
L dq q+1 dg 46 7
\/7 1+ %% 4 X
x+\/1+x \/1+x2 (x+\/1+x2j 50. E=—500
In(q+ 20)
1 _ 500q
2 c=tqQ=———
1+x In(q + 20)
45, y I —3x—-3) do_ o @201 - 9( 4o
yo2X=3 dg [In(q+ 20)]2
x? -3x-3 . . dc In70-50
The slope of the tangent line at x = 4 is — =500-—1% ~ $97.90
8-3 dd s (In70)?
y'(4) =———— =5. Also, if x =4, then
16-12-3
=1In(16 — 12 - 3) =1n 1 = 0. Thus an equation 51, d_q :1[25+10In(2p+1)]
of the tangent line is y — 0 = 5(x — 4), or dp d
y =5x - 20.

d 1 d
=0+10—[In2p+D]1=10| ——— |—[2p +1
46. y=x[In(x) - 1] 0+ Odp[n( p+1] 0(2p+ljdp[ Pl

y' =X 1 +[In(x) =1](1) = In x - 10 = 20
X @
p+1 2p+1

When x=¢,y=0and y'=1. The equation of
the tangent lineisy—0=1(x—¢),ory=x—e.
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Chapter 12: Additional Differentiation Topics

52.

53.

54.

55.

56.

57.

With 1y =17, L(1) =10|og%.

dL _d
diodl

=10i In—I—Iogl7 =10 1 l—0
dl | In10 In10 |

[10Iog } 10j—|[logI—I0917]

A=6In [LT_ aj . Rate of change of A with
a_

respect to T:

A _ 1 {(a—T)(l)—T(—l)}
a

v T (a-T)>?
1 a
( —T) (a- T)
a—T a
=6 2 ' 2
T-a“+aT (a-T)
6a

) (T —a? +aT)(a—T)

Ify=1In i), then o1 0= L)

dx  f(x) f(x)
which is the relative rate of change of y = f{x)
with respect to x.

o= 51

:ii(h‘] u) :L(id_uj

Inb dx Inblu dx
1 du 1 du
= I — — :—I —
(Ogbe)(u dxj u(ogbe)dx

f/(x) = x*(1+3Inx)
f'(x)=0 forx=~0.72

Note that f(x) is defined for all x # 0.

1 2
, ?(Zx)—ln(x )-2x 2—2In(x2)
re0= 7 =T
X X
f'(x)=0 forx~-1.65, 1.65

ISM: Introductory Mathematical Analysis

Principles in Practice 12.2

1. The rate of change of temperature with respect to
.. dT .
time is o () has the form Ce" where Cis a

constant and u = kz.
- go e

(k) o Ky ekt
_c(e )E[kt]_Ce (k) = Cke

Problems 12.2

2 2
3. yr — e2X +3 (4X) — 4X62X +3

2 2
4. yr — e2X +5 (4X) — 4xe2X +5
9-5x d

—(9-5x) = 975X (—5) = —5g¥ 75X

5. y=e
y dx

6. f'(q)= g0 +6a-1 (—3q2 + 6)
_ —3((]2 _ Z)e—q3+6q—1
7. £1(r) =63 AT Br +4) = 2(3r + 263 T4

2 3
8. y =X "oy 118x?)

= 2x(1+9x)eX T8
9., y'= x(ex)+ex(1) =e*(x+1)

10. y =3x [e—x (—1)] +eX12x3) = 3x3% X (4—X)

1. y=x2 [e‘xz (—2X)} re (2x)

—2xe ™ (1-x2
(1)

12. y' =X [e3x (3)} +e¥(1) =e3X(3x+1)
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13. y =%(ex +e‘x)
eX _g X
3

y' = %[ex +e ¥ (—1)] =

dy (" +e )" —e*(-D]-(e* —e )[e* +e *(-1)]

14. 5

dx e +e™)

B (eX +e—X)2 _(eX _e—X)Z B 4
(e +e7)? (& +e7%)?

15. i(SZXS):i[e(InS)ZXS}

dx dx

3
_ e(ln 5)2X [(In 5)6)(2]

— 6x%)5%< In5

16. y= X X2 _ e(In 2)xX2

yr — e(ln 2)X(2X) + X2 [e(ln Z)X(In 2):|

=2x(2x)+x2(2X)(ln2)=x(2x)(2+xln2)

w? [ezw (2)} —e2[2w]

17. f/(w)=

W4
22 (w-1)
W

_1

18. y’:exﬁ[l—lx 2j=exﬁ -1

2 2%
e1+\/;

19. y'= gbrx (% x_%j

-7
20. y'=3(** +1)2(e%*(2)+0) = 6e%* (e°* +1)°

21. y= x° —5% = x° _e(|n5)x

y' =5x* —e"®X(In5) = 5x* —5¥In5

-2

2. f(z)=e VP —¢?

f ’(Z) — efllzz [—(—2273)] — %671/22
z
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Chapter 12: Additional Differentiation Topics

23.

24,

25.

26.

27.

28.

29.

30.

31.

32.

dx i (e +1)2
2¢e*
(ex +1)2

O G G

v = e2X[1]+ (x+ e)[eZX(z)} — e2X(2x+13)
y=Ine*X=x so y'=1.

y =e* %+(In x)(—e‘x):e‘X (%—In xj

y' = ex’ Inx* {xz -%(Zx) +(In X2)(2X):|
X
_ oxeX ¥’ 1+Inx%)

dy

Pl _ 4x+1, s0 —= =4,
dx

y=Ine

f (X) _ eexex2 _ e1+x+x2
' _ 1+ X+ X2 _ 1+ X+X?
f'(x)=¢e (1+2x) = (1+2x)e

F1(=D) = [1+ 2(~1)]er DD — ¢
f(x)= 5x2 Inx _ (eInS)X2 Inx _ e(In5)x2 Inx

£1(x) = e(In5x*Inx {(In 5){x2 .%+ (In x)(ZX)}}

— e(NSX* X 1051y 4+ 2xIn X]

f'(1) =e2(IN5)[1+0] = In5
y=e*, y'=e*. When x = -2, then y:e_2 and
y' = e Thus an equation of the tangent line is

-2

y—e =e_2(X+2),or y:e‘2x+3e‘2.

yr — eX
When x=1,y=¢and y'=e. Thus an equation

of the tangent lineisy —e=e(x— 1) ory = ex.

430

33.

34.

35.

36.

37.

ISM: Introductory Mathematical Analysis

g_p =15¢~9-0019(_0 001) = —0.015¢ 00014
q

dp
dq

=-0.015¢ 7
q=500

dp _ gg-5a/750 [_i
dg 750
dp
dq

=-0.06e 72
=300

q
7000e700
q

q
C= ,80 C=Cq=7000e7 . The

. .. dc a1
marginal cost function is — =7000e7% | —
dg 700

_a
=10e7 . Thus de

dq

=10e%® and
q=350

dc

— =10e.
dq

q=700

20+6
e 800

=35 4000
q

29+6 q+3

¢ =Cq =850+ 4000e 8° =850+ 4000e 4©

dc q+3
The marginal cost function is T =10e400

de =10e%% and de —=10e%3 .
dq q=97 dq q=197
3
w=eX "4 xIn(x-1) and x:%
By the chain rule, d—W = d—W%
dt dx dt

_ | ox3-4x 2 L —
_{e (3x 4)+x(x_l)+[ln(x 1)(1)]}

|- - @+D@)
(t-1)?

_ 2 A\ax3-4x , X B -2
_{(3x 4)e +X_1+In(x 1)}{0_1)2}.
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When ¢ = 3, then X=?=%=2 and

d—W:[8+2+O][—£}:—5.
dt 2

[N

38. f'(x)=x° and u=e*. Lety=f(u). Then

di[f(u)]zj—y and by the chain rule
X X
d dy dy du ,oodu o3
—[fW]=—=—"—=f'(U)—=u"-e
dx[ (u)] dx du dx ()dx
_ (ex)S X :e3x X :e4x

39. %(cx - x") =%{(e'”°)x - xc}

_ %[e(lnc)x _ XCJ

=(Inc)el"* _¢ex® = (Inc)cX —ext?

d =(Inc)c-c

dx el

If this is zero, (In ¢)c — ¢ =0, or ¢[In(c) — 1] = 0.
Since ¢ > 0, we must have In(c) - 1=0,Inc =1,
orc=e.

(c*=x%)

40. f(x) =10 +In(8+x)+0.01e*~2

— e(N10)X) | 1n(8 1 x)+0.01e*~2

f(x) =M (_n10) 100162
8+X

— —(IN10)107 4 — 1 0,01*2
8+x

2 ~(In10)107 + L +0.01

= ~0.0374
f(2) 107 +In(10)+0.01

41. q= 500(1—e‘°-2‘)

dg _ 500(—e‘°-2t )(—0.2) —100e 02t
dt

Thus d—q

tl-10

=100e2.

431

Section 12.2

4. f(x)sz_elez
T
' 1 5
f (x):\/z_e X2y
Y
f'(1) = \/;,n e V2(_1) ~ -0.242

43. P =1.920017®"

‘:j—': =1.92e20178t0.0176) = P(0.0176)

—0.0176P = kP for k = 0.0176.
44. Y ko’ =kema)/'
vy = ke (1 a)%[ﬂt]
—ka” (In a)%[e('”ﬂ”]
— ke (Ina)e™Pt(n g)

—ka? (B Ina)In B

45. Since S = Pe'™, then ?T? = Pe"'r = rPe™ . Thus

ds
G rPe ]
S pet

46. y= K(l—e—ax)

dy K [—e‘ax (—a)} =aKe™®

dx
Solving the original equation for e"®* gives
g = —l+1. Thus substitution,

dy _ ak (—l+1j =a(-y+K) =a(K-y),as
dx K

was to be shown.

:—I'\\A' = e(IN10(A-DM) (1510)(-h), so

dN . Abm oy [10A-bM
g =107V (in10)(-b) = b(lo )InlO
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48. p=089)001+099(0.85)' | 52. S=In—>—=In5-In@+e”')
3+e”!
a P _o 89[0 99(0.85)" In(0 85)] dc . ds
Coodt ' ' ' a. Recall that W:]'_d_l'
=0.8811(0.85)" In(0.85) -
ds 1 —1 e
This represents the rate of change of d_l == 2 e ")) = 0
proportion of correct recalls with respect to 3+e :T’J“ €
length of recall interval. Thus (jj_(lizl_l;_?:l_ e - 3,| .
b. Ifr=2, then 3re 3+e
dp 2 -
— =0.8811(0.85)“ In(0.85) ~ 0.
dt (0.85)71n(0.85) ~ ~0.10 b 1 oL e &1
dl 8 3+e*| 8
(o) e)e™! 1
49. C(t)=Cqe v — =
c @)Ere) 8
= Coe‘(v)t (_VLJ 11
t ==
3'+1 8
r r [
=[C(t — == —|C 3e’ +1=8
ol - (5o .
e =—
3

- In% ~$0.847 billion

50. C(t) = ?{1- ook
— $(0.847)(1000) million

I

51.

a. C(0)= ?[1—&’} -Spn-g-o

R_r
VARY,

0]

1]
<lm <|lmw <|=m
[EEN
|
| =
=|x
I/ !
T
@
iy
<~
-
| |

o
_1—EC(I)} =

f (t) = 1—e0008t
f'(t) = 0.008¢~0-008
f(100) = 0.008¢ 8 ~ 0.0036

=$847 million

53, /(x) = (6x2 +2x—3)e2X X =3
£/(x) =0 for x ~ —0.89, 0.56
54, f'(x)=1-¢7*

f'(x)=0 gives e* =1 orx=0.

Problems 12.3

ﬂ:dl_
dq

[=re
Slete

When ¢ =5 then p = 40 — 2(5) = 30, so

30

5
:—:—3
=

Because |77| >1, demand is elastic.

P 6
2. p= 9 __100 _
-0.04 -0.04

Because |77| >1, demand is elastic.
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3.

p= 3500 _ 3500q*
9 _ 3500072 = ——3520
P P (3500/q)
_9__49 __a __
1=4p = 300~ 3500
dg q° 0

Because |77| =1, demand has unit elasticity.

2
» b (5007¢?) ,
_ i _ q _ q __* .
n= G~ 1000 1000 - , inelastic
dg o @
P P [500/(q+2)]
-4 __ 9 _ g __a+2
7= T B0~ __500 q
dg (q+2)? (a+2)?
106 53
When ¢ = 104, then 7 =—-———=—-—". Because
104 52
|77| >1, demand is elastic.
p 800/(29+1)
_ E _ q _ 2q +1
T=ie00 T 1600 oq
(2q+1)* (29+1)?

49
When g =24, n = ——, elastic
=200 =g

P P
_a__4q
7= = o
dg  —el00
a 100
When g = 100, then p = 150 — e and
150-¢
100 150
n= % = —(——1} . Because |77| >1,
© 100

demand is elastic.

q

P 100e 200 200
__ a9 _ a _
=" 77 4 ~ q
_e 200 _e 200
2 2
200

When g =200, = _ﬁ =-1, so demand has

unit elasticity.

433

9.

10.

11.

12.
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g =1200 - 150p
P
nzdizﬂ.d_qzﬂ(_ﬁo)
P qdp q
dg

If p =4, then g = 1200 — 150(4) = 600, so
4
=——(-150) =-1. Since || =1, demand has
n=555150) |7
unit elasticity.

q=100-p
When p = 50, then g = 50.

P
pod_P dd
d g dp
dq
dq =-1,50 7= @(—1) =-1, unit elasticity.
dp 50

g=4/500-p

g _Ppdg
U_E__._

d
dg 1 -1 -1 1
—=>(500-p) 2(-])=————=——
dp 2( P 2,/500-p 29

If p =400, then g =+/500—-400 =10, so

n= _% =-2. |77| >1, so demand is elastic.
g =+/2500- p?
P
pod _P 4
dp d
o q dp
dg 1 2\"2
S _2(2500- -2
W 2( p?) % (-2p)
I R
J2500-p% @
~ p( pj_ p?
n="1"417""2
al ¢ q
If p = 20, then g =+/2100, so we have
400 4 . .
=———=——/ inelastic.
2100
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_ 2 _ _n2
13. q=(p 100) b. p=300-q
g 4 300 92
P L B N R -+
4 _pdg n 0 —2q2 1yields q = +10.
"7 T dp 4
dg Since g > 0, we must have ¢ = 10.
dg _1 _
=3 D(P100M=p-100. 50 17, q-500-40p+
P
=2 (p=100) . If p = 20, then _q_pdq
a 77 T
2 dg
q=2071007 _ 3500 Thus dq 0
2 —=-40+2p,so n=—(2p—40).
20 1 o dp q
n=——(20-100) = —= . Demand is inelastic. 2
3200 2 When p = 15, then q =500—40(15) +15% =125,
2 —153040—6—12
14. q=p“-50p+850 $0 ’7|p:15_ﬁ( - )__g__ 2. Now,
) ip _ p dq (% change in price) - (17) =% change in 1
g—g q ap demand. Thus if the price of 15 increases E%’
:_q — 2p—50, so 5= P (2p—50). thflzn the change in demand is approximately
P q (—%) (-1.2) = -0.6%. Thus demand decreases
If p = 20, then g = 250, and 2
y= £(40 _50) = _ 200 _ _i inelastic. approximately 0.6%.
250 250 5
P
15. p=13-0.05¢ 18, p-d_P.%
P (TQ q dp
_9___°P
i i =005 4 =+/2500— p?
q
7 demand M___P___P
eman = =
p q dp J2500-p? @
10 60 _10 elastic 2
3 ,723[—_9}:_9_
3 200 _ % inelastic al d q2
Now, if p = 30, then ¢ =+/2500-30° = 40,
650 | 130 | -1 | unitelasticity o EpE a >
(30) 9 .
77| Cap =~ =—— . If the price of 30
p=30 (40)2 16
16. a. p=36-0.25¢q
P decreases to 28.5, that is, it changes by
3 _30-025 ~15_ 5%, then demand would change b
?Tp 0.25q =0 = % then demand would change by
q
. 9 .
Setting 36 8 g.:Sq — 1 yields q = 72. approximately _5(_Ej %, or 2.8%. (That is,
-0.250

demand increases by 2.8%.)

434



ISM: Introductory Mathematical Analysis Section 12.3

19. p=500-2¢q 22. p=mq+Db
p 500-2q p—b
_ 9 __q ~q-250 Note: g =—
Ve T T g "
dq
P p
If demand is elastic, then 77 = q-250 <-1. For a. lim = lim S I T (p=b)/m
p—b~ p—b~ dp p—b~ m
q >0, we have g — 250 < —¢q, 2 < 250, so
g < 125. Thus, if 0 < g < 125, demand is elastic. — lim P _ 5
If demand is inelastic, then 7 = q-250 >-1. p—b- p=b
For g > 0, the inequality implies g > 125. Thus if b. __~b
125 < g < 250, then demand is inelastic. p-b
Since Total Revenue =r = pgq = 5009 - 2q2, Thus if p =0, then 77 =0.
then r'=500-4q =4(125-q). If
0 < g <125, then r' >0, so ris increasing. If 23. a. p= . _ a(b+cq?)?
125 < g <250, then r' <0, so ris decreasing. b+ cq2
d 1 -
r = pq =50q —3q?
] Pq gq-°Q :—acq(b+cq2)*3’2
r
—=50-6 p
dg n_i_ a(b+cq2)‘1/2 __b+(:q2
P 50-3q S 9 acg2(b+cg?) 2 cq?
_4__a _39-50 aq q°(b+cq”) q
= d 3 3q Thus 7 does not depend on a.
dg
1 39 b+cq2 b
1+—|=(50-3qg)| 1+ b =—— 1 | — 41
p[ nj ( q)[ 3 —soj (A {CqﬁJ
39-50+3q
:(50—3q)(wj If b, ¢ > 0, then quz+l>1 so |7 > 1 and
=50-6q = dr demand is elastic.
dq
b .
1000 c. If|n =1, then — +11=1, which can only
21. p= 5 cq
a occur if b = 0.
1000
| 4 _pdg
24, p=— -2
ar _ _1000q2 =100 d g dp
dg q2 dq
P 1000 We differentiate implicitly for d—q .
gt _ 1 dp
dp 2000 3
¢ o a*t+p)’=p
d
p(1+1 = —1020 1-2)= ——1020 _or g% -2+ p)(1)+(1+ pz)(Zq—qj =1
n) q q dq dp

202 (1+ p) +2q(1+ p)zg—q =1
p
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942
hus dg _1-29 (1+2p)
dp 2q(1+p)
2 2 2 2
9°@+p)” 1-29°@A+p) _1-29°(+p)

T

Hence 77 =
g 2q(+ p)? 2
If p =9, we find g from the given equation:
q®(1+9)% =9
2_9
AT

1—2(%)2 1+9) _

3 .
q :E since ¢ > 0. Thus 77| p=0 =

25. a. q :6—§+In(65— p3)

9 qdp q| p? 65-p3

P 2
=i=£d_q_p{ 60 3p }
dq

16 65-64

4 { 60 3(16)} 207
15

If p=4,then q= %+ IN1=15,s0 7= s =———~-13.8, and demand is elastic.

b. The percentage change in g is (-2)(-13.8) = 27.6%, so ¢ increases by approximately 27.6%.

c. Lowering the price increases revenue because demand is elastic.
26. a. p= 50{(151—q)
Inp=In50+0.02,/q+19 In(151-q)
AJaq+19
i:—p - 0+o.02[ 9%2° 1) +In@51-q) 2;1
p dq

0.02,/q+19 }

151—-q Jg+19
When g = 150, then p = 50, so dp = 0.02(50){—E+£} =-13
Alg-150 1 26
Ep 50
_a] - 150  _
b g =G5 = g=-00256
4 |g—150

Thus demand is inelastic.

c. (elasticity)(% change in price) = % change in demand
(-0.0256)(% change in price) = 1?18100

% change in price = _tof 1
15 \ -0.0256

Thus price per unit of $50 changes by 2.6(50) = $130, so it is approximately 50 + 130 = $180.

j =260%

d. The manufacturer should increase the price because demand is inelastic.
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27. The percentage change in price is g—g-lOO = —%% and the percentage change in quantity is %100 =10%.
Thus, since (elasticity)(% change in price) = % change in demand,
(elasticity) (—%} ~10.

elasticity ~ —;—5 = _g =-16

To estimate % when p = 80, we have

ﬂ=p 1+l =80 1+i =30.
dg n -8

P 2
28 g - 200;)—2q :%_1020
dq —2q q
For5 < g < 40, |7 :@—% and M’:—ﬁgo. Since ||' <0, || is decreasing on [5, 40] and thus |n] is
q q
maximum at g =5 and a minimum at g = 40.
29. @=200(—1)(q+5)*2 = ‘2002
dq (q+5)
a (200) q+5
_ 9 _ q(@@+5) _
Thusn—dl—_ 00~ .
d (q+5)°

For5 < g <95, |r7|:qT+5:1+% and |77|':—iz.
q

Since |77|’ <0, |77| is decreasing on [5, 95], and thus |77| is maximum at g = 5 and minimum at g = 95.
Principles in Practice 12.4

1. Assume that P is a function of 7 and differentiate both sides of In [%j = 0.5t with respect to ¢.
a In P = i[O.5t]
dt 1-P dt

[LJE[L}_%
p dt|1-P

1-P ()-P)—P(-1) dP _
TR
1-P+P dP _
PA-P) dt

d—f =0.5P(1-P)

0.5
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2.0 _
2. d—Vzi i1tr3 =£n(3r2)£=4nr2£ 3. 6y7y'-14x=0
d dt] 3 3 dt dt ,14x  7x
T a2 a2
When %:5 and r =12, 6y 3y
dv 4. 4x-6yy'=0
T 47(12)? (5) = 28807 . The balloon is ox
y'=—
increasing at the rate of 28807 cubic 3y
inches/minute.
1/3 1/3 _
3. The hypotenuse is the length of the ladder, so S 1 X 1 tyT=3
x2 +y2 =100 . Differentiate both sides of the 3 x 2134 3 y 23y =0
ti ith tto 7. /3, _
egua 10N W1 re;pec (o} y 2/3y — X 2/3
[P+ y? | = -qnoo] (213
dt dt y’ -
" & y 273
2X—+2y—=0 2/3
at ot -y
When y = 8, we can find x by using the x2/3
Pythagorean theorem. 3 y2
x% +8% =100 Y
X
x? =100~ 64 = 36 2
x=6 _ 3y
2
Whenx:6,y:8,and3—)::3,wehave X
dy _ 6 ljx_ng Llysy-o
2(6)(3)+2(8)E—0 (5 5 y oy
4 4
36 +16ﬂ =0 , A y\5
dt y=—""7=" X
dy_3%6_9 <
dt 16 4 3\ 1 (3) _t
dy 9 S To =X 44—y *y'=0
ot = R thus the top of the ladder is sliding 4 4
9 y%
down the wall at the rate of — feet/sec. y'=-=
4 x4
Problems 12.4 9
8. 3y“y' =4
1. 2x+8yy'=0 4
r_ y’ =X
X+4yy' =0 3y2
4yy' =—X
y = X 9. By the product rule xy’'+y(@) =0, xy'=-y,
4y
y'= .4
X
2. 6x+12yy'=0
y'= S
2y

438
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10. 2x+xy'+y(@)—4yy'=0
Xy ' —4yy' =-2x—-y
, —2X—=Yy  2X+Yy
V= X—4y _—x+4y

11. xy'+y@) -y -11=0

y(x-1)=11-y
,_11-y
x-1
12. 3x2 —3y2y':3x2y’+6xy—:-3x(2yy’)—3y2
y’(—3y2 —3x% + 6xy) = 6xy —3y2 -3x?

y'=1

13. 6x2+3y2y —12(xy'+y)=0
3y2y’—12xy’ =12y—6x2
y'(sy2 —12x) —12y - 6x2

y/(v? —4x)=4y-2x

, 4y—2x2

y =S

y© —4x

14. 6x2+(3%)y +y(3)+3y2y' =0
y'(3x+3y2) - —6x2 -3y

y'(x+ yz):—Zx2 -y

,__2+y

x+y2

15. x:\/?+€/§:y1/2+y1/4

1 g0, 1 _3/4,,
1=— +=
2)’ y 4y y

_l 1 1) [yt
=y 2¢m+4fm =y 2y

2yt4 41

’

y:

16. X3 (3y2 y')+ y3 (3x2)+1= 0

r

_1+3x2y3

33y
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3 3., 2.4 '
17. 5x°(4y°y)+15x°y* ~1+2yy' =0 23. 2(1+e3x)(3e3x)=i(1+ y)
y'(20x3y3+2y) :1—15x2y4 X+y
. 1-15x2y* 6e3x(l+e3x)(><+ y)=1+y
20x3y3 +2
Xy rey y' = 6e> (1+e )(x+y) -1
18. 2yy+y =+
X 24, e (1+y) =i(1+ y)
’ 1 X+Yy
(2y+1)y = ex+y+ylex+y:L+L
1 X+y X+Yy
e e
X+y) X+y
y'=-1

19. y[lj+(lnx)y':x(eyy')+ey(1)
X 25. 1+[xy'+y(]+2yy =0

99y 2
X
y (x+2y)y' =—(1+Y)
[m(x)_xe)’] Xy 1
y'= yoo Y
y X X+2y
xet —y
e S | : ,_ 1+2 3
X[In(x)—xeyJ At the point (1, 2), y' = Ted c
xy'+y@)
20, ————+1=0 26. +Jy+1(1
Xy (2 el j y+1()
Xy'+y+xy=0
xy' =—y(x+1) [2\/—)+VX+ (y)
y,__y(><+1)
X Y VXl y = ———— \/y+
1/y+ \/
21. [x(eyy’)+ey(1)}+y’:0 y
—X+1 |y = —Jy+1
2y+1 d 24/x+1 d
xeVy +e¥ +y' =0
y _ |
(xey+1)y’:—ey yr = 2l y+1
X _
. ey ZW
T ey 3
xe At(3,3),%=g—_2=1.
22. 8x+18yy' =0 X 372
8x =-18yy’
, 8x 4x
Y =—ro=—
18y 9y
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27. 8x+18yy'=0 32. p:400_\/7
y,__8_x_ 4x
18y 9y _(p) (400 Ja)
Thus at (0 lj y'=0; at (X dq
’ 5 ’ WE y0)7 1=
3 2( dp
y =0 dg _
9o o 24
28.  2(x% +y?)(2x+2yy') =8yy’ 20
2 2 n _ ' 33‘ p: 2
(x“+y ) (x+yy) =2yy (q+5)
4+ x2yy +xy? + Y3y =2y’ d d 20
(Cy+y° -2y)y = -y R s
X +y?)
Vo2 iy2-2) —(p) [20(q +5)" }
At (0,2), y' =0.
1o 40 . ;i_q
29. 3x2+xy'+y+2y =0 (q+5) 3p
y,__3x2+y d_q:_M
—x+2y dp 40
At (-1, 1), y'=—4 and the tangent line is given 10
by y — 1 =—4[x — (=1)], or y = —4x — 3. 34. = qz 3
30. 2yy'+[xy'+y@)]-2x=0 _( 0) = 10
y,ZZX—y dp q2+3
2y + X 1o 20q dg
R B
At (4, 3), y'zl and the tangent line is given by (q2 +3)2 P
2 dg__(@°+3)
y—S:E(x—4), or y=1x+1. dp 20q
2 2 From the original equation, we have
31. p:100—q2 q2 +3:%. Thus we can write :—g as
d d
—(p)=——(100-¢°| 1Y
dp dp dg_ \p) _ 5
T 200 an?
1=—2q~d—q dp 20q ap
dp
dg__1 35, =t
dp 2q lo
Inl—Inly =-At
lar_
| dt
a_
dt

41
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36. 1.5M = Iog[

37.

38.

)
2.5x10M!
1.5M = log E — Iog(2.5x1011)

d d 11}
4 asM)=-2L [ logE—log(2.5x10
av &M =50 [Og Og( * )

d d InE 11
— (15M)=—| ———log(2.5x10
am M) dM[lnlo g2~ )}
15_ L (1 dE

N0\ E dM
9E 1 sEIn10
dm
d d|InE 11
— (1.5M)=—|———1log(2.5x10
ag M) dE[InlO 9(2:5x )}

M 11

“dE Inl0 E

a1

dE  1.5EIn10

v = f 1. Differentiating implicitly with respect
to A:
o=t AT

di dAa A

>

Solving v = fA for fand differentiating: f =%

SO i = v = —E = —i, which is the same
as before.

P+a)v+b)=k
d d
ﬁ[(P +a)(v+b)]= d_P(k)

(P+a)g—;+(v+b)(l) =0

dv vV+b .. .
—=- . From the original equation,
dP P+a

. dv
v+b= . Thus we can write — as

P+a) d

av__ k-
P (P+a)?
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39. s2 +% 12 = Sl + 1. Differentiating implicitly

with respect to I:
ZSd—S+1I = S(l)+|d—S +1,
dl 2 di

2585 195 g, 1

di - dl 2
(25_ )88 _25+2-1 dS_28+2-1
di 2 d - 2(2s5-1)

dc . ds

Marginal propensity to consume = a = l—a.

Thus 3¢ -1 25+2-1
d - 2(25-1)

§=1p 4C _, 24+2-16_, 10 _6 _
di 2(24-16) 16 16

. When I/ =16 and

3
-

fo 1

1-f(t)  1-f()

In f(t)—In[L— f (©)]+ofl— f ()] > = Cy +Cot,

tw, 0, of'w)
f(t)y 1-f@) -t
L + L + g =G,

fO) =T p-foP

- fOR+ fOR-fO)]+of ) _c

i fFOL-fOF

oy = FOIL- FO)+ f(t2)]+crf(t)} _¢,

fOR- )]

o) [1—f(t)]+afgt)}c

L FOR- ()]

Thus f'(t) = M
of®+[1-f®)]

40. In

= C1 + Czt Thus

f1(t)

f'(t)
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Problems 12.5

1. y=(x +l)2 (x-2) (X2 + 3). Take natural logarithms of both sides,

Iny= In[(x+1)2(x—2)(x2 +3)}.
Using properties of logarithms on the right side gives
Iny=2In(x+1) +In(x—-2) + In(x2 +3).
Differentiating both sides with respect to x,

y' 2 1 2X

—= + .

y x+1 x-2 x243
Solving for y',

Y=y 2 N 1 N 2X

X+1 x-2 )(2 +3 .

Expressing y' in terms of x,

y' = (x+1)2(x—2)(x2 +3)[

2 1 2X
+ +
X+1 x-2 %243

2. Iny=In {(3x+ 4)(8x—1)2 (3x2 +1)4}

— In(3x + 4) + 2In(8x 1) + 4In (3x2 +1)

Y _ 3 Lo 8 4. 6X
y 3x+4 8x-1  3x2+1

yoyl 3 18 2
3Xx+4 8x-1 3x2+1

=(3X+4)(8X—1)2(3x2+1)4{ 3, 16 24x}

+
3x+4 8x-1 3x2+1
3 4\? 3
3. Iny=lIn (3x —1) (2x+5)

- ?.ln(sx3 —1)+3In(2x+5)

, 2
L:2_ 9x L3 2
y 33 -1 2X+5

Y=y 18x° N 6
3x3 -1 2X+5

2 2
y’=(3x3 —1) (2x+5)° 183—X+ 6
3x° -1 2x+5
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4. y= (2x2 +1)\/8x2 -1
Iny= In[(Zx2 +1)\/8x2 —1}

~ In(2x2 +1)+%In(8x2 _1)

y' 4x 1 16x
o2 1 o a2
y 2x°+1 2 8x°-1

, 4x 8x
R P I
2x°+1 8x° -1

—(2x +1)\/8x - [

2x+18x -1

5. y=Yx+1Wx>-2x+4
Iny= In(\/m\/xz —2@)

1 1, (. 1
Iny==In(x+1)+=In{x*-2)+=In(x+4
y =20+ (62 ~2)+ Zin(x+ )
y 1| 1 2X 1
== + +
y 2| x+1 x2_2 x+4
, oy 1 2X 1
y' == + +
2| x+1 x2_2 x+4
_x+1 \/x —2/x+4 { .\ L1 }

X+1 x2_2 x+4

6. Inyzln[(2x+l)\/x3+2\3/2x+5}
1, .3 1
:In(2x+1)+EIn(x +2)+§In(2x+5)

y 2 1 3% 1 2

= +—. +—-
y 2x+1 2 y34+2 3 2x+5

iy 2, 3¢ 2
y 2x+1 2(x*+2) 3(2x+5)

2

2
_(2x+1)\/x +232x+5 { 3

2x+1 2(x +2) 3(2x+5)
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1-x° 1 )
7. Iny=1In ==In{1-x°|-In(1-2x
y 1-2x 2 ( ) ( )

y = 1-x*[ x N 2
1-2x | x2-1 1-2x
8. Iny=lIn K +5 —l[ln(x2+5)—ln(x+9)}
) X+9 2

y' 1| 2x 1
7_E|:X2+5_m}
A 1
3l

1 x2+5[ 2x 1 }

2\ x+9 x2+5_x+9
2
(2x2+2)
& y=—— o
(x+D)“(3x+2)
2
(2x2+2)
Iny=1In —
(Xx+D)“(3x+2)

—2In 2x2+2)—2ln(x+1)—ln(3x+2)
4,13

X+1 3x+2

y 8&x 2 3

%212 x+1 3x+2

(2x2+2) {4)( , 3 }

T (x+1)2(3x+2) -

w241 X+1 3x+2

445
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11.

12.
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x(1+ xz)z
V2+x2

:Inx+2ln(1+x2)—%ln(2+x2)

Iny=In

X 1+Xx

2\2

X(1+x ) {1 Ax X }
y'= -t -

V2+ X2 2 24x

X 1+x
}(x+3)(x—2)
y 2x-1

_n [x£3)(x-2)

In,[————=

2x-1

y_i.1 1.1 1 2
y 2 x+3 2 x-2 2 2x-1
oyl 1 1 2
y:— + —

2| x+3 x—-2 2x-1

1 [(x+3(x-2)[ 1 L1 2
2 2x—1 X+3 x-2 2x-1

- %[m(e) +2In(x +1)-6In() - (-4x) In e}

- %[m(e) +2In(x +1)-61n(x) +4x}

.
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13. y= L thus In y=In = (x2 +1)Inx. 17. y=(3x+1)?*. Thus
' 2
RANYNCIN | = (Inx)(2x) Iny=In [(3“1) X} =2xIn(3x+1)
y X
2 y' 3
y'=y(x X+1+2xln Xj 7—2{X(3x+1j+[|”(3x+1)](1)}
2 . 3X
:szﬂ(x X+1+2X|n x} y —2y{3x+1+|n(3x+1)}

=2(3x+1)%X {%+ In(3x+l)}
14. y= (2X)\/;. Thus X

Iny = In@2x)Y* = Jx[In2+1nx]. 18. y=(x+1)**, thus
' _ 2 X+1 _ 2
i=x/§F}+[ln2+lnX]-2\1F Iny = In(x* +1)*™ = (x +1) In(x* +1).
X !
X L:x+1~i+ln(x2 +1)-1
y,_y{ign@x)} y X2 +1
VX 2Jx y,:y|:2X(2X+1)+|n(X2 +1)}
y,_(ZX)&{znn(zx)} x“+1
24 = (¥ [_2x(2x+1) +In(x? +1)}
X“+1
1 1 Inx
15. y=x*. Thus Inyz;lnx:T. 19. y:4exx3x. Thus
v x(%)—(lnx)(l) Iny=|n4+|n(exx3x)=ln4+lnex+Inx3x
y x? =In4+x+3xInx.
y’=y{1_lznx} i:1+3[x(1j+(ln x)(l)}
X y X
x%(l—ln x) y' =y(4+3Inx)
T y' = 4e*x*(4+3Inx)
X 20. y=(Inx)® . Thus Iny =e* In(In x).
16. y:[%j . Thus , ) 1 y (n%)
X L:e{ }r[ln(ln x)]e
3 y xInx
Iny:xln(—zjzx[lnS—Zlnx]. L
X y' = y[ +In(In x)}ex
y’ 2 xInx
—=x[——j+(ln3—2lnx)(1) 1
y X = (Inx)® +In(Inx) |&*
3 xInx
=-2+In —2
X

(R3]
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21.

22,

23.

24,

y — (4X_3)2X+1
Iny = In(4x—3)** = (2x+1) In(4x —3)

y' _ -

7_(2x+1)[4x_3}r[ln(4x 31
.| 42x+1) _

y _y{—4x—3 +2In(4x 3)}

When x = 1, then dy = 1{E+ 2 In(l)} =12.
dx 1

In x

y=(Inx)
Iny = In(Inx)"™* = (In x) In(In x)

L' =(Inx) {il} +[In(In x)](ij
y Inx x X

y= VFJ“ In(Inx)}

X X

L inx | 1+ In(In x)
y'=(Inx) [—X }

When x =e, ﬂ - {%} —e 1
dx e

y = (X+1)(x+2)%(x+3)?
Iny=In(x+1)+2In(x +2) + 2 In(x + 3)
y 1 2 2

== + +

y Xx+1 x+2 x+3

=y 1 N 2 . 2
Xx+1 Xx+2 x+3
When x =0, then y =36 and y'=96. Thus an

equation of the tangent line is
y—36=96(x-0), or y = 96x + 36.

y=x
Iny=xInx
L’:x-l+(ln X)) =1+Inx
y X
y' =y@d+Inx)=x*{1+Inx)
When x =1, then y = 1 and
y'=11(1+1In1) =1(1+0) =1. An equation of the

tangent lineisy—1=1(x—-1)ory=ux.
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25. y=e*(x*+1)*
Iny =IneX +In(x? +1)*

=x+x|n(x2 +1)

%:1+{X[X§ilj}+[ln(x2 +1)(1)}

2

y'= y[1+ 22X +In(x2 +1)1

X +1
When x = 1, then y = 2e and
y' =2e[1+1+In(2)] = 2e(2+1n 2). Thus an
equation of the tangent line is
y—2e=2e(2+1In2)x—1),or
y=(4e+2eIn2)x—2e—2eln2.

26. y=x*
Iny=xInx

Y L nx)@ =1+Inx
Yy X

’

Whenx=1, L =1+In1=1+0=1.
y

27. y=(3x)"%
In y = -2x In(3x)

y_ _2{x{i(3)}+[|n(3x)](1)}
y 3x

=-2[1 + In(3x)]
1-100 gives the percentage rate of change.

Thus -2[1 + In(3x)](100) = 60
1 +In(3x) =-0.3
In(3x)=-1.3
3x=ge13

1

3l 3

28. y=[f(x)]°W
In y = g(x) In[f(x)]

y_ g(x)(i. f’(x)J+ In[ f (x)]g'(x)
y f(x)

y = y[f'(x)%+ g'(x)In[f (x)]j

y =[f(x>19<x>(f'(x)ﬂw(x)ln[f(x)]j
f(x)
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29. = .1009% = 21009+ 3--100%
r p q

- +7)2-100%
p

p
q _Pp dq
where n:i ——.
dp
@ 9
P

:—2-(—40+2p)
500-40p+p

When p =15, then n=-1.2and a E% increase in price will resultina (1-1.2) [%%J =-0.1% change in
revenue, which is a 0.1% decrease in revenue.

r 0o P 0. 9 9
30. —-100% =—-100% +—-100%
r p

- (+7)2-100%
p

P
where ryqu—p:£~d—q.
aq q ap
P

= 2~(—40+2p)
500-40p+p

When p =15, then 77 =—-1.2 and a 10% decrease in price will result in a (1 — 1.2)(=10%) = 2% change in revenue,
which is a 2% increase in revenue.

Principles in Practice 12.6

1. Let f(x)=20x—0.01x% ~850+3Inx, then f'(x)=20—0.02x+=. f(10) ~ —644 and A50) = 137,

X
so we use 50 to be the first approximation, X;, to find the break-even quantity between 10 and 50.
f (%)

20X, —0.01x2 —850+3In X,
Xne1 =Xn ——, =Xp — 1
f(%n) 20-0.02x, +3x;
. 20x2 —0.01x2 —850x, +3X, In X,
! 20%,, —0.02x +3

20x2 —0.02x3 + 3x, —(20x§ ~0.01x3 —850x, + 3%, In xn)
- 20%, —0.02x2 +3
a —O.leﬁ +853%, — 3%, In X,
20X, —0.02x2 +3

—50- 00 _ 42 82602
f'(50)

X3 = 42.82602 _ F(42.82602) _ 1 5459
f'(42.82602)
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f (42.85459)
f'(42.85459)

X4 = 42.85459 — ~ 42.85459

Section 12.6

Since the values of X3 and X4 differ by less than 0.0001, we take the first break-even quantity

to be x = 42.85459 or 43 televisions.

f(1900) = 1073 and f(2000) = —827, so we use 2000 to be
the first approximation, X;, for the break-even quantity between 1900 and 2000.

f (2000)
£/(2000)
f (1958.63703)

f'(1958.63703)
f (1957.74457)
f'(1957.74457)
f (1957.74415)
f'(1957.74415)

X9 =2000 - ~1958.63703
X3 =1958.63703 -
X4 =1957.74457 —

X =1957.74415 -

~1957.74457

~1957.74415

~1957.74415

Since the values of X, and Xg differ by less than 0.0001, we take the second break-even quantity to be

x =~ 1957.74415 or 1958 televisions.

Problems 12.6

1. We want aroot of f(x) = x3 —4x+1=0. We see that f{(0) = 1 and f(1) = -2 have opposite signs, so there must be

a root between 0 and 1. Moreover, f(0) is closer to O than is f{1), so we select X =0 as our initial estimate. Since

f'(x)= 3x? — 4, the recursion formula is

f(%n) o x-dx,+1

Xn+1 = Xn —
N+ n f ,(Xn ) n 3x§ _ 4
2x3 -1
Simplifying gives X,,3 = X;
3x, —4
n Xn Xn+1
1 0.00000 0.25000
2 0.25000 0.25410
3 0.25410 0.25410

. Thus we obtain:

Because |X4 - X3| <0.0001, the root is approximately X, =0.25410.

2. Let f(x)=x3+2x2 -1 f(%Jz_g and

f(1) =2 (note the sign change). Since f (%} is closer to O than is f{1), we select X

f'(X) = 3x% + 4X, so the recursion formula is Xna1 = Xp —
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n Xn Xn41

" *n *n1 1 2.50000 2.58974

! 0.50000 0.63636 2 2.58974 2.58425

2 0.63636 0.61838 3 2.58425 2.58423

3 0.61838 0.61803 4 2.58423 2.58423

4 0.61803 0.61803

Since |Xg — X4| < 0.0001, the root is

Because |X5 - X4| <0.0001, the root is approximately x5 = 2.58423.
approximately xg =0.61803.
(Note that f'(0) =0, so we cannot use 0 for 5. Let f(x)=x>+x+1 We have fi-1)= 1 and
X..) f(0) =1 (note the sign change). Choose X; = —1.

Since f'(x) = 3x? +1, the recursion formula is
3. Let f(x)=x%—x-1. We have f(1) =1 and

f 3 1
f(2) = 5 (note the sign change). Since (1) is X1 = Xn — ,(Xn) =X, — Xn +2Xn -
closer to O than is f(2), we choose X =1. We (%) 3xp +1
3
have f'(x)= 3x? -1, so the recursion formula is = 2xp -1
3x2 +1
3 n
.y f (%) o XaX-l
nL = o (%)) 3x2 -1 n Xn Xn+1
2341 1 -1 ~0.75000
=
3y -1 2 ~0.75000 ~0.68605
3 —0.68605 —-0.68234
n Xn Xn+1
4 —0.68234 —0.68233
1 1.00000 1.50000
Because |x5 - x4| <0.0001, the root is
2 150000 1.34783 approximately X5 =—0.68233.
3 1.34783 1.32520
4 1.32520 1.32472 6. x> =2x+5, souse f(x)=x>—2x-5=0. We
5 1.32472 1.32472 have f(2) =—1 and f(3) = 16, so f{2) is closer to 0
than is f(3). We choose X =2. Since
Since |X6 - x5| <0.0001, the root is f'(x) = 3x% - 2, the recursion formula is
approximately Xg =1.32472. xﬁ = 2%y =5 ZXE +5

5 T 22 3d-2
4. Let f(x)=x"—-9x+6. We have f{(2.5) =-0.875
and f(3) = 6. Since f(2.5) is closer to 0 than is n Xn Xn+1

f(3), we choose X =2.5. We have

i ! 2.00000 2.10000

F/(x) =3%2—9., 50 X1 = % —W. 2 2.10000 2.09457
3x2_9

Xn 3 2.09457 2.09455

Because |X; — X3| < 0.0001, the root is
approximately X, = 2.09455.
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7. x*=3x-1, so use f(x)= x* —3x+1=0. Since

f(0)=1and f(1) = -1 (note the sign change), f(0)
and f(1) are equally close to 0. We shall choose

X =0. Since f'(x)= 4x3 — 3, the recursion
formula is

. _X_f(xn)_X _x,‘]‘—3xn+l

n+l = n , = 3

f (Xn) 4%, -3

3 -1

4xﬁ -3

n Xn Xn+1

1 0.00000 0.33333

2 0.33333 0.33766

3 0.33766 0.33767

Because |X4 — X3| < 0.0001, the root is
approximately x4 = 0.33767.

. Let f(x)=x*+4x-1. Since i-2) =7 and
fi=1)=—4, f(-1) is closer to O than is f{-2).
However, f’(-1) =0, so we shall choose

X =—2. Since f'(x)= 4x3 +4, the recursion

formula is
xf] +4x, -1 3x§ +1
Xn+1 = Xn - 3 = 3
4xy +4 4xy +4
n Xn Xn+1
1 —2.00000 —1.75000
2 —1.75000 -1.67092
3 -1.67092 —1.66332
4 —1.66332 —1.66325

Because |X5 - X4| <0.0001, the root is

approximately Xg =—1.66325.
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9. Let f(x)=x*-2x3+x%>-3. {1)=-3 and
f(2) =1 (note the sign change), so f(2) is closer
to O than is f{1). We choose ¥ = 2. Since

f'(x)= 4x3 —6x? +2x, the recursion formula is

TGN

xf{ —2xr?{ +x§ -3
Xn+1 = Xn , = An
f'(Xn)

4xﬁ —6x§ + 2%y

n Xn Xn+1

1 2.00000 1.91667
2 1.91667 1.90794
3 1.90794 1.90785

Because |X4 - X3| <0.0001, the root is
approximately X4 =1.90785.

10. Let f(x)=x*-x®+x-2. f(1)=—1 and
f(2) =8, s0 f(1) is closer to O than is f{2). We
choose ¥ =1. Since f'(x)= 4x3 —3x? +1, the

recursion formula is

xﬁ—xﬁ+xn—2

T a2
n Xn Xp41
1 1.00000 1.50000
2 1.50000 1.34677
3 134677 1.31040
4 131040 1.30858
5 130858 1.30857

Because |X6 - X5| < 0.0001, the root is
approximately Xg =1.30857.

11. The desired number is x, where X3 = 71, or

x3 —71=0. Thus we want to find a root of
f(x)=x2—71=0. Since 4° =64, the solution
should be close to 4, so we choose X =4 as our

initial estimate. We have f'(x) = 3x?, so the
recursion formula is

ey fOn) X7 2471
n+l — *n f'(xn)_ n 3Xr21 = 3X§
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12.

13.

n Xn Xn+1
1 4 4.146
4.146 4.141
4.141 4.141

Thus to three decimal places, %/ﬁ =4.141.

The desired number is x, where x4 = 19, or

x* 19 = 0. Thus we want to find a root of
f(x)=x*-19. Since 2% =16, the solution
should be close to 2, so we choose X =2 as our

initial estimate. We have f'(X) = 453, so the
recursion formula is

L B e

Xn+1 = Xn ; =X 3

(%) 4xq

_ 3x7 +19
4x§

n Xn Xn+1
1 2 2.09
2 2.09 2.09

Thus to two decimal places, i‘/l_g =2.09.

We want real solutions to eX = x+5. Thus we

want to find roots of f(x)=e*-x-5=0. A

rough sketch of the exponential function y =e*

and the line y = x + 5 shows that there are two
intersection points: one when x is near -5, and
the other when x is near 3. Thus we must find

two roots. Since f'(x) =e* -1, the recursion

formula is
Xy % f (%) x, e —x,-5
f'(%n) e -1
If % =-5, we obtain
n Xn Xn+1
1 -5 —4.99
2 -4.99 —4.99

If % =3, we obtain:
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n Xn Xn+1
1 3 2.37
2 2.37 2.03
3 2.03 1.94
4 1.94 1.94

Thus the solutions are —4.99 and 1.94.

. We must solve In x = 5 — x. That is, we must

determine all roots of fix) =In(x) + x—-5=0. A
rough sketch shows that the graph of the
logarithmic function y = In x intersects the line
y =5 —x at one point, where x is between 3 and

4. We choose ¥ =3. Since f'(x)= l+1, the
X

recursion formula is

o 00) L Inlp) S
T (%) Xi+1

n Xn Xn+1

1 3 3.676

2 2.676 3.693

3 3.693 3.693

Thus the solution is approximately 3.693.

. The break-even quantity is the value of ¢ when

total revenue and total cost are equal: r = ¢, or
r—c¢ = 0. Thus we must find a root of

3q —(250+ 2q —o.1q3) -0, or

f(q)=q-250+0.1g° =0, so f'(q) =1+0.3q°.
The recursion formula is

f(an)

o Gy — 250+ 0.1q,,°
Un+1 =0Un f,(qn)

1+ O.Sqn2
We choose g =13, as suggested.

n On On+1
1 13 13.33
2 13.33 13.33

Thus g = 13.33.
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16.

17.

a. The break-even quantity is the value of ¢
when total cost = total revenue: ¢ = r,
¢ —r=0. Thus we solve

q2

1000

sides by ¢ and simplifying, we see that the
problem is equivalent to solving

40+3qg+ + 1 = 70. Multiplying both
q

o
f(q) =———4q? +40q+1=0.

1000
3q2
b. Since f'(q) =——-8q+40, the recursion
1000
formula is

f(an)
f'(an)

U _4q.24+40q, +1
_ 1000 qn qn
3q?
1000

We select ¢ =10 as suggested.

On+1=0n —

=0n

—8q, +40

n Un On+1
1 10 10.05
2 10.05 10.05

Thus g = 10.05.

The equilibrium quantity is the value of g for
which supply and demand are equal, that is, it is

a root of 2q+5:2—, or of
g +1
f(g)=2q+5- 1200 =0. Since
q°+1
f'(g)=2+ 200 5 the recursion formula is
(6 +1]
2 5_ 100
f (qn) qn i qn2+1
On+1 =0n —

- =0y —
EC
(6°41)
A rough sketch shows that the graph of the
supply equation intersects the graph of the
demand equation when ¢ is near 3. Thus we
select ¢y =3.

18.

19.

Section 12.6

n Un On+1

1 3 2.875

2 2.875 2.880

3 2.880 2.880
Thus g = 2.880.

In the same manner as problem 17, we must find
aroot of f(q)= 0.2q3 +1.59-8=0, so
f'(q) = 0.6q2 +1.5. The recursion formula is
: f(an) 0.2qﬁ +1.5q0, -8
= T ) T ™ 06q2415
We select o =5 as suggested.

n On On+1
1 5 3.54
2 3.54 2.85
3 2.85 2.71
4 2.71 2.70
5 2.70 2.70

Thus g =2.70, so p = 10 — 2.70 = 7.30 (from the
demand equation).

3
For a critical value of f(x)= X?— X2 —5x+1,

we want a root of f'(x) = x2 —2x-5=0. Since
d

d_[ f'(X)] = 2x -2, the recursion formula is
X

xn2 —2%, =5
2%, -2
For the given interval [3, 4], note that
f'(3)=-2 and f'(4) =3 have opposite signs.
Thus there is a root x between 3 and 4. Since 3 is
closer to 0, we shall select x; =3.

Xn1 = Xn —

n Xn Xn+1
1 3.0 35

2 35 3.45
3 3.45 3.45

Thus x =~ 3.45.
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Principles in Practice 12.7

1. % =0-16(2t) = -32t ft/sec

2
H = i[—BZt] =-32 feet/sec?
dt2 dt

The acceleration of the rock at time ¢ is
—32 feet/sec? or 32 feet/sec? downward.

. The rate of change of the marginal cost function
with respect to x is ¢"(q)

c'(g)=14g9+11

c"=14

When x = 3, the rate of change of the marginal
cost function is 14 dollars/unit?.

Problems 12.7

y' =12x% — 24X +6
y"'=24x-24
yW — 24

y' =5x* —8x3 +14x
y'= 20x° - 24x° +14

y" = 60X — 48x
A
dx
2y .
— =
dx
d =-1-2x
dx
4’y _
5=
dx
y' =3x% + e
y" =6x+e*
yw — 6 + eX
y(4) —eX

454

10.

11.
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dF

dq g+l
d’F 1
d?  (q+D?
d°F 2
d® (q+1)°
f(x):lenx

f'(x) = x? Gj+ (InX)(2x) = x(L+2In X)

f"(x) = x(%}+(1+2ln X)@) =3+2Inx

f'(q)=-2q""

f"(q) =10q7°

"(a) = -60q " =2
q

1
2

f(X)=vx=x

1 -1
f'(x)==x 2
() =7

3
2

4x

f(r)=vo—r =(9-1)?

fr(r)= —%(9— r)fé

S P S U
4 49-r)

N
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_4x2 _
12, y=e 18. y=In (2X+5)(51x 2)
X+
y' = —8xe X’ — IN(2X+5)+ In(5X - 2) - In(x +1)
v'= _B[X(_gxe_4xz )+ ot (1)} y'= 2x2+5 " 5x5_ 2~ xil
= 8e*4XZ (8)(2 _]_) " 4 25 1
=" 2” 2" 2
(2x+5)° ((x-2)° (x+1)
13. y=L=(2x+3)—l _ 242
ox+3 19. f(z)=1z%
ﬂ:—2(2x+3)’2 f'(z) = zz(ez)+ez(22):(zez)(z+2)
dx " _ z z z
2 f'(2)=(ze" |+ (z+2)| ze” +e“ (D)
u:8(2x+3)73 :L
dx? (2x+3)° :ez(22+4z+2)
14. y=@3x+7)° 20, y= 2
y' =15(3x +7)* ’ eX
y" =180(3x+ 7)3 0y ex(l)—x(ex) 1x
dX N 2 - X
15, y=X*t (ex) )
' S x-1 2 X X
dy e’ (-)-(@-x)e X—2
,_ (x=1)@) - (x+1)(D) 2~ 2 T
y = > dx (ex) e
(x-1)
2 -2
== =-2(x-1) 2, 3
(x-1)2 21. y=e+e>*
y' =4(x-1)73= 4 3 ﬂ=2ezx+3e3x
(x-1)
. . a°y g=4ezx+9e3x
16. y=2x2 +(2x)? d>3<
_1 _1 _1 _1 y 2 3
y =X 2+1(2X) 2(2)=x 2+(2x) 2 —5 =88 X+ 27
2 dx
d4y 2x 3x
3 3 il A
y”:—%x 2_%(2)() 2(2) =— 1§+ 1§ i 16e°” +81e
2x2  (2x)2 45
S _ 3% 4 243¢™
17. 'y =In[x(X +6)] = In(x) + In(x + 6) dx
5
y’:l_i_iz X71+(X+6)71 d—g/ 23260 +24390 =32+243=275
X X+6 dx” |, o

y" ==X +(-1)(x+6) 2 Z—I:iz-i- 1 2}
X°  (Xx+6)
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22,

23.

24,

25.

B e2In(x3+1) B eIn(x3+1)2 _ (X3 +1)2
y' = 6x° (x3 +1) =6X° +6X°

y" =30x* +12x
When x =1, then y"=30+12 =42,

X2 +4y2 -16=0
2x+8yy'=0
8yy' =-2x
_x

4y

” __4y(1)_x(4y,)
y'= 2

16y

4y—4x(—ﬁ) _4y2+x2

- - 16y3

y'=

16y2
16 1

2x-2yy'=0

y' = 2 2

ISM: Introductory Mathematical Analysis

26. 9x% +16y? =25

18x+32yy'=0
9%
16y
y—x|—x
y"—_i.M—_i.—ley
16 2 16 2
_ 9 16y°+9x* _ 225
16 16y° 256y°
27. x+4y=4
11
X2 +4y2 =4
1 -1 1
=X 2+2y 2y'=0
2
_1 1 _1
oy 2y =_—x 2
y °y 5
1 _% 1 %
, X< y
R U
2y 2 X2
1 _1 1 _1
, 1 Xz(%y Zy’j_yz[%x 2)
=y X
_ N ;
x% y? Y% 3
B Rl -1y
BRI I R
~ 8 X 8] «x
_ 1 -
1,92 1
1 4 _ 1| x2+4y?
- - 3
8 X 8 ax2
1| 4 1
Tgl T 3|7 3
8_4x2 8x2
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28. y2—6xy=4

2yy'—6[xy'+ y(@)]=0

2yy'—6xy' =6y

(2y-6x)y =6y

y = 6y 3y
2y—-6x y-3x

y;;zs.(y—?)X)Y_ng _3):9. y_xy2

(y—3x) (y-3%)

x| 3

=9.y X[y—stg.y(y—sx)_wy
(y—3x)? (y—-3%)°
2_

_g9.Y 6X>3’:9. 4 - 363
(y=3%) (y-30°  (y-3x)

29. xy+y-x=4
xy'+y@Q+y-1=0

xy'+y'=1-y
(x+y =1-y
_1-y
T
Y= 1+x)(=y)-A-y)@)
2
1+x)
@ X)[‘ i }—(1— )
) (1+x)?
_—A=-y)-a-y) _-20-y) _2(y-1)
(1+x)? @+x)?  (L+x)?

30. x%+2xy+y? =1
2X+2y+2xy' +2yy' =0

(X+y)y =-(x+y)
y'=-1

y'=0
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31.

32,

33.

Section 12.7

X+y

y=e
y =XV (1+y)
y’ _ex+yy! — eX+y

yr(l_eX+y) — ex+y

’ X+
=1—exer
I
yro Loy -yey) Y
-y)° L-y)?
Y
o A
@-y? @-y?®
eX—e¥ = x2 + y2
eX —eVy =2x+2yy
. eX —2x
Y
v (¢¥ +2y)(e* ~2)-(e"~2x)(e'y + 2y
(ey+2y)2
~ (ey +2)/)(ex —2)—(eX —ZX)(ey +2)y'
_ (ey+2y)2
e
_ (ey+2y)2
X% +3x+y? =4y
2X+3+2yy' =4y’
2yy' -4y’ =-2x-3
o 2X+3 B 2X+3
©2y-4 4-2y
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Y= (4-2y)(2) - (2x+3)(=2Y")
(4-2y)°
2(4-2y) + 2(2x+3)(§§—§§)

(4-2y)?
_ 2(4-2y)* +2(2x+3)?
(4-2y)°

d’y 2(4)*+2(3° 25
dx? 43 32

When x=0and y =0, then

34. f(x)=(3x—5)e X
F/(x) = (3x—5)[—2e—zx] +e2X[3] . Thus,
f/(x) = e 2X[-2(3x —5) + 3] = (13— 6x)e X
£7(x) = (13— 6%) [—2e*2X ] +e2X[6]

=267 [-(13-6X) - 3]

= 4(3x - 8)e ™

Fr(X)+4 £ +4F(X)

— 4(3x—8)e 2 +4[(13—6x)e‘2x}+4[(3x—5)e_2"} — [4(3x —8) + 4(13— 6X) + 4(3x — 5)Je ¥

= [0]672X =0, as was to be shown.

35. f(x)=(5x-3)*
f'(x) = 20(5x - 3)°
f"(x) = 300(5x — 3)°

1

1 X_§
36. f(X)=6X2 +T

3

X 2
12
_5
2

3 -2 X
f"(X)=——=x 2 +—
() =7 5

1
f'(x)=3x 2 -

_1
bx 2
16

_5
f”’(x)=%x 2
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37. % _06q+2
dqg
2
d—;’:o.s
dq
2
d—g ~06
49% |4—100

38. r=pq=400q-40q° —q°

9" _ 400-80q-3¢°
dg

2
d—zr — _80—6(q
dqg
2
When g = 4, d—zr — _104.
dq

39. f(x)= x* —6x% +5x—6
f'(x) = 4x3 ~12x+5
f7(x) =12x% 12 =12(x +1)(x - 1)
Clearly f"(x)=0 when x = =1.

40. Y = y%e

a. eVy=y? (ex)+ eX(2yy")

(ey —2yex)y’ = y%e*

2( e¥
a y2€x B y(yz)
i
e’ —2ye ey_zy(eij
y
ey 1y

ey_% 1—% y-2

o (Y=2Y)-yly) - =2y
y' = 2 = 2
(y-2) (y-2)

y
_ _Z(E) 2y 2y

y-2%  (y-2° (@-y)°
41. f'(x)=6e* —3x% —30x
£7(x) = 6(eX —x—5)
f"(xX)=0 whenx = —4.99 or 1.94.
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42.

Chapter 12 Review

5 x4 5x3 x2

f(x):x—+—+—+—
20 12 6 2
4 3 2
f’(x):x—+x—+5i+x
4 3 2

f'(x) = X3+ %% +5x+1
f"(x)=0 when x ~ -0.21.

Chapter 12 Review Problems

1.

y' =3e* +0+eX (2x) + (ez)xez’l

2 2
=3 1 2xeX +ex& 1

f’(w)=(WeW+eW)+2W=WeW+eW+2W

£1(r) =2;(6r+7) =26r—+7
rr+7r+1 3re+7r+1

y=e"X =x Thus y'=1.

y= ex2+4x+5
2 2
yr _ ex +4Xx+5 (2X+4) _ 2(X+ Z)ex +4X+5

f(t) = logg V2 +1 :%Ioge (t2 +1)

2

(11
' :E[R'E'[Zt]j_ (in6)(t2 +1)
Y'=ex(2X)+(X2+2)eX=ex(x2+2x+2)

y= 35x3 _ e(In 3)5x3

y' = e3¢ (1 3)15x2) =15x2 In 3(35X3 j

y = J(x—6)(x+5)(9-x)
Iny = In/(x=6)(x+5)(9—x)

:%[In(x—6)+ In(x+5)+ In(@— x)]

y 1] 1 1 -1
—== + +
y 2| x-6 x+5 9-x
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oyl 1 1 1
y=— + -
2| Xx—-6 x+5 9-x

:\/(X—G)(x+5)(9—x){ 1,1
2

el/t

10. f'(t)=e't(-1-t72) = -
t

e* (%)—(In x)(ex)
eh

_e¥—xe¥Inx _1-xInx
- a X

11. y'=

xe2X xe

_— X2 (ex —e”‘)—(eX +e’x)(2x)

X4

x%eX —x%e X _2xe* —2xe”

X4

_ eX(x-2)—e X (x+2)

X3

X

13. f(q)= In[(q +1)2(q+ 2)3}
=2In(g+1)+3In(q+2)
2 3

f'(q)=——+—
@ q+1+q+2

14. y=(x+2°%x+D)*(x-2)?

Iny=31In(x+2)+4In(x+1)+2In(x—2)

y _ 3 N 4 2
y X+2 x+1 x-2

Yoy 3 . 4 . 2
X+2 X+1 x-2

3 4
+

X—-6 Xx+5 x-9

:(x+2)3(x+1)4(x—2)2{

15. y= e(2x2+2x—5)(ln 2)

yr — e(2x2+2x—5)(ln 2) (4X + 2)(|n 2)
— (4x+2)(In2)22X +2x-5

16. yis a constant, so y'=0.

+
X+2 X+1 x-2

17.

18.

19.

20.

21.

22,

23.

ISM: Introductory Mathematical Analysis

XeX—l X
X|:ezx+1(2):|—ezx+1[l] 482X+1(2X—1)
y' =4 2 - 2
X X
y_ (Inx)e* —e* (%) _ e* (In x—%)
(In x)2 In? x

_eX(xInx-1)

xIn? x

y =log, (8x+5)? = 2log, (8 +5)
=2.In(8x+5)

In2

1 8 16
.m‘8x+5_(8x+5)ln2

y'=2

yzln(%J:In5—2lnx
X
1

y':0—2-—:—E
X X

f(|)=|n(1+|+|2+|3)

1
fr(l)=
1+1+12 413
B 1421 +312

1+1+12 413

[1+2I+3I2}

2 2
y =(x)*
Iny=x2Inx2=2x2Inx

Y g2 (lj+ (Inx)(4x)
y X
y' =2xy(1+2Inx)

y = 2x(x2)XZ (1+2Inx)
y= (X+1)X+1
Iny=(x+2)In(x+1)

Y (X)) — 4 In(x+ D[] = 1+ In(x+1)
y X+1

y' = Y1+ In(x +1)] = (x+ 1)L+ In(x +1)]
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25. ¢(t):In(t\/4—t2):Int+%|n(4—t2)

11 1 1 t
t)="+=. (~2t)==—
¢'(t) . 24—t2( ) R
26. y=(x+3"*
In y = [In x] In(x + 3)
Y nx)—tin(x+3)-L
y X+3 X
, Inx In(x+3)
y=y —+t
X+3 X
:(X+3)Inx{'“_x+M}
X+3 X
(x2 +1)1’2(x2+2)1/3
27. - 3 2/5
(2x7 +6x)
1 2 1 2 2 3
Inyzaln(x +1)+§In(x +2)—gln(2x +6X)
e G ) G e
== 2X) +— (2X) —=| ——— |(6x“ +6)
y 2(x?+1 3\ x%+2 5\ 2x3 +6x
—y LS 2X _6(x2+1)
x2 +1 3(x2+2) 5(x3+3x)
)2 423 x 2X 6(x2 +1)
= 3. ;n2l5 7 el o B3
(2x” +6x) X“+1 3(x“+2) 5(x°+3x)
1
F(p)-m(2)
, X 2 2—-Inx
28. y'= = ;

X 2x2

2

X
29. yz(xx) =xX
Iny:InxX2 =x%Inx

Y =x° [1J+(In x)(2x) = x+2xInx
y X

y = y(x+2x|nx)=(xx)X (x+2xInx)

461

Chapter 12 Review



Chapter 12: Additional Differentiation Topics

30.

31.

32.

s )

Iny:Inx(xx) =x*Inx

yv'z xX (%j-ﬁ-(ln x)%(xx)

Note: If v=x*, then Inv=Inx* = xInx;
VI

v x(1j+ (InX)@ =1+Inx
v X
Vv :i(xx) =v({l+Inx)=x*A+Inx)
Thus 2 = x* (£j+ (In x)[xx(1+ In X):|
y X
=x* {£+ (L+Inx)In x}
X

y' = yx* [£+ (L+Inx)In x}
X

= x(xx)xx {%+ (L+Inx)In x}

y=(x+1)In X% = 2(x+1)Inx
y'= 2{(X+1) (l}r (In X)(l)} = Z[X—H+ In x}
X X

When x =1, then y' = 2{%+Inl} =4,

x2+1
y =— x{2— 21 }
X2 +1 x“+1
1+1 2
e (1)[2_i}_3e 2
V1+1 4

When x =1, then y' = il
+

462
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1
e+x|n(;) _ ee_xm X

33. y=e

yy _ ee—xln X (_{X(ij_}_ (|n X)(l):U
X

=—(L+Inx)esXInx

When x = e, then y' =—(+1In e)ee—eln ¢ = —(2)e° =-2.

34.

-1
| 2% (x® —3x+5)3
(x2 -3x+ 7)3

Iny= —1[5x|n2+%ln(x2 —3x+5)—3|n(x2 —3x+7)}

l:—[5|n2+3 22’(_3 _3. sz_g }
3 x°-3x+5 XS —3x+7

y
v =—y|5In2+ 22x—3 B 2(2X—3)
3(x“—3x+5) x°-3x+7
-1
y= (D) 2% (x? —3x+5)!/3 S, 2X=3  3(2x-3)
(x? =3x+7)° 3(x? —3x+5) X° —3x+7
343 19 23 1862
When x =0, then y'=———|5In2—-=+= | =-343(In2)5%/3 - =<
. y 51/3[ 5 7} (In2) 5473
35. y=3e*
yI:3eX

Ifx=1In2,then y=3e"2 =6 and y'=3¢e"? =6.
An equation of the tangent lineisy —6=6(x—1In2),y=6x+6—-61n2, y=6x+ 6(1 — In 2). Alternatively, since
6IN2=1In2% =In64, the tangent line can be written as y = 6x + 6 — In 64.

36. y:x+x2 In x

4 :1+{x2 [%)+ (In X)(ZX):| =1+x+2xInx

Whenx=1,theny=1+1(0)=1and y'=1+1+2(0) =2 . Thus an equation of the tangent line is y — 1 =2(x — 1),
ory=2x-1.

2
37. y= X(ZZ_X j . To find y’' we shall use logarithmic differentiation.

Iny=In[x(zz_xzﬂ=Inx+(2—x2)ln2

Y 1 o2
y X

y' = y{i— 2(In 2)x}
X
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When x =1, then y =2 and Yy’ = 2(1-21In2). The equation of the tangent line is
y—2=2(1-21n2)(x - 1). The y-intercept of the tangent line corresponds to the point where x = 0:

y=2=2(1-2In2)(-1)=-2+41n2
Thus y =4 In 2 and the y-intercept is (0, 4 In 2).

38. w=2"4In(+x%) =elN204D 4 n(14 x?)

2
x = logy (t2 +1) — e0* 1N +D _ eay?
In2
dw _dw dx
dt dx dt

_ (2x+1(|n 2)+ 2X j( 2t B e(t_l)z 2t _1)]]

1+x2 ) (In2)(t? +1)

When 1 =1, x:logz(1+1)—e(1‘1)2 =1-1=0, w=2"+In1=2+0=2, and %—?:(21In2+0)(2|—22—1(0)j=2-
n

39 y= ex2—2x+1
y = ex2—2x+l[2X_ 2] = (2X—2)ex2_2x+1
2 2
yrr — 2(X_1)eX —2X+1(2X _ 2) + 2eX —-2x+1
= 26X "2 oy _1)2 11
At (1, 1), y"=2e%(2(0)+1) = 2.
40. y=x%*
y' = x%eX +eX(2x) = e¥ (x2 +2X
y' = e"(2x+2)+(x2 +2x)ex =e* (x2 +4x+2)
y" = ex(2x+4)+(x2 +4x+2)eX =e* (x2 +6x+6)
At(l,e), y"=e(l+6+6)=13e
41. y =In(2x)
1 -1
= 2 =X
y 2X( )

=2
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42, y=xInx

y' = x.l+(ln X)) =1+Inx
X

y”20+1:£
X X

At (1, 0), y”:%=1

43. 2xy+y? =10
2(xy'+y)+2yy'=0
2xy'+2yy' =-2y
(x+y)y'=-y

Y
X+y

44. 3x° y3 + 3x3y2 y'=0
y'(3x3y?) = -3x2y3

Ly

- 3x3y2 T %
45. In(xyz):xy
Inx+2Iny=xy
1 2

Sy =Xty
Xy

y+2xy’=x2yy’+xy2
2xy’—x2yy’=xy2—y
(2x=%y)y =% -y
Xy -y
y = 2

2X—X"y

46. yZeyln X _ e2

y2 {eylnx (y,§+(|n X)y,J:|+eylnx [2yy’] =0

ys
yZ(In X))y +2yy =——
X
ys
yTy@+yInx)]= e
I
x(2+ylInx)
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47. x+xy+y=5

48.

49.

1+xy'+y@Q+y =0
x+)y =-1-y
vy

X+1

v x4y’ -Q+y)
y' = 2

(x+1)
1+1 2

L

Chapter 12 Review

At(2,1), y'=-——=-—and

2+1 3

. 3(-3)-2 4
Ve T

Xy + y2 =2
x(y)+y@+2yy'=0

.y
X+2y

y' =

yr = (X+2y)y’—yd+2y)

(x+2y)2

At(-1,2), y'= —% and

, 3(-5)-2-3) 4

ey = (y+1)e*

e’y = (y+D)e" +e*(y)
e’y —e*y = (y+1e*
(ey —ex) y' = (y+1)e*

oD g) o

y,_(y+1)ex_ _
T Y _eX Ly v Ly _ e
e e e —(ﬁ) e VL

1 y+l
=——=1=

-ty

y+
YY) -(DY) -y Ty y+l
y' == 2 T T2 3
y y y y
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50. X242 21

1.2 +ly’1’2 W,

2 2 dx
dy Y
dx  Jx
d’y _ (&)(Zlygij_(ﬁ)(zk)
|
i
B X - 2x\/§ _2x\/;

51. f'(t)

- [—o.se—o-Olt (~0.01) — 0.2¢~0-0002t (—o.oooz)}

=0.008e 201t ; 0,00004¢~0-0002t
52. logN=A—-bM

d d

—(logN)=——(A—bM

dM( gN) dM( )

(N
dM {In10) dM

1 1dN
IN10 N dM

1 dN
loge) ———=-b
(log )N Ty
dN_ N

= Iog(9J+(A—bM)= A+Iog{2j—bM
q q

53. f/(x) = (1253 + 6x2 — 25)e3X +2X’~25x
f'(x)=0 whenx = 1.13.
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54.

5S.

56.

57.

58.

ISM: Introductory Mathematical Analysis

5 4 3
f(x):X—+X—+2L+x2
10 6 3

+1

X4 3

f'(x) :—+2L+ 2x2 +2x
2 3

f"(x) = 2% +2%% +4x+2
f"(x) =0 when x ~ -0.57.

500
p:_

q

P 500/q
-9 __9 __
7= = 500~ *

dq q°

Since |77| =1, demand has unit elasticity when
q =200.

p=900-q°
p  900-q? )
y= q q _ 900-q
Td g g2
dq q 29

When g = 10, then 7 =—4. Since |77| >1,

demand is elastic.

p=18-0.02¢g
p 18-0.02q
9 q  18-0029
T4 = 0.02 0.02q
g

When g = 600, then 7 =-0.5. Because |77| <1,

demand is inelastic.

p=20-2q
PP
q 9 _—b__-Pp 2p

=@ ~="1 "~ P p_20
. % Ja 10-2 p

2@ _ 4

a. Whenp =28, then n= = .
P T=6-20" 3

If p>%, then 7 < -1, so |77|>1 and

demand is elastic.
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59.

60.

k=)

_q _Pp dg
% g
dq
g =+/2500 - p?
dg__ -p -p

Il
7
o

dpJ2500-p2 @

_ 2
n= B(_pj = —p—2 . Now, if p = 30, then
a\q

q
q=12500-30 =40, so
| o= @0’ 9
n p=30 ( 40)2 16
If the price of 30 decreases % %, then demand

would change by approximately

_2)_8 %, or g%, (That is, demand
3)\ 16 8

increases by approximately g %.)

_P d

a. =
" q dp

glglare

g=+100-p, where 0 < p < 100.
dg -1
dp 2,/100-p
__p -
1= 10— p 24100 p
-p p

T 2(100-p)  2p-200

. Thus

p

For elastic demand we want —— < —1.

2p—200
Noting that the denominator is negative for
0 < p < 100, we multiply both sides of the
inequality by 2p — 200 and reverse the
direction of the inequality

p>-2p+200, 3p > 200, p>%

Thus 2;;0 < p <100 for elastic demand.

61.

62.

Chapter 12 Review

| _ 40 1
Mp=40"80_200 3

% change in g = (% change in price) (77)
= 5(—%}% = —g% =-1.67%. Thus

demand decreases by approximately 1.67%.

We want a root of f(X)=X3—2X—2=0. We

have f(1) = -3 and f(2) = 2 (note the sign
change). Since f(2) is closer to O than is f(1), we

choose X =2. We have f'(x) = 3x? -2, so the
recursion formula is

Xn+l = Xn — f (Xn) =Xn— Xﬁ_zxn 2
f'(%n) 3X§ -2
B 2xﬁ +2
- 3x§ -2
n Xn Xn+1
1 2.00000 1.80000
2 1.80000 1.76995
3 1.76995 1.76929
4 1.76929 1.76929

Because |x5 - x4| <0.0001, the root is
approximately X5 =1.7693.

We want real solutions of e* = 3x. Thus we

want to find roots of f(x)=e*-3x=0. A

rough sketch of the exponential function y = e*

and the line y = 3x shows that there are two
intersection points: one when x is near 0.5, and
the other when x is near 1.5. Thus we must find

two roots. Since f'(x) =e* —3, the recursion
f(X

formula is Xp41 =Xy — ( n) =Xp—
f'(xn)

If X =0.5, we obtain

e’ —3x,
e’ -3

n Xn Xn+1
1 0.5 0.610
2 0.610 0.619

3 0.619 0.619
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If x =1.5, we obtain

n Xn Xn+1
1 1.5 1.512
2 1.512 1.512

Thus the solutions are 0.619 and 1.512.
Mathematical Snapshot Chapter 12
1. F=25,D=3400, V=36.5, R=0.05.
=7~ omans ~ 2

The economic order quantity is 305 units.

2. If the number of units maintained as a safety
margin is denoted by m, then the amount in
stock at any time is increased by m units. The
average inventory level is thus increased by m

q

units, to m +E units. The carrying cost is then

C(a) :@+ Rv(m +ﬂj
q 2

=E+w+ RVm
q 2

Since di(RVm) =0, the maintenance of a
q

safetly margin does not affect the calculation of
the economic order quantity.

3. Answers may vary.
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Chapter 13

Principles in Practice 13.1

1. The graph of c(q) = 2q° —21q° +60q+500 is

shown.
C(q)

/ —+ 4
/ 25
There looks to be a relative maximum at g =2
and a relative minimum at g = 5.

¢'(q) = 6% —42q +60 = 6(q% — 7q +10)
=6(q-5)(q-2)

c'(q)=0 wheng=2org=5.1f g <2, then

¢'(q) =6(-)(-) =+, so c(q) is increasing. If
2<g<5,then ¢'(q) =6(-)(+)=—,so0c(g) is
decreasing. If 5 < g, then ¢'(q) =6(+)(+) =+, so

c(q) is increasing. When g = 2, there is a relative
maximum, since ¢'(q) changes from + to —. The

relative maximum value is

2(2)% - 21(2)% +60(2) + 500 = 552 . When g = 5,
there is a relative minimum, since ¢'(q) changes
from — to +. The relative minimum value is
2(5)% - 21(5)% + 60(5) + 500 = 525.

2. First, find C’(t) , with C(t) _ 014t2 .
(t+2)

2 —

CI(t) = 0.14(t+2) 0.144t(2)(t +2)
(t+2)

_0.14(t+2)-0.28t _0.28-0.14t

(t+2)° (t+2)3
(t+2)°

C’(t) =0 when ¢ =2 and is undefined when
t = 2. However, since t denotes the number of
hours after an injection, negative values of  are

not reasonable. If 0 < r< 2, C'(t) = oy , SO
+

C(1) is increasing. If 2 < 7, C'(t) =—=—, so C(¢)
+

is decreasing. When ¢ = 2, there is a relative

maximum, since C'(t) changes from + to —. The

drug is at its greatest concentration 2 hours after
the injection.

Problems 13.1

1. Decreasing on (—o, —1) and (3, o); increasing on
(-1, 3); relative minimum (-1, —1); relative
maximum (3, 4).

2. Decreasing on (-0, —1) and (0, 1); increasing on
(-1, 0) and (1, o0); relative minima (-1, —1) and
(1, -1); relative maximum (0, 0).

3. Decreasing on (-0, —2) and (0, 2); increasing on
(=2, 0) and (2, ); relative minima (-2, 1) and
(2, 1); no relative maximum.

4. Decreasing on (-, 0) and (0, o); never
increasing; no relative maximum; no relative
minimum.

In the following problems, we denote the critical value
by CV.

5. f'(X)=(x+3)(x-D(x-2)

f'(x)=0 whenx=-3, 1,2
CV:x=-3,1,2

-+ -+
—_—

-3 1 2

Increasing on (-3, 1) and (2, «); decreasing on
(o0, =3) and (1, 2); relative maximum when
x = 1; relative minima when x = -3, 2.

6. f'(x)=2x(x-1)3
CV:x=0,1

+ -+
_’_’_
0 1

Increasing on (—o0, 0) and (1, ); decreasing on
(0, 1); relative maximum when x = 0; relative
minimum when x = 1.

7. /(%) = (x+1)(x-3)?
CV:x=-1,3

-+ o+
_’_’_
-1 3

Decreasing on (—oo, —1); increasing on (-1, 3)
and (3, ); relative minimum when x = —1.
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8.

10.

11.

12.

X(x+2)
X2 +1
CV:x=0,-2
+ -+
——
2 0

Increasing on (—oo, —2) and (0, «); decreasing on
(=2, 0); relative maximum when x = -2; relative
minimum when x = 0.

fr(x) =

y=2x+1
y!:6X2
CV:x=0

+ o+
-

0
Increasing on (—oo, 0); increasing on (0, ©); no
relative maximum or minimum

y=x2+4x+3
Yy =2X+4=2(x+2)
CV:ix=-2
-+
_’_
-2

Decreasing on (-, —2); increasing on (-2, «);
relative minimum when x = -2.

y=X- X% 42

y'=1-2x

CV: X:l
2

10
2

. 1 . 1
Increasing on | —oo, E ; decreasing on E' o |;

. . 1
relative maximum when X = E .

y=x3—2x2—2x+6
2
y' =3x2 —5x—2=(3x+1)(x—2)
CV:X:—E,Z
3
+ - o+
—_—

2

1
3

Increasing on (—oo, —%) and (2, 0); decreasing
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13.

14.

15.

16.

17.
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1 . . 1
on —5, 2 |; relative maximum when X = —5;
relative minimum when x = 2.

X3 2
yz—?—ZX +5x-2

y’=—x2 —4x+5=—(x2 +4x—5)
=—(x+5)(x-1)
CV:x=-5,1

— + —

Decreasing on (-, —5) and (1, ); increasing on
(=5, 1); relative minimum when x = -5; relative
maximum when x = 1.

4
X 3

=—+X
y 4
y':x3+3x2:x2(x+3)
CV:x=-3,0

-+ o+
e e e

3 0

Decreasing on (—o0, —3); increasing on (-3, 0)
and (0, ); relative minimum at x = —3.

y:x4—2x2

y' = 453 —4x = 4x(x2 —1) =4x(x+1)(x-1)
CV:x=0, +1

-+ - o+
—_—
-1 0 1

Decreasing on (-0, —1) and (0, 1); increasing on
(-1, 0) and (1, o0); relative maximum when x =
0; relative minima when x = 1.

y=—3+12x—x3
y’:12—3x2:3(4—x2):3(2+x)(2—x)
CV:x=+2

ST

-2 2

Decreasing on (-0, —2) and (2, o); increasing on
(=2, 2); relative minimum when x = -2; relative
maximum when x = 2.

y:x3—1x2+2x—5

2
y’:3x2 —7x+2=03x=-1(x-2)
CV: le, 2

3
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18.

19.

20.

Increasing on (—oo, %j and (2, w0); decreasing

on (%, 2); relative maximum when X = %,
relative minimum when x = 2.

y = x> —6x° +12x—6

y = 3x2 —12x+12 :3(x2 —4x+4) = 3(x—2)?
CVix=2

+ +
_’_

2
Increasing on (-0, 2) and (2, ©); no relative
maximum or relative minimum.

y= 2x3—1—21x2 -10x+2

y'=6x° —11x—10 = (2x—5)(3x+2)
2 5

CV: X=——,—
3 2

. 2 5
Increasing on | —o, —— | and | —, = |;
3 2
. 25 . .
decreasing on —5, E ; relative maximum
2 . .. 5
when X = —5 ; relative minimum when X = E .

2

y=—5x3+x +X-7
y'=—15x? + 2x+1=—(5x +1)(3x—1)
CV: —E, 1
53
+ -
_’_’_
_In o
5 3

Decreasing on [—oo, —%) and [%, ooj;

. . 11 . ..
increasing on —g, 5 ; relative minimum when

1 . . 1
X= —g ; relative maximum when X = g
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3

21. y:%—5x2+22x+1

22,

23.

y' = X% —10x + 22
By the quadratic formula, y'=0 when

2
leOi«/(—lO) -4(1)(22) or X=5+3.

2(2)
CV: x=5++/3
+ - +
5-V3 5443

Increasing on (—oo, 5—\/5 ); decreasing on
(5—\/§, 5+\/§); increasing on (5+\/§, oo);

relative maximum at X =5 —\/§; relative

minimum at X =5+ \/§

9.5
=X
y 5

—4—37x3+10x
y =9x* —47x% +10 = (9x2 _2)(x2 _5)

~{ox-o ) - B) 8
CV: x = i?, +./5

+ - o+ - 4+

- xc"g 7x§
3

Increasing on (—oo, —\/g), (—g, %], and

xj V5
3

(JE, oo) ; decreasing on (_\/E, —%} and

g, J5 J ; relative maxima when X = -5 ,
% : relative minima when X = —%, J5.
y= 3x° -5x3
y' =15x* ~15x% =15x (x +1)(x 1)
CV:ix=0, =l

+ - - +
—_—

-1 0 1
Increasing on (—oo, —1) and (1, 0); decreasing on
(-1, 0) and (0, 1); relative maximum when
x = —1; relative minimum when x = 1.
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24.

25.

26.

27.

6

X
=3x——
y 2

y' =3-3x°> =3(1-x°)
= 3(1—x)(x4 +x3 4 x +Xx+1)
CV:x=1

+ -
T
1

Increasing on (—o, 1); decreasing on (1, «);
relative maximum when x = 1.

y= —x° —5x* +200

y' = —5x% —20x3 = —5x3(x +4)
CV:x=0,-4

— + —
_
-4 0

Decreasing on (-, —4) and (0, «); increasing on
(-4, 0); relative minimum when x = —4; relative
maximum when x = 0.

y :£—4x3+17
2
y'= 6x° —12x% = 6x2(x—2)
CV:x=0,2
- - 4+

Degreazing on (—o0, 0) and (0, 2); increasing on
(2, ©); relative minimum at x = 2.

y =8x*—x8

y' = 32x3 —8x’ =8x° (4— x4)
=8x3(2+x2)(2—x2)

-0 a3V

CV: x=0,++/2

+ -+ -
-2 042
Increasing on (—00, —\/E) and (0, \/E)

decreasing on (—\/5 , 0) and (\/5 , oo) ; relative

maxima when X = iﬁ , relative minimum when
x=0.
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28.

29.

30.
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4 5
=—X
y 5

—%xs +3x+4
y =4x* -13x2 +3= (4x2 —1)(x2 —3)
= (2x—1)(2x+1)(x+\/§)(x—\/§)

CV: x:i%, +/3

+ - o+ - o+

-3 0 10 5
N3 -5 5 N

Increasing on (0, ~+3). [_% lj, (V3. =);

2

decreasing on (—\/§, —%) and (%, «/5) ;

. . 1 .
relative maxima when X = —\/é , E ; relative

minima when X = —%, \/§ .

y=(x* -1
y'=8x(x% —1)% =8x(x +1)3(x-1)°
CV:0,-1,1

-+ - o+
R
-1 0 1

Increasing on (-1, 0) and (1, «); decreasing on
(—o0, —1) and (0, 1); relative maximum when
x = 0; relative minima when x = +1.

y=¥x(x-2)
,2(2x-1)
- 2
3x3
CV:X:O,1
2
- -+
——
0 It

Decreasing on (—oo, 0) and [0, %j ; increasing

1 . .. 1
on E, oo |; relative minimum when X = E ; ho

relative maximum.
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31.

32,

33.

34.

3s.

y=—>=5(x-1!
x—-1

5
(x-1)?

CV: None, but x = 1 must be included in the sign
chart because it is a point of discontinuity of y.

y' =-5(x —1)_2 =—

_’_
Decreasing on (—o, 1) and (1, o); no relative
extremum.

CV: None, but x = 0 must be included in the sign
chart because it is a point of discontinuity of y.

-

[
Decreasing on (—o, 0) and (0, o); no relative
extremum.

_1
y=£:10x 2 [Note: x > 0]

Jx

_3
y' =-5x 2 :—i<0 for x > 0.
/X3

Decreasing on (0, o); no relative extremum.

33X
Y= ox+5
. 3(2x+5)—(3%)(2) 15
y= 2 - 2
(2x+5) (2x+5)

CV: None but X = —g must be included in the

sign chart because it is a point of discontinuity of

. 5 5
Increasing on | —c0, —— | and | ——, ® |; no
2 2
relative extremum

X2

Y X

(2= -x2(-1) _ x(4-Xx)
e (2-%?

CV:x =0, 4, but x =2 must be included in the

’
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sign chart because it is a point of discontinuity of
y.
- o+ 1+ -
0 4
Decreasing on (-0, 0) and (4, ); increasing on
(0, 2) and (2, 4); relative minimum when x = 0;
relative maximum when x = 4.

36, y-ax?+t
X

1 (2x-D(@x* +2x+1)

x? x?

y' =8x~—

CV: x= %, but x = 0 must be included in the

sign chart because it is a point of discontinuity of
.

- -+
_’_’_

[0 1
2
. 1 .
Increasing on E’ o |; decreasing on (-0, 0)

and (0, %), relative minimum when X = %

x2 -3

X+2

(x+2)(2x) —(x2 —3) )
y'= >

(x+2)
B X2 +4x+3 _(x+D(x+3)
(x +2)? (x+2)?

CV: x=-3, -1, but x = -2 must be included in
the sign chart because it is a point of
discontinuity of y.

+ - - +
—

-3 -1

Increasing on (—o0, —3) and (-1, ); decreasing
on (-3, -2) and (-2, —1); relative maximum
when x = —3; relative minimum when x = —1.

37. y=

2
38. y= %
4x°-25
y— (4x% - 25)(4x) — (2x?)(8x)
(4x% - 25)°
100x 100x

@x2—25)2  (2x—5)2(2x+5)2

CV:x=0,but x= ig must be included in the
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39.

40.

sign chart because they are points of
discontinuity of y.

+ + - -
—_—
0
ogon (-3 (3.0
Increasing on | —o0, —— | and | ——, O |;
2 2

decreasing on [0, gj and (g, Ooj; relative

maximum at x = 0.

5x+2
y = 2
Xc+1
(¥ +1)E-6x+D@) 52 _ax45
2 - 2
(x2 +1) (x2 +1)
y' =0 when —5x% —4x+5=0; by the quadratic

—2++/29

5
24429
5

y' =

formula, X =

CV: x

— + —
_‘—'—
—2-J29 —2+29

5 5

—2—@J
T and

Decreasing on (—w,

(—2 +/29 J . .
T' | lnCreaslng on

(—2—\@ —2+«/EJ
"5

c ; relative minimum

when X =

5
«— —2+\/2_9

5

; relative maximum when

y=3x3—9x

(x+3)(x-+5)

_Llrs =T _
y 3(x 9x) (3x 9) [X(X+3)(X_3)]%

CV: x=4+3,0, 3

+ o+ - -+ o+

-3 0 43 3
Increasing on (-0, —3), (—3, _\/5), (\/é, 3), and
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41.

42,

43.
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(3, 0); decreasing on (—\/5, 0) and (0, \/§) :

relative maximum when X = —/3 ; relative

minimum when X = \/g .

y=(x-*"°
y,zg(x_l)—m _ 2
3 3¥x-1
CV:x=1
-+
_’_

1
Increasing on (1, «); decreasing on (-0, 1);
relative minimum when x = 1.

y= G (x+ 3)4
y = x2(4)(x+3)* + (x+3)* (2x)
= 2x(x +3)°[2x + (X +3)]
=2x(x +3)3(3x +3) = 6x(x +3)3 (x +1)
CV:x=0,-3,-1

-+ -+
—_—

-3 -1 0

Increasing on (-3, —1) and (0, «); decreasing on
(-0, =3) and (-1, 0); relative maximum when
x = —1; relative minima when x = -3 and x = 0.

y=x*(x-6)*
y =x3 [4(x— 6)3J +(x—6) (3x2)

=x?(x-6)3[4x +3(x - 6)]
=x?(x-6)3(7x-18)

CV:x=0,6, g

Increasing on (-0, 0), (0, gj , and (6, );
. 18 . .
decreasing on 7, 6 |; relative maximum when

18 . ..
X= 7 : relative minimum when x = 6.
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2
5

44. y=x(1-x)

y' = x[—%(l— x)_g} +(1- x)%(l)

5 2oy = a5 Lxo
=(@1-x) { 5x+(1 x)} 1-x) (SX 1}

CV: X=§,1
7

+ -+

_’_’_

50001
7

Increasing on [—oo, ;j and (1, o0); decreasing

on [g, lj : relative maximum when X = g :

relative minimum when x = 1.

45. y=e ™4

y'=-me”"™ <0 for all x. Thus decreasing on

(—o0, ®0); no relative extremum.

46. y=xInx. (Note: x>0.)
y' =1+Inx
y'=0 when 1 +Inx=0,Inx=-1, or

1 1
x=el==

. ( 1) . ) (1 j
Decreasing on | 0, — |; increasing on | —, o |;
e e

. .. 1
relative minimum when X =—.
€

47. y:x2—9lnx. [Note: x > 0.]

2

y':2x—g:2X 9

X X
CV:x:ﬂ

2

-+
—_—
0 32
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48.

49.

50.

51.

Section 13.1

. W2 . .
Decreasing on [O,TJ ; increasing on

32 L W2
T, oo |; relative minimum when x = T .

y= X—lex

oot
X X X

CV: x =1, but x = 0 must also be included in the
sign chart because it is a point of discontinuity of
y.

- -+
L

[0] 1

Increasing on (1, «); decreasing on (-, 0) and
(0, 1); relative minimum when x = 1.

y=e*+e*

y/ — eX _e—X

Setting y' =0 gives eX—e =0, eX=e7%,

x==x,x=0
CV:x=0
- +
_‘_
0

Decreasing on (-0, 0); increasing on (0, «);
relative minimum when x = 0.

2
_g X /2

2
r:_Xe—X /2

CV:x=0
+

< <

_—
0

Increasing on (-, 0); decreasing on (0, );
relative maximum at x =0

y=xInx-x. [Note: x> 0.]

y' :{x~1+(ln x)(l)}—lz In x
X

CV:x=1

- 4+
_’_’_
0 1

Decreasing on (0, 1); increasing on (1, «);
relative minimum when x = 1; no relative
maximum.
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52.

53.

y=(x2+1)e‘x
y = (x2 +1)(—e‘x)+e‘x(2x)
=—e %[ (x? +1)-2x | = —e ¥ (x-1)?
[ +1)-2¢| =61
CV:ix=1
1

Decreasing on (-, 1) and (1, «); never
increasing; no relative extremum.

y = x2 —3x-10 = (x+2)(x-5)
Intercepts (-2, 0), (5, 0), (0, —10)

y'=2x-3
CV: X:E
2

. 3) . .
Decreasing on (—oo, E ; increasing on

3 . .. 3
> oo |; relative minimum when X = 7

y,,

54. y=2x°-5x-12=(2x+3)(x—4)

Intercepts (—g, Oj ,(4,0),(0,-12)
5
"=4Xx-5=4| Xx——
y-acos=afn-g]
CV: X :E
4
. [ 5) . . [5 j
Decreasing on | —oo, n ; increasing on n o |;

. .. 5
relative minimum when X = Z .
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y:3x—x3=x(\/§+x)(\/§—x)

Intercepts: (0, 0), (ix/é, O)

Symmetric about origin.

y' = 3-3x% = 31+ x)(1-x)

CV:x==l1

Decreasing on (-, —1) and (1, o); increasing on
(-1, 1); relative minimum when x = —1; relative

maximum when x = 1.
5 y

y:x4—16=(x2+4)(x+2)(x—2)

Intercepts (£2, 0), (0, —16)

Symmetric about y-axis.

y/ — 4X3

CV:x=0

Decreasing on (-0, 0); increasing on (0, «);
relative minimum when x = 0.
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57. y= 2x3 —9x% +12x = x(2x2 —9x+12)

Note that 2x%> —9x+12=0 has no real roots.
The only intercept is (0, 0).

y' =6x% —18x+12 = 6(x2 —3x+2)
=6(x-2)(x-1)

CV:x=1,2

Increasing on (—o0, 1) and (2, «); decreasing on

(1, 2); relative maximum when x = 1; relative 6 6 5 5 6
o — 60. y=X —=Xx"=X"|X——
minimum when x = 2. y 5 5

Intercepts (0, 0), (g, Oj

y' = 6x° —6x* = 6x4(x—1)
CV:x=0,1

X Increasing on (1, «); decreasing on (-, 0) and
(0, 1); relative minimum when x = 1.

y,,

58. y= 23— x? —4x+4
The x-intercept is not convenient to find.
y-intercept is (0, 4).

y' =6x% —2x—4 = 2(3x+2)(x—1)

CV: X:—g,l
3

61. y= (x—l)z(x+ 2)2
Intercepts: (1, 0), (-2, 0), (0, 4)
y' = (x-12-2(x+2) + (x+2)%-2(x-1)
=2x-Dx+2)[x— 1)+ (x+2)]

relative minimum when x = 1. =2(x-D(x+2)2x+ 1)

fy CVix=1,-2, -+
2

Increasing on (—oo, —%) and (1, «0); decreasing

2 . . 2
on —5, 1|; relative maximum when X = _E;

. 1 . .
Decreasing on (-0, —2) and (_E’ 1] ; increasing

on (—2, —%) and (1, ); relative minima when

x =-2or x = 1; relative maximum when

1
X=-=.

59. y= x* 4433 +ax? = x2(x+2)2
Intercepts (0, 0), (-2, 0)
y' = 453 +12%% +8x = AX(X+1)(x+2)
CV:x=0,-1,-2
Increasing on (-2, —1) and (0, «); decreasing on
(—o0, —2) and (-1, 0); relative maximum when
x =—1; relative minima when x =-2 or x = 0.
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62. y=+/x(x2—x-2) =X(x-2)(x+1)
[Note x> 0.]
Intercepts (0, 0), (2, 0)

512 _ 312 _ 5,112

y =X
y,zixa/z_ﬁxuz_?_.lel/z
2 2 2
1 2
=——(Bx"-3x-2
2\/;( )
1 65
=——(Bx+2)(x-1) :
2Vx

CV:x=0,1(x>0)
Decreasing on (0, 1); increasing on (1, o);
relative minimum when x = 1.

..... oy 66.
""" s
63. y:Z&—X:«/;(Z—\/;). [Note: x = 0.]
Intercepts (0, 0), (4, 0)
y'—i_l—l‘*& 67.
Ix Jx
CV:x=0,1

Increasing on (0, 1); decreasing on (1, o);
relative maximum when x = 1.

5 2 2
y =x3 +5x% =x3(x+5)

64.
Intercepts (0, 0), (-5, 0)
2
y=Syi 10 _50:+2)
3x3 3x3
CV:x=0,-2

Increasing on (—oo, —2) and (0, «); decreasing on
(=2, 0); relative maximum when x = -2; relative
minimum when x = 0.
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c¢ = 25,000

__C¢ 25,000

T T g

i(Ef ):—25'000 <0 forg>0,s0 C; isa
dq q2

decreasing function for g > 0.

c:3q—3q2+q3

<0, that is,

Marginal cost is given by % =3-6q+ 3q2.
q
o[s]
d
Thus E is increasing when 4
dg dq

when —6 + 6 > 0. Hence ¢ > 1.



ISM: Introductory Mathematical Analysis

69. p=400-2q

70.

71.

72.

Revenue is given by

r = pg = (400-2q)q

= 400q - 29°

Marginal revenue is r’ = 400—4q . Marginal

revenue is increasing when its derivative is
positive. But (r')’ = -4 < 0. Thus marginal

revenue is never increasing.

c=va
dc:

1
Marginal cost =—=——.
dg  2,q
dc
&l . N
= <0 for g >0, marginal cost is

dq __4\/q73

decreasing for g > 0.

Since

E—i Since
a g

<0 for g > 0, average cost is

Average cost =C =

d_ 1
decreasing for g > 0.
r =240q+57q% -q°

r'=240+114q -39 = 3(40—q)(2+q)

Since g = 0, we have g = 40 as the only CV.
Since r is increasing on (0, 40) and decreasing
on (40, o), r is a maximum when output is 40.
z=(1+b)w, —bwg, Wy is function of W, and
b>0.

dw

£=(1+b) P b

dw, dw,
(1+h) Wp b factori

=1+ -— t

dw, 1+D (factoring)
dw dw
b PP e S0P g

dw, b+1 dw, b+l

Because b > 0, then 1 + b > 0. Thus from

part (a), dz <0 so zis a decreasing
dw,

function of W .
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73.

74.

75.
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E=0.71 1—T—C
Th
d—E=0.71 T—C >0, so as Ty, increases, £
dTh Th2
increases.
2
a 2 a
r=2F+|1——|p-p " +—
(1-2)p-p242

dr a b-a b-a
—=|1-—|-2p=——-2p=2| —-—
dp ( bj =Ty fP [2b pj

Setting % =0 gives the critical value
p

b-a b-—
_b-a -8
P2 P

, then ﬂ>0 and r is
dp

increasing. If p > b_—a, then ﬂ <0 and ris

2b dp
decreasing. Thus revenue is maximum for

p_b—a
2b

c(k) =100[100+9k +#}, 1 <k< 100

a. (C(1)=25,300

2 —_—
b. C'(k) :100{9—&} :100{9"&}
k? k?
2100{9(k+4)(k—4)}
k2
Since k = 1, the only critical value is k = 4.
If1 < k<4,then C'(k) <0 and Cis

decreasing. If 4 < k < 100, then C'(k) >0

and C is increasing. Thus C has an absolute
minimum for k = 4.

c. C4)=17,200
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76.

77.

78.

79.

80.

81.

82.

83.

100 d. 10
P= ~0.36h
1+100,000e~* \ /7:—\
-1
w_d 100(1+100,000e %" s i 5
dh dh
3,600,000

- 2
e”%" (1-+100,000¢ ") -10
e 9P s an increasi : 84. f'(x)=4x*-2x-2(x+2)
Since — >0, P is an increasing function of &. .
dh =453 —4x—4
CV:x=1.32
Relative minimum: (~3.83, 0.69) *
Problems 13.2

Relative minimum: (1.26, —5.74)

2 . .
Relative maximum: (2.74, 3.74); relative L. f(X) =x"-2x+3 and fis continuous over
minimum: (-2.74, -3.74) [0, 3].
f'(x)=2x-2=2(x-1)
The only critical value on (0, 3)is x = 1. We

. C ) . . evaluate f at this point and at the endpoints:
Relative minima: 0, 1.50, 2.00; relative maxima: f0) =3, f(1) = 2, and f(3) = 6.

0.57, 1.77

Relative maximum: (0.05, 3.05)

Absolute maximum: f(3) = 6;

bsolute mini A =2
fhas relative extrema when x = 0.38, 1.18; absolute minimum: f{1)

() =0 when x~0.38, 1.18. 2. f(x)= —2X? —6X+5 and f'is continuous over

4
[-3,2].
3
f'(X)=—4x-6= —4(x+§j
-1 2.5 3
/ U The only critical value on (-3, 2) is x = 5 We
25 have (-3) =5, f (—g) = % and f(2) = —15.
a.  f'(x)=4-6x-3x°
(9 Absolute maximum: f [—gj = % ;
b. 10 absolute minimum: f(2) = —15
13 1, . .
3. f(X):§X +EX —2X+1 and fis continuous
-5 5
‘l; \Ill over [—1, 0].
f/(x) = x2 +x—2=(x+2)(x~1)
- There are no critical values on (-1, 0), so we
c. f/(x)>0 on(-2.53,0.53); f'(x)<0 on only havigo evaluate f at the endpoints:
(=0, —2.53), (0.53, =), f'is inc. on f(-1)=— and f(0) = 1.
(-2.53, 0.53): fis dec. on (o0, ~2.53), 6
(0.53, ). Absolute maximum: f(-1) = %

Absolute minimum: f{0) = 1

480
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4. f(x)= %XA' —%XZ and fis continuous over
[0, 1].
f’(x):x3—3x=x(x+\/§)(x—\/§)

There are no critical values on (0, 1), so we only
have to evaluate f at the end points: f{0) = 0 and

5

f()=——

@ 2
Absolute maximum: f0) = 0;

absolute minimum: f (1) = —%

f(x)= 453 +3x% —18x+3 and fis continuous

over {l, 3} .
2

fr(x) =12x% + 6x —18 = 6(2x2 + x—3)
=6(2x+3)(x-1)
The only critical value on (%, 3) isx=1. We

evaluate f at this point and the endpoints:
1 19
fl=|=——;A1)=-8,f(3)=84.
[ 2) 2 ) f3)

Absolute maximum: f(3) = 84;
absolute minimum: (1) = -8

2
f (x) = x® and fis continuous over [-8, 8].
02

'(X)==x 3.

(=3

The only critical value on (-8, 8) is x = 0. We
have f(—8) =4, f(0) = 0, and f(8) = 4. Thus there
is an absolute maximum when x = -8 or

x = 8, and an absolute minimum when x = 0.
Absolute maximum: f{—8) = f(8) = 4;

absolute minimum: f{0) = 0

f(x)= -3x° +5x° and f1s continuous over
(-2, 0].
£/(x) = ~15x* +15x2 =15x2 (1— x2)

=15x%(1+ X)(L— X)

The only critical value on (-2, 0) is x =—-1. We
have f(-2) = 56, f{—1) = -2, and f{0) = 0.
Absolute maximum: f{-2) = 56;

absolute minimum: f{—1) = -2.
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8.

10.

11.

Section 13.2

f(x)= %Xs +2x2 —3x+1 and fis continuous

over [0, 3].
f/(x) = 7% +4x -3 = (7x=3)(x +1)

.. . 3
The only critical value on (0, 3) is X = 7 . We

have f(0) =1, f [Ej 21—3, and f(3) = 73.

7
Absolute maximum: f(3) = 73;
absolute minimum: f E = E
7) 49

f(x)= x4 —x8 and fis continuous over [-1, 2].
f'(x) = 12x3 —6x° = 6x° (2— X2)
=6x° (x/i— x)(\/z+ x)
The only critical values on (-1, 2) are x =0, V2.
We have fi-1) =2, {0) = 0, f (ﬁ) -4, and

f(2) =-16.
Absolute maximum: f (\/E ) =4,

absolute minimum: f(2) =-16

f(x)= %X‘l —%Xz +3 and fis continuous over
[-2, 3].
f/(x) = x5 —x = x(x* —1) = X(x=1)(x +1)

The critical values of fon (-2, 3) are x = -1, 0,

1. We have i-2) = 5, f(-1)= %, £0) =3,

11 75
f)==—= and f(3)=—.
@ 2 Q) 2
. 75
Absolute maximum: f (3) = "

Absolute minimum: f(-1) = f (1) =%

f(x)= x*—9x% +2 and fis continuous over
[-1, 3].
f'(x) = 4x3 —18x = 2x(2x2 —9)

= 2x(x/§x—3)(\/§x+3)
The only critical values on (-1, 3) are x =0 and

3 32

X=—=——.We have f(-1) =-6, (0) =2,

22
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2
Absolute maximum: f{0) = f(3) = 2;

absolute minimum: f (#J = —7—3

f [ﬂJz—?, and f(3) = 2.

4

12. f(x)= 2X and fis continuous over [0, 2].
X“+1
(1)
X< +1|—x(2x) 1-x2
r) = 2 2
(x2 +1) (x2 +1)
(+x)1-x%)
=
(x2 +l)

The only critical value on (0, 2) is x = 1. We

have f(0)=0, f(1) :%,and f(2) =§.

Absolute maximum: f (1) = % ;

absolute minimum: f{0) = 0

2
13. f(X)=(x—-1)°® and fis continuous over

[-26, 28].
10

28

n=ch

Absolute maximum: f{—26) = f(28) = 9;
absolute minimum: f{1) =0

14. f(x)=0.2x3—3.6x? +2x+1 and fis continuous
over [-1, 2].
5

Ve

Haxirmum

3

-10
Absolute maximum £{(0.28) ~ 1.28; absolute
minimum f{2) = -7.8
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Minirmurm
R 4 P -y j— )
0

a. -3.22,-0.78

b. 275

c. 9

d. 14,283
Problems 13.3

1. f(x)= 2x* +3x% +2x-3
f"(x) = 6x(4x+3)

f"(x) is O when x =0, —% Sign chart for " :

Concave up on (—oo, —%) and (0, o0); concave

down on (—% OJ. Inflection points when

x=—§,0..
4
5 4
2. f(x):X—JrX——Zx2
20 4

£7(x) = (x=1)(x +2)?
f"(x) is O when x = 1, -2. Sign chart for f":

Concave down on (-, —2) and (-2, 1); concave
up on (1, o). Inflection point when x = 1.

2
3. f(x)zz;L
X°—-2x+1
y 2(7—-x
Fr(x) = 2 4)
(x-1)

f"(x) is O when x = 7. Although f” is not

defined when x = 1, fis not continuous at x = 1.
So there is no inflection point when x = 1, but
x =1 must be considered in concavity analysis.
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Sign chart for f":

+ o+ -
_’_’_

7
Concave up on (-0, 1) and (1, 7); concave down
on (7, o). Inflection point when x = 7.

2
X

f(x)=

(x) 1)

£7(x) = 2(2x +i)
(x-1)

f"(x) =0 when x= —%. Although f” is not

defined when x = 1, fis not continuous at x = 1.
So there is no inflection point when x = 1, but
x = 1 must be considered in concavity analysis.
Sign chart of f":

-+ 4+

Concave up on (—%, 1} and (1, «); concave

down on (—oo, —l]
2

Inflection point when X = %

0 6(3x2+2) 6(3x2+2)
) = _

(x2 —2)3 ) [(x—ﬁ)(xm@)f’
f"(x) is never 0. Although f" is not defined

when X = i\/E , fis not continuous at X = iﬁ .
So there is no inflection point when X = i\/E s

but X =++/2 must be considered in concavity

analysis. Sign chart of f”:
+ - 4+

Concave up on (—oo, —\/E) and (\/E, oo) ;
concave down on (—ﬁ , \/E ) . No inflection

point.

483

6.

10.

11.

Section 13.3

f(x)=xv4- X2

2x(x2 —6)
3

=

Note that the domain of fis [-2, 2]. f"(x) isO

only when x=0; f” is not defined when x = %2,

f7(x) =

which are the endpoints of the domain of f. The
only possible point of inflection occurs when
x=0. Sign chart for f":

+ —
—_—
-2 0 2

Concave up on (-2, 0); concave down on (0, 2).
Inflection point when x = 0.

y= —2x2 +4x
y' =-4x+4
y"=-4<0 for all x, so the graph is concave

down for all x, that is, on (-0, o).

y = ~74x% +19x — 37
y'=-148x+19
y" =-148 <0 for all x. Thus the graph is

concave down on (-0, o).

y= 4x3 +12x% —12x

y' =12x% +24x-12

y" =24x+ 24 = 24(x +1)

Possible inflection point when x = —1. Concave

down on (-0, —1): concave up on (-1, ©);
inflection point when x = —1.

y= X3 —6x% +9x+1

y'=3x% —12x+9

y"'=6x-12=6(x-2)

Possible inflection point when x = 2. Concave
down on (-0, 2); concave up on (2, ©);
inflection point when x = 2.

y= 2x3 —5x% +5x -2

y' = 6x> —10x+5

y"=12x-10 =12(x—%)

o . . 5
Possible inflection point when X = e Concave
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12.

13.

14.

=3 ()
down on _OO'E ; concave up on E,oo ;

. . . 5
inflection point when X = s

y = x*—8x° -6
y':4x3—16x

y" =12x% 16 :12(x2 —%j

:12[x—£J(x+ﬁj
3 3

oo . . 243
Possible inflection points X = iT . Concave

2y3) (23 ).
up on | —oo, —T T, o0 | ; concave
23 23

down on [——

243

X+—

] inflection points when

y= 2x* —48x% +7x+3

y' =8x%-96x+7

y" = 24%% —96 = 24(x? —4) = 24(x + 2)(x - 2)
Possible inflection points when x = 2. Concave

up on (—o0, —2) and (2, ©); concave down on
(-2, 2); inflection points when x = £2.

x* ox?
y=——+—+2X
4 2

y' = X3 +9x+2

y"=-3x? +9=-3(x>-3)

- 3(x+ ) (x5)

Possible inflection points when X = +3.
Concave down on (—oo, —\/§) and (x/ﬁ, oo);
concave up on (—\/5 , \/5 ) ; inflection points
when X = i\/g .

ISM: Introductory Mathematical Analysis

15. y=2x
2 _4
/:_X5
y 5
yo_8,% 8
T op - 9
25 25x5

y" is not defined when x = 0 and y is continuous

there. Thus there is a possible inflection point
when x = 0. Concave up on (-0, 0); concave
down on (0, «); inflection point when x = 0.

7

16. y=—=7x"°
3
y' = —21x74
y' = =84x° = 8?
X

Although y” is not defined when x = 0, y is not

continuous there. Thus there is no possible
inflection point. However, x = 0 must be
considered in concavity analysis. Concave down
on (-0, 0); concave up on (0, «); no inflection
point

4 3 2
17. y :X?+—192 x

+X+5

y' = 2x3 +§x2 -7x+1
y" =6x% +19x—7 = (3x—1)(2x +7)

Possible inflection points when X = —%
Concave up on (—oo ——j and ( j

7 1) . . .
concave down on —E, 5 ; inflection points
when X = —Z, l .

2 3

18. y:_§X4_l 3 l 2 1 g
2 6 2 3 5

y' = -10x° —lx2 +x+l
2 3
y" = ~30x° —x+1= —(5x+1)(6x-1)

Possible inflection points when X =—

01||—\

=y
"6’
Concave down on ( o0 ——j and ( ooj

484
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1 1) . . .
concave up on —g, g ; inflection points when

11
X=—=,=.
56
19. y=i 5—1x4+1x3—1x—g
20 4 6 2 3
/ 4 3 2
= X - J— —
y 2 2
y”:x3—3x2+x:x(x2—3x+1)

y" is O when x =0 or x> —3x+1=0. Using the

quadratic formula to solve x> —3x+1=0 gives

3+ f

X = ———. Thus possible inflection points

3+ f

occur when x =0, ——— . Concave down on

(—0, 0) and [i 3+2\/_

J ; concave up on

(0 #j (3+2\/§, ooj ; inflection points

3+45
.

when x =0,

20. vy :%x5 —3x3 +17x+43

y':%x4 —9x? +17

y" = 2x3 —18x = 2x(x2 -9)
=2X(X+3)(x—3)
Possible inflection points when x = 0, £3.

Concave down on (-0, —3) and (0, 3); concave
up on (-3, 0) and (3, ); inflection points when

x=0, £3.
21, y=— L x8 - l S x*+5x% +2x-1
30 12
y':lx5—zx3+10x+2

y =x*—7x2 +10:(x2 —2)(x2 —5)

{23 —2) 5] - )
Possible inflection points when X = i\/E , J_r\/g .

Concave up on (—oo, —\6), (—\/5, ﬁ) , and

Section 13.3

(JE, oo) ; concave down on (—\/g, —\/5) and
(\/E , \/g ) ; inflection points when

x =45, /2.
22, y= x® —3x*
y'=6x> —12x3

y" =30x* —36x% =30x° [xz —gj

e

Possible inflection points when x = 0, i\/g .

Concave up on | —oo, —\/E and \/E, © 3
5 5
concave down on [—\/g, OJ and (O, \/gj

Inflection points when X = i\/g .

x+1
x=1
2
(x-1?
.4
(x-?
No possible inflection point, but we consider

x =1 in the concavity analysis. Concave down
on (—o, 1); concave up on (1, ).

23, y=——

24. y:l-xi2
y-2
x3

y =

x4

No possible inflection point, but we must
consider x = 0 in the concavity analysis.
Concave down on (-0, 0) and (0, ).

485



Chapter 13: Curve Sketching

2

25. y=

X% +1
. (x2 +1)(2x)—x2(2x) T
(x2+1) (1)
- (x2 +1)2 (2)—2><(2)(x2 +1)(2x)
2 +1)
(x2+1)(2)8£2 )
(x2+1)
i 2(1-3¢) | 2(1+3x)(1-+3x)
(* +1)3 (* +1)3

Possible inflection points when X =+

1
ﬁ .
Concave down on (—oo, —LJ and [i, ooj :
V) B W

1 1 . . .
concaveupon | ———, — |; inflection points
( V33 j
when X = +i
+ \/5 .
4x°2
26. =—
y X+3

_ (x+3)(8x) - 4x2(1) _ 4(X2 +6X)

!

(x+3)° (x+3)?
y (x+3)%(4)(2x+6) — 4(x? +6X)(2)(x +3)
(x+3)*
o
(x+3)3

No possible inflection point, but we must include
x = =3 in the concavity analysis. Concave down
on (-, —3); concave up on (-3, ).
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27.

28.

ISM: Introductory Mathematical Analysis

6(x+3)°
,_ 1 (x+3)%(21) - (21x + 40)[2(x +3)]
ar 3
(x+3)
_ 1 (x+3)(21) - (21x +40)(2)
6 (x+3)°
1 -21x-17 _ 1 21x+17
6 (x+3° 6 (x+3°
1 (+3P@D - +17)[3(x+3)? |
Y” = —E' 5
(x+3)
_ 1 (x+3)(21) - (21x+17)(3)
6 (x+3)*

1 -42x+12  7x-2

6 (x+3%  (x+3)*

2
Possible inflection point when X = 7 (x=-3

must be considered in concavity analysis).

Concave down on (-0, —3) and (—3, %j ;

2 . . .
concave up on 7, o |; inflection point when

2
X=—.
7

y= 3(x2 - 2)2
y'= 12x(x2 -2)= 12(x3 —2X)

y"=12(3x° - 2) =36(x2 —%j

gt

3

NG

Possible inflection points when X = i?.

Concave up on (—oo, —?J and (@, 0];

N AR
concave down on —T, ? . inflection

NG

points when X = i?.
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29.

30.

31.

32.

33.

y = 5e*
yv — SeX
yrl — 5eX

Thus y" >0 for all x. Concave up on (-0, o).

y — eX _e—X
yv — eX +e—X
yrr — eX _e—X

X

Setting y” =0 gives X =e™* or, equivalently,

x =0. Concave down on (—, 0); concave up on
(0, ©); inflection point when
x=0.

y = 3xe*

y'=3xe* +3e* =3e*(x+1)

y" =3e* () +3(x+1)e* =3e*(x+2)

y" =0 if x = -2. Concave down on (-0, —-2);

concave up on (-2, o); inflection point when
x=-2.

2
y = xe*

2 2 2
y'=2x2eX" +eX =X (2x% +1)
" _ X2 2 X2 _ X2 3
y'=e" (4x)+2x(2x° +1)e” =e” (4x° +6X)
2
=2xe*" (2x% +3)
y" =0 when x = 0. Concave down on (-, 0);
concave up on (0, «); inflection point when

x=0.

,_Inx
2x

,_ 2x-L-(Inx)(2) _1-Inx
4x? 2x2
2x2 (—%)—(1— In X)(4x)
y'= 4
4x
_ —2x—(1-1Inx)(4x)
4x*
_ -1-2-Inx)(2) _ 2In(x)-3
2x°3 2x°3

(Note: x> 0.)

N |w

y" is 0 if 2In(x) -3 =0, |nX=g, X=e2.

34.

35.
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3
Concave down on (0, e? j ; concave up on

3 3
(ez , oo) ; inflection point when X =e€2.

x2 +1
3e*
) 3ex(2x)—(x2 +1)3ex ) 2x—(x2 +1)

y = =
9e2X

3e*
_2x—x2—1

Y

) 3ex(2—2x)—(2x—x2—1)3ex

y

962X
(2—2x)—(2x—x2 —1)
- 3e*
B X2 —4x+3 _ (x=D)(x-3)
3e* 3e*

Possible inflection points when x = 1, 3.
Concave up on (—o, 1) and (3, ); concave
down on

(1, 3); inflection point when x = 1, 3.

y= X2 —x—-6= (x=3)(x+2)
Intercepts: (0, —6), (3, 0) and (-2, 0)

1
'=2x-1=2| x—=
’ ( 2)

CV: le
2

. 1) . .
Decreasmg on (—OO, E , Increasing on

1 . . 1 25
—, o |; relative minimum at | —, —— |.
2 2 4
y'=2
No possible inflection point. Concave up on
(—d), OO)
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36. y= x?+2 relative maximum at (l, gj
Intercept (0, 2) 2 4
yv — 2X y" — _2
CV:x=0 No possible inflection point. Concave down on
Decreasing on (-0, 0); increasing on (0, «); (~00, ).
relative minimum at (0, 2).
yH — 2

No possible inflection point. Concave up on

(—o0, 00). Symmetric about the y-axis.
y

,,,,,,,,,, X 39, y=x>-9x%+24x-19

""" i s The x-intercepts are not convenient to find; the
y-intercept is (0, —19).

y'=3x% —18x+ 24 = 3(x— 2)(x—4)

37. y= 5X—2X° = X(5-2x)

CV:ix=2,x=4
Intercepts (0, 0) and E 0 Increasing on (—oo, 2) and (4, ); decreasing on
’ 2’ (2, 4); relative maximum at (2, 1); relative
y' =5-4x minimum at (4, -3).
y"=6x-18=6(x-23)
CV: x= 1 Possible inflection point when x = 3. Concave
5 5 down on (—o0, 3); concave up on (3, ©);
Increasing on (—oo, —j; decreasing on (—, ooj; inflection point at (3, -1).
4 4 g1y
. . 5 25 X
relative maximum at | —, — |.
4 8 2 8
yrr — _4
No possible inflection point. Concave down on
(—00, ).

y

40. y= X3 —25x% = x2(x— 25)
Intercepts: (0, 0) and (25, 0)

y'=3x% —50x = 3x(x—5—;j

CV: x=0, 5—3?
38. y:x—x2+2:—(x—2)(x+1) 50
Intercepts (2, 0), (-1, 0), and (0, 2) Increasing on (—oo, 0) and (?, ooj; decreasing
y' =1-2x
CV: x= % on [O, %), relative maximum at (0, 0); relative
I i 1), d i 1 : minimum at @ ——62'500
ncreasing on | —oo, E ; decreasing on E o |; 3 TE
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y"=6x-50= 6(x—%)

oo . . 25
Possible inflection point when X = 3 Concave

=5} (%)
down on —oo,? ; concave up on ?,oo :

. . . 25 31,250
inflection point at | —, — .
3 27

y

1200 +

x3 X3 —12x

41. y:?—4x: 3

=%x(x+2\/§)(x—2\/§)
Intercepts (0, 0) and (i2\/§ , O)

y' = X2 —4= (X+2)(x-2)
CV:ix=+2
Increasing on (-0, —2) and (2, «0); decreasing on

. . 16 .
(=2, 2); relative maximum at [—2, ?j ; relative

. 16
minimum at | 2, —? .
y!/ — 2X
Possible inflection point when x = 0. Concave
down on (-, 0); concave up on (0, «); inflection
point at (0, 0). Symmetric about the origin.

104

489

Section 13.3

42. y= X3 —6x% +9x = x(x—3)2
Intercepts (0, 0) and (3, 0)
y' =3x% 12X+ 9 = 3(x—1)(x—3)
CV:x=1landx=3
Increasing on (-0, 1) and (3, ); decreasing on
(1, 3); relative maximum at (1, 4); relative
minimum at (3, 0).
y"=6x-12=6(x-2)
Possible inflection point when x = 2. Concave
down on (o0, 2); concave up on (2, );
inflection point at (2, 2).
y
5

43. y= x> —3x% +3x-3
Intercept (0, —3)
y'=3x% —6x+3=3(x-1)?
CV:x=1
Increasing on (-0, 1) and (1, %); no relative
maximum or minimum
y"=6(x-1)
Possible inflection point when x = 1. Concave
down on (-0, 1); concave up on (1, o0);
inflection point at (1, -2).
5 y

4. y= 2x3 +gx2 +2X= X[ZXZ +gx+2j

Intercept (0, 0)

y' = 6x% +5x+2

CV: none

Increasing on (—o0, ).

y”=12x+5=12[x+2}
12

Possible inflection point at X = —%. Concave
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5. 1 . . .. 1 104
down on | —00, —— | ; concave up on on | —, 1|; relative minimum at | —, — |;
12 3 3 27
5 . . . 5 235 relative maximum at (1, 4)
——, o |; inflection point at | ——, ——— |.
12 12 432

y'=—6x+4= —6[x—gj
vt 3

Possible inflection point when X =—. Concave

2
3
2 2
up on | —o, 5 ; concave down on 5, o |;

. . . 2 106
inflection point at | —, —
3 27
45. y=4x3-3x* =x3(4-3x) P
Intercepts (0, 0), (%, Oj

y' = 12x% —12x% =12x2 1-x)
CV:x=0andx=1

Increasing on (—oo, 0) and (0, 1); decreasing on
(1, o0); relative maximum at (1, 1).

y" = 24x —36x° =12x(2—3X)

47. y= —2+12x—x°

Possible inflection points at x =0 and X = % ) Intercept (0, —2)
) y' =12-3x2 =3(2+X)(2— X)
Concave down on (-0, 0) and (5, ooj ; concave CVix=%2

Decreasing on (o0, —2) and (2, «); increasing on
up on (O, %j ; inflection points at (0, 0) and fr_lz)’(lzrr)l ;uI:llitt“(/; r{léltr)nmum at (=2, -18); relative
2 16 y"=-6bx
(E’ Ej Possible inflection point when x = 0. Concave up
on (-0, 0); concave down on (0, o); inflection

34 point at (0, -2).
204
X
5
46. y:—x?’+2x2 —-X+4
Intercept (0, 4)
y' =-3x% +4x—1=—-(3x—-1)(x-1) 48. y=(3+2x)°
CV: X :%, 1 Intercepts (0, 27), (—g, Oj
’_ 2
Decreasing on [—oo, %) and (1, «0); increasing y'=6(3+2x)
CV: x= 3
2

490
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49.

50.

. 3 3
Increasing on | —o, —E and —E, o |;no

relative maximum or minimum.
y" = 24(3+2x)

oo . . 3
Possible inflection point at X = ) .Concave

S =)
down on —oo,—E ; concave up on —E,oo ;

inflection point at (—%, Oj .

404

y=2x—6x% +6x-2=2(x-1)°
Intercepts (0, -2), (1, 0)

y'=6(x-1)?
CV:x=1
Increasing on (-0, 1) and (1, ©); no relative
maximum or minimum.
y"=12(x-1)
Possible inflection point when x = 1. Concave
down on (o0, 1); concave up on (1, o);
inflection point at (1, 0).

y

X5 X4 ( _ )
100 20 100
Intercepts (0, 0), (5, 0)
4 3 3
X X X
=—-——=—(x-4
y'= 20 5 0 ( )

CV:x=0andx=4

Increasing on (—o, 0) and (4, o0); decreasing on
(0, 4); relative maximum at (0, 0); relative
minimum at (4, -2.56).

491

51.

52,
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3 2 2

X~ 3X X
= =" (x-3
y 5 5 5( )

Possible inflection points when x = 0 and x = 3.
Concave down on (-, 0) and (0, 3); concave up
on (3, «); inflection point at (3, —1.62).
y
10

y:5x—x5 =x(5—x4)

( 5+x )( 5-x )
( 5+x ) 5+x) x)
Intercepts (0, 0) and (i\/g, 0)

Symmetric about the origin.
y =5-5x* =5(1-x*) =5(1-x° )(1+ %)

—5(1—x)(L+X) (1+ x2)
CV:x==l1
Decreasing on (-, —1) and (1, ); increasing on
(-1, 1); relative minimum at (-1, —4); relative
maximum at (1, 4).
y'= —20x°
Possible inflection point when x = 0. Concave
up on (—o, 0); concave down on (0, o0);
inflection point at (0, 0).
y
5

y=x*(x-1)°
Intercepts: (0, 0), (1, 0)
y' = X2[2(x=1)(1)]+ 2x(x —1)?
=2x(x-1)(2x-1)
4x3 —6x2 +2x

CV:x=0,1and x:%
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53.

Decreasing on (-0, 0) and (%, 1}; increasing
1 . ..
on | 0, E and (1, «); relative minima at (0, 0)

and (1, 0); relative maximum at l, i
2 16

y" =12x% —12x + 2 = 2(6x% —6X +1)
From the quadratic formula, there are possible
3+4/3

inflection points when X = . Concave up

[ 3—&] (3+\@ J
on —oo,T and 5 , 00 [} concave

3-43 3+43
6 6

down on [ j; inflection points at

y= -4 +1
Intercepts (0, 1) and (1, 0) [the latter is found by
inspection of the equation]. No symmetry.

y' =12x° —12x% =12x?(x-1)
CV:x=0andx=1

Decreasing on (-0, 0) and (0, 1); increasing on
(1, o0); relative minimum at (1, 0).

y" =36X° — 24x = 12X(3X — 2)

Possible inflection points at x =0 and X = % .
2
Concave up on (-0, 0) and 5, oo |; concave

down on (O, %) ; inflection points at (0, 1) and

%)
3'27)°

492
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54, y= 3x° —5x° =3x° [xz —g}

=353 (x+\/§j(x— §j
3 3
5
Intercepts (0, 0) and [i\/g, OJ

Symmetric about the origin.

y' =15x* —15x% =15x% (x +1)(x —1)
CV:x=0and x =1

Increasing on (—o0, —1) and (1, ); decreasing on
(-1, 0) and (0, 1); relative maximum at (-1, 2);
relative minimum at (1, -2).

y" = 60x°> —30x = 60x{x+g}{x—£}

2
NG

Possible inflection points at x = 0 and X = iT .

Concave down on [—oo, —%J and [0, %J,

7z 2
concaveupon | ———, 0| and | —, o |;

2 2
inflection points at (%, —%} ,(0,0), and
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55. y=4x2—x4 :x2(2+x)(2—x)

Intercepts (0, 0) and (£2, 0)
Symmetric about the y-axis.

y':8x—4x3 :4x(2—x2)
= 4x(\/§+ x)(\/i—x)

CV:ix=0, +2
Increasing on (—00, —\/E) and (0, \/E),

decreasing on (—\/5 , 0) and (\/E , oo) ; relative

maxima at (i\/E , 4) ; relative minimum at (0, 0).

y" =8-12x° :12[2—#}

A

2

Possible inflection points when X =+ 3

Concave down on | —0, —\/g and E, o |;
3 3
2 (2] . . .
concave up on | — 3\3 ; inflection points at
\F 20
+ =, — .
( 3 9

56. y=x*—x?=x>(x+1)(x-1)

Intercepts (0, 0), (-1, 0), and (1, 0)
Symmetric about the y-axis.

y' = 453 —2x = 2x(\/§x+1)(\/§x—l)

CV:)C:O,ii
2

1 1
Decreasing on | -0, ——— | and | 0, — |;
: ( ﬁ) ( ﬁj
increasing on (—i Oj and [i ooJ'
’\/Ei '\/El 1

relative maximum at (0, 0); relative minima at

493
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54

y”=12x2—2=12(x2—%j

fedfd

Possible inflection points when X =+

Concave up on | —© _ 1 and 1 0 |;
y Jg ’\/61 b

S

concave down on (—i i] inflection
V6 ' \6)
points at (ii, —ij
J6' 36

y

T3

y = x3(x—8) = x*/3 _gx/3
Intercepts (0, 0) and (8, 0)
y _ Az _8 23

3 3
_ 4 1/3 2 _ 4(X—2)
=31 - K213 | 3,213
CV:x=0,2

Decreasing on (-0, 0) and (0, 2); increasing on
(2, 0); relative minimum at

(2 -6%2)~(2 - 756).

4 _ 16 _
" 213,16 5/3

=—X
y 9 9

4] 1 4 | Ax+4)
T 9| (23 (513 | gy5/3

Possible inflection points when x = —4, 0.
Concave up on (—oo, —4) and (0, o0); concave

down on (-4, 0); inflection points at (—4, 12§/Z )

and (0, 0). Observe that at the origin the tangent
line exists but it is vertical.
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59. y=4xt3x43 = x3(44 )
Intercepts (0, 0) and (-4, 0)

4 _ 4 41 1
V=2 x 2/3+_X1/3:_{ +X1/3}

3 3 3| x2/3
A+ x)
B 3y2/3
@ 632) CV:x=0,-1
Decreasing on (-0, —1); increasing on (-1, 0)
58. y= (X—1)2(X+ 2)2 and (0, «); rel. min at (-1, -3)
Intercepts (0, 4), (1, 0), (2, 0) o8y, Ay E{L_L}
Y = (X=D2[2(x + 2)]+ (x + 2)2[2(x~D)] 9 9 RSN
=2(x— D(x +2)2x + 1) _Ax=2
1 9x3/3

CV: x=-2, X 1 Possible inflection points when x = 0, 2.

1 Concave up on (-o0, 0) and (2, ©); concave
Decreasing on (-, —2) and (—E, lj ; increasing down on
1 (0, 2); inflection point at (0, 0) and (2, 63’/5 ) .
on (_21 _Ej and (1, o0); relative maximum at Observe that at the origin the tangent line exists
but it is vertical.

y

1 81 . ..
——, — |; relative minima at
2 16

(=2,0) and (1, 0); y' =2(2x% +3x* —3x—2), so
y" = 6(2X2 + 2X—l). Setting y” =0 and using

the quadratic formula gives possible inflection

-1+
points at X = L+V3 . Concave up on
(—00, _1;\@} and (_1—;\/5 , ooJ ; concave 60. y=(x+1)/x+4 [Note: x>-4]
Intercepts (0, 2), (-1, 0) and (-4, 0)
~1-43 -1+43 . 1
s : ; =(X+1) ———+/x+4(1
down on { > > ] ; inflection points y'=( ) > m ()]
1
14 =———[(x+1)+2(x+4)]
when X = L£V3 2JX+4
2 3(x+3)
y =
2Nx+4
CVix=-3,-4

Decreasing on (—4, —3); increasing on (-3, o0);
relative minimum at (-3, —-2)

g VX+4M)—(x+3)- o4

2/x+4
2 (\/x+4)2
_3 2(x+4)-(x+3) _ 3(x+5)
4 (x+437 ax+4)¥2

No possible inflection point. Concave up on
(=4, ).

n

y

494
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61.

62.

1/3

y=6x2/3_% _gx2/3[1_X
2 12

Intercepts (0, 0) and (1728, 0)

yoaxv3_ L 18 ) 1f8-¥x
2 2\ 3x 20 3/x

CV:x=0,512

Increasing on (0, 512); decreasing on (—o0, 0)

and (512, «); relative maximum at (512, 128);

relative minimum at (0, 0).

i X_4/3 = _i

Possible inflection point at x = 0. Concave down

on (-0, 0) and (0, ). Observe that at the origin

the tangent line exists but it is vertical.

y”=_

y =5x2/3 513 _x2/3(5_y)
Intercepts (0, 0) and (5, 0)

y,zﬂx—l/s_ﬁxmzﬁ 2203
3 3 3 X1/3

_5(2-x)

- 3x1/3

CV:x=0,2

Increasing on (0, 2); decreasing on (—oo, 0) and
(2, o0); relative minimum at (0, 0); relative

maximum at (2, 33/2) ~ (2, 4.76)

10 _4/3 10 _qy3 10(1+ x)
— ——X - 7

9 9 9 X4/3
Possible inflection point when x = 0, —1.
Concave up on (-, —1); concave down on
(-1, 0), and (0, o); inflection point at (-1, 6).

y” —

Section 13.3

Observe that at the origin the tangent line exists
but it is vertical.
y

63.

64.

65.

495
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67. p=-—20
g+2
ﬁz— 1002<0forq>0,sopis
dg  (q+2)
2
decreasing. Since d—E:LOB>O for g > 0,
dg® (9+2)

the demand curve is concave up.

68. c=q2+2q+1

6:£:q+2+—
q
6’=1—i2
q
o2
qa

Since T" >0 for g > 0, the graph of the average
cost function is concave up for g > 0.

69. S="f(A) =12%A, 0< A<625. For the given
_3
values of A we have S'=3A 4 >0 and
_1
S"= —(%) A 4 <0. Thus y is increasing and

concave down.

S

60 1

A
625

Yo &2
70. g(x)=ere 22 A>0,x = 0 (since x

represents quantity).
Uo.

' en —é
g'(x)=- A xe

496
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Yo

e A _x2 X 2
"(X)=———| x-& 2A| —— |+e 2A
9'(¥) =-— { ( Aj+ }

[
_e* _% 2_pA
VI (x*-A)
Yo 2
er X
= 2 e 2A (x+\/K)(x—\/K)
If 0<x<+/A, then g"(x) <0, so the graph is

concave down. If X >+/A , then g"(x)>0,so
the graph is concave up.

71. y=125+5.8(0.42)*

y' =5.8(0.42)* In(0.42)

Since In(0.42) < 0, we have y' <0, so the
function is decreasing.

y” =5.8(0.42)X In?(0.42) > 0, so the function is
concave up.

72. H =1.00 [1_ e—(0.0464t+0.0670}

dH 0.0464¢—(0-0464+0.0670)

>0,s0His

increasing.
d?H 2 _—(0.0464t+0.0670) .
— = —(0.0464)“¢ <0,s0His

concave down.

73. n= f(r)=0.1ln(r)+1—0.8, 1<r<10
r

dar T_r_z 2 r2
for 1 < r < 10. Thus the graph of fis
always falling. Also,

d?n_ 01 14 14-01r
dr? r2 o’ r3
_01a40-1) o

r3

for 1 < r < 10. Thus the graph is concave
up.

dn 01 7 01r-7 0.1(r-70) <0



ISM: Introductory Mathematical Analysis

74.

75.

b, 1otf®

dn .
— =-0.26, so the rate of decrease is
dr r=5
0.26.
150
-20 ' ]I 20
-50

a. One relative maximum point
b. One relative minimum point
¢.  One inflection point

10

A

-12

Two inflection points

y = x5(x—a)= x8 —ax®
y’:6x5—5ax4

y'= 30x* — 20ax® =10x° (3x—2a)
Possible inflection points when x = 0 and

X= 2—;. If a > 0, y is concave up on (-0, 0) and
[%, 00]; concave down on (O, 2—;) Ifa<O,

y is concave up on (—oo, 2—;] and (0, «);

76.

77.

78.

79.

Section 13.3

2 .
concave downon (?a, 0). In either case, y has

. . . 2a
two points of inflection, when x =0 and X = ?

-3 3

-2
Two inflection points

y:x3—2x2+x+3

y' =3x% —4x+1
When x=2,theny=5and y'=5. Thus an

equation of the tangent line at x = 2 is
y—=5=5(x-2),ory=>5x-15. Graphing the
curve and the tangent line indicates that the
curve lies above the tangent line around x = 2.

Thus the curve is concave up at x = 2.
10

-2 3
0

f(x)= 2% +3x% —6x+1

f'(x) = 6x> +6X—6

f"(x)=12x+6
The relative minimum of f' occurs at a value of
x for which (f'(x))' = f"(x) =0. Around this
value of x, (f'(x))" goes from — to +. Since
(f'(x))' = f"(x), the concavity of f must change
from concave down to concave up.

f(x)= x8 +3x5 —4x* +2x% +1
f'(x) = 6x° +15x* —16x° + 4x

f7(x) = 30x”* +60x° — 48x° + 4
Inflection points of f when x = -2.61, —0.26.
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80. f(x)= X;l
X“+1
2
X +2x-1
==
(x2 +l)
2(x3+3x2—3x—1)
f"(x) =

3
(x2 +1)
Inflection points of f when
x=~-3.73,-0.27, 1.00.

Problems 13.4

1. y=x2—5x+6

y' =2x-5

CV: X:E
2

yH:2

5
"T=1=2>0
y(zj
5

Thus there is a relative minimum when X = E

Because there is only one relative extremum and
fis continuous, the relative minimum is an
absolute minimum.

2.y =5%% + 20X +2
y'=10x+20
CV: x=-2
y" =10
y"(-2)=10>0
Thus there is a relative minimum when x = 2.
Because there is only one relative extremum and

fis continuous, the relative minimum is an
absolute minimum.

3. y:—4x2+2x—8

y' =-8x+2

CVv: x:1
4

yl/:_8
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. . . 1
Thus there is a relative maximum when X = Z

Because there is only one relative extremum and
fis continuous, the relative maximum is an
absolute maximum.

y:3x2—5x+6
y'=6x-5
CV: X:E

6
y":6

5
"T=1=6>0
y(ﬁj
5

Thus there is a relative minimum when X = E

Because there is only one relative extremum and
f1s continuous, the relative minimum is an
absolute minimum.

y=%x3+2x2—5x+1

y'= x2 +4x-5= (x+5)(x-1)
CV:x=-5,1

y'=2x+4

y"(-5) = -6 <0 = relative maximum when

x=-5
y"(1) =6 > 0= relative minimum when x = 1

y= x> —12x+1

y' =3x% —12 = 3(x + 2)(x - 2)
CVix==2

y" =6x

y"(-2) =-12 < 0= relative maximum when
x==-2

y"(2) =12 > 0 = relative minimum when
x=2

y=—x3+3x2 +1

y' = —3x° +6x= =3xX(x-2)

CV:x=0,2

y"=-6X+6

y"(0) =6 >0= relative minimum when x = 0

y"(2) = -6 < 0 = relative maximum when x = 2
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10.

11.

y= x*—2x2 +4

y' = 4x3 —4x = 4x(x+1)(x-1)

CV: =0, 1

y'=12x% -4

y"(0) = -4 < 0 = relative maximum when x =0
y"(1) =8> 0= relative minimum when x = 1

y"(-1) =8> 0= relative minimum when

x=-1

y= 7-2x*
y/:_8x3
CV:x=0
yl/ — _24X2

Since y"(0) =0, the second-derivative test fails.

Using the first-derivative test, we see that f
increases for x < 0 and f decreases for x > 0, so
there is a relative maximum when x = 0.

y= —2x’
y' = —14x5
CV:x=0
yrr — _84X5

Since y"(0) =0, the second-derivative test fails.

However, using the first-derivative test, we see
that f decreases for x < 0 and for x > 0, so there is
neither a relative maximum nor a relative
minimum when x = 0.

y= 81x° —5x
y'=81.5x4 —5= 5(81x4 —1)
=5(9x2 —1)(9x2 +1)
:5(3x+1)(3x—1)(9x2 +1)
CV: x= il

3
y"=81.5-4x3

y” (—%) =-60 <0 = relative maximum when

X=——
3
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12.

13.

14.

Section 13.4

[

X =

) =60> 0= relative minimum when

Wl Wk

yzﬁx3 —x%-21x-3
3
y' =55x% —2x —21= (5x + 3)(11x — 7)
CV: x= —E, T
511
y"=110x-2
y"(—%) =-68 <0 = relative maximum when
3
X=——
5
W7 . -
y (—J =68 > 0= relative minimum when
11
X=—
7
2
y= (x2 +7x+10)
y' = 2(x2 +7x+10)(2x+7)
=2(X+2)(x+5)(2x+7)
CV:ix=-2,-5, !
2
Y= 2[(x2 +7x+10)(2) + (2x+7)(2x+7)}
y"(-5) =18 > 0 = relative minimum when
x=-5
S 7 . .
y (—Ej =-9< 0= relative maximum when
7
X=——
2
y"(-2) =18 > 0 = relative minimum when
x=-2
y:—x3+3x2 +9x-2

y'=-3x% +6x+9=-3(x?—2x-3)
=-3(x+1)(x-3)

CV:x=-1,3

y"=-6x+6

y"(-1) =12 > 0 = relative minimum when

x=-1
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y"(3) =-12 <0 = relative maximum when
x=3

Problems 13.5

X
1. y= f(x):ﬁ

When x = 1 the denominator is zero but the
numerator is not zero. Thus x = 1 is a vertical
asymptote.

. X X
lim ——=lim == lim1=1.
x—0 X=1 x>0 X x>

Similarly lim f(x)=1.Thustheliney=11isa

X—>—00
horizontal asymptote.

X+1
y=f(x)=—
X
When x = 0 the denominator is zero but the
numerator is not. Thus x = 0 is a vertical

LoX+1 X
asymptote. lim ——= lim —= lim 1=1.
X—o X X—=o X X—o

Similarly lim f(x)=1.Thusy=1isa
X—>—0

horizontal asymptote.

T0=3s

5 . .
When X = § the denominator is zero but the

. 5. .
numerator is not. Thus X = § is a vertical

. . X .11
asymptote. lim f(x)= lim —= lim ===.
X—>o0 x>0 3X x-03 3

Similarly lim f(x)= 1 . Thus y= 1 isa
X—>—00 3 3
horizontal asymptote.

2x+1
=f(x)=
y ) 2x+1

Observe that both the numerator and

. 1 1
denominator are zero for x = _E . For x# _E’
we have f(x) = 1. Thus fis a constant function

1 .
for x # —E. Hence there are no vertical or

horizontal asymptotes.
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4
5. y= f(x)=;

When x = 0 the denominator is zero but the
numerator is not zero, so x = 0 is a vertical
asymptote.

. 4 .. . 4

lim (—j =0. Similarly, lim (—j =0, so

X—oo\ X X——0\ X

y =0 1is a horizontal asymptote.

2 x2-2
y=f0)=1-5="75"=
X2 X2

When x = 0 the denominator is zero but the
numerator is not. Thus x = 0 is a vertical

asymptote. lim (l—ij =1-0=1. Similarly

X—>00 )(2

lim f(x)=1, soy=1isahorizontal
X—>—00

asymptote.

1 1
x“ -1 (x=-D(x+1)
Vertical asymptotes are x = 1 and x = —1.

lim = lim iz: 0. Similarly,
X—0 Xc -1 X=X

lim f(x)=0.Thus y=0is a horizontal
X—>—00

asymptote.

y= =" =
x> -4 (x=2)(x+2)
Vertical asymptotes: x =2, x = -2.

. X .1 .
lim = lim — = lim —=0. Similarly,
X—>00 X2 —4 X>o© XZ X— X

lim f(x)=0.Thus y=0is ahorizontal
X—>—00

asymptote.

y="f(x)= x> —5x+5 isa polynomial function,
so there are no horizontal or vertical asymptotes.

4 X4 X4

N x3—(§/1)3 - 3 —(2213)3

X4

T (x= 22132 + 223+ 2°T3)
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11.

12.

13.

14.

15.

Vertical asymptote: X = 2218,

x4 4x . .

3 =X+— so the line y = x is an
X° -4 X° -4

oblique asymptote.

2 2
F(x) = 2X
X2 +x-6 (x+3)(x-2)
Vertical asymptotes are x = -3 and x = 2.
2

lim f(x)= lim 2—2— lim2=2,and
X—>00 X—o X X—>00

lim f(x)=2.Thusy=2is a horizontal

X—>—00
asymptote.

3
— is a polynomial function, so there are

f() =

no horlzontal or vertical asymptotes.

_ 2x% +3x+1 _ 2x% +3x+1
x* -5 (X—Jg)(x+J§)

Vertical asymptotes are X = —\/g and X = \/g .
2

lim f(x)= lim 2= lim 2=2
X—>0 X—0 X X—>00
Similarly, lim =2. Thus y =2 is a horizontal
X—>—©
asymptote.
253 +1
y="Ff(x)=

3X(2x-1)(4x-3)

. 1
Vertical asymptotes are x =0, X = E , and

3
X:E. lim f(x)= lim ZL: lim 1.1
X—>00 X—>00 24)( X—>00 12 12
Similarly, lim f(x)—i Thus y—i isa
X——0 12 12

horizontal asymptote.

2 5x-13
=f(x)= +5=
y ) x—3 x-3
From the denominator, x = 3 is a vertical
asymptote.

lim f(x)= lim 5—= lim 5=5, and
X—>00 X—oo X X—>00

lim f(x)=5. Thus, y =5 is a horizontal
X—>—0

asymptote.

16.

17.

18.

19.

20.
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X% —1 _ X2 -1
C(2x-1)(x—4)

f(x)=

2x2 -9x+4

Vertical asymptotes are X =% and x =4.

X2
lim f(x)= lim —= lim === and
X—>00 X—0 2X X—>00
. 1 1. .
lim f(x)==.Thus y== is a horizontal
X—>—00 2 2

asymptote.

3-x* 3-x*
f="73"72-7>

X7 + X X (x+1)
Vertical asymptotes are x = 0 and x = —1.

4 2

%:—X+1+ 33 X2 sotheliney=—-x+1
X"+ X X"+ X

is an oblique asyptote.

2 3 4
X° +4Xx° +6X
y= f (x) = —
3x
Observe that both the numerator and the
denominator are zero when x = 0. For x # 0, we
have
X2 2y 1 2
f(X) =—=(1+4x+6x") ==(1+4x+6x°).
3x2 3

Thus fis a polynomial function for x # 0. Hence
there are neither horizontal nor vertical
asymptotes.

B x2 —3x—4
(1+2x)?

x2—3x—4

y="f(x= >
1+4x+4x

. 1. .
From the denominator, X = —E is a vertical

asymptote.
2

lim ()= lim == lim 2=1 and
X—>0 X—>0 4)(2 x>od 4

lim f(X)==,s0 y= L is a horizontal
X—>—00 4
asymptote.

4 4
XT+1 X7 +1

y=f(x)=

Xt (1+ xz)(l—x)(1+ X)

From the denominator, vertical asymptotes are
x=1landx=-1.
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21.

22,

23.

4
. X .
lim f(x)= lim —-= lim-1=-1, and
X—>0 X—>o0 —X4 X—>o0

lim f(x)=-1.Thus y=-1 is a horizontal
X—>—00

asymptote.

2 p— —
y=f(x)= 9x 162 _ (3x+4)(3x . 4)
2(3x+4) 2(3x+4)

When X = —%, both the numerator and

denominator are zero. Since

lim  f(x)= x4

im —————=-w,the
X—>—413" x—>—4/3" 2(3x+4)

. 4 . .
line X = 3 is a vertical asymptote.

9x>-16 . 9x* . 1 1
— = |im——=Ilim===.
X—>00 2(3x+4)2 X—>00 18)(2 X—>00 2 2
Similarly, lim f(x)= l Thus y = 1 isa
X—>—0 2 2

horizontal asymptote.

2 2X 24x% +20x -4
y=f(xX)=—+ 3 = 3
5 12X +5x—-2 5(12x° +5x-2)
_ A(x+1)(6x-1)
5(3x+2)(4x-1)
2 1 . .
When X=—§ or Xzz, the denominator is O,

but the numerator is not. Thus, vertical

2
asymptotes are X = -3 and

2
x=2 tim f(x)= tim 22 _jim 2.2
4 5 5

X—>00 X—0 60X X—>0
- . 2 2 .
Similarly, lim f(x)=—. Thus, y=— isa
X—>—00 5 5

horizontal asymptote.

y=f(x)=2e""2+4

We have lim f(x) =+ and
X—>0

lim f(x)=2- lim e+ lim 4
X—>—00 X—>—00 X—>—00
=2(0)+4=4
Thus y = 4 is a horizontal asymptote. There is no
vertical asymptote because f{x) neither increases
nor decreases without bound around any fixed
value of x.
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24.

25.

26.
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f(x)=12¢7*
lim f(x)=0 and lim f(x)=+c0.Thusy=0
X—0 X—>—00

is a horizontal asymptote. There is no vertical
asymptote because f(x) neither increases nor
decreases without bound around any fixed value
of x.

3
y=—
X
Symmetric about the origin. Vertical asymptote
. .3 .3 .
isx=0. lim—=0= lim —,soy=0isa
X—o X X——0 X

horizontal asymptote.

y'= -3
2

CV: None, however x = 0 must be included in
the inc.-dec. analysis. Decreasing on (—, 0) and
(0, ).

No possible inflection point, but we include x =
0 in the concavity analysis. Concave down on
(=00, 0); concave up on (0, o).

Y= ox_3

Intercept: (O, —%J

. . 3
Vertical asymptote is X = 7

limy=0= lim vy, soy=0is ahorizontal
X—>00 X—>—00

asymptote.
, 4

T (2x-3)
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CV: None, but x = % must be considered in the

inc. dec. analysis. Decreasing on (—oo, %) and

3
3}
.16
 (2x-3)°

o . . 3
No possible inflection point, but x = 2 must be
considered in the concavity analysis. Concave

=3 3-)
down on _OO'E ; concave up on E, o |.

X
27, y=—
y x-1
Intercept (0, 0)
Vertical asymptote is x = 1

limy=1= lim y,soy=1is ahorizontal
X—o0 X—>—00

asymptote.
_ (x=D@) —x@) 1
(x-1) (x-1)
CV: None, but x = 1 must be included in the
inc.-dec. analysis. Decreasing on (—o, 1) and
(1, ).

"

2
(x-1)°
No possible inflection point, but x = 1 must be
included in concavity analysis. Concave up on
(1, o), concave down on (-0, 1).
y
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0

X

lim y=0, soy =0 is a horizontal asymptote.
X—>0

lim y=+o0, so the line x = 0 is a vertical
x—0"

asymptote.

5
y’:__
\/73

, 15

28. y= (Note: x> 0)

<0 for x > 0. Decreasing on (0, o).

y'= >0 for x > 0. Concave up on (0, ).

N

x # 0, so there is no y-intercept. Setting
y =0 = no x-intercept. Replacing x by —x

yields symmetry about the y-axis. Setting

x2 =0 gives x = 0 as the only vertical
asymptote. Because the degree of the numerator
is greater than the degree of the denominator, no
horizontal asymptote exists.

y=x2+x‘2

4 5 2(x*-1
y’=2x—2x‘?’=2x_£3=2x3 2_ ( g )
X X X

2(x2+1)(x+1)(x—1)

X3

CV: x = =1, but x = 0 must be included in the
inc.-dec. analysis. Decreasing on (—oo, —1) and
(0, 1); increasing on (-1, 0) and (1, «); relative
minima at (-1, 2) and (1, 2),

6
y'=2+—>0

X4
for all x # 0. Concave up on (—, 0) and
(0, =0).
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1
Intercept: (0, —j
2
Vertical asymptote is x = 2.

2 j— j—
3xT=ox-t =3x+1+
X—2 X—2
oblique asymptote.

yo (x—2)(6x—5)— (3x2 —5x —1)(1)

soy=3x+1lisan

(x—2)?
3x2—12x+11
(x-2)°
+
From the quadratic formula, CV: x = 6 _3\@ ,

but x = 2 must be included in the inc.-dec.

. . 6-+/3
analysis. Increasing on | —o, 3 and

6+\/§
3

, ooJ; decreasing on (6_\/@, 2] and

; relative maximum at

5 6+/3
E

6-+/3

Ta, 7— 2\/5 J; relative minimum at

6+\/§, 7+2\/§J.

3
v (x—2)? (6x—12) — (3x* 12X +11)2(x—2)
(x-2)*
~ (x—2)(6x—12) —2(3x? —12x+11)
) (x-2)°
2
(x-2)°

No possible inflection point, but x = 2 must be
included in the concavity analysis. Concave
down on (-0, 2); concave up on (2, ©)

504

ISM: Introductory Mathematical Analysis

1 1
x> -1 (x+1)(x-1)
Intercept (0, —1)
Symmetric about the y-axis.
Vertical asymptotes are x =—1 and x = 1.

31. y=

lim =0= lim ,soy=0isa
X—0 X< -1 X—>—00 X2 -1
horizontal asymptote.

2X

2
(x*-1)
CV: x =0, but x = =1 must be included in the
inc.-dec. analysis. Increasing on (-, —1) and
(=1, 0); decreasing on (0, 1) and (1, «); relative
maximum at (0, —1).

(2 —1)2 (1)—x[4x(x2 —1)]

(-
oo
(-

2(3x2 +1)

-

y'=-2-

:—2~

) 2(3x2 +1)

(Xz _1)3 [+ (xR

No possible inflection point, but x = +1 must be

considered in the concavity analysis. Concave up
on (=00, —1) and (1, «©); concave down on (-1, 1).
y
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32.

33.

y= 1
X2 +1

Intercept (0, 1)

Symmetric about the y-axis.

. 1 . .
lim =0= lim ,so0y=0isa
x>0 x% 41 x—>—0 x2 +1

horizontal asymptote.
y = —2X
T, \2
(x2 +1)
CV:x=0

Increasing on (—o, 0); decreasing on (0, );
relative maximum at (0, 1)
" __

s

oo . . 1
Possible inflection points at X = i—3 . Concave

up on | —o© _ 1 and [i o |; concave
1 ‘\/§ ‘\/§! 9

down on [

j ; inflection points at

ENY
NERNE

_1+x
1-x
Intercepts: (0, 1) and (-1, 0).
x =1 is the only vertical asymptote. Since

. 1+x . X .

lim —= lim —= lim-1=-1

xool-X x-0—-X x50
.1+ X

= lim —

X——01—X

the only horizontal asymptote is y = —1.
X0 -@+0CD 2
(1-x)? (1-x)?
No critical values, but x = 1 must be considered

in the ind.-dec. analysis. Increasing on (-, 1)
and (1, ).
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4

"

T

No possible inflection point, but x = 1 must be
included in the concavity analysis. Concave up
on (-0, 1); concave down on (1, ).

y

34, y=2rX
X
Intercept is (-1, 0)
Vertical asymptote is x = 0.

o lex o X 1

lim ——= lim —= lim ==0
X—0 X X—0 X X—0 X

o lex . .
= lim ——, so y =0 is the only horizontal
X—>—00 )(2

asymptote.

. X+2

y'= 3

X

CV: x =-2, but x = 0 must be included in the
inc-dec. analysis. Increasing on (-2, 0);
decreasing on (—o, —2) and (0, «0); relative

. ( 1}
minimum at | -2, 2

. 2(3+X)
y = 4
X
Possible inflection point when x =3, butx =0
must be included in the concavity analysis.

Concave up on (-3, 0) and (0, 0); concave down
on (-0, —3); inflection point at (—3, —gj .

y
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X2

X+4
Intercept: (0, 0)

. . 4
Vertical asymptote is X = -

2 1 4 16 1. 4
==X——4——— 50 Y=—X——
TX+4 T 49 49(7x+4) 7" 49
is an oblique asymptote.
_(Tx+4)(2x) - x%(7)
(Tx+4)?
3 7x% +8x _ X(7x+8)
(7x+4)2 (7x+4)2

!

CV:x=0, —g ,but X = —; must be included in
. . . 8
the inc.-dec. analysis. Increasing on | —oo, -2
. 8 4
and (0, «0); decreasing on —7, —7 and

4 . : 8
——, 0 [; relative maximum at | ——, —— |;
! 7
relative minimum at (0, 0).

(7x2 +4)2 (14x+8)—(7x2 +8X)[14(7><+4)]

"

y =
(7x+4)4

(7x+4)[(7x+4)(14x+8) —14(7x2 +8x)}

(7x+4)*
32
(7x+4)3
No possible inflection point but X = —; must be

included in concavity analysis. Concave down

4 4
on | —o, —— |; concave upon | ——, o |.
7 7
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37. y=
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xS +1

Intercept: (-1, 0)

Vertical asymptote is x = 0. Because the degree
of the numerator is greater than the degree of the
denominator, no horizontal asymptote exists.

2 1

Since y=X"+X ",

3_
y’=2x—x‘2 :2x—i= 2x 1.

x? x?

CV: x= %/g , but x = 0 must be included in inc.-

dec. analysis. Decreasing on (-0, 0) and

(O, 1\3/%] ; increasing on (%/g , oo] ; relative
minimum at i/z, 3%/i .
2 4

3 2 ( xS+ 1)
"=242X " =2+—=———+
y X3 X3
Possible inflection point when x =—1, but x =0
must be included in concavity analysis. Concave
up on (-0, —1) and (0, «©); concave down on
(=1, 0); inflection point at (-1, 0).

9 ~ 9
9x2 -6x-8 (3x+2)(3x-4)

Intercept: [O, —%)

. 2 4
Vertical asymptotes: X = 3 X = 3

. .9 .1 .
limy=lim—=Ilim —=0= lim vy
X—>00 X—>00 9x X—>0 ¥ X—>—0

Thus y = 0 is a horizontal asymptote. Since

y=9(9x2—6x—8)_1,
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Y =9(=1) (9x2 —6x —8)72 (18x - 6)
54(3x—1)
[(3x+2)(3x—4)J?

CV: x= % ,but x= —% and X :% must be included in inc.-dec. analysis.

. 2 21 . 1 4 4
Increasing on | —o, —— | and | ——, — |; decreasingon | —, — | and | —, o |;
3 3 3 3 3 3

relative maximum at [%, —1] . Finding y" gives:

(9 —6x—8)2 (3)—(3x—1)[2(9x2 —6x—8)(18x—6)]
4
(9x2 —ex—s)
3(9x2 —6x—8)[(9x2 —6x—8)—4(3x—1)(3x—1)}
(9x2 —6x—8)4

i —162(—27x2 +18x—12) i 486(9x2 —6x+4)

yH — _54

= _54.

(9X2 _6X_8)3 [(3x+2)(3x—4)]°

Since 9x? —6X+4 =0 has no real roots, y” is never zero. No possible inflection points,

2 4 . . . 2
but x = -3 and X = 3 must be included in concavity analysis. Concave up on [—oo, ——

4 2 4
and | —, o |; concave downon | ——, — |.
3 3 3

2
38, y= 8x +?;x+l
2X
8x? +3x+1 is never 0 and x cannot be zero. Thus no intercepts. Vertical asymptote is x = 0.
. _8x? . .
lim y= lim —= lim4=4= lim y
X—>00 X—0 2X X—>00 X—>—00
. . . 3.1 1
Thus y = 4 is a horizontal asymptote. Since y =4 +EX ! +E X 2, we have
_ _ 1 _ X+2
y’:—Ex 2_x3=_Zx 3(3x+2):—3 i
2 2 2)(3

507

Section 13.5



Chapter 13: Curve Sketching

39.

CV: x= —%, but x = 0 must be included in the

inc. dec. analysis. Decreasing on (—oo, —gj and

(0, ©); increasing on (—%, Oj; relative

. ( 2 23)
minimum at -, — |.
3' 8

y" = xS 43x = %(x+1).
X

Possible inflection point when x = —1, but x =0
must be included in the concavity analysis.
Concave down on (-0, —1); concave up on
(-1, 0) and (0, ); inflection point at (-1, 3).

Intercepts: (—1, Oj, (0, 1]
3 4

. . 2
Vertical asymptote is X = 3

. .3 .1 .
limy=Ilim—=1lim—=0= lim vy
X—>a0 X—>0 9x X—o0 3X X—>—00

Thus y = 0 is a horizontal asymptote.
g 3= 2)2(3) - (3x+1)(2)(3x— 2)(3)
(3x-2)*
_ 3(3x—-2)[(3x—2)—2(3x+1)]

(3x-2)*
_ 3(3x+4)

(3x-2)°

CV: x= —g, but X :é must be included in

inc.-dec. analysis.

Decreasing on (—oo, —%) and [%, ooj;

. . 4 2 . .
mcreasing on [—5, 5), relative minimum at
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(43)

yr = 3. X2’ Q- Bx+HE)Ex-2’ ()
(3x-2)°
=_3. 3(3x - 2)*[(3x—2) —3(3x + 4)]

(3x-2)8
_ 5 3(-6x-14) 18(3x+7)

T 3= (3x-2*

S . . 7
Possible inflection point when X = —5, but
2 . . . .
X = 3 must be included in concavity analysis.
7
Concave down on | —oo, -3 ; concave up on

and (%, oo); inflection point at

3x+1
y="7"75
(6x+5)

Intercepts: —1, 0], 0,i
3 25

. . 5
Vertical asymptote is X = —E .
. . . 1 .
lim y= lim =lim—=0= lim vy
X—>00 X—>a0 36)(2 x—0 12X X—>—00

Thus y = 0 is horizontal asymptote.

_ (6x+5)%(3)— (3x +1)[12(6x + 5)]
- (6x +5)*

_ 3(6x+5)[(6x+5)—4(3x+1)]

- (6x+ 5)4

_3(-6x+1) -3(6x-1)

© (6x+5)°  (6x+5)°

’
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CV: x= % ,but x= —% must be included in

inc.-dec. analysis. Decreasing on [—oo, —gj and
1 . . 51 .
—, o |; increasing on | ——, — |; relative
6 6 6
maximum at 1L Finding y" gives:
6 24) e ENEY

(6x+5)3(6) - (6x—1) [18(6x+5)2]
- (6x+5)6
6(6x +5)2[(6X +5) —3(6x —1)]
(6x+5)6
) -12x+8
(6x+5)*
3x-2
(6x+5)4

yrr =-3

-_3.

=-18

=72
o . . 2

Possible inflection point when X = 3 but

5 . . . .
X= 5 must be included in concavity analysis.

Concave down on —oo,—E and —E,E ;
6 6 3

2 . . .
concave up on (5, ooj ; inflection point at

:2)

3.-
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x2 -1 _ (x+1)(x-1)

X X3

Intercepts are (-1, 0) and (1, 0).
Symmetric about the origin.
Vertical asymptote x = 0.
ox2a1 o x? -1
lim = lim —= lim =
X—>00 X3 X—>00 X3 X—00 X

. 1-x
=0= lim —,
X—>—00 X2

so y = 0 is the only horizontal

1_x3 , then

3-x2

X4

CV: x= i\/é , but x = 0 must be included in the

asymptote. Since Yy =X"

y' = X243t =x*t (—x2 +3) =

inc.-dec. analysis. Increasing on (—\/g , O) and
(O, \/5) ; decreasing on (—oo, —\/5) and

(J§, oo) ; relative maximum at [\/g, %J ;

relative minimum at [—\/5 , —%j .
2(x% -6
y =2x3—12x75 =2x7° (x2 —6) = —( 3 )
X

Possible inflection points when X = J_r\/g , but
x = 0 must be included in the concavity analysis.

Concave down on (—00, —\/6) and (0, \/6),

concave up on (—\/g, O) and (\/E, oo);
inflection points at [\/6 , %J and

[-Ja Lﬂ |

36
Y
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42,

43.

_ 3x
(x-2)?

Intercept (0, 0)
Vertical asymptote at x = 2

. 3X . 3X .3

lim ————=1lim —= lim —=0 and
X—>0 X2 —4X+4 XowX X—0 X

lim L:o, so y =0 is the only

X0 X2 —4x + 4
horizontal asymptote.
. —3(x+2)
(x-2)°
CV: x =-2, but x = 2 must be included in the
inc.-dec. analysis. Decreasing on (-0, —2) and
(2, ©0); increasing on (-2, 2); relative maximum

(3

v 6(x+4)
(x-2)*
Possible inflection point when x = —4, but x =2

must be included in the concavity analysis.
Concave down on (-0, —4); concave up on

(-4, 2) and (2, «); inflection point at [—4, —%)

I
|
|
|
|
|
|
|
|
|
|
! ™
| 10
|

1 X2 +x+1
y=X+—=———

x+1 x+1
Intercept: (0, 1). x = —1 is the only vertical

asymptote. y = x is an oblique asymptote.
(x+D(2x+1) —(x2 + x+1)

yl
(x+1)2
3 X% + 2x _ X(x+2)

(x+1)%  (x+1)?
CV: 0 and -2, but x = —1 must be included in the
inc.-dec. analysis. Increasing on (-0, —2) and
(0, ); decreasing on (-2, —1) and (-1, 0);
relative maximum at (-2, —3); relative minimum
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at (0, 1).
(x+D?(x+2) —(x2 + 2x)[2(x+1)]
B (x+l)4
(x+1)(2x + 2)—(x2 +2x)[2] )

y

(x+1)°* (x+1)°*
No possible inflection point, but x = —1 must be
included in the concavity analysis. Concave
down on (-0, —1); concave up on (-1, ).

_ 3x* +1

No intercepts
Symmetric about the origin.

3x* +1 1
=3X+— so

X3 X

y = 3x is an oblique asymptote.

Since y =3X+ x3 ,

Vertical asymptote is x = 0.

\ 3 3(x2+1)(x+1)(x—1)
y'=3-3x" :3——4: r

X X
CV: =1, but x = 0 must be considered in the inc.-
dec. analysis. Increasing on (-0, —1) and (1, «0);
decreasing on (-1, 0) and (0, 1); relative
maximum at (-1, —4); relative minimum at
(1, 4).

No possible inflection point, but x = 0 must be
included in the concavity analysis. Concave
down on (o0, 0); concave up on (0, o).

"/
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45.

3 —3x% +2x-5 3 —3x% +2x-5
3% -2x-1  (x+1)(x-1)

Note that —3x2 + 2X—5 is never zero.
Intercept: (0, 5)

. 1
Vertical asymptotes are X = 3 and x = 1.

2
limy= lim 5= lim-1=-1= lim y
X—>00 X—0 3x X—>00 X—>—00

Thus y = -1 is horizontal asymptote.
(3x2 _2x —1) (-6 +2) —(—3x2 + 2x—5) (6x-2)

y'=

(3x2—2x—1)2
2(3x-1)[(3,x2 ~2x-1) (- —(-3¢ + 2x—5)]
) (?>x2—2x—1)2
12(3x-1)  12(3x-1)

B (322 -2x _1)2 X+ (X1

CV: le
3

,but x= 1 and x = 1 must be included in inc.-dec. analysis.

Section 13.5

Decreasing on [—oo, —%) and [—%, %J ; increasing on (%, 1) and (1, o0); relative minimum at (%, %J

(3% -2 —1)2 3)- (3x—1)[2(3x2 - 2x-1) 6x- 2)}

y'=12- 2
(3x2 —2x—1)

(3x2 —2x—1)[3(3x2 —2x—1)—2(3x—1)(6x—2)}

e (3x2 —2x—1)4

o7 4 18x 7 —12(27x2 —18x+7)
-12. -
[Bx+D)(x -1

3x% —2x-1 ’
( )

1
Since 27x%—18x+7 is never zero, there is no possible inflection point, but X = 3 and x = 1 must be included

. . . 1 1
in concavity analysis. Concave down on (—oo, _EJ and (1, «0); concave up on [—5, 1) .
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1 _(3x+2)2 +1
3X+2 3X+2
B 9x2 +12x+5

3X+2
Note that 9x% +12x+5 is never zero.

Intercept: (0, gj

46. y=3x+2+

2
Vertical asymptote is X = —5; oblique asymptote is y = 3x + 2.

2_
g 3, (x+2’-1

- (3x+ 2)2 - (3x+ 2)2
_3. 9x% +12x+3 _9. Bx+1)(x+1)
(3x+2)? (3x+2)?

CV: x= —% and x =-1, but x= —% must be included in inc.-dec. analysis. Increasing on (-0, —1) and

(—%, ooj; decreasing on (—1, —gj and (—%, —%j; relative maximum at (—1, —2); relative minimum at

49

Y =-3(-2)3x+2) 3@ =2

(3x+ 2)3

2
No possible inflection point, but x = 3 must be included in concavity analysis. Concave down on (—oo, —Ej;

concave up on (—% ooj.
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47.

48.

49.

50.

51. When X:_%’ thena + bx =0 so X:_% isa

vertical asymptote.

. ¢ .11
lim = lim —=lim ===
x—>oad+bX x-wbX xowob b

1. .
Thus y = 5 is a horizontal asymptote.

513

52,

53.

54.

5S.

56.

Section 13.5

For y=6-3e"" we have
. —x . 3
lim (6—3e ): lim|6-—|=6-3(0)=6
X—>0 X—>0 ex
Thus the line y = 6 is a horizontal asymptote for
—X

the graph of y=6-3e™*. For y=6+3e7", we
obtain lim (6+Se_x)= 6+3(0) =6, so the line

X—>0
y = 6 is also a horizontal asymptote for the graph

X

of y=6+3e".

lim (150—76e_t) = lim (150—7—?j

t—o0 t—o0 e

=150-0=150
Thus y = 150 is a horizontal asymptote.

1

-15 ,____U,JI e 15

-1
x = -0.08,y=0

T <
(1

-8

-5

x = +245,x = 0.67,y=2

10
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57.

0.15625

—-1.54255

~6.54255 {,_F

-0.15625
In the standard window, two vertical asymptotes
of the form x = k, where k > 0, are apparent
(x = 0.68 and x = 7.32). By zooming around
x =—4, another vertical asymptote is apparent
(x =—4). Thus three vertical asymptotes exist.

1

—

0 25
0

From the graph, it appears that lim y ~0.48.

X—>00

Thus a horizontal asymptote is y = 0.48.
Algebraically, we have
0.34¢"7
. 0.34e07 _ (0%
lim ———=

= lim ———
x>0 4.2 4+0.71e97% x>0 42407167

eOJx

. 0.34 0.34
= lim

= ~0.48
x>o-42.4071 0+0.71
&

Problems 13.6

1.

Let the numbers be x and 82 — x. Then if

P = x(82 - x) = 82X —x?, we have P’ =82-2x.
Setting P'=0= x=41. Since P"=-2<0,
there is a maximum when x = 41. Because

82 —x =41, the required numbers are 41 and 41.

Let the numbers be x and 20 — x, where
0 < x < 20. Let

P = (2x)(20 - x)? = 2x° —80x? + 800X .
Setting ap =0 gives

dx
P’ = 6x% —160x +800 = 2(3x — 20)(x—20) =0,

from which X:? orx=20. P">0 on

(0, %j and P'<0 on (2—;, 20} . Thus P has a

514
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. . 20
relative and absolute maximum when X = ? .

The other number is 20— X = % .

. We are given that 15x + 9(2y) = 9000, or

y= % . We want to maximize area A,

where A = xy.

A=xy=x 9000-15x :i(QOOOX—15X2)
18 18

A= el (9000 —-30x)
18
Setting A'=0= x=300. Since

A"(300) = %(—30) <0, we have a maximum at
x=300. Thus y =%§5(300) — 250 The
dimensions are 300 ft by 250 ft.

Stream
y y

200

. We are given that xy = 1200, or y = 1— , and
X

want to minimize N = 2x + 6y. We have

N :2x+6y:2x+6(@j,x>0
X

X
Setting N" =0 yields x% = 3600 ,s0x=60. We
have N" = 14, iOO ,30 N”(60) >0 and we have
X

a minimum. If x = 60, then y = 20. Thus
N =2(60) + 6(20) = 240 ft.
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5. ¢=0.05q9° +5q+500

Avg. cost per unit =C = ‘o 0.059+5 +@
q q
c'= 0.0S—@ . Setting €' =0 yields
q
0.05 = 1;0 q° =10,000, g = +100 . We
q

exclude g = —100 because g represents the

number of units. Since T = @ >0 forg >0,

q

C is an absolute minimum when ¢ = 100 units.

C =0.125—0.0012s2 +0.08 , where 0 < s <
60. Setting c(ij_C =0 gives 0.12 - 0.00245s =0 =
S

2
s = 50. Since 42 =-0.0024 <0, a maximum
S

occurs when s = 50. Thus a minimum can occur
only at an endpoint of the domain. If s = 0, then
C =0.08; if s = 60, then C = 2.96. Thus the
minimum cost of $0.08 per hour occurs for

s = 0 mi/h and might be due to depreciation,
insurance, and so on.

. p=-5¢g+30
Since total revenue = (price)(quantity),

r=pqg=(-5q+30)q= —5q2 +30q
Setting r'=-10q+30=0=q=3. Since
r"=-10<0, r is maximum at g = 3 units, for

which the corresponding price is
p=-5(3)+30=3$15.

q=AeBP

Revenue =r = pg = pAe P

r'= Ale”® (1) + pe ™ (-B)]
= A(Ll-Bp)e BP

1 -B
—AB| ——p e BP
(B pj
i 1
Critical value: p =E
1 ’ P .
If p <E’ then r' >0 and r is increasing. If

p> %, then r' <0 and ris decreasing. Thus
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10.

11.

Section 13.6

. . 1
revenue is maximum when p= E The answer

does not depend on A because A represents the
initial value of ¢, so it doesn’t change g over
time.

f(p):160—p—ﬂ,where0 < p < 100.
p+10

a. Setting f'(p)=0 gives —1+ﬂ2 =0
(p+10)
ﬂzzl, (p+10)% =900,
(p+10)
p+10 =430, from which p = 20.
Since f"(p) :i003 <0 for p =20, we

(p+10)

have an absolute maximum of
f(20) = 110 grams.

b. f(0)=70and f(100)= 51% , so we have an

absolute minimum of f (100) = 51% grams.

n_p2(C_D)_cp? D®
2 3 2 3

The rate of change of R is g—g =CD-D?. This
is the function to be maximized. Setting

i d—R =C-2D =0 gives ng.Since
dD\ dD 2

2
d— d—R =-2 <0, the maximum rate of
dp? \ dD
C
change occurs when D = >

p=385-0.05¢

¢ =600 + 35¢q

Profit = Total Revenue — Total Cost

P =pg-c=(85-0.05q)g— (600+35q)

= —(0.05¢° —50q + 600)

Setting P'=—(0.19—50) =0 yields ¢ = 500.
Since P"(500)=-0.1<0, P is a maximum
when g = 500 units. This corresponds to a price

of p =85 — 0.05(500) = $60 and a profit of
P =$11,900.
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12.

13.

14.

Cost per unit = $3
_10

Ja

Profit = Total Revenue — Total Cost
P=pg-c

10
P =[ﬁ]q—(3q) =10,/q -3q
Setting P’ = i—B =0 yields q= E
a ;
5 _3
Moreover, we have P" = _Eq 2 <0 forg>0,

so P is maximum when (= % The

corresponding price is p = $6.

p=42-4q
E:2+%
q

Total Cost =c =¢Cq =2q+80

Profit = Total Revenue — Total Cost
P=pg—c=(42-4q)qg— (2q + 80)
- —(4q2 —40q +80)

P’ =—(8q—40)
Setting P'=—(8q—40)=0 gives g =5. We find
that P"=-8<0, so P has a maximum value

when g = 5. The corresponding price p is
42 — 4(5) = $22.

40
p=—F
Ja
_ 1 2000
C=—+—n
3 q

Total cost=c=¢q = %+ 2000

Profit = Total Revenue — Total Cost

P=pg-c=40 q—%—zooo
Setting P’ = 201 0 yields g = 3600.
Ja 3

Since P”=-10q"/? <0 for g > 0, it follows
that P is a maximum when g = 3600. The

corresponding price is p = 2—8 ~ $0.67. Since
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15.

16.
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MR:% and MC:%, then for g = 3600 we
q
have MR:E:E:MC.

6 3

p =2 —100q +3200 on [0, 120]

E:§q2—40q+10’000

Profit = Total Revenue — Total Cost
Since total revenue r = pg and
total cost =c==C(,

P = pg-cq
=g° -1009? +3200q —[§q3 —40q9° +1o,oooj

=%q3 —60g? +3200q —10,000

P’ = g% —120q + 3200 = (q — 40)(q — 80)
Setting P'=0 gives g = 40 or 80. Evaluating
profit at g = 0, 40, 80, and 120 gives
P(0) =-10,000

p(a0) = 130000 _ 45 3331
3 3
P(80) = 98’3?00 =32, 666%

P(120) = 86,000

Thus the profit maximizing output is g = 120
units, and the corresponding maximum profit is
$86,000.

a. c=0q=2q°-42q° +228q+210
j—c =602 —84q+ 228 = 6(q° —14q + 38)
q

Using the quadratic formula to solve

:—C:O gives q:7—\/ﬁz3.68 or
q

q=7 ++/11~10.32. Evaluating ¢ at g = 3,
7—\/ﬁ, 7+\/ﬂ, and 12 gives
570, 434+ 44+/11 ~579.93,

434 - 44411 ~ 288.07, and 354,
respectively. Thus the minimum cost is

when g =7++/11~10.32.

¢(10) =290 and c(11) = 298, so production
should be fixed at g = 10 for a minimum
cost of $290.
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17.

18.

19.

b. ¢(7) =434, so the minimum cost still occurs
when q=7+ V11 ~10.32 and production
should again be fixed at 10 units.

Total fixed costs = $1200,

material-labor costs/unit = $2, and the demand
100

Ja

Profit = Total Revenue — Total Cost
P=pg-c

P :@-q—(Zq +1200)

N

=100,/q —2q 1200
= 2(50\5— q —600)

equationis p =

Setting P’ = Z(E— ] =0 yields g = 625. We

Ja

_3
see that P"=-25q 2 <0 for ¢ >0, so Pis

maximum when g = 625. When g = 625,

MR :i =2=MC. When g = 625, then

V625

p=$%4.

Let x = number of $10 per month increases

so the monthly rate is 400 + 10x and the number
of rented apartments is 100 — 2x. Monthly
revenue r is given by

r = (rent/apt.) (no. of apt. rented)

r= (400 + 10x)(100 — 2x)

r' = (400+10x)(-2) + (100 - 2x)(10)

=200 — 40x =40(5 — x)

Setting r'=0 yields x = 5. Since r"=-40<0,
then r is maximum when x = 5. This results in a
monthly rate for an apartment of

400 + 10(5) = $450.

If x = number of $0.50 decreases, where

0 < x < 36, then the monthly fee for each
subscriber is 18 — 0.50x, and the total number of
subscribers is 4800 + 150x. Let r be the total
(monthly) revenue.

revenue = (monthly rate)(number of subscribers)
r= (18 —0.50x)(4800 +150x)

r' = (18-0.50x)(150) + (4800 +150x)(-0.50)
=300 -150x = 150(2 — x)

Setting r'=0 yields x = 2.

Evaluating » when x = 0, 2, and 36, we find that
r is a maximum when x = 2. This corresponds to
a monthly fee of 18 —0.50(2) = $17 and a
monthly revenue r of $86,700.

20.

21.

22,

Section 13.6

Note that as the number of units produced and
sold increases from 0 to 600, the profit increases
from 0 to (600)(400) = $24,000. Let
g = number of units produced and sold beyond
600. Then the total profit P is given by
P = (600)(40) + (40-0.05q)q

= 24,000 + 40q — 0.05¢>
P'=40-0.10q
Setting P’ =0 yields ¢ = 400. Since
P"=-0.10<0, P is a maximum when ¢ = 400,

that is, the total number of units = 600 + 400
= 1000.

See the figure in the text. Given that X2 y=32,

we want to minimize S = 4(xy)+ x2 . Since

32
y= > where x > 0, we have
X

S =4x 2 +x2 :&+X2,fr0m which
X2 X
S’:—%+ 2x. Setting S' =0 gives
X
2x3 =128, x> =64, x = 4. Since 5"=2—536+2,
X

we get S"(4) >0, sox =4 gives a minimum. If
x=4,then y= % = 2. The dimensions are
4 ft x 4 ft x 2 ft.

See the figure in the text. We want to maximize
V= X2y given that 4xy + x2 =192 , or
1922
4x

2
V = x2 192—)( =1(192x—x3),x>0
4x 4

1 a2 _3(as 2
v _4(192 3x )_4(64 )
Setting V' =0 gives x = 8. Since
Al :(%j(—ZX) ,then V"(8) <0, so x =8 gives

a maximum. If x = 8, then y = 4.
The dimensions are 8 ft x 8 ft x 4 ft.

The volume is 8 (4) =256 3.
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23. V= x(L—2x)2

24,

25.

= L2x—4Lx% + 4x°
where 0<X<%.
V' =12 —8Lx+12x?

=12x% —8Lx+ L2
= (2x—L)(6x— L)

For 0<X<%, setting V' =0 gives X:%
. L
Since V'>0 on | 0, E and V' <0 on

[%, %j' V is maximum when X = % Thus the

length of the side of the square must be % in.,

which results in a volume of
2 3
E L —E 2L in’
6 3 27
Since xy = 240, then y = E, x> 0. We want
X

to minimize A where

A=(x+10)(y+6) = (x+10)(ﬂ+6j

=300+6X+ 2400
X
A =6 24(2)0
X
Setting A'=0 gives x = 20. Since
A" = 4820 >0 for x =20, we have a minimum.
X

Thus y = 12, so the dimensions are 20 + 10 by
12 + 6, that is, 30 in. x 18 in.

See the figure in the text.
V =K =nr?h 6
S =2nrh+nr? ()

From Equation (1) h = LZ . Thus Equation (2)

Tir
becomes
S =2—K+1tr2

r
3

dS 2K Z(Tfr —K)
— =———+27r =
dr r2 r2

ISM: Introductory Mathematical Analysis

If S'=0,then nr°—K =0, nr® =K ,

r=3£.ThuS
\ =

ho K {5}25
(k) T

Note that since S" =2n +% >0 forr>0, we
r

have a minimum.

. See the figure in the text.

S =K =2nrh+nr? 6
V =nr?h 2)

2
From Equation (1), h= K—nr

. Thus Equation

(2) becomes

V= Kr —nr’

2
av K -3ar?
dr 2

Setting V'=0 gives r = /3£ . Thus
T

3L K
(
KW

wn

275\/; \/%

Note that since V" =-3nr <0 for > 0, we have
a maximum.

Wﬁ

p =600-2q

¢ =0.2g% +28q + 200

Profit = Total Revenue — Total Cost
P=pg-c

P = (600 - 2q)q —(0.2q2 + 280+ 200)

—(2.2q2 _572q +2oo)

P'=—(4.49-572)
Setting P'=0 yields g = 130. Since
P"=-4.4<0, P is maximum when g = 130
units. The corresponding price is
p =600 — 2(130) = $340, and the profit is
P = $36,980. If a tax of $22/unit is imposed on
the manufacturer, then the cost equation is
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28.

29.

¢, =0.29° +28q + 200+ 22q

=0.2¢% +50q + 200.

The demand equation remains the same. Thus
A =pa-c

— (600—2q)q — (o.zq2 +50q + 200)

- —(2.2q2 5500 + 200)

P’y =—(4.4q-550)
Setting P’y =0 yields g = 125. Since
R'=-4.4<0, B is maximum when g = 125

units. The corresponding price is p = $350 and
the profitis P, =$34,175.

Original data: p = 600 —2g,

c= O.2q2 +28q+200. Revenue, both before
and after the license fee, is given by
r=pq=600q-— 2q2 . After the license fee, the
cost equation is

¢, =c+1000 = O.2q2 + 289 +1200 and the profit
is

R=r-q

- (600q - 2q2)—(0.2q2 1284 +1200)

As in Problem 27, we find that P, has a

maximum when g = 130 units, which gives

p = $340. Thus the profit-maximizing price and
output remain the same. Since

Profit

=r—¢ =r—(c+1000) = (r —c)—1000, when
q =130 we have

Profit = 36,980 — 1000 (from Problem 27)

= $35,980

Let g = number of units in a production run.
Since inventory is depleted at a uniform rate,

assume that the average inventory is % . The

value of average inventory is 10 (%J , and

carrying costs are 0.128{10(%)} . The number

0
, and total

of production runs per year is

set-up costs are 40{@j . We want to
q
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30.

31.

Section 13.6

minimize the sum C of carrying costs and set-up
Costs.

o-osafol]-af'5?

_ 0.64q + 40,000
cr=064- 20000
q
Setting C'=0 yields g° = 40’200 = 62,500,
q =250 (since g > 0). Since C" = —80’200 >0,
g

C is minimum when g = 250. Thus the economic
lot size is 250/1ot (4 lots).

¢ =0.004¢> + 20q + 5000
p=450-4q

Profit = Total Revenue — Total Cost
P=pg-c

— (450 4q)q - (o.oo4q3 +20q+ 5000)
p- —(0.004q3 +49% — 430q +5000)
p= —(0.012q2 +8q —430)

- —2(0.006q2 +4q —215)

Setting P'=0 yields

0.006q° +4q—215=0

o= —4+2116 _-4+46
0.012 0.012

—4+46

0.012
is increasing on [0, 50) and decreasing on
(50, o), P is maximum when ¢ = 50 units.

Since g = 0, choose q = =50. Since P

Let x = number of people over the 30.
Note: 0 < x < 10.

Revenue = r

= (number attending)(charge/person)
= (30 + x)(50 - 1.25x)

=1500+12.5x —1.25x?

r=125-2.5x

Setting r' =0 yields x = 5. Since r"=-25<0,
r is maximum when x = 5, that is, when 35
attend.
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32.

33.

Let N = horsepower of motor.
(Total annual cost) = C = (Annual cost to lease)
+ (Annual operating cost)

C =(200+0.40N) +80,000($j
=200+0.04N +6|il£
cr-04-540
N2
Setting C' =0 yields N? =1600, so N = 40

(since N > 0). Since C" = @ >0 forN>0,C
N

is a minimum when N = 40 horsepower.

The cost per mile of operating the truck is

0.165 +% . Driver’s salary is $18/hr. The

number of hours for 700 mi trip is 100 . Driver’s
S

700

salary for trip is 18(_] or 12,600
s

S

. The cost

of operating the truck for the trip is
700/ 0.165+—— |.
200

Total cost of trip is

c = 12600 760( 0,165+ -5
s 200
Setting C'=— 12, 200 +% =0 yields s> =3600,
S
or s = 60 (since s > 0). Since C" = 25, iOO >0
S

for s > 0, C is a minimum when s = 60 mi/h.

520

34.

35.
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Let g = level of production.
Total Cost

q
For 0 < g < 5000, we have
309 +10q+ 20,000 40+ 20,000 ‘
q q
Note that total cost for 5000 units is 220,000.

For
q > 5000,

Average Cost =C =

C =

(cost for first 5000) + (COSt for those j

T units beyond 5000

q
220,000+ [45(q —5000) +10(q —5000)]

q

55,000
q

c =55

If 0 < g < 5000, then T’ =— 20'200 <0 and
q

thus C is decreasing. If g > 5000, then

o 55,000

q2

Hence ¢ is minimum when g = 5000 units.

>0 and thus C is increasing.

Profit P is given by

P = Total revenue — Total cost

= Total revenue — (salaries + fixed cost)
= 50¢g — (1000m + 3000)

- 50(m3 —15m? +92m)—1000m ~3000
=50(m3—15m2 +72m—60), where 0 < m < 8
pr— 50(3m2 —30m +72)

:150(m2 —10m+ 24) ~150(m — 4)(m —6)

Setting P’ =0 gives the critical values 4 and 6.
We now evaluate P at these critical values and
also at the endpoints 0 and 8.

P(0) =-3000

P(4) =2600

P(6) = 2400

P(8) = 3400

Thus Ms. Jones should hire 8 salespeople to
obtain a maximum weekly profit of $3400.
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36. Profit P is given by
P = Total revenue — Total cost = pg — Total cost

=400q-50q° — Total cost. (g in hundreds)

@ _ 400-100q — a4 (Total cost)
dq dq

=400 — 100g — Marginal cost
800

=400-100g———
g+5

_400(qg +5)—100q(q +5)—800
g+5

~ ~100g? —100q +1200

- q+5

_ —100(q +4)(q-3)

- g+5
Setting P'=0 gives the critical value 3 (since
g >0). We find that P'>0 for 0 < ¢ < 3, and

P"<0Q for g > 3. Thus there is a maximum profit
when g = 3000 jackets.

37. x =tons of chemical A (x < 4),

= 2;1 —6x = tons of chemical B, profit on
- X
A = $2000/ton, and profit on B = $1000/ton.
Total Profit = Ry = 2000x +1000( 2: - GXJ
- X
- 2000{x+ 12_3’(}
PIT =2000| 1+ (5_ X)(_S) - (122_ 3X)(_l)
(5-x)
=2000|1- 3 5
| (5-%)
M2
2000 X —10x:22
| (5-X%)
Setting Pt =0 yields (by the quadratic
formula)

Because x < 4, choose X = 5—\/§ . Since Fr is
increasing on [0, 5- \/§ ) and decreasing on

(5—\/5, 4] , Pr is a maximum for x = 5—\/5
tons. If profit on A is P/ton and profit on B is

Section 13.6

E /ton, then
2

- PHg(zg—ex): P[le—sx}

2 —X 5-x
2_

pry —p| X 10X+ 22
(5-x)

Setting P’y =0 and using an argument similar

to that above, we find that R is a maximum

when X = 5—\/§ tons.

38. x =number of floors. Let R = rate of return.
_ Total Revenue

Total Cost
60,000x

B (10x)[120,000 + 3000(x —1)] +1, 440,000
2X

%2 +39x + 48
48-x%°
(x? +39x + 48)
R'=0 when x=+48 =4/3 (x> 0). Since R is
increasing on (0, 43 ) and decreasing on

R'=2

(4\/§, oo), R is a maximum when

X= 4\/5 ~ 6.93. The number of floors in the
building must be an integer, so we evaluate R
when x =6 and x = 7: R(6) ~ 0.0377;

R(7) = 0.0378. Thus 7 floors should be built to
maximize the rate of return.

4 3,2
39. P(j):AjI\'/—+BV L

1+
dP ALY BV3LZ

== — =0
d Vo)

. 2 ., BV4
Solving for (1+ j)“ gives (1+ j) =—
AL
40. a. a4 —2E71t,,+v—2—al :1+2—aI:O when
dv v v2

v =+/-2al . Note that

2 -
d—(—Zatr +V—2—alj = 4al >0 for
Vv
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4

a<0,1>0,and v>0. Thus —2at, +V—2—al
Vv

is a minimum for v =+/-2al .

b. v=.,/-2(-19.6)(20) =~/784 = 28 fus.

c. N= —2(-19.6)
(-2)(~19.6)(0.5) + 28— 2-190020)

= (.5 cars/s = 0.5(3600) cars/h = 1800
cars’h

d. When v=+/-2al, then

-2a
N=N()=
O —2at, ++/-2al +‘—_%'I
-2a a

- —2at, +2+/-2al - at, —v/-2al
The relative change in N when [/ is reduced

from 20 ft to 15 ftis w

N (20)
With a=-19.6 ft/s> and t, =0.5s, then
N(20) = 196
(~19.6)(0.5) —/~2(~19.6)(20)
~0.5185
N(S) = ~19.6
(~19.6)(0.5) —\/—2(~19.6)(15)
~0.5756

The relative change is
N(15)-N(20) 0.5756-0.5158
N (20) 0.5158

~0.1101

1. 6:£:3q+50—18|n(q)+ﬁ, q>0
q q

dc _, 18 120 _3q”-189-120

dg q o %
2
3(a>~6q-40)
:q—2
_3(a-10)(q+4)
q2

Critical value is ¢ = 10 since g = 0.

Since d—C<O for 0 < g < 10, and d—C>O for
dq dq

q > 10, we have a minimum when g = 10 cases.

This minimum average cost is

3(10) + 50 — 18 In 10 + 12 = $50.55.
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42. The profit function is given by
P=TR-TC =g° - 20g? +160q — (30q + 50)
=g° -20g° +130¢ —50
where P is in thousands of dollars, g is in tons,
and 0 < g < 12. From the graph, the maximum
profit occurs when g = 12 tons. The

corresponding maximum profit is $358,000 and
the selling price per ton is $64,000.

500
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Chapter 13 Review Problems

y= 3x2 B 3x2
x2-16 (x+4)(x—4)
When x = +4 the denominator is zero and the

numerator is not zero. Thus x = 4 and x = —4 are
vertical asymptotes.

1.

2 2
lim —2 — fim 2%~ |im 3=3
X—>00 X2 —-16 X—>o X2 X—>00
Similarly, lim y=3. Thusy =3 is the only
X—>—0

horizontal asymptote.

X+3 X+3
2. y = 2 =
9x—3x° 3X(3-Xx)
When x = 0 or x = 3, the denominator is zero and
the numerator is not zero. Thus x =0 and x = 3

are vertical asymptotes.

. . 1. 1

lim y= lim m==0

X—>00 X—>00 _3)(2 3 x—wo X

lim y=0. Thus y =0 is the only

X—>—00
horizontal asymptote.

Similarly,

2 _ 2 _
3 y_5x 3  5x°-3

T (3x+2)?  9x%+12x+4

2 . .
When X = _E , the denominator is zero and the

. 2 . .
numerator is not zero. Thus X = _E is a vertical

asymptote.
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. . bx .5 b
limy=lim —= lim ===
9 9

X—>0 X—>00 9X2

. . 5 5. .
Similarly, lim y=—.Thus y=— isthe only horizontal asymptote.
X—>—00 9 9

_4x+1 3x+1 —x2_30x-6

4. y= - =
y 3x-5 2x-11 (3x-5)(2x-11)
5 11 . . . 5 11
When X = § or X =—/, the denominator is zero and the numerator is not zero. Thus X = § and X =— are
vertical asymptotes.
. o2 (1)1
limy=Ilim—=Ilm|-=|=-=
X—>00 X—>00 6)(2 x—wol 6 6
Similarly, lim y= 1 . Thus y= 1 is the only horizontal asymptote.
X—>—00 6
2
5. f() =2 >
3-X
(3-x%)(10x) -5x%(-2x) _10x(3—x®+x%)  30x

f /(X) = =
(3-x%)? B-x%)?  (3-x%)?

Thus x = 0 is the only critical value.

Note: Although f ’(J_r\/g ) is not defined, ix/g are not critical values because J_r\/g are not in the domain of f.

6. f(x)=8(x-1)%(x+6)*

f'(x) =8(2)(x —1)(x +6)* +8(x—1)% (4)(x + 6)°
=16(x—-1)(x +6)3[x + 6+ 2(x —1)]
=16(x-1)(x +6)3(3x + 4)

Thusx=1,x=-6,and X= —% are the critical values.

3

7. f(x):SiZi
_ 1 ‘% _ %_ _2
f'(x):(s 4X)[3(X+1) } (c+2)7(=4) L0 [E-40+120¢+)] gt

(3—4x)2 (3-4x)° 3(x+1)%(3—4x)2

1
f'(x) is zero when X = —ES ; T'(x) is not defined when x =-1 or X = % However % is not in the domain of f.

Thus x = —% and x = —1 are critical values.
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5x

13xe 6
8. 1= 6X+5
(6x+5) {x(—ge_sﬁx j + e_STSX (1)} - xe_STSX (6)
f/(x) =13

(6x+5)2

_5x 2
13 —e © {(6x+5)[5x—6]+36x} 13 —{30X +25X—30}
6 (6x+5)* 6 e%x(6x+5)2

2
13 —5(6X +5X—6) _ —65(2x+3)(3x—2)
6 X 2 Sx 2
e s (6x+5) 6e ¢ (6x+5)

f'(x) is zero when X = —% or X= % Although f'(X) is not defined when X = —%, —g is not in the

. 3 2 .
domain of f. Thus X = 5 and X = 3 are the only critical values.

9. f(x)= —§x3 +15x? +35x+10
f'(x)= —5x% +30x+35
= —5(x? —6X—7) =-5(x—7)(x+1)
CV:x=-1and x =7. Decreasing on (-, —1) and (7, «); increasing on (—1, 7)

2
10, F()=—2 .
(x+1)
2 2
f,()():4x(x+1) -2x°(2)(x+1)  4x

(x+1)* (x+1)°
CV: x =0, but x = -1 is also considered in the inc.-dec. analysis. Increasing on (-0, —1) and
(0, 0); decreasing on (-1, 0).

1. f(x)= 2"4
X° -3
f’(x):6.(X2_3)(4)(3)_)(4(2)()

(-3
) 12x3[2(x2 —3)—x2} ) 1253 (2 6|
(-3 (-3
oo B

[ sB) (- )]

CV:x=0, i\/g ,but X = i\/§ must also be considered in the inc.-dec. analysis. Decreasing on

(—oo, —\/6), (0, \/g), and (\/5, \/6) ; increasing on (—\/7, —\/5), (—\/5, O) and (\/6, oo).
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12. f(x)=435x3 —7x
f/(x) = 4-%(5x3 ~7x)721315x% - 7)

_415x2-7)
3(5x3 —7x)2/3
o(EBxT)(5x-7)
AxEx2 -3

#{I5¢+7) V5147
S[X(\/§X+ﬁ)(\/§x—ﬁ)]2/3

CV: X:i\/z, 0, J_r\/z
15
Increasing on (—OO —\/:J ( \/7 \/7J
(\/%, \/ZJ, and (\/Z, oo} decreasing on
(—\/z, OJ and [0, \/zj
15 15
13. f()=x*-x3-14

f'(x) = 4x3 - 3x?
f"(x) = 12x% —6x = 6x(2x-1)

f"(x)=0 whenx=0or x= % Concave up on

(—0, 0) and (%, ooj ; concave down on (0, %j .

-2
14. f()_ -
£ = (x+2)(1)—(x—2)(1) __ 4
(x+2)? (x +2)?
8
f7(x) =—
®) (x+2)3

f"(x) is not defined when x = —2. Concave up

on (—oo, —2); concave down on (-2, «)

15. f(x)= =(2x- 1)_

f'(x) = —2(2x—1)‘
8

f7=8(2x-1)° = -
(2x-1)

16.

17.

18.
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f"(x) is not defined when X = % . Concave
1 1
down on | —o, > ; concave up on > o |.

f(x):x3+2x2—5x+2
f'(x) =3x° +4x-5
f"(x) =6x+4=2(3x+2)

f"(x)=0 when x= —% . Concave down on

- 5]
—oo, —— |; concave upon | ——, © |.
3 3

f(x) = (2x+1)°(3x +2)

f/(x) = 2x+1)°(3) + (3x + 2)[3(2x + 1) (2)]
=3(2x +1)2 (2x+1+6x+4)
=3(2x+1)?(8x +5)

f"(x) =3{(2x +1)2 8)+ (Bx+5)[2(2x+1) (21}
=12(2x+)[2(2x +1) +8x + 5]
=12(2x+1)(12x+7)

f"(xX)=0 when x = 1 or X= —l. Concave
2 12

7 1
upon | —o, —— | and | —=, o |; concave
12 2

7 1
downon | —, ——|.
12 2

f(x)= (x —X- 1)2
f’(x)=2(x2—x—1)(2x—l)
:2(2x3—3x2—x+1)
f"(x):2(6x2—6x—1)

f"(x) =0 when 6x° —6x—1=0; by the

\/E

quadratic formula X = + . Concave up on

1 J_ ,
—0, =22 E T, ; concave

1 Ji5 1 \/
downon | ————, —+—
2 6 2 6
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19.

20.

21.

22,

f(x)= 2x3 —9x% +12x+7
f/(x) = 6x2 —18x +12 = 6(x2 -3x+2)

=6(x—1(x-2)

CV:x=landx=2

Increasing on (—o0, 1) and (2, «); decreasing on
(1, 2). Relative maximum when x = 1; relative
minimum when x = 2.

2x+1
f(x) =
(0==3
2 —_
() (X24x+1>(2x)
22X x—=(2x+1D)] _ 2(-x-1)  -2(x+1)
- x4 33

CV: x =—1, but x = 0 must be considered in inc.-
dec. analysis. Decreasing on (-0, —1) and

(0, 0); increasing on (-1, 0). Relative minimum
when x = —1.

XlO X5

f(X)=—+—
9 10 5
f'(x)= x4+ x4 = x4(x5 +1)
CV:x=0andx=-1
Decreasing on (-0, —1); increasing on (-1, 0)
and (0, 0); relative minimum when x = —1

2
X
f(x) =
¥ x% -4
(x2 —4)(2x) - x2(2x)
f'(x)=

pof

8x
[(x+2)(x-2)F
CV: x =0, but x =2 must be considered in inc.-
dec. analysis. Increasing on (-0, —2) and
(-2, 0); decreasing on (0, 2) and (2, ). Relative
maximum when x = 0.

526

ISM: Introductory Mathematical Analysis

2 5 2
23. f(X)=x3(x+1)=x3+x3

2 -1
f’(x)=§x3 +gx 8 ox+2
3 3

1

3x3

Ly 5X+2
==X X+2)=
3 ( )

2
CV:x=0and x=——
5
. 2 .
Increasing on | —oo, —g and (0, 0); decreasing

on [—%, Oj . Relative maximum when X = —%;

relative minimum when x = 0.

24. f(x)=x3(x-2)*
/(%) = X [4(x - 2)3 (] + (x-2)* (3x?)
=x2(x-2)3[4x+3(x-2)]
=x?(x-2)3(7x-6)

CV:x=0,2, E
7
. 6
Increasing on (-, 0), | 0, 7] and (2, »);
. 6 . .
decreasing on 7, 2 |. Relative maximum when

6 . ..
X= 7; relative minimum when x = 2.

25, y= x° —5x% +3x
y' = 5x% —20x° +3
y" = 20x% - 60x? = 20x2 (x —3)
Possible inflection points occur when x = 0 or
x = 3. Concave down on (-0, 0) and (0, 3);

concave up on (3, ). Concavity changes at
x =3, so there is an inflection point when x = 3.

2
2. y=2 *2 1,21
5x 5 5
1 -2
"==(1-2x
y 5( )
4 3 4
=—X = —
y S 5x3

y" is never zero. Although y" is not defined

when x = 0, y is not continuous there. Thus there
is no inflection point.
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27. y= 4(3x-5)(x4 + 2) =12x5 — 20x* + 24x— 40

28.

29.

30.

y' = 60x* —80x° + 24

y" = 240x° — 240%° = 240x% (x—1)
Possible inflection points occur when x = 0 or
x = 1. Concave down on (-0, 0) and (0, 1);

concave up on (1, o). Inflection point when
x=1.

y = X2 +2 In(-x) (Note: x < 0)
y'=2x+g

X

2 2x%-2 2(x+1)(x-1)
y'=2-m=—rp—= 2

X X X

Possible inflection point occurs when x = —1.
Concave up on (—o0, —1); concave down on
(=1, 0). Inflection point when x =— 1.

3
X _
y="p=xe
e

y =x3 (e X)+e7X(3x%) = —e X (x° —3x?)
y" =—e7X(3x% —6x) — (x3 —3x?)(-e7¥)

=e X (x% - 6x% +6x)

=xe ¥ (x? —6X+6)

y" is defined for all x and y" is zero only when

x=0or X* —6X+6=0. Using the quadratic
formula on the second equation, the possible

points of inflection occur when x =0, 3+ «/5
Concave up on (O, 3—\/§) and (3+\/§, oo);

concave down on (—o0, 0) and (3— \/5, 3+ \/5)

Inflection points when x =0, 3+ V3.

y=6(x2—4)3

y':36x(x2—4)2

y' = 36{x[4x(x2 —4)]+(x2 —4)2 (1)}
_36(

= 36(x + 2)(x-2)(J§x+ 2)(J§x-2)

()]s
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31.

32.

33.
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Possible inflections points occur when x = +2 or

X= ii = +i . Concave up on (-0, —-2),
NG 5
[—% i} and (2, «©); concave down on

[ -2, — 2\5/5} and (2\5/> J Inflection points

245

when X =12, +—

f(x)= 3xt —ax® and fis continuous on [0, 2].

f'(x) = 12x3 —12x° =12x? (x-1)
The only critical value on (0, 2) is x = 1.
Evaluating f at this value and at the endpoints
gives f(0) =0, (1) =-1, and f{2) = 16. Absolute
maximum: f(2) = 16; absolute minimum: f{1) = -1.

f(x)= 2x3 —15x° + 36X and fis continuous on
[0, 3].

f/(x) = 6x% — 30X +36 = 6(x — 2)(x—3)
The only critical value on (0, 3) is x = 2.
Evaluating f at this value and at the endpoints
gives f(0) = 0, (2) =28, f(3) = 27. Absolute
maximum: f{2) = 28; absolute minimum: f0) =
0.

f(x)= ;2 and fis continuous on [-2, 0].
(5x—6)
£ = (5x—6)% (1) — x[l:)(Sx ~6)]
(5x—-6)
(5x 6)[(5x—6) — 10x] -5x—-6
(5x— 6) (5x— 6)
_ 5x+6
(5x—6)°

The only critical value on (-2, 0) is X = —9
Evaluating f at this value and at the endpoints
gives f(-2)= —i f (—Ej = _li and

128’ 5
£(0) = 0. Absolute maximum: f{0) =
minimum: f (—

6)__ 1
5 120

0; absolute
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34, f(x)=(x +l)2(x —1)2/3 and f'is continuous on [2, 3].

3s.

36.

f/(x) = (x+1) [é(x—1)1/3}+ (x-12"3[2(x +1)]

=%(x+1)(x—1)_1/3[(x+1)+3(x—1)]
4(x+1)(2x-1)

4 _
:§(x+1)(x—1) Y3(2x-1) = YRS

There are no critical values on [2, 3]. Evaluating f at the endpoints gives f{2) =9 and f(3) = 16(22/3) ~ 25.4.

Absolute maximum f (3) = 16(22/3) ~ 25.4; absolute minimum: f{2) =9

f(x)= (x2 +1)e’x
a. f'(x)= (x2 +1)(—e‘x)+e‘x(2x)
=% [(x2 +l)— 2x] =% (x2 - 2x+1)
=—e ¥ (x-1)?
CV:x=1
Decreasing on (—o, 1) and (1, ). No relative extrema.
b, 7(x) = —{e_x[2(x—1)]+ (x—1)2 (—e-x)}
=e X(x=D[-2+(x-1)]
=e ¥(x-D(x-3)
Possible inflection points when x = 1, 3. Concave up on (-0, 1) and (3, «); concave down on (1, 3).
Inflection points at (1, f (1)) = (1, Ze’l) and (3, f(3)) = (3, 1Oe’3) .
Let y=f(x)= 2X .
x“ -1
a. Replacing x by —x and y by —y yields -y = T Jory=——mo, which is the original equation. Thus the
-Xx)" -1 x° -1
graph is symmetric about the origin. No other symmetry exists.
2 2
b. Since f'(x)=- XZ +12 =— X+l 5 there are no critical values. f'(x) <0 for all x, so f{x) is
(x* -1 [(x+1)(x-1)]
decreasing on (-, —1), (-1, 1), and (1, o).
c¢. From (b), There are no relative extrema.
A lim f00= lim == fim 120 Similarly, lim f(x)=0.Thus the line
X—00

X—>—00 X—>—00 X2 X——0 X
y = 0 is a horizontal asymptote to the graph of f.
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37.

38.

f. From the graph it is clear that no absolute
extrema exist.

y = X2 —2x—24 = (x+4)(x-6)

Intercepts: (-4, 0), (6, 0), (0, —24)

No symmetry. No asymptotes.

y' =2x-2=2(x-1)

CV:x=1

Increasing on (1, ); decreasing on (-0, 1);
relative minimum at

No possible inflection point. Concave up on
(_ 0, © )

y= 2x3 +15x2 + 36X +9

Intercept: (0, 9)

No symmetry; no asymptotes

y' = 6% +30X + 36 = 6(x> +5X +6)
=6(Xx+3)(x+2)

CV:x=-3,-2

Increasing on (—oo, —3) and (-2, «); decreasing

on (=3, —2); relative maximum at (-3, —18);

relative minimum at (-2, —19)

y" =12x+30 = 6(2x +5)

Possible inflection point when X = —g.

5
Concave down on [—oo, _E ; concave up on

5 . . . 5 37
——, o |; inflection point at | ——, ——
2 2 2

39.

40.

Chapter 13 Review

y = x3—12x+20

Intercept: (0, 20)
No symmetry; no asymptotes

y’=3x2 -12
:3(x2—4)=3(x+2)(x—2)

CV:ix=+2

Increasing on (—oo, —2) and (2, «0); decreasing on
(=2, 2); relative maximum at (-2, 36); relative
minimum at (2, 4).

y" =6x

Possible inflection point when x = 0. Concave up
on (0, ©); concave down on (—o0, 0); inflection
point at (0, 20).

40t

y= x* — 4x3 —20x? +150

Intercept: (0, 150)

No symmetry. No asymptotes.

y' = 4x3 ~12x? — 40X = 4x(x2 -3x-10)
=4x(X+2)(x-5)

CV:x=0,-2, 5. Increasing on (-2, 0) and

(5, o); decreasing on (-, —2) and (0, 5);
relative maximum at (0, 150); relative minima at
(=2, 118) and (5, —-225).

y" =12x2 —24x — 40 = 4(3x2 —6x—1o)

V39

Possible inflection points when X =1+——.

3
J39 J
and

Concave up on [—oo, 1-——

[ J39
=

] ; concave down on
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(5,-225)

41. y= X3 —x= x(x2 —1) =X(x+1)(x-1)
Intercepts (0, 0), (-1, 0), and (1, 0)

Symmetric about the origin. No asymptotes.

y' = 3x? —1:(ﬁx+1)(ﬁx—1)
NE]

CV: +—
3

Increasing on [—oo, —gj and [g, 00];
8 8|

decreasing on | ———, —
3'3

yl/ — 6X

Possible inflection point when x = 0. Concave
down on (—o0, 0); concave up on (0, o);
inflection point at (0, 0).

y

Intercepts: (0, —%) ,(=2,0)

Vertical asymptote is x = 3.

X+2 X+2
lim ——=1= lim
X—>0 X—3 X——00 X —

,soy=1lisa

1—% 1+ £j inflection points at
1—@ 298, 16\/—J (~1.08, 133.03) and
1+@,%—1G\/—J (3.08, —66.81).
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horizontal asymptote.
5
(x-3?
CV: None, but x = 3 must be considered in the
inc.-dec. analysis. Decreasing on (-0, 3) and
(3, ).
, 10

y'=-

(x-3)°
No possible inflection point, but x = 3 must be
considered in concavity analysis. Concave up on
(3, ®); concave down on (-, 3).

y

y=f(x)= 100(x2+5)

X
Intercept: (-5, 0)
No symmetry.
x = 0 is the only vertical asymptote.

lim y =100 lim - =100 lim £ =0, and

X—>0 X—>0 X X—0 X

lim y=0, soy=0is the only horizontal
X—>—00
asymptote.

y= 100[x’l + 5x’2}

y = 100[—x_2 —10x_3J - -100{—2+%}
X X

_ —100(x +10)

X3

CV: x =-10 but x = 0 must be included in inc.-
dec. analysis. Increasing on (-10, 0); decreasing
on (=0, —10) and (0, o); relative minimum at
(-10, -5).

y' = 100[2x’3 + 30x’4] - zoo{i+E}

x> x

_ 200(x+15)

X4

Possible inflection point when x =—15, but x =0
must also be considered in concavity analysis.
Concave up on (—15, 0) and (0, «); concave
down on (-0, —15); inflection point at
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(-9

fx)

X2 -4  (x+2)(x-2)

x> -1 (x+1)(x-1)

Intercepts: (0, 4), (2, 0), (-2, 0)

Symmetric about the y-axis. Vertical asymptotes
arex=1and x=-1.

4. y=

2
. . X . .
lim y= lim —=1=lim y,soy=11is the
X—>—00 X—>—0 X X—00
only horizontal asymptote.

6Xx

2
(1)
CV: x =0 but x = £1 must also be considered in
inc.-dec. analysis. Increasing on (0, 1) and (1,
o); decreasing on (-0, —1) and (-1, 0); relative

minimum at (0, 4).
-6(3x% +1]
=
(1)
No possible inflection point, but x = £1 must be

considered in concavity analysis. Concave up on
(-1, 1); concave down on (—oo, —1) and (1, o).

r

2X
y=""3
(3x-1

Intercept: (0, 0)
No symmetry

45.

. . 1
Vertical asymptote is X = 3
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2X 2 .. 1

limy=lim =— —=0
X—)ooy X—>00 27)(3 27 x—w X2
= lim v,
X—>—0

so y = 0 is a horizontal asymptote.
= ~1)3(2) - 2x[3(3x -1 (3)]
(3x-1)°
23x-1)2[(3x—1) - 9x]
- Bx-1)°
_ 2(-6x-1) -2(6x+1)
T x-D* (3x-1*

CV: x= —%, but X :% must be considered in
. . . 1
inc.-dec. analysis. Increasing on | —oo, _E ;

decreasing on —1, 1 and 1, oo |; relative
6 3 3

. ( 18 j

maximum at | ——, — |.
6’ 81
.o (3x=1)"(6) - (Bx+1)[4(3x~1)*(3)]
y'=-2.
(3x-1)°®
. 6(3x—1)3[(3x 1) - 2(6x +1)]
(3x-1)°8

_ —12(-9x-3) _ 36(3x+1)
(3x-1)° (3x-1)°

Possible inflection point when X = —%, but

1 . . . .
X = 3 must be considered in concavity analysis.

Concave up on (—oo, —%) and (%, oo);

1 1) . . .
concave down on —5, 5 ; inflection point at
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1
46. y=6x3(2x-1)

Intercepts: (0, 0), (%, O)

No symmetry. No vertical asymptote.

As X — o0, both 6x+3 and 2X—-1—> . As

1
X — —o0, both 6Xx3 and 2X—1— —oo. Thus

lim y=c= lim y. So no horizontal
X—o0 X—>—00

asymptote exists. Since y = 6(2X4/3 - X1/3) ,

y = 6(%)(1/3 _%leaj _ 23y 1)

_2(8x-1)
23
CV: x=0, 1

8

Decreasing on (-, 0) and (0, %j ; increasing on

1 L 19
g,oo ; relative minimum at g,—— .

4

Y= 2[§X—2/3 +3x‘5’3j _ 458 540)
3 3 3

_ 4(4x+1)

©3y0/3

Possible inflection points when X = —%, 0.
1
Concave up on | —o, _Z and (0, o0); concave

1 . . .
down on (—Z, Oj ; inflection points at

3
—1,& and (0, 0).
4 2

104

532

47.

48.
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X | a—X
e"+e
f(xX)=———
(x) 5
Intercept: (0, 1)
Symmetric about the y-axis. No asymptotes.
e*—e™*
f'(x)=———
(x) 3
Setting f'(xX)=0=e*=e* = x=-x=x=0
CV:x=0
Increasing on (0, «); decreasing on (-0, 0);
relative minimum at (0, 1). Finding f"(x) gives:
e +e*

f"(x)= . T"(x) >0 for all x. No

possible inflection point. Concave up on
(_OO’ OO)

0

y=f(x)=1-In(x®) =1-3Inx

1/3

y:O:In(x3)=1:x3:e:>x:e , so the

x-intercept is (el/ 3, 0). Since x # 0, there is no

y-intercept. No symmetry. Since lim y = oo,
x—0*

x =0 is a vertical asymptote. No horizontal
asymptote.

f'(x) = —E
X
CV: None. Decreasing on (0, o).
3
f "(X) >
X2

No possible inflection points.
Concave up on (0, ).
y
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49. a. False. f'(Xy)=0 only indicates the
possibility of a relative extremum at Xp , For
example, if f(x)= x%, then f'(x) = 3x2
and f'(0) =0. However there is no relative
extremum at x = 0.

b. False. For example, let X =-1 and X, =1.

Then X <X, and f(x)=-1<f(xy)=1.

¢. True. The absolute minimum is f{0) = 0 and
the absolute maximum is f{1) = 1.
f(x)
3..‘

N

-1 1 3

d. False. If concavity does not change around
Xo . then (Xo, f(Xp)) is not an inflection

point. For example, consider f(X) = x*af
Xo =0, then f"(X9)=0,but (xo, f (X))

is not an inflection point. See graph in part

(c).

e. False. Consider the function f whose graph
is shown. On (-2, 2) it has exactly one
relative maximum [at the point (0, 1)] but no
absolute maximum.

S 40

A/
vV

e

1 X2
50. Let y=f(Xx)=——e 2.

NP

a. Replacing x by —x yields the original
equation. Thus the graph is symmetric about
the y-axis. No other symmetry exists.
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XZ

f'(x) = \/E

f' is defined for all x; f'(x) =0 only when

x=0. Thus x = 0 is a critical value. If x <O,
then f’'(x)>0;ifx>0then f'(x)<O0.

Thus fis increasing on (—oo, 0) and is
decreasing on (0, o).

From (b), fhas a relative maximum when
x = 0. The coordinates of this relative

1 j
’ \/ﬂ .

maximum are (0

2

X'HZOE r(o’ °
lim ———e 2 =——~_(0)=0

Hwﬂ J_

£7(x) = —%{xeé (-x)+e 2 (1)}

X2

2 '
e’ (X _1)_e Z (x+1)(x-1)
J2n J2n
f" is defined for all x; f"(x) =0 when

x ==1. fis concave up on (-, —1) and
(1, o); fis concave down on (-1, 1).

From (e), f changes concavity at x = £1.
Also fis continuous there. Thus f has

inflection points at x = +1; the coordinates
1 1

e ? e ?
are | -1, —| and | 1,

Vor '2n

Absolute maximum: f(0)=—

No absolute minimum.
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51. c=q>-6q°+12q+18
Marginal cost = :—C = 3q2 -129+12 . Marginal
q

cost is increasing when its derivative, which is
d 2
c . ..

— 1S positive.
dq
d%c
—2=6q—12=6(q—2)
dg

2¢
—> 0 for g > 2. Thus marginal cost is
dq
increasing for g > 2.

52. r=3209°"%-29°

Marginal revenue = % = 480ql/2 —4q.
q

Marginal revenue is increasing when its
2

derivative, which is —; is positive.
dq
2
d—zrz 280q Y2 _4-240_4
dg Ja
2
" 02280 40— 240-4Jq

Ja

dq2 -

= /g =60= q=3600

d’r

d_2 >0 for 0 < ¢ <3600. Thus marginal
q

revenue is increasing on (0, 3600).

p:200—\/a

53. —~—, ¢ >0. The revenue function r is
iven b
SR DY “ . 56.
q q2
r=pg=|200--— |q=200q——.
pq { 5}1 q 5
1
r’:ZOO—Eq2
10
" 3 - 3
r __q 2 —
20 204/q

Since r" <0 for g > 0, the graph of the revenue
function is concave down for g > 0.
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54.

5S.
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a. R(0)=0%
b. R(0.5) ~ 18.5%

¢. R(1)=100%

d—R:—4'4 5 >0 for0<x<1
dX  (4.4-3.4x)
d’R _ 29.92

>0 for0 <x < 1.

a2 (4.4-3.4%)°

We obtain the following graph:
R

1

f(t)= A +Bt> +Ct+D
f'(t) = 3At? + 2Bt +C
f"(t) = 6At + 2B, which gives an inflection

point when 6At + 2B = 0, that is for a = —%.

This value of @ must be such that f'(a)=0.

2
3a[—B | +28[-L |+c-0
3A 3A

2 2
1B7 ) 2[B ] 9
3l A 3l A

2
CZEB_
3l A

3AC =B?,
which was to be shown.

a. Leta=p+q. Then S becomes
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s _ma | (55 +1) (oo (2o ) (e

ds _ p
- p (ﬂ et +1)4
p
2 —(ﬂe“"t +1)+ 29t
_ma (ae_at)[ge—at +1j P 4p
P P (ﬂe’at +1
p
Qq-aty
_ ma3 oat P e “a-1
P (ﬂe‘at +1)3
p

™ (p +q)Se(Pralt [ % e (prat _1}

( % o (PHOt +1)3

b. d_S =0 when
dt

M (o4 q)Pe- (Pt {ﬂe—m Pt 1} o
p p

Since m, p + g, and e—(p+q)t are nonzero, we must have

ﬂe—(p*ﬂ)t ~1=0
p

o-(pra)t _ P
q

—(p+q)tzln[ﬁj
q
q

) _nG)

p+q  p+q

57. 15

-5

T

Finiraun

W= 4yna0E0d Iy=1 zB6B1z1
5

Relative maximum (-1.32, 12.28); relative minimum (0.44, 1.29)
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58. >

-1 1

Hinirium
W= - COPOiye |¥= -2 22EYEE
-5

Maximum: (1, 1); minimum: (—0.60, —2.24)

59. 5

-5 5

-5
The x-value of the inflection point of f
corresponds to the x-intercept of f” . Thus the

x-value of the inflection point is x = —0.60.

60. 5

-

-10 10

-5
Horizontal asymptote y = 0;
vertical asymptote x = —0.25

61. q=80m?—-0.1m*
99 _ 160m—0.4m? = 0.4m (400— m?2 )
dm

dg
dm
m=0orm=20 (for m = 0). We find that g is
increasing on (0, 20) and decreasing on (20, o),
S0 ¢ is maximum at m = 20.

=0.4m(20+m)(20—m). Setting =0 yields

62. p=100e70%
Total revenue =r = pg = 1OOqe_0'lq
r' =100[e%19 (1) + q(-0.1)e~%19]
=10e7%%9(10-q)
r'=0 when g = 10. Since r is increasing when

g < 10 and decreasing when g > 10, revenue is
maximized when g = 10.

ISM: Introductory Mathematical Analysis

63. p=,500-q, where 100 < g < 200.
Total revenue =r = pq =q+/500—¢

r = q(%j (500-q) Y 2(~1) +/500—q (1)

~~(500-) /2[-q+2(500-q)]
~1000-3q

" 2f500-q

{1

2,/500—-q

No critical values on (100, 200). #(100) = 2000;

r(200) = 3464, so 200 units should be produced
for maximum revenue.

64. ¢=0.01q% +5q+100
Avg. cost C = A 0.01q +5+@
q q
@ o 100 1 100 g*-100°
dg g2 100 2  100q2
_ (9-100)(q +100)
100qg°
We find that T is decreasing on (0, 100) and

increasing on (100, ), so average cost is
minimum when g = 100.

65. p=500-3q
1000

c=0g+200+

Total Cost = ¢ =g = g2 + 200q +1000

Profit = Total Revenue — Total Cost

P = pg—c = (500-3q)q - (q° + 200q -+1000)
=-4(q° - 75q + 250)

P’ = —4(2q-75)

Setting P'=0 yields ¢ = 37.5. Since

P"=-8<0, Pis maximum when g = 37.5. In

reality, whole units are likely. Since
P(37) = P(38) = 4624, the maximum profit is
$4624.

66. V= (10— 2x)(16 — 2x)x
=4(x3—13x2 +40x)

Note: 0 <x < 5.

536
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v':4(3x2-26x+40)
=4(x-2)(3x-20)
Setting V'=0 givesx=2or X = 2—: On (0, 5), x = 2 is the only critical value. At x =2 in.,

V" =4(6x—26) =4(12—-26) =-56 <0, so Vis maximum at x = 2 in.

g x|
X X
10~ 2x
X X
HE [ ]
16— 2x—

67. 2x + 4y = 800; thus x = 400 — 2y
Area = A=xy = (400-2y)y

=400y - 2y2
dA =400-4y =4(100-y)
dy
dA d?A
Setting ™ =0 gives y = 100. Since d—z =-4<0, A is maximum when y = 100. When y = 100, then x = 200.
y y

The dimensions are 200 ft by 100 ft.

68. xy=500,s0 y :@
X

Printed area =A = (x — 8)(y — 10)
= (X—B)(@—le
X

=580-10x— 4000

,x>0

4000

X2

A =-10+

8000

X3

Setting A'=0 gives x = 20. When x = 20, A" =

<0, s0 A is maximum. When x = 20, then y = % =25.

Thus the dimensions are 20 in. by 25 in.
%

L~
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69. a. c=29°-9q°+12q+20, where %£q£6.

¢ _6q2_18q+12 = e(q2 ~3q +2)
dg
=6(q—D(g-2)

Setting j—c =0 gives g = 1 or 2. Evaluating c at these critical values and the endpoints:
q

C(gj = % ~24.78, c(1) = 25, c(2) =24, ¢(6) = 200. Thus a minimum occurs at g = 2, which corresponds

4

24,000 —$120.

to 200 stands and a total cost of $24,000. This gives an average cost per stand of

b. There are no critical values of cin 3 < g < 6, so we only evaluate ¢ at the endpoints:
c(3) =29, ¢(6) = 200. Thus a minimum occurs at ¢ = 3, which gives 300 stands.

12,100 + 110t +100t2

70. N = 3 , Where t> 0.
121+t
N’ = (121+t%)(110 + 200t) — (12,100 +110t +100t2)(2t)
(121+1%)?

_ 110(121-t?)

121+1t2
Setting N'=0 gives 7= 11, from which N = 105. Since N"'>0 forO<t< 11 and N'<0 for¢> 11, there is an
absolute maximum when 7 = 11.

Mathematical Snapshot Chapter 13

1. Figure 13.74 does not readily show how long it takes for the population to reach its final size. Figure 13.75 shows
that this takes about 45 days.

2. The population declines until it stabilizes between 311 and 312 (as can be verified by inspecting the final state of
. . . . dP
the variable P). This is consistent with the fact that ’m <0 forall P>312.
3. Even if the graph starts out exactly coinciding with the ideal curve, a line segment tangent to the curve at one end
must (in general) lie slightly off the curve at the other end. This introduces errors that accumulate over successive

iterations. The amount of cumulative error could be reduced by taking smaller time steps, such as 1 month instead
of 1 year, and correspondingly drawing shorter line segments.
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Problems 14.1 11. Ay=[4-7(3.02)] - [4-7(3)] =-0.14
dy =—7 dx =-7(0.02) = -0.14

1. y=5x-7
dy = di(sx_y)dx 5 dx 12. Ay =[5(-102)% -5(-1? |=0202
X dy = 10x dx = 10(~1)(-0.02) =
2. dy=ydx=0dx=0 13. Ay
1 N =[2(~1.9)? +5(-1.9) - 7]-[2(~=2)? +5(-2) - 7]
3. d[f(x)]:f’(x)dx:z(x“—g) 2 (4x3) dx - 028
2 dy = (4x + 5)dx = [4(=2) + 5](0.1) = —0.3
= X
x* -9 14. Ay =[3(-1.03)+2]" ~[3(-1)+2]? = 0.1881
dy = 6(3x +2) dx = 6[3(~1) + 2](~0.03) = 0.18
4. d[f (0= F/(x)dx ¥ =00 2 dr =0+ 21009
_afay 2 2 _ o 2 2o a2y o
= 3(8x—5)(4x 5x+2) dx 15. Ay=+/32 (3.95) 32— (4%) ~0.049
dy = % (~0.05) = 0.050
5. u=x2 V32 \/7
d/ o -3 2
d”:&(x Joe = —2x Ox = ——5 dx 16. Ay=1n49—1In5 ~ —0.0202
1 1, 1
dy = = (~L)dx = = dx = —(0.1) = ~0.02
o Y =— (D === (01
iy - L 302
du = Ud ==X 17. a. )=
x+1
Xx+1)(D) - (x+5)(1 -4
7. dp:i[ln(x2+7)}dx: L (2xdx f'(X)=( )0 (2 0 _ 5
dx X2 +7 (x+1) (x+1)
2X _4
- dx frl)y=""=-1
X2 +7 4

b. Weuse fix + dx) = fix) +dy withx=1,
8. dp=— d ( X +2x- 5jdx (32 +2)eX +2 5y dx=0.1.

dx FLD) = FL+0.1) ~ f(1)+ f/(1)dx
9. dy=y'dx _5 =29
2x%+3 2x%+3 2 ' '
= [(9x+3)e (4x)+e (9)}dx
18. a. y="f(x)=x>*

2
362 F3[(3x +1)(4x) +3]d
[(3x+1)(4x)+ 3] Using logarithmic differentiation,

_ 3243 (12x2 +4x+3) dx Iny=3x1Inx,
1 jy 3x( j+(|n X)(3) = 3(L+In x)
y
10. y=Invx?+12 =1|n(x2+12) g
2 & B+ INX] =3 L+ InX)
dy=t. -1 xdx=—*dx ax
2 x?+12 X2 +12 f'()=31L+0)=3
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b. We use flx + dx)
dx =-0.02
f(0.98) = f(1-0.02) ~ f (1) + f'(L)dx

=13+ (3)(-0.02) = 0.94

19. Let y=f(x)=+/x
f(x+dx) ~ f(x)+dy=\/§+idx

2Jx

If x =289 and dx = —1, then
288 = f(289-1)

1
289 + -1
2./289 =D
_o7
34
~16.97

20. Let y=f(x)=+/x
f(x+dx) ~ f(x)+dy=&+idx

2Jx
If x =121 and dx = 1, then
V122 = f (121+1) =~ \/121+ o @
—11i
22

21. Let y=f(x)=%x
f(x+dx) ~ f(x)+dy=§/§+i2dx

3x3
If x =64 and dx = 1.5, then
3655 = f(64+1.5)~ 364 +—— ~(L.5)
3(@)
g 20 a1
3.42 32
22. Let y=f(x)=9%x.
f(x+dx)=f(x)+dy= et -
4xZ
If x =16 and dx = 0.3, then
Y163 = £ (16+0.3) ~ Y16 + ———(0.3)
4(f i
_0,03_,3
23 7320

= fix) +dy withx =1,

540

23.

24,

25.

26.

27.

28, —=

ISM: Introductory Mathematical Analysis

Lety=fix)=Inx
f(x+dx)~ f(x)+dy= In(x)+ldx
X
If x =1 and dx = -0.03, then
In(0.97) = f (L+(-0.03))

~ In(1)+%(—0.03) =-0.03

Lety=f(x)=Inx
f(x+dx) = f(x)+dy:In(x)+£dx

X
If x=1 and dx = 0.01, then

In1.01= f (1+0.01) ~ In(1) +%(0.01) -0.01

Let y = f(x)=¢*

f (x+dx) ~ f(x)+dy=e*+e*dx
If x =0 and dx = 0.001, then
%001 _ £(0+0.001) ~ e +¢€°(0.001) =1.001

Let y=f(x)=¢*
f (x+dx) = f(x)+dy =e" +e"dx
If x =0 and dx = -0.01, then
e %0 = £(0+(-0.01)) ~ e +€°(-0.01) = 0.99

29, —=

30.

31.

32, —=-

ﬂ:2,so %:—:l
dx dy dv 2
dx
dy =10x+3, so % 1
d dy 10x+3
2
dg 6p(p2+5) , SO . 1
dp 2 2
Gp(p +5)
dq _ d
=2p+5
dp 2\/p+ P
4 d o -1 d
q=p1, dq “1p? =" s0 P =—p?
p dq
dg 2e4-2p dp 1 1,2p-4
dp dg  2¢%2P 2
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33.

3s.

36.

37.

38.

dx 1 1

dy 9  14x-6
dx

(@+2)?
500

dpPlyg

p=50-/q

dp 1

da 2)q
d_q:_g\/a

dp
dq
dp

=18

- _zﬁ‘qzloo =20

=100

P=397q- 2.3q2 —400, g changes from 90 to

91.

AP ~ dP = P'dq = (397 — 4.6q)dq

Choosing ¢ =90 and dg = 1,

AP ~[397-4.6(90)]() = -17.

True change is

P(91) — P(90) = 16,680.7 — 16,700 = —19.3.

r =250q + 45q2 - q3 , g increases from 40 to 41.

Ar ~dr = r'dq :(250+90q—3q2)dq

Choosing ¢ =40 and dg = 1,

Ar = (-950)(1) =-950

True change is

r(41) — r(40) = 16,974 — 18,000 = —1026

39.

40.

41.

42.

43.

Section 14.1

1
p= —0 . We approximate p when g = 24.

7

10 5
+dg) = p+dp=—=-——d
P(q+dq) ~ p+dp R g

If g =25 and dg = -1, then

p(24) = p(25+ (D)~ 5 (q

5
V25 [io5)

L .S om

=24+ —
25 25

200

Jq+8

We approximate p when g = 40.
200 100

p(q+dqg) =~ p+dp = 3
Va+8 (q+8)2

If g =41 and dg = 1, then
200 100
40) = p(4l-)r —=—-—"-—">(
p(40) = p(41-1) Jao (49)%()

= @_@ = —9700 ~ 28.28

7 343 343

dq

4

c:q?+3q+400

If g=10and dg =2,
3
de _ (20° +3)dg _003@ _
: .
c q7+3q+400 5430

S= 20\/I_ , I decreases from 45 to 44%.

AS ~dS =S'dl zﬂdl

NG

Choosing I =45 and dl = —% , then

AS ~ ﬁ(—lj ~ —0.745.

Jas o2

\ :im’3
3

AV =~ dV =V dr = 4nr2dr
dr :(6.6><10_4)—(6.5><10_4)

=0.1x107% =107°
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44.

45.

46.

AV ~ 4n(6.5x10*“)2 (10*5) - (1.69><10*11)n cmS.

P+a)v+b)=k
k

P=—-a
dP = —k(v+b)2dv

a. We substitute ¢ =40 and p = 20
40% 4000
200 202
2+8=10
10=10

b. We differentiate implicitly with respect to p.

N 1 2 dgq _ 8000
200 dp p3
From part (a) ¢ = 40 when p = 20. Substituting gives

1 (2.40d_qj:_8000

2000 “dp)  20°
da_ 5
dp

c. g(p+dp)=q(p)+dg=q(p)+g'(p)dp
q(19.20) = q(20 + (-0.8))
~((20)+q'(20)dp
=40+ (—2.5)(-0.8)
=42 units

a. Profit=TR-TC = pg-Cq

P %q3 —66q2 +7000q —[SOOq g%+ so,zoooj 1

2

ISM: Introductory Mathematical Analysis

g° — 6592 +6500q — 40,000

If ¢ = 100, then P = %(100)3 —65(100)? + 6500(100) — 40,000 = 460,000

b. Weuse P(q + dq) = P(q) + dP with ¢ = 100 and dq = 2.
P(98) = P(100+ (-2))

~ P(100) +(%q2 ~130q + 6500] dq

= 460,000 + B (100)? —130(100) + 6500} (-2)
= $443,000
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Principles in Practice 14.2

1. j28.3 dg =28.39+C
The form of the cost function is 28.3g + C.

3
2. [012t%dt = o.12%+c ~ 0,04t +C

The form of the revenue function is
R(t) =0.04t3 +C.

3. Let S(¢) = the number of subscribers  months
after the competition entered the market, then
4
S'(t) = 80 .
t3

S(t) = j—@dt = —480_[t_3dt

-2
a0l U |rc 2402+ =20 ¢
2 2
. . 240
The number of subscribers is S(t) = — C.
t

4. | (500 +3004t )dt = j(5oo +300t2 j dt

2 23
=500t+?+C :500t+§t2 +C
2

3
The population is N (t) = 500t + %tz +C

5. The amount of money saved is I ?j—f dt.

[ (2.1t2 —65.4t + 491.6)dt

t3 t2
=21 — |-65.4| — |+491.6t+C
3 2

=0.7t3 ~32.7t? + 491.6t + C
The amount of money saved is

S(t) = 0.7t —32.7t> + 491.6t + C
Problems 14.2

1. j?dx=7x+c

1 1,1 1
2. IEE;'dX :ZEEI';'dX ::Eiln|X|4-(:

w

F S

»n

a

pal

&

e

10.

543

jx8dx: X

. J‘5x24dx=5j‘x24dx=5~X

ISX_7dX = SJ x 'dx =5- X

J‘gdz

Section 14.2

8+1 9

rc=%4c
8+1 9

24+1
+C

24+1

X25 X25

=5.—+C=—+C
25 5

—7+1

+C
-7+1

,6 5

-5.X _4c=->,cC
—6

6x°

341
Jz‘gd _1 z —+C
3 -3+1
127 1
_._+ f— R
3 -2 62°

10+1

dx ZJ x 0dx = 2.
10 -10+1

2x79 2

+C

=——+C=—2-+C

-9 9X9
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i+l X 3 4 1 3¢ 4
= = 19. ———Xx" |dx==|x dx——| x"dx
1. [(@+0dt=4dt+ [tat =4t —+C I(7 . _[xax-2f
2 2 5
:4t+t—+c :l.x__g.x__{_c
2 7 2 4 5
2 5
X 3X
3 1.3 L s
12. j(r +2r)dr_jr +2_[r dr 14 20
I’3+1 r1+1
=——+2-—+C 2
311 1+1 20. IZL_§X4 dx:zszdx_ﬁwdx
o 7 3 7 3
4 _E.X__§.X_+C
; ; 7 3 35
13 [(y°-5y)dy=[y®dy-[5y dy 28 8
541 141 21 15
:; 1_5'1 ¢
+ +
6 2 6 52 21. Inexdx=njexdx=nex+c
:y__s.y_+C:y__L+C
6 2 6 2
eX 1
22. j ~42x dx:—jexdx+2jx dx
14. j(s—zw—ﬁwz)dw 3 3
2
=I5dW—2deW—6J.W2dW =%ex+2~x?+c
2 3
w " X
=5W—2'7—6'?+C _—+X2+C

=5W—W2—2W3+C

23. I(x8'3 —ox8 y3x* 4+ x’3)dx

2 a2t
15, [(3t° -4t+5)dt =3[ t*dt -4t dt+ 5 ct o0 g a2

X X X
2 2 “o3 V7T tC
=3 ——4.—+5t+C =t2-2t> +5t+C X - -
32 X 11
93 7 8 9y
16. [@+t?+t* +1%)at X
= [1dt+ [t? dt+ [t* dt+ [t dt 24. [(0.7y> +10+2y~)dy
SRS y! y*
L AL N =07-2-+10y+2-2—+C
3 c 7 4 +10y + ) +

17. Since 7 + e is a constant,

:0.175y4+10y—i2+c
j(7+e)dx:(7+e)x+C. Y

D s, s s [P 2da 207
18. 1(5—2_1)dX=J.(5—E)dXZIEdX:EX-i-C ’ 3 3 a %+1
=—§~é+C=—%+C
2

26. Idz:jldz=l-z+C=z+C
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! 3u-4 1 1
1 4 - _ -2 _
27.'[ 1 dx:l x4dx:l~x LC 33.I : du 5_|‘(3u 4)du 5(3.[udu 4Idu)
S 4 i 3, 4
3 3 3——4u +C=—u?-Zu+cC
1 x4 x4 5 2 10 5
:Z'T-FC:?"FC
7 1
4
7(ZJ.zdz ISdz)
-4 4 4 ¢ 4
28. = dx = —— [ x 3 dx _l, 7 _1li2
4 X—3+1
=——- +C
247 ;§2+1 ) 34. J‘l(lexjdx:jiexdx
L S 123 36
°or 2 21x 1 ede—ieX+C
3 36
X 3 1 3 -3
29. ——— |dx==| x"dx—=3| x"“dx
I[3 X3J 3'[ I 35. I(ue+e“)du:juedu+je”du
_1 X3+1 3 X—3+l+C :ue+l+eu+C
3 3+1  -3+1 e+1
—1~ﬁ—3-ﬁ+c—ﬁ+i+c
3 4 -2 12 22 36. I(3y3 2y% + = ]dy
1 1 _le 3 -4 3 2 1y
30. I(ﬁ—x—zljdx—zj'x dx—J'x dx :3J'y dy_zj‘y dy+EJ‘e dy
_1xE X AP A SR
2 2 -3 4
1 1 3yt 2y% oY
=-— +—+C =2 27 - iC
4x% 358 4 3 6
1 1
3L j%— 22 dw =" [wldw— =~ [w2dw 37. [(2vx-3%x)dx = j( X2 — 4jdx
g W ? 1 1
3w 2wt w2 = 2] x?dx=3] xidx
23 3 -1 2 3w 3 5 3 5
2 4 2 4
_p X g X oA 12X
3 5
2 4

32. Iids = 4Jesds =4e°+C
e—S
%.jom=o¢+C=c
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s
=I XX +6x [dx
5
1, 2 7. -1
_ _ 3 R
= ij dx ij 2dx+6J.xdx
5 1 2
3 2
:_%'X?—%'XT-FG-X?-FC
3 2
5
3
- 7x2 +3x% +C
25

1 _1
:ju3du+ju 2du

4 1

us u?
=%t ¢

3 2

4

us 1

:T+2u2 +C

41. I(xz +5)(x—3)dx = I(x3 —3x? +5x—15)dx

4 3 2

=X 3% 45X 15x4c
4 7372
X4 2

=——x3+5i—15x+c
4 2

42. Ix4(x3 +8x2 +7)dx = I(x7 +8x°8 +7x4)dx

x® x x°

=—+8 —+7-—+C
5

B oex! e
=—+—+—+C
8 7 5

43. J.«/;(x+3)dx = I(xg +3x%)dx

ISM: Introductory Mathematical Analysis

4

S

. I(z+2)2dz:J(22+4z+4)dz

Z3 2

=—+4-Z—+4Z+C
3 2

23 2
=?+22 +4z+C

4

wn

4 3 2
274 154 Y 136 igusc
4 3 2

=2747u4 +18u° +18u +8u+C

46. I[%—l}z dx = (2xé —1j2dx

5
:4~XT—4-X—+X+C
5 5
3
5 4
= 203X 5x5 +x+C

3 -4
2 tv2.Y ic
3 4

3
=2L+3V+i4+C

2V

48. J[6e“ —u® (\/J+1)Jdu = I[Ge“ _u? —uﬂdu

©

2 4
:6eu _u__u_+c
% 4
9
2 4
_eet MU e
9 4
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4 3 4 3 Principles in Practice 14.3
a0, [E 21 2B g
22 2°(z¢ 1 dN .
. 1. N(t):jd—dtzj(800+200e )dt
=—I(22 +10z)dz t
2 =800t +200e' +C
1(23 22 Since N(5) = 40,000, we have
=—| —+10-— |+C 5
2\ 3 2 40,000 = 800(5) + 200e° +C , so
2 572 C=40,000—(4000+200e5)
=—+—+C
6 2 5
=36,000— 200e® ~ 6317.37
4 g2 _ t
50. jx 5X° +2X dx:lj‘(xz—5+ngx N (t) =800t + 200e" + 6317.37
5x2 S5
1( 3 . , d,
_= ——5x+2|n|x| +C 2. Since Y =d—(y)=84t+24
5| 3 t
2
y' = [ (84t +24)dt = 84 U liaatecg
X 42X oX 2% 2
51. j dx:J —+—|dx )
e* et e = 42t° + 24t +C;
:J.(1+ex)dx Since y'(8) = 2891, we have
xreXaC 2891 = 42(8)° +24(8) + C; = 2880+Cy, s0
A . C,=2891-2880 =11, and y' =42t? + 24t +11.
(x*+1) X° +2x7+1
52, [ dx= [ Tk — vt = 2
| = | = y(t) = [ y'dt = [ (42t + 24t + 1)
= _[(x"’ +2X+ x’z)dx t3 t?
. ) 4 =42 3 +24 ? +11t+Cy
XXX e
> 2 -1 =14t3 +12t2 +11t + C,
X2 _l_,_c Since y(2) = 185, we have
5 X 185=14(2)° +12(2)% +11(2) + C,
53. No, F(x) — G(x) might be a nonzero constant. =182+C,,s0 C, =185-182=3.

d y(t) =142 +12t% +11t +3
54. a. F(x)=d—(xex)=xeX+eX(1)=eX(x+1)
X

b. There is only one.

55. Because an antiderivative of the derivative of a
function is the function itself, we have

d 1 1
— dx = +C.
dx{\/x2 +1] \/x2 +1
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Problems 14.3 5. y"=-3x%+4x

"= [(=3x% +4x)dx = —x® + 2x% + C
1L Yo 4 v'=]¢ ) !

dx y'(1) =2 implies 2=-1+2+Cy, so C; =1.

3x° 4 5.3
y :I(3x—4)dx:7—4x+C y=J.(—x3 +2x2 +1)dx=—XT+%+ x+Cy

. 13 .
Using y(-1) = o sves y(1) = 3 implies 3= —%+§+l+ C,, so

13 3(-1)° 4 .3

?_ 2 _4(_1)+C C2 :E, Thus y:—X_+2L+X+£_
12 4 3 12

13 11

—=—+C

2 2 6. y'=x+1

2

3X 2
Thus C=1,s0 ¥y 2 4x+1. y:I(X+1)dX=7+X+C1

y'(0)=0 implies 0=0+0+C;,so C; =0.

2. ﬂ:XZ—X W2 NCI.
dx y:j —+x|dx=—+—+C, .
, 3 x2 2 6 2
y:I(x —x)dx:———+C L
3 2 ¥(0) =5 implies 5=0+0+C,,so C, =5. Thus
19 19 3% 32 N
Usi 3)= — gi —=—-—+C A
sing y(3) 5 gves =27 y 5 + 5 +5.
19 9
?—E+C 7. ym:2X
3 2 "_ _ 2
Thus, C =5, so y=X——X—+5. y _J.ZXdX_X +G
3 2 y"(-1) =3 implies that 3=1+C;,s0 C; =2.
3
3. y'=% y’=j(x2+2)dx:%+2x+c2
X
1 y'(3) =10 implies 10=9+6+C,,so C, =-5.
5 1 X2
= |—=dx=[5x 2dx=5-=—+C =10vx+C 3 4
y Iﬁ I f x yzj X iox-5 dx=x—+x2—5x+C3.
2 3 12
)gg) 2:050 implies 50 = 10v9+C, 50=30+C, y(0) = 13 implies that 13=0+0-0+Cgz, so
= . 4
Thus y =10v/x + 20. Cz =13. Therefore y=)l(—2+x2—5x+13.
y(16) = 10 - 4 + 20 = 60
m_ X
4. y'=—x2+2x 8. y"=e"+1
3 y'=|[(e*+1)dx=e*+x+C;
Y=I(—x2+2x)dx:—x—+x2+c '[( ' )
3 y"(0) =1 implies 1=1+0+C;,s0 C; =0.
o 8 1 2
y(2) = 1 implies 1:—§+4+C,s0 C:—g. y’:j(ex+x)dx:ex+x7+cz
3 , - . _ _
Thus y:—X—+X2—1. y'(0) =2 implies 2=1+0+C,,so0 C, =1.
3 3 . X2 N
y=|le"+—+1l|dx=e"+—+x+C
=-talol I3 G
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9.

10.

11.

12.

¥(0) = 3 implies that 3=1+0+0+Cg, so
X3
C3 =2. Thus y:ex+?+x+2.

dr _
dg
r= jo.7dq =0.7q+C

Ifg=0,rmustbe 0,s00=0+ C, C=0. Thus
r=0.7q. Since r = pgq, we have

0.7

p= L 079 =0.7. The demand function is
! q
p=0.7.
E zlo_iq
dg 16

1 1 5

j[ 16q} q=109- -
When ¢ =0, then r =0, so C =0 and
r=10q —3—12q2 . Since r = pgq, then

p= To10 —éq . The demand function is

q

1
=10-—q.
p h

dr_ 275-q-0.39°
dg

Thus r = I(275—q—0.3q2)dq

=275q-0.59° —0.1q° + C . When ¢ = 0, r must
be 0, s0 C=0and r =275q-0.5q% —0.1¢°.

Since r = pq, then p =~ =275-0.5q—0.192 .
q

Thus the demand function is
p=275-0.5q—-0.1q°.

ar 5000 ~3(2g+29°), so
dg

r :_[(5000—6q—6q3)dq
4
— 50009 - 3q> —3%+c

When ¢ =0, then r =0, so C =0 and
4
r =5000q —3q2 —3%. Since r = pg, then

549
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r 3q3
p =—=5000-3q —T. Therefore the demand
q

3
function is p =5000-3q- 3%

dc

. —=1.35

dq

c= j1.35dq =1.35q+C

When ¢g = 0, then ¢ =200, s0 200 =0 + C, or
C =200. Thus ¢ = 1.35¢ + 200.

dc

. —=2Q+75
dg a

c :j(2q+75)dq =% +75q+C
When ¢ = 0, then ¢ = 2000, so C =2000. Thus
the cost function is ¢ = g2 + 75 + 2000 .

dc

. —=0.089°-16q+6.5
d

c= j(o.osaq2 ~16q+ 6.5)dq

0.08
3
¢ = 8000, from which C = 8000. Hence

_ 0.28 q° —0.8¢2 +6.5q +8000. If ¢ = 25,

q%-0.89° +6.5q+C. If g = 0, then

C

substituting gives ¢(25) = 8079% or $8079.17.

dc

. 0.000204q° —0.046q + 6
q

c= j(0.000204q2 —0.046¢ + 6)dq

=0.000068¢> —0.023q° +6q +C
When g = 0, then ¢ = 15,000, from which
C =15,000. The cost function is

¢ =0.000068¢° —0.023q? + 6 +15,000. When
q = 200, substitution gives c(200) = 15,824.

2

. G=] P alp-—Piopic
25 50

When P = 10, then G =38, s038 =-2 + 20+ C,
from which C = 20. Thus

G=—1p2i2p120.
50
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18.

19.

20.

21.

22,

ﬂ: -15-x
dx
2

X
=|(-1.5-x)dx=-1.5x——+C
y=]( ) >

When x = 1, then y = 57.3, so
573=-1.5-05+C,or C=59.3. Thus y = ~1.5x—0.5x% +59.3.

_ _ 2
v=J‘—(P1 PZ)rdr:—(Pl Pz)r +C

2ln 4ln
P —P,)R? R -P,)R?
Since v = 0 when r = R, then O=—&+C,so ng.Thus
4ln 4ln
s (R=P)® (R-R)R? (A-R)(R*-r?)
- 4ln 4ln - 4ln
a 100-3¢2
dg

r = (200-34%)dg ~1009-¢° +C

When g =0, then r=0, so C =0 and r=lOOq—q3. Since r = pg, then p:£:100—q2.
q

P
_.9 ___b

When ¢ = 5, then p = 75, so 77:_—75:_2
225 2

de_ 0.003g° —0.4q + 40
dg

c= [(0.0039° ~0.4q-+40)dg = 0.001° ~0.29% +40q +C

When g = 0, then ¢ = 5000, so

5000=0-0+0 + C, or C=5000. Thus ¢ =0.001q> —0.29° +40q + 5000 . When g = 100, then ¢ = 8000. Since
Total Cost ¢ 8000

- —, when ¢ = 100, we have T =——=3%80. (Observe that knowing E =27.50
Quantity g 100 dg

when g = 50 is not relevant to the problem.)

Avg. Cost =C =

f"(x) = 30x* +12x

f'(x)= j(30x4 +12x)dx = 6X° + 6> +C;

f'(1) =10, s0 10=6+6+C; and C; =-2.
f'(x)= 6X° +6X° —2

f(x)= J‘(6x5 +6x° —2)dx = x84+ 2x3 -2x+C,
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Thus
f (965.335245) — f (—965.335245)

= [(965.335245)° + 2(965.335245)° — 2(965.335245) + C, |

—[(~965.335245)° + 2(~965.335245)° — 2(~965.335245) + C, |
= 3,598, 280,000

Principles in Practice 14.4
1. Using the values given, Z—I =-0.5(70- 60)8_0‘5t = 5g 0%
T(t) = j LI j 5605t =109 +C
dt

2. The number of words memorized is v(¢).

v(t):I%dt:3SIn|t+ﬂ+C .

Problems 14.4

1. Let u=Xx+5=du=1dx =dx

u® (x+5)8

j(x+5)7[dx]=ju7du =?+c - +C

2. j15(x+2)4dx:15j(x+2)4[dx] =15. +C =3(x+2)°+C

(x+2)°
5

3. Let u=x%+3= du=2xdx
IZx(xz +3)5 dx = I(xz +3)5 [2x dx] :Ju5du Z%-FC
(x2+3)6

-+ .c
6

4. Let u=x>+5x* +6=du = (3x2 +10x)dx.
I(sz +10x)(x3 +5x° + 6)dx

= j(x3 +5x2 +6)1 |:(3X2 +10x)dx}
:Iu du=%+c

_ (x3+5>2(2+6)2 c

551
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5. Let u= y3 +3y2 +1l=>du= (3y2 +6y)dy
j(3y2 +6y)(y3 +3y2 +1)% dy
- J‘(y3 +3y? +1)% [(By2 +6y)dy}

:J‘u%du:u +C

5
3

5
3

:g(y3 +3y2 +1)% +C
5

6. j(15t2 —6t+1)(5t° -3t + 1) dt
= j (5t3 —3t? + )L [(15t2 — 6t + 1)dt]

B -3t?+1)8

+C
18

7. Let u=3x-1=du=3dx

j%dx_sj 3[ ]

(3x-1) (3x-1)
5,1 3
:gj.u—a)du =§IU du

su? o 5@y

=——+C
3 2 6
8. I(2x24+7)10dx = j(zx2 —7)710 [4x dx]
-9

9. Let u=2x-1=du=2dx.
1
j\/ZX—ldXZJ(ZX—l)ZdX
1 :
:EI(Zx—l) [2 dx]

Nw

1 3
=1ju2du =1-U—+C =1(2x—1)2 +C
2 2 % 3

552
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10. Letu=x-5= du =dx.

j Jxlfs dx = I(X—S)_%[dx]

u1/2
Iu‘llzdu =——+C

N

_(x—S)%
- 1

+C=2Jx-5+C

2

11. Let u=7x-6=du=7 dx

j(?x—a)“dx =%j(7x—6)4[7 dx]
5
:lju4du :1~U—+C
7 75

_ (7x—-6)°

+C
35

12. Ixz (3x3 + 7)3 dx = %J(3x3 + 7)3 [9x2dx}

(3x3 +7)4

1
9 4
(3x +7)

+C

13. Let v=5u%-9= dv=10udu

2 o4 L2 qyld
ju(5u 9) du_loj(5u 9)*[10u du]

== % ¢

J_ g i V15 [ (5u2 —9)'5
10 10 15 150

14. I9x 1+2x2dx:%j(l+2x2)§[4x dx]

9 (1+ 2x? )%

+C



ISM: Introductory Mathematical Analysis

15.

16.

17.

18.

19.

20.

21.

22,

23.

Let U=27+x> = du =5x*dx
I4x4(27+x5) :—j(27+x )% [5x4de

4
1 3
=ﬂju3du :i_u +C
5 5 %

mh—\

4
=§(27+ x5)3 +C

5
Letu =4 —5x = du = -5dx.
[(4-5x)°dx= —ij(4—5x)9[—5 dx]

=_1Ju9du —_l U_
5 5 10

Let u=3x=du=3dx
ISesxdx = Ie3x[3 dx]
=je“du el +c=e¥+cC

j5est+7 dt=> J‘ 7 [3dt] = ST Lo
3 3

Let u=t?+t = du = (2t +1)dt
[(2t+ 06t = [ (2t +1) o]

2
=J‘e“du=e“+C=et i

j—3w2e“"’3 dw = I e [—3W2dw} e 4C

Let u=7x% = du =14xdx
7x? 1, 7y 1,y
Xe dx=— e'” [14x dx]=—|e du
] ;[ ax =2 |

1e +C_l 7%

T14 14

+C

J.x3e4x4 dx = %Ie‘w [16x3de

Let u = -3x = du = —3dx.
[ae ¥ ax=-2 e e

=——je du=—2evsc= —%e‘3x+c

+C =—i(4—5x)10 +C
50
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25.

26.

27.

28.

29.

30.
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~6x° [—30x4dx]

Ix4e‘6X5dx =—3—1()Ie
1 68

=——e* +C
30

Let u—x+5:du—dx

I [dx] I du =Inju|+C =In|x+5|+C

12x%2 4 4x+2
[RRXAAEZ g

X+ X +2x

—I [(1+ 2X + 6x° )dx]
X+ %2 +2x°

=2In‘x+x +2X ‘+C

=In[(x + X2 + 2x3)2] +C

3 ixt = du= (3x2 +4x3)dx

o +4¢)a]

Let u=x

J-3x +4x3

e
xS+ x? xS+ x?

:j—du = In|u|+C
u

:In‘x3+x4‘+C

Let u=1-3x%+2x° = du = (—6x+6x2)dx.
I 6X° —6X

1—3x2 +2x3
1

:'[1—3x2
:j%du =Inju+C= In‘1—3x2 +2x3‘+C

dx

3 [(—6x+6x2)dx
+ 2X

Letu=2z2-6=du=2zdz
J‘ZG;Z=3J.(22—6)‘5[22dZ]
(z*-6)°

-4
U—+C:—%(22—6)‘4+C

= 3ju_5du =3

Iﬁdv:gI(SV—l)“[de]

3 (v-1)°
5 -3
1 -3

= Gv-D7+C

+C
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31, I%dx=4jédx:4ln|x|+c 39. Let u=x?—-4= du=2xdx

X 1 -3
J‘ﬁdx=z‘[(x2 —4) ?[2x dx]
:%Iu_%du =%~

=Vx?-4+C
B 9 40. Letu=1-3x= du=-3 dx.
Js 5 __Is +5[3S J jidx:—st[-sdx]
1-3x

1 3 1-3x
:§jﬁdu :§In|u|+c L A =—3j%du —-3In|u|+C =-3In[1-3x|+C

32. j = —j—[z

N

1+2y

[

+C

N\H|

=Eln|1+2y|+C

33. Let u=s%+5= du = 3s%ds

2x° 1 1 ) . ;

34. '[3—4x3 dx:z[—ﬁjj3_4x3 [—12x dx] 41. Let u=y  +1=du=4y~dy
4 4

2 3ey +1d :2 3ey +1d

=—%In‘3—4x3‘+c I y y Iy y

1 4
_o. 2 [ay' 3
=2 4je [4y dy}
35. Letu—4 2x = du=-2dx

1ru 1.
=—|e‘du==e +C
j :‘_I—[ 2dx] 3| 2
4-2x ; R .
=——I—du:——In|u|+C=——In|4—2x|+C =58
27u 2 2
1
— = —1)2
36. | 27t gio7.t f [10t dt] 42. [2/2x-1dx = [(2x-1)Z[2dx]
5t© -6 10 52 (Zx_l)%
! 2 =——F—+C
~~In|5t? ~g[+C 3
10 2

2 3
=5 (@x-1+C

3
2

37. j\/Sx dx :\/gjx“zdx = \/§XT+C
2

43. Let u=-2v3+1= du=—6v2dv

3
Z\f = x2+C I v2e 2 gy — —% I g2+ [—szdv:|
= —lje”du _lec
38. j dx == j (3x)"°[3dx] 6 6
(SX) 1 93
— —_—e 2V +1+C
1 (3x)
==Y ¢
3 -5

1 05
=——@B3x) " +C
15( )
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2 1 2 3,2 .16
s (X g Li(as3 1 o) exlax 52. [(6t% +4t)(t® +t* +1)°dt
j\/32x3+9 J( +) [ ] =2[ (€% +12 +°[(3t? + 21)dt]
2
2x% +9)° L B +t2 1)
_%(T+)+C =2 7 +C
3 :é(t3+t2+1)7+c
=%(2x +9) +C
53. J.x(2x2+l)_1dx:j : dx
45, I(e“r’x+2ex)dx=je‘5de+2Iede . 2x° +1
== d
:_%je‘sx[—5 dx]+2.[exdx J‘2x +1[4X &

:Zln(Zx +l)+C

—%e_‘r’x +2e+C

54. I (8W5 +w? - 2)(6w— wi— 4W6)_4 dw

46. j443¢y+1dy=4j(y+1)5[dy] :—EJ(GW—W3—4W6)_4[(6—3W2 —24W5)dW]
3

3
(y”) O+ e o3y+1)?+C L ew-woa®)®
3 3 -3

:%(GW—W3—4W6)_3+C
=2[(7-2x% —5x)3[(~4x —5)dx
I(7—2x2—5x)4[( > (2 2x )(X3 )
P i 6

! <=3l ) (o )dx}

=—%(7—2x2 —5x)4 +C

47. j (8x+10)(7 — 2x* —5x)3dx

5S.

wn

619
( —X 6)°

3y? 1p.3y? 1 3y? (X X ) wC

48. ijeydy:2-—Iey [6y dy]==e*Y +C -9 27
6 3
x vz 56. IE(V—Z)e2_4V+V2dv

49. 5 [(3x2 N 6)de S

+6x +6X

31 | 624+ [(2y— 4) dv]

=—In‘x +6x‘+C 52
3 ZEEZ—AW—VZ e
10

50. I(ex+2e‘3x—e5x)dx

= [e* dx—%je73x[(—3)dx]—%.[e5x[5 dx] 57 [(2¢ +x)(x" + ) ax

=eX _Ee—3x _le5x +C :—I( ) [(4X +2x) dx}
3 5
1 (X4+X2)2 4 2 2
5. | 16s-4 S dx =2 S [(8s—2)ds] =T, +C—‘(X +X)+C
3-25+4s° 3-25+4s°

=2In‘3—25+432‘+c
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2
31 _ [a6:24y _ 6.2 6.2 1 _ 1
58. j(e ) dX—J.e dx =e”“x+C, because e 65. I(@_Ejdx_fﬂdx_-[ﬁdx
is a constant. 1 . 1 .
== j (2x)2[2 dx]-= j (2%) 2[2 dx]
7+14x 2
PN 3 3
[@-x=x%) _1 (2% _1_(2x)2 (2x)2 Jaxac
:-7](4—x—xz)-5[(—1—2x)dx] 2 3 2 1
o 2\-4
:—7—(4 x=x%) +C :Z\Ex%—ﬁx%+c
- 3

=Z(4—x—x2)_4+C
* 66. [32 dx=3[xleCax= -3 [ [5x*d
. J‘e? X = jxe x——gje [-5x™ dx]

2
60. j(ex—e’x) dx:j(ezx—2+e’2x)dx 3 5
1 2X 1 —2X :_ge X e
:Eje [2dx]—j2dx+(—§jje [-2 dx]
:lezx—Zx—le’szrC 67. J‘(x2 +1)2 dx:‘[(x4+2x2 +1)dx
2 2 x> 2x3
=%(e2x—e_zx)—2x+c =g+ +x+C
61. u=4x3+3x2-4 68. J‘{x(xz—lﬁ)z—leJrde

du =(12x% +6x)dx = 6x(2x+1)dx
( ) zij(xz —16)2 [2x dx]—%jﬁ[z dx]

jx(2x+1)e4x3+3xz’4dx 2
1 3 2 (X2 —16)3
= [e" ¥ x(2x+1)dx] e nfaxe g
:%Ie“du :%eu +C :%G4X3+3X274 +C =%(X2 —16)3 —Eln|2x+5|+C
62. j(u3—ue6‘3“2)du:%Jr%.[eﬁ‘S”z[—Gudu] 69. J‘{ —5}1)(
ESINEIN S Te 00 5
4 6 :I 2, dx+I dx
63. j ,/8 5x S = — 8 5x ) [-10x dx] X (X +11) >,
:_J' 1[2x dx]+EJ'(x6+1) [6x5dx]
x% +
1 (8 5X) 1 5 a
BT +C:—E(8—5x2)2+c =l|n(x2+1)+1-(xs;l)+c
2 6 -1
X X X l 1
64. Ie7dx:—7je7[—%dx}=—7e7+c =§In(x2+1)—6(T+l)+C

556



ISM: Introductory Mathematical Analysis Section 14.4

3 1 3 _
70. j{x 1+(x e } x='[ﬁ[dx]+J(x—l) 2[dx]

—3In|x ]4+ =] +C_3In|xﬂ X_1+C

71. j[%— (4x2 —8x5)(x3 - x6)‘8} dx

= j [4d]— j(x ~x%)78[(3x% - 6x°)dx]

4 (x —X )‘
-7

_ = 36T

—2In|4x+]j+21(x x°)"+C

=—In|4x+]j +C

72. I(r3 +5)2 dr =J'(r6 +10r8 +25)dr =%r7 +gr4 +25r+C

73. j{\/3x+1— ; }dx_.[(3x+1)2dx szx+3 [2x dx]

X“+3

2 3
1-M—%In(x2 +3)+C :S(Sxﬂ)2 —InVx?+3+C

1 1 1 1
dx == (3x+1)2[3 dx]-=
LGSR LY ZJX2+3

2
1
7 dx = 6xdx]—= 1)3[3x2d
jo+5 (X+1)1X6J‘3X+[XX] I(X+)[X X]

In‘3x 5‘ 1& Czlln‘3x2+5‘+l(x3+1)’2+c
-2 6 6
75. Letu—f:du—lx de_—dx
2 24/x

j%dx = 2J‘e*/; {%dx}

= 2febdu=2¢" +C=2e¥* 4C
76. j(es —3e)dx:(e5 —3e)X+C, because € —3° is a constant.

77. j“e Z%I{eiﬁi]dx

e
=%j(e_x +ex)dx
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o

79. Let u= In(x2 +2x) =du= (2x + 2)dx

X+ 2X
j x+1

7 o In(x2 +2x)dx

:%jln(x2 +2x){ 22X+2 dx}

X° +2X

+C ——In (x2+2x)+C

1
3

4
80. Let u=38x4 =2x3 :du=%x dx

IJ_e‘/sde Iezx3[ 3dx} Ie“du
=§e“+C=§e*3/8T+C

81. y=[(3-2x)%dx= -%j(s— 2X)°[-2 dx]

_ 3
:_1.M+C :_1(3_2)()3 e
2 3 6

y(0) = 1 implies l=—£(27)+c .50 C =1_21.

Thus y_——(3 2x) +1—21

82. =—j [2x dx]=%|n(x2+6)+c

X2 4+ 6

y(1) = 0 implies Ozlln(7)+C ,so0 C :—%In7.

Thus y== [In(x +6)—In7]

558

ISM: Introductory Mathematical Analysis

83. y'=—
y' = _[x‘zdx =—x1 +C

y'(-=2) =3 implies 3=%+C1, so C; :g. Thus

Yy =-X"+—
1 5 5
=|| =X +=|dx=—|—dx+ | =dx
y ( 2} X J‘2
5
=—In|x|+5x+C2

y(1) = 2 implies that 2 = 0+%+C2 , SO

C, = —l. Thus
2

1

y=—|n|x|+§x—lzln
2 2 X

1
—X—=.
2
84. y'= (x+1)3/2
3 2 5
y':j(x+1)2c;|x=§(x+1)2 +C,

y’(3)=0:>0:§-32+C1:>C1 =—6—:, SO

5
y'=£(x+1)2—%
5
y= j[ (x+1)2 - }
E'M—%X-FCZ
5 % 5

4 1 64
:g(x-i-l)z —?X+C2

y(3) = 0 implies 0O :%.128—%(3)+C2, S0

832 764 832
Co = Thus y = (x+1)? o xe =,
275 Y ( ) =5 X 5
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8s. V(t):J.d—th
8
~0.05

=160e%%t 4+ C
The house cost $350,000 to build, so V(0) =

350 =160e” + C =160+ C
190=C

V (t) =160e%% +190

_ [8e00tqt

j e205[0.05dt]

86. I(t) = j j 2t1250

:6In|2t+50|+C

Since the expected life span was 63 years in
1940, 1(0) = 63.

63 = 6|n|50|+C

C=63-61In50 = 39.53

I(t)=6In |2t + 50| +39.53

1(58) = 61n[166|+39.53 ~ 70.20

dt

350.

The expected life span for people born in 1998

(58 years after 1940) is about 70 years.

87. Note that r > 0.
Rr B,
C=||—+—|dr= dr+|—=dr
ok o= Loger 1

=2—Ir dr+BlJ‘ldr

R 2
=0 —+Blln|r|+ B,

2
Thus we obtain C =|jl_rK+ B In|r|+ B, .

88. f(x)= J‘(e3"+2 —3x)dx = %e?”‘*z —g x2+C

f l = 2 implies 2:1e3—1+C, SO
3 3 6

C :E—%e3. Thus,

6
1 3 13 1
13 13

6 3
_ %(2e8 ~26%23)~983.12

f(2):—e8—6+
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6 4
L IZX +8Xx" —4x

2. J‘ﬁdx = I(3x+ijdx

9
s.jm

Section 14.5

Problems 14.5

dx
2x°2

_I 2x8 8x 4x dx
2x2 2x 2x
:J.x4dx+4j.x2dx—2j‘§dx

5
:X—+ix3—2In|x|+C
5 3

3X 3x

:Ex2 +§In|x|+C
2 3

3. I(3x2+2) 2x3 + 4x +1dx

1
==[(2x> + 4x+1)* | [6x% + 4)dx
312+ aca) (632 4 4)o]
3
2x3 + 4x+1)?
%(f)-i_c
2
1
3

(Zx +4x+1)3 C

2x+1%C
=5

dx = 9I (2 —3x)’l/2 dx
_ 9(-%) [(2-30"/2[-30x]

anl/2
:—3&+C =—-642-3x+C




Chapter 14: Integration

7. I47de = I(e'"4)7xdx = .[e('” AT gx

j e [71n4 dx]

7In4
_ T
7In4

7x X
=L(e'”4) ic-4
7In4 7In4

8. js‘ dt = j(e'”%t dt = je<'"5)tdt

j elnt[In5dt] = s endt | ¢

t

=—+C
In5

9. jzx[7 e4]dx I(l4x 2xex4Jd
=14jx dx—Z‘[xe%dx

—14dex 22je4[ xdx}

G P 2 i
:14~?—4~e4 +C=7x"-4e* +C

10. I(ex +x8 +ex+3jdx
X
=Iexdx+jxedx+efx dx+ej‘§dx

e+l 2

X ex
=e*+ +——+eln|x/+C
1 2

6x2 —11x+5

11. By long division, —————  =2Xx—-3+ 3

3x-1

Thus j%d =j[2x—3+
:ZJX dx—jS dx+2~lj%l[3 dx]

=X —3x+—|n|3x 1+C

(3x+2)(x—4) | 3x? —10x -8
12. j— j—x 3

—I[3x 1——jdx—§ x? —x—11In|x-3[+C

3x-1

dx

13.

14.

15.

W

16.

17.

18.

19.

ISM: Introductory Mathematical Analysis

52X 5 5
——dx= e X 2)dx
I7e2x+4 14J72x [ () ]

=—|n(7e2X +4)+C
14

[ (s(e“X )2 dx =~ [ e®6X[-6 dx]

R S =_(e4—3x)2+c

7
x 1 1. 1[ 7
J‘i—zdx =J‘e>< X_de =—7Iex |:—X—2dx:|
7

~laic
=

By using long division on the integrand,
I2X4 —6x3+x-2

dx
X—2
=I(2x3—2x2 —4x—7—£jdx
X—2
=%x4—§x3—2x2—7x—16|n|x—2|+C )

By using long division on the integrand,

3
I 2)( dx=j(5x— ;‘5)( )dx
X“+9 X“+9

= jsx dx— 425 [2x dx]

:Exz—ﬁln(x +9)+C
2 2

X2 +9

Note that since X2 +9 > 0 for all values of x, the

absolute value bars are not needed.

By using long division on the integrand,
A2
Is 4 dx=I —2X+3- 4 dx
3+2X 3+2X

=j(—2x+3)dx—2jrlzx[2 dx]

=—x? +3x-2In[3+2x/+C

I( x+2) %J‘(\/;sz)z{idx}

24/x
o
3

+C :é(\/;+2)3+0

2.
3
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20. j = j [3¢° ds]

1+ 36’ 1+ 36’

:Eln(1+39 )+C

1 4
5(x3+2) T
21. J‘TdX:3I5(X3 +2) l:g

1 5
=3(X3 +2J +C

_2
X 3dx}

22. jmd _2j( %f[ %dx}

N2
132
(1+x2)
- 4+

[_Etl/zdt}
2

4 3

=2 3 C:§(1+&) +C

23. j'”xdx j(lnx)[ dx} ('”ZX) +C
=%(In2x)+c

2. j\/f(:%—t\/f)o'ﬁdt=—§j(3—t3/2)0'6
=—§~%+C:—%(3—w{f'6+c

2
25, I%dr = I[In(r +1))° (idr)

=%In3(r+1)+C

5 o4 3
26 J-9x 6x" —ex dx:j(gx3—gxz——

7x°
_ 94 2.8
28 7

561

27.

28.

29.

30.

31.

32,

33.

34.

Section 14.5

Inx

_ I(emi)m_x dx

J‘ (In3)|nx[|n3 }
In3 X

(In3)|nx +C

I

In3

“nsl® )" e

3Inx
In3

2

J

:2In‘ln(2x2)‘+c

J‘Xz | X3+1dX=IX2(eX3+1)l/2dX
:_J.exzu{g 2d } %eX32+1dX

By using long division on the integrand,
X+3 3

I—d _I 1-—— |dx=x-3In|x+6[]+C
X+6 X+6

xln(2x )dx:zj

J‘;dx=8j‘ 1 {de}
(x+3)In(x+3) In(x+3)| x+3
=8In|In(x+3)|+C

2 2
J.(ee +xe—2xjdx:ee x+ixe+1—x2+C

e+l

By using long division on the integrand,
3

2_ j—
Xy ;(xm 2 jdx
X -3 X -3

1
:j(x+1)dx+jx2_

[2x dx]
3

2
:7+x+ln‘x2—3‘+c

e 4x-%|n(1+x2)dx
1+ x°

2 2

:jln(1+x2)LZX2 dx}:In (l;X )
+X

J-4xln Vi+ X2

1+ x2

+C
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3s.

36.

=)

37.

38.

39.

40.

41.

Iexzylln(x3 +1)2 dx

X +1
= [[2In(: +1)]1’2{ 6’ dx}
X3 +1

_[2In(C3 +1)PP'?

3 +C:zln3’2(x3+1)2+C
5 3

IB(XZ + 2)_% xemdx
1
= SJ‘e(XZQ)2 {x(x2 + 2)_% dx} = SeW +C

3
j[ x 1 —In7de
\/x4—4x
= % IS 4x)2[(4x° — 4)dx] - In7 [ dx

3
=%(x4 —4x)2 —(In7)x+C

:_.[ 2

x2 +2x7 1

i

x2 +2x71

=Eln‘x +2x‘1‘+C

dx

sz“ —8x3—6x%+4

X3

:I(Zx—8—§+ijdx
X 3

X
= 2.[x dx—j8 dx—6!%dx+4.[x‘3dx

2 -2
=2. % _gx—6lIn|x|+4-2—+C
2 -2

:x2—8x—6ln|x|—£2+C
X

je +e de:J' - ! — [(ex+e’x)dx}
eX—e

=Inle —e‘X +C

By using long division on the integrand,

X 1
Imdx = I(l—mjdx = x—In|x+]4+C

42,

43.

44.

45.

ISM: Introductory Mathematical Analysis

IIn(x1 +1)[x +1dx}

=In‘ln(x2 +1)‘+C

I

F o3[ ] [

S I
e” +2
2
——g—+C= e¥ +2+C
2

NG

N |-

5 dx

J

J

46. |

:%In|8x+]j+

Bx+D[1+InBx +1)J?
% j [1+InBx+1)] 2 {ﬁsdx}

;+C
31+ In(3x+1)]

7 i oef o

dx

8X+1_ex(8+e‘x)2

% [ ﬁ[s dx]- (1) (8+e—X )_2 [—e_xde

o1
(8+e X) o

+C

1
=In|8x+1]—
8 B+ 8+e X
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47. I(x3 +ex)\/x2 +edx = J‘x(x2 +e)(x2 +e)% dx

2.\
;j(x +e) [2x dx]_1 @

+C

48. IBX'” X(1+Inx)dx = j(e'”3)XIn "

In3je('”3)x'”x[(|n 3)(L+In x)dx]

e(n3)xinx  ~ :i(eln3)XInX+C

In3 In3

3xlnx

In3

49. IJ_\/(SX)2+3dx j(e

3 3
= 23J.(82x2+3j
3-82

N|w

N
1
oo
Nw
N | w
>
N
o
x
|

ERTNA

Njw

36«/_ |:(8X)2 +3}3 +C

—mdx—2j(lnx) ?[ }

30 '[x(ln X)

1
=6(Inx)® +C

3
51. j \/g :——J'esz{ szds}
oVs
—%e‘*/S—B+C

n®x 1 a[1
52. j?dx:g_{(lnx) [;dx}

4
:1-M+C =iln4x+C
3 4 12

@+ Inx)dx

563

53. e

54.

5S.

56.

57.

Section 14.5

2
N+ i simply x% +1. Thus

Ie'”(xz+l)dx = J‘(x2 +1)dx = %x?’ +x+C

Idx:jldx:x+C

J‘In(zex)dxz‘[lnxt(lnex dx

=j'” XX+de=j(me+ljd
2

1 In© x
:j(lnx){;dx}ﬂ‘ldx: 5 +x+C

J‘ef(x)+ln(f’(x))dx _ J‘ef(x) (' 00) gy
:jef(x)[f'(x)dx]
—ef® ¢
dr 200
g (q+2)?
-1
r = [200(q +2)2dg = 200~%+C

200 200 -
q+2
When g =0, then r=0, so 0 =-100 + C, or

58. —

C =100. Hence r =— 200 +100 = 100q . Since
g+2 g+2
r 100
r=pgq,then p=—=——.
qg gq+2
The demand functionis p = ﬂ
g+2
dr 900
dg (2q+3)°
r= j900(2q +3)dg
= 900% [a+ 3)°[2 dq]
-2
_450.2043) " & :—L‘E’Zw
-2 (2q+3)
When g =0, then r=0, so 0 =-25 + C or
=25.Hence r = —Lsz+ 25. Since
(29+3)
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59. —=

60.

61.

r 25 225
r = pq, then p:—:———2
g 4a qg(2q+3)
The demand function is pzé 1—% .
q (29+3)
dc 20
dg q+5

20 1
_J'mdq _2ojﬁdq =20In|q+5+C

When ¢g = 0, then ¢ = 2000, so
2000 =201In(5) + C, or C=2000-201n 5.

Hence ¢ = 20In|q +5|+2000—20In5

=20(In|q+5|—-In5)+2000 = 20In |=—+ 2000

g+5
5

g+5

The cost function is ¢ = 20In|——+ 2000.

dc
_ 3000029

dq
¢ = [3e90024qq = 3. 0-002410 0024
| q=35 oo Sogz )€ 10.002da]

=1500e%%024 4 C
When ¢ = 0, then ¢ = 2000, so 2000 = 1500 + C,
or C =500.

The cost function is ¢ =1500e%%924 4 500,

a1
dl 1
1 12
C=[1"2dl =——+C =21 +C
2
C(9) = 8 implies that 8=2-3+C;,0or C; =2.

Thus C:2ﬁ+2:2(ﬁ+1).

The consumption function is C = 2(\/T +1).

564

63.

64.
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@€ 1 1
di 2 221
_1
c-fl 12D 2y
2 2

=%Idl -lj(zl)‘%[zm]

1
2

1 1 (2I)
el I Gl A
2 4 2 <
_l_ﬂ+cl
2 2
3 3 . V4 3
C(2) =— implies —=1-—+ so G =—
(2) plies - 5 TCs0 G =7
. Lo | 21 3
The consumption function is C =— Sty
i 31
dl 4 6J1

_1
c:=j %—% di =I%dl—%jl_%dl

1
2
IS L TR (Y
46%43
Ji

Thus ngl -—+C.
4 3

C(25) = 23 implies that 23 = % 25—§+C1, )

71
“ 1
The consumption function is
C-= —| ——f 1
de _10- 100
dg gq+10

j( o-ﬂqu 109-100In|q+10/+C
Injg+10
Avg. cost = < :10—100M+9
q q q
When g = 100, then an cost = 50, so
50 101001410
100 100

C = 100(40 + In (110)). Thus
¢ =10q-1001In|q+10|+100(40+ In(110))
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Evaluating ¢ when g = 0 gives fixed cost:
¢(0) =-100 In(10) + 100(40 + In (110)) = 4240.
The fixed cost is $4240.

6. 10092 —3998q + 60
q2 —-40g+1

dg

dc| 100(40)* —3998(40) + 60
daly_so (40)? — 40(40) +1
= $140 per unit

a.

b. To find ¢, we integrate % by using long
q
division:
oo j100q2 —3998q + 60
9% —40q+1
= J' 100+22q;40 dq
q° —-40g+1

1
= [100 dq + [ 5———1(2q - 40)dq]
q°—40q+1

dq

Thus ¢ =100q + In‘qz —40q +q +C. When

g =0, then ¢ = 10,000, so
10,000 =0 + In(1) + C, so C = 10,000.

Hence ¢ =100+ In‘qz —40q +1{ +10,000.

When ¢ = 40, then
¢ =4000 + In(1) + 10,000 = $14,000.

c. Ifc=fq), then
dc
f(q+dq) ~ f(q)+dc= f(q)+adq
Letting g = 40 and dqg = 2, we have

f(42) = F(40+2) ~ 1(40)+ 5| .(2)

q=40
= 14,000 + 140(2) = $14,280

3
66. % %\/a\/O.04q2+4

a X S me-dis3-2
dg =25 0 10 2
= $13.50 per unit
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b. c= j%ﬁxlomq% +4dg

1
3 2 1
_09 (O.O4q2 +4j2 [0.0Gquq}

 0.06
3
3 2
0.04q2 +4
_ 09

= +C
3
0.06 5

Thus ¢ :10(0.04q§ +4j2 +C . When

g =0, then ¢ = 360, so 360 :10(4)% +C ,or
C =280. Hence c = 10(0.O4qg +4jg +280.
When g = 25, then ¢ = 10(9)% +280 =$550.

c. Ifc=flg),then flqg+dqg) = flq) +dc
= f(q) +%dq . Letting g = 25 and
q

dg = -2, we have
f(23)= f(25-2) ~ f(25)+£ -(-2)
q=25
=550 + 13.50(-2) = $523

o 8
dt  \Jo.2t* +8000
8t
Vo [——2 it
j \/0.2t* +8000
- 10j(0.2t4 +8000)7% [0.8t3] dt
(o.2t4 +8000)%
=10— +C

1

2

Thus V = 20y/0.2t* +8000 +C . If £ = 0, then
V =500, so 500 = 204/8000 +C ,

500 = 20+/1600-5 + C , 500 =800+/5 +C , or
C =500-800+/5 . Hence

V = 204/0.2t* +8000 +500 —800+/5 .
When ¢ = 10, then

V = 204/10,000 +500 —800~/5
=20(100) +500 —8004/5 ~ $711 per acre.
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g, Or__a _ ae”d  ae™d
dg e%+b (e%+b)e ¥ 1+bed

—q
r:J' ae dq=(—£jaj 1
1+be™d b) 71+pbe™d

:—%In(l+ be™9)+C

[~be~%dq]

Now r=0when g=0,so 0= —%In(1+ b)+C,
a
or C :Eln(l+ b). Hence

r= —%In(1+ be™®) +%In(1+ b)

a 1+b
=—In

b 1+be™d

r a 1+b
p =—=—]N

q bg 1+pe™

69. j—dl j(|+2) di

=5j(| +2)72dl =5 +Cy

Thus S = —%+ C, . If Cis the total national
+
consumption (in billions of dollars), then

C+S=1orC=1I-S. Hence C:|+%—Cl.
+

When I =8, then C=7.5, so 7.5=8+%—C1, or

C, =1. Thus Szl—i.Iszo, then
1 +2
0=1—i3i=1:>5zl+2:> 1=3
1+2 | +2

70. a. If Cis total national consumption (in
billions of dollars), then

d_czl_d_szl_[z_iJ e

di 2 Y32 )
_q 118
1-81 2 33(81)2

_q(1_18)_ 17
2 27) 30°

&
dl

566
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- [ar-[{3- 25
T

=——-__"_.__ 4+C

2 3/ LT f
Thus 8—5—543/7+C1 When [ = 24,
then S =3, so 3:12—5.4\/§+C1,OI'

C;=1.8.Thus S :%—5.4§/g+1.8. If Cis

the total national consumption (in billions of
dollars), then C+ S =1, or

C=1-S=I —(1—5.4§/I+1.8].
2 3

Therefore, C = %+ 5.4%/1; -1.8.

From (b), when I = 81, then
C=%+54§/§—18 40.5+16.2-1.8

=549
Thus consumption is $54.9 billion when
income is $81 billion.

If C = f(), then
fd+dh) = f[)+dC = f(I)+d—CdI Let
I=281 and dI = -3. Then

C

f(78) = f(81-3) ~ f(81) + ‘:“ (-3)
1=81

=549+ % (=3) =53.2. Thus when income

is $78 billion, then consumption is
approximately $53.2 billion.
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Principles in Practice 14.6
. . . . 10 . .
1. Divide the interval [0, 10] into n subintervals of equal length Ax, so Ax =—. The endpoints of the subintervals
n

are 0, E, Z(EJ, S(EJ , s (N=1) [Ej, and n(EJ =10. Letting S,, denote the sum of the areas of the
n n n n n

rectangles corresponding to right-hand endpoints, we have

o8] )

:%{aoo_o.s(%}+{600—0.5(2) (%}+ +{600—°'5(”)(%H

_10 600n—0.5[%){1+2+...+n}}

n
_10 GOOn_o_S(EjM}
n n 2

~0r600n-250n+1)]
n

= 6000— 25(”—+1j
n

Now take the limit of Sy as n— o

lim S, = lim [6000—25(”—”')} = lim [6000—25(1+1ﬂ=6000—25 =5975

n—o n—o n n—o n

The total revenue for selling 10 units is $5975.
Problems 14.6

1. f)=x,y=0,x=1

1
S3, AX=—
8 3

1,.(1) 1,.(2) 1.(3 111 2 3| 16 2
Sy==f|Z|+=f| = |+=f|=|==|Z+=+=|=====
3 \3) 3 {3) 3 \3 313 3 3] 33 3

. . 2 .
The area is approximately 3 sq unit.

2. fx)=3x,y=0,x=1

1
Se, AX=—
5 5

SS:Ef(E)+1f(EJ+1f(§J+1f(£j+
5 \5) 5 \5 5 \5/ 5 \5

. . 9 .
The area is approximately 5 sq units.

5/ 1/3 6 9 12 15| 1 45 9
f(—j:—[ +—+—+ +_}:§'__§

1
515 555 5 5 5 N

5

567



Chapter 14: Integration

3. f(x)=x% y=0,x=1

4 916}
+

. . 15 .
The area is approximately 2 S units.

4. f(x)=x2+1,y=0,x=0,x=1

1
Sy, AX=—
2 2
Szzlf 1+£f
2 2 2

1
The area is approximately ES sq units.

S. flx) =4x; [0, 1]

oe
A (4]
ekeoet]

4 n(n+1l)
:—[l+...+n]:—~
n? n 2
_2(n+1)
n

568
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6. fix)=3x+2;][0, 3]

ax=2

n
Sn:Ef[§J+...+§f[n~§j

n n n n
=§{f[§j+...+f(n-§ﬂ

n n n
ARG
n n
:§{2(1+...+n)+2n}

nin
E{Q n(n+1) 2n}—27(n+1)+6
nln 2 ~2n

PP 9 NS LY

=1F(1+2+...+n)+n}
nin

_l[l.n(nﬂ)ﬂﬁ
“nln 2

_n+1
2n

+1

b. lim S, = lim [n_+1+1}

N—>o0 n—w| 2N

111
=lim|=+—+1
now| 2 2N
=£+0+1:—

2

s sieg (B (eaf w02

2
2-2—[12 +22 +...+n2]
n n2

8 n(n+1)(2n+1)
B R a—
_4(n+1)(2n+1)

3n?



ISM: Introductory Mathematical Analysis

40 2n% +3n+1
b s, < i A0r0En D 420 ]
n—oo n—oo 3n n—oo 3n2
= lim 4 2+§+i =ﬂ(2+0+0)=—
n—oo n n2 3

9. fx)=x,y=0,x=1

n

The area is % sq unit.

10. fix)=3x,y=0,x=1

AX=1

n
Sp =£f(£j+...+lf(n~lj :1{3-£+...+3'ﬂ}
n \n n n) nL n n

S 5000 30 1]
n n 2 2 n 2 n
lim S, :E

nN—o 2

.3 .
The area is 2 sq units.

11. f(x)=x2, y=0,x=1

f(ijif(zjl{(lf(zﬂ

1 1 n(h+D(2n+1
:_3|:]_2 +n2:|__3w
n n
1 2n2 +3n+1 1 3 1
6 6 N n?
lim S, =
n—w n- 3

1
The area is 3 sq unit.

569

n

n
Sh :lf(lj+...+£f(n-1) :£[£+...+ﬂ}:i2[l+...+n] :iz-
n

n(n+1)
2

Section 14.6
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12. y= x2

y=0,x=1,x=2

13.

B
=
I

f(uj f(l+2-%j+---%f(1+n~%)
] e-ord] ]

{1+2 —+— +.--+{1+2n.%+n2.ni2}}
R

»
3|H 3|H S

3|H

n+—(1+-- +n)+—(12+ +n)}
n?

3||—\

2 n(n+1) 1 n(n+1)(2n+1)
=t t3

n 2 n 6
n+l 1 2n®+3n+1

=1+ +—-
n 6 n2

=1+ l+i +1 2+§+i
n| 6 n n2

lim S, =1+1+1=Z
n—ao 3 3

7 .
The area is 3 S units.

f(x):3x2, y=0,x=1
ax=1t
n
2 2
Snzzf(1)+...+zf(n.z)ZAHAJ evand) }
n n n n n n n

2
:%[12+ .+n2] :%_n(n+1)(2n+1):1_2n +23n+1 _
n n 6 2 n
lim S, =1
nN—oo

The area is 1 sq unit.

570

1

ISM: Introductory Mathematical Analysis



ISM: Introductory Mathematical Analysis

14. f(x)=9-x° y=0,x=0

:%{9n—(§j2 [12 +...+n2}}

:27_[£.n(n+1)(2n+1)}

n® 6
2
_o7 92" +3n+1) o 91, 3. 1
2 n2 2 n n2
lim S, =27-9=18

n—o0
The area is 18 sq units.

15. j35x dx
1
Let fix) = 5x.

f( gj++g f [1+n-gj
n n n
{5(1+gj+-~-+5(1+n£ﬂ
n n
[(1+---+1)+£(1+~--+n)}
n n

10[ 2 n(n+1)}
=—/nN+— —=
n n 2

>
=<
Il

w
=}

Il

[EEN

+

SN SN S

| =

=£[n+n+1]
n

=£(2n+1)
n

:20+E
n

j35xdx: lim S, =20
1

N—o0

571

16.

17.

Section 14.6

I;'g dx

Let fix)=9

4
AX =

n
Sh :if(iJ+...+£f[n~ij
n \n n n

=£[9+---+9]=i9n:36
n n

4 .
jogdx= lim S, =36

n—o0
104
I
|
...... N
""" 410
js—4x dx
0
Let flx) = —4x.
=3
n
Sn:Ef(§j+...+§f[n~§j
n \n n n

:E{—4(§J—...—4[n~§ﬂ :—%[1+...+ n]
n n n n

_ 36 n(n+1) _ 18 n+1:_18[1+1}
n? 2 n n

3 .
I —4x dx = lim S, =-18

0 n—co
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18. jl4(2x+1)dx
Let fix)=2x+ 1.
4-1 3

Ax=""==2
n n

Fed e
1 +1 . {z@n.gjﬂ}}

=—<2n+— (1+2+ +n)+n}

18 n(n +1)
n2 2

_g4g.N*t

n
:9+9[1+£j
n
j (2x+1)dx = lim S, =9+9=18

n—coo

Y

19. j;(xz + x)dx

Let f(x)=x2+x.

1
AX=—
n

ISM: Introductory Mathematical Analysis

20. jlz (x+2)dx

Let flx) =x + 2.
A=
n

-t
} i)

n+-=— (1+ +n)+2n}

1 n(n+1)
n2 2
1.n+1

=3+=
2 n

:3+£[1+1}
2 n

I (x+2)dx = I|m Sn =3+

I\.)II—‘
l\)I\l

572
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3
21. jz Vx? +1dx is simply a real number. Thus

3
Dy “2 X2 +1dx} = Dy (real number) = 0.

2 if 0<x«1
22, f(X)=49 4-2x if 1<x<2
5x-10 if 2<x<3

fis continuous and f{x) > 0 on [0, 3]. Thus

3
IO f(x)dx gies the area A bounded by y = f(x),

y =0, x =0 and x = 3. From the diagram, this
area is composed of three subareas, A, Ay and

Ag, and A=A+ A + A
A, = area of rectangle = (1)(2) = 2 sq unit

A, =area of triangle = %(1)(2) =1sq unit

Aq = area of triangle = %(1)(10) =5 sg unit

Since A=A+ Ay + A3 =2+1+5=8sq units,
3

we have J.O f(x)dx =8.

10t

1 if x<1
23. f(x)=<2-x if 1<x<2

—1+§ if x>2
fis continuous and f{x) = 0 on [-1, 3]. Thus
3
I_l f (X)dx gives the area A bounded by y = f(x),

y =0, x =-1, and x = 3. From the diagram, this

573

24,
25.
26.
27.
28.
29.

30.

Section 14.7

area is composed of three subareas, A, Ay, and

Agand A=A+A+A.
A = area of rectangle = (2)(1) = 2 sq units

Ay = area of triangle = %(1)(1) :% sq unit

Ag = area of triangle = %(1) (1) :% sq unit

2

Since
A=A+MA+A =2+%+%=17j' sq units, we

3 11
have j_l f (x)dx=Z.

3ty
[y=10 A
|A1”§ 1AN %lx
3

44.6 sq units
14.77 sq units
1.7 sq units
24

0.7

-25.5

0.39

Principles in Practice 14.7

1.

6
6 0.02t e?0%

j 10,000e%%% 4t = | 10,000~
3 0.02

3
 (500,000e%% )‘6

3
=500, ooo(eo-oz(ﬁ) _ 0023 )

— 500, 000(e0'12 - e°-°6) ~ 32,830

The total income for the chain between the third
and sixth years was about $32,830.
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-1

2. The total cost for the first 5 years is M(5) or 2
5.0 9 I_1(3W2—W—1)dw= WY _w
M (5) - M (0) :jo M(x)dx -, >
-2
5
3 1 15
5
| (90x2 + 5ooo)dx - [90X—+ 5000x} =-=—(-8)==
0 3 2 2
0
3 5 3 9 9 9
- (30x +5000x)‘ = 30(5)* +5000(5) -0 10. [dt=[1dt=1 =9-8=1
0 8 8
8

= 3750 + 25,000 = 28,750

The total cost for the first 5 years is $28,750.
’ 3 3

1. |3t %dt= _E.t—z‘ __ 1 (3.4

1 2 1 3

Problems 14.7 6 2
3 2
3 -2 -1 2
1. josdx:sx =5(3)~5(0) =15-0=15 12. IZX_dX:_X_ _ 1
0 12 2 2x)y
A 1 ( 1j 1
4 —_—_| = =
2. jz(l—e)dx:(l—e)x 4\ 2) 4
2
=4(1-e)-2(1-e)=2(1-¢) 13. J-fgs W4 dx = J.is 134
8
2 713
2 3X
2 _
3 jlsxdxzsx— :10—%:% ==
-8
! 3128 3(-128)
. 218 7 7
4. [ -5xdx=-5-"| =160~ (-10) =150 _ 168
2 2 ) 7
3/2
1 3 2
1 2 3/2 2 X X
5. (2x—3)dx=(x*-3x|| =-2-18=-20 14. I XS+ X+1)jdx =] —+—+X
[ 9w (-5 i ]
1 12 3
1 9y? 1 ( 17 4 3 12
oo ] 29
-1 3
3 1 1 1 5
15 [ —dx=-2 =-2-(2)=2
e I1/2X2 Xly, 3 2=3
3 36 \/7 2 3 36
312 (3 2., 1 3 16. X—2 dx:(—x2—2xj =72-0=72
7. [ (v’ -2y +1)dy=[(y-D dy == (y-1) 2 Jo (Vx-2) 3 .
8 1 7 1
= —— = — 6
333 17. El(z+1)5dz:% _%_0:3_32
1 1 -
8. [,@t-3t?)dt = —t3)‘4 — 0—(-48) = 48

574
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g/ 1 _1 SX% 3)(% 5 < 4 3d (X_S)_Z
18. j(xa_xsjdx: oXT X% 27. j4 X = 2j (x=3) P =25
1 4 2 (X 3)° 4
1 5
1 1 3
= —[-E):g :——2 :—Z—(—l)zz
4) 4 (x=3)7,
1,203 1\ 2013 \3Ta2 20/3 1
19. 2 -1} dx== -1} | 3x“d
Jo2x? (o 1) =S (-] 3¢ 2. [ 3+ 3jm(sx 5)2 [3dx]
1 s 20
_1(x3—1) - —%:—% =§(3x+5)53
: .
3 =E 125-8) =26
3 2*[ 625 369 9
20. j(x+2)3o|x=u =090 g
2 4 ) 4 4
29. j J10-3pdp =-— j (10— 3p) [-3 dp]
1/3
8
84 2
21. =4(In8-1In1l 3
h (In8=Ind ——2@0-3p):| =-2@-21)=>
y 1
—4(In8—0)=41n8 9 s 9 o
-1 [ 2
30. 3dg = 3)°[2g d
22. Ilde 6In|x| —6In1—6|nee q q° +3dg = (q - ) [2q da]
=0-6e=-6e (C] +3) 8 8 ,
) 1 T3 | 33
23. j0e5dx=e5x =e°-0=¢° 1
0
1
1 1 93 101 3
24. JZH idx_|n|x—ﬂ|;+l:Ine—ln1:1—0:1 31. onz 7x3+1dx:zjo(7x3+1) [lezdx}
X
1 1
1 53 51 3. o aft 1 (7x3+1)% (7x3+1)%
25. I 5x°e* dx=—f e* [3x“dx] == - =
0 370 0 21 3 28
5 1 0 5 0 0
=—(e—-e")==(e-])
3 3 16 1 15
4 28 28 28
26. j;(3x2 +4x)(x3+2x2) dx
Y3 o2 ) [ (2y2 32, [Ta-— X |ax
_J'O(x +2X ) [(3x +4x)dx} Io (2 +2)473
1 J7 17 _
5 2 4/3
3 2 = 3xdx——= X°+2 2x dx
(x +2X ) 23243 Io ZJO ( ) [2xdx]
= e— = e—m— = e— ﬁ
5 5 5 _E 2\/7_1_()(2+2)—1/3
0 2 2 |,
3

2(7 0)+ [971/3_271/3]

T
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33.

34.

35.

36.

=)

37.

38.

.

1 2x3+x
#dx
0x% 4+ x*+1

2704

=%In(x4 +x2 +1)1

b ~ ny?
ja (m+ny)dy = (my +7]

_1J‘l 1

+x% 41

o+ 2r)ar]

:l[lnS—Inl]zllnS
0 2 2

b b
n 2

=my| +—
y 2y

a

= m(b—a)+g(b2 —a2)

—X

1e* -
I € ¢ dx=l(ex+e‘x)
0 2 2

1

0

:%[(e+e‘1)+(1+l)]
= E[e +1+ 2)
2 e

E28|x| dx = B(J‘l—x dx+j;x dxj

2
+—

oo

1

—1 -2 -3

je3(x’2+x3 x’4)dx 3[—+X——X—
T

-1 -2 3

PRI AR ..
e 202 3¢ 2% 358
1.3 38 3. 3 1
e3 e 262 T 27:2 TE3

2 1 2 1
:6]1 deX—EL (2x) 2[2dx]

3 1 2
= [4x2 - (2x)2}

=9J/2-6

1

= (8v2-2)-(4-+2)

|

e

576

ISM: Introductory Mathematical Analysis

3 3
. [ (x+1)eX 2 dy = j X" F2X[(2x+ 2)dx]

3

3
:%ex2+2x l :%(els —e3) :%(612 _1)
w0. [ In); j195 X = [ P1de =

=95-1=94
41. Using long division on the integrand

dx

J-z X8 +6x% +x3 +8x%2 +x4+5

0 X3 +5x+1

2
2
:I |:)(3 +X+ﬂ:|dx
0 3

X~ +5x+1

4 2
= X—+X—+In‘x3 +5x+1‘
4 2

=6+In19)-0=6+1n19

2

0

! _
42. I dx:j 2 ~e—dx
114X 114+e*
1 1
= [—e_xdx] =-2In (e‘x +1)
X+1 -1
:—2In(e +1)+2In(e+1) 2Ine—+i
+
2
:2Ine +e:2|ne(e+1)=2lne=2
l+e l+e

43. jf(x)dx j 4x2dx j 2x dx

1/2
43["? i 1 1) 47
=2 +x2 :(——0)+[4——]=—
3 6 4 12
0 1/2
3
3 3
3 2 4
3 3
44, I x dx —j Cax=| 2| | X
! ! 2 4

(9 1\ (81 1
-(5-2) -(5-3)
-43-20

— 44
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X
45. £(¥) :jlxstizdt :-%
1

:—§+3:3—§
X X

1
1 1 3
je f(x)dx = je(S—;jdx = (3x—3|n|x|)e

=(3-0)-Be-3)=6-3e¢

46. je dx I\fg\l/z x:0+3\1/§.ff1d
2
X

0

07-0)

%\ &~

Wl

47.

<

jf f(x)dx = jf f(x)dx+ jz?’ £ (x)dx , s0

jlz f (x)dx = jl?’ f(x)dx— j23  (x)dx

=jf’f(x)o|x+j32 f(x)dx=4+3=7

4. [ f(x)dx= jlz oo+ [ (e

[ £ e = jf f (x)olx—jz3 O+ [ (e

3 3
6:2—j2 f (x)dx+5, so jz f(x)dx=7-6=1.

3 3 3 .3
49. I e* dx is a constant, so ij e* dx = 0. Thus
2 dx ‘2

j;[%j:ex3dx)dx = [Jodx=cf}=c-c =0

50. f(x)= Le =
+
- -t
= eet [(e —e )dt]
X
=In‘e +e‘t
e

=Ine* +e7*)-In(e® —-e7%)
F(x)=— L
e

e’ -e

—[e*+e7*(-1)]-0

eX+e*

Section 14.7

T 5 s|IT s 5
51. I adt=a?t| =a?T-0=qa?T
0 0
1 1 2f 1 1
52. yzjo(x~1)dx=f0xdx=70=5—0=§

2
o2 = j;(x—ﬂ)z F(x)dx = I;(x—%j dx

TR R TN
== x== =—|=—|-=||=—. Thus
3( 2) . 3[8 ( 8ﬂ 12

53. The total number receiving between a and b
dollars equals the number N(a) receiving a or
more dollars minus the number N(b) receiving b
or more dollars. Thus

N(a) - N (b) =J:—Ax‘8dx.

1 )
54, j;o - % - 2&‘20 oo o
2 0
- 2(10‘2): 0.02

5 5
55. j 2000e*°-°6‘dt=2000-Lj e 080,06 dt]
0 ~0.0670

2000 o6
0.06
= $8639

ey
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56. j;(e‘af —e_bf)dr

=ij e ¥ [-adr]-— je—bf[ b dz]

<]
J (23

—bt

1-e
b

l—‘/ﬁ/ﬁ\

6
57. 13;10,000\/100—tdt

- (-1)(10,000) ] (100 - £)2[(-1) dt]

) 3 64
= -2 (10,000)(100-1):

36
= —%(10, 000)[216 —512]

= 1,973,333
s8. [ 3000629577 = 3000 —— [ *60057[0 05 d 7]
0.0570

- 60,000e% o5e |

— 60, 000( @005t —1)

75 B 2 75
59. [(0.29+8)dg=(01q +8q)‘65
=1162.5-942.5 = $220

60. 91;;0 (0.00492 — 0.5 + 50) dg

180
= wf -0.25¢° +50q

90
=8676—3447

=$5229

578
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J-800 2000 .[800 2000

500 300q 500 10 \/7
, 800
_ 200 J‘SOO -1/24 @.q
500 1
V3 2 1500
400 (800 400/ 55 /550
=22 Jul =2=(\/B00-/500) ~ $1367.99
7 )

62. jlz°(250+90q ~39%)dq = 2509 + 4507 - ° ?

10
= 15,000 — 6000 = $9000

12

2
63. j; (8t +10)dt = (4t +10t)|  =696-0=696

0
12

12
[ (8t+10)dt=(4t2+10t) — 696 204 = 492

6

6
700
64. ‘[ 81x10

0 0107 dt—(81 106)j ®300+1)4dt

- (81x106

700
) (300 +t)~3
3

0
700
1

3
(300+1)°|,
1 1
—(27x10° ( ——j
( ) 1000°  300°
1 1
—(27x10° (—— j
( ) 10° 27.10°
27 27 973

= 41=—20 112" 0973
103 1000~ 1000

—(27><106)

R
65. G:jRR idx=ix| =iR—(<iR)=2Ri
- -R
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66. E=[" l[ef"(R*X) +e*k(R+X)} dx

:iE|:%J‘_R e [k dx]+— j e KRk dx]}

2|k D e KR [k gx]— J e kRO dx]}

i
"2k .

ek
:L[(l e—k(ZR) —k(zR) _1)}
[

2k
2_ 2e‘2kRJ (1 e—2kR)

-k(R-x) _ —k(R+x)] R

2k

6. A IOR(m+x)[1—(m+x)]dx jOR(m+x—m2—2mx—x2)dx
7. A= =

J.OR[l—(erx)]dx jOR (1—m - x)dx
R

2 3
[mx+x7—m2x—mx2 —X?}

0

35 2o s 335
68. Iz.5 (L+2X+3x)dx = (X+ X + X )‘2'5
=58.625-24.375

=34.25
4 1 14 1 (axs+aytf
69. ['—1 ax=I[*ax+ay 7 axg =2 A
0 (4x+4) 4°0 4 -1
4 4
_ 1 1y 1.1 _i[i_lj_ _0.05
4 4x+4|, 16 x+1, 165 20
1 1
70. j0e3tdt:§joe3t[3dt]:— (e —1)z636
0
71. 3.52
72. 0.23

579
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73. 14.34
74. 3.64

Principles in Practice 14.8

1. In this case, f(t)= 60 ,n=5,a=0,and
\/t2+9
b =15. Thus h:b_—a:ﬂzl.Thetermsto
n
be added are
f(0) = 60 :@=20
0249 3
2112060 120 274473
2,9 10
21(2) =289 _120 335820
2249 V13
21(3) =209 _120 559843
2.9 18
2f (- 260 _120_,
4219 O
f(5) ~10.2899

60 60
Js2i9 34

The sum of the above terms is 153.8035. The

estimate of the radius after 5 seconds is

5
[ 80t ~ L (153.8035) ~ 76.90 feet.
0 t2+9 2

2
2. Inthis case, f(t)= 0.3¢92 ,n=8,a=0,and

b=4.Thus, h :b_—a:%: 0.5. The terms to be
n

added are

f(0)=0.3¢° =0.3

41(0.5) = 4(0.3)e® ~1.2615
2f (1) = 2(0.3)e%? ~0.7328

41 (1.5) = 4(0.3)e%* ~1.8820
2f(2) =2(0.3)e%® ~1.3353

41 (2.5) = 4(0.3)e"? ~ 4.1884
21 (3) = 2(0.3)e'® ~ 3.6298

41 (3.5) = 4(0.3)e>*® ~13.9060

f (4) = 0.363? ~ 7.3598
The sum of the above terms is 34.5956. The

ISM: Introductory Mathematical Analysis

estimate of the amount the culture grew over the
first four hours is

4 .
[, 0.3%2 gt ~ 0—:(34.5956) ~5.77 grams.

Problems 14.8
1. f(xX)= 1702 ,n="06,a=-2,b=4.Trapezoidal
1+x
hb-a_4-(2)_6_,
n 6 6
f(-2)=34= 34

2f (-1) = 2(85) =170
2 (0) = 2(170) =340
2f (1) = 2(85) =170
2(2) =2(34) = 68
2f(3)=2(17) = 34

f(4)=10= 10
826
[ 1702 dx ~ 1 (826) = 413
214 2
2. f(x)= 1702,n=6,a=—2,b=4
1+x
Simpson’s
n 6 6
f(-2)=34= 34

41 (1) = 4(85) = 340
2 (0) = 2(170) = 340
41 (1) = 4(85) = 340
2f(2)=2(34)= 68
41(3)=4(17)= 68

f(4)=10= 10
1200
[’ 1702 dx ~ = (1200) = 400
214x 3
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3.

f(x)=x*,n=5,a=0,b=1
Trapezoidal
_b-a 1701 g,
n 5 5
f(0)= 0.0000
2f(0.2)= 0.0800
2f(0.4)= 0.3200
2f(0.6) = 0.7200
2f(0.8) = 1.2800
f(1)= 1.0000
3.4000

1 .
[y~ 0—22(3.4000) —0.340

i 1
=—~0.333
3
0

1 2 X3
Actual value: -[0 xedx = ?

f(x)=x®,n=4,a=0,b=1
Simpson’s
he b a 1 0 025
n 4
f (0) = 0.0000
4 £(0.25) = 0.2500
2 f(0.50) = 0.5000
4£(0.75) = 2.2500
f (1) =1.0000
4.0000

1
jo x2dx ~ %(4 0000) = = ~ 0.333

1
3
1
Actual value: IO x2dx = X? = % ~0.333

0

f(x)= ,n=4,a=1,b=4
Simpson S
hoP=a_ 2471 475

n 4

f() = 1.0000
4f(1.75) = 1.3061
2f(2.50) = 0.3200
4f(3.25) = 0.3787

f(4) = 0.0625

3.0673
4

jl izd E(3 0673) ~ 0.767

X
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Actual value:

J'41 14

dx=—1
1 X2 Xl

1
=—=—(-1)=0.750
2 -1

f(X)=1,n=6,a=1,b=4
X

Trapezoidal
_b-a 4-1
~n 6

f (1) = 1.0000
2f(1.5)=1.3333
2f(2) =1.0000
2f(2.5) =0.8000
2f(3)=0.6667
21(3.5)=0.5714
f (4) = 0.2500
5.6214

=05

4 .
j ldXzE(5.6214)z1.405
1x 2

Actual value:
4

J‘41dx:ln|x|
1 x i

~ 1.386

F()=—— n=4a=0,b=2
X+1

Trapezoidal
_b-a 2-0
on 4

f (0) = 0.0000
2f(0.5) =0.6667
2f (1) = 1.0000
2f(L.5) =1.2000

=05

f(2) = 0.6667
3.5334
Thus
j %(3.5334) ~0.883
0x+1 2
f(x)= ,n=4a=2,b=4
X+ X2
Simpson’s
hob-a_4-2 ..
n 4

=In4-In1 =In4-0=
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f(2) = 0.1667 12. a=2,b=5h=05
41 (2.5) = 0.4571 f2 = 0
2f(3) = 0.1667 4f(25) = 24
4f(3.5) = 0.2540 2f(3) = 20
f (4) = 0.0500 4f(35) = 44
1.0945 2f(4) = 28
4f(45) = 60
[ x93 1 0945) ~ 0.182 fG) = 16
Zx+x?> 3 —
192
9. [PI(t)dt, males, n=5,a=45b=70 St dx~ 22 192) =32
+ [, \®dt, males,n=5.a=45b= [, fO0d~=2092)=
he 70-45 5 The area is about 32 square units.
1(45) = 93,717 13. j13f(x)dx,n=4,a=1,b=3

21(50) = 183,232

21(55) = 177,292 h=3=1_05
21(60) = 168,376
21(65) = 155,094 f=1 =1
1(70) = 68,375 4f(15)=4(2) =8
846,086 2f(2)=2(2) =4
o ; 4f(2.5)=4(05)= 2
j I(t)dt ~ > (846,086) = 2,115,215 f(3)=1 1
45 2 16
55 3 0.5 8
= = = f(x)dx ~ —(16) = —
10. [ 10t females, n =4, a=35,b =55 [ 100 5 16)=2
. 55;35 s )
14. f(x)= ,a=1,b=3,n=4
1(35) = 97,964 J1+x
21(40) = 194,796 ho3l s
21(45) = 193,164 s
21(50) = 190,784 Simpson’s
1(55) = 93,562 f()~ 1.4142
770,270 4f(1.5)~ 5.0596
- 5 2f(2) ~ 2.3094
j35 I(t)dt ~(770,270) =1,925,675 4 (25)~ 4.2762
f(3)= 1.0000
11. a=1,b=5h=1 14.0594
f1)=04 =04 3 2 0.5
4 (2) = 4(06)=2.4 [, S x5 (14.0504) ~ 2.343

21(3)=2(1.2)=24 For the actual value, we have

4f(4)=4(0.8)=3.2 3 2 3 _
{(5)-05 05 [, —1+de:2jl @+x) 2 dx
8.9

_op20+ 0M2] = 4(2-42 )~ 2.343
Lsf(x)dXzé(S.Q)z?,.O 2+ 02 = 4(2-42)

The area is about 3.0 square units.
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15. f(x)=v1-x*,a=0,b=1,n=4

h= =0 =0.25
4
Simpson’s
f (0) = 1.0000

41(0.25) = 3.8730
2 (0.50) = 1.7321
4£(0.75) = 2.6458
f (1) = 0.0000
9.2509

1 .
jo 1-x%dx ~ %(9.2509) ~0.771

80

j ﬂdq =r(80) - r(0) = r(80)
0 dq

[since r(0) = 0]

Using Simpson’s rule with 2 = 10 and

16.

f(0) =10 10
41(10)=4(9) = 36
2(20) = 2(8.5) = 17
41(30)=4(8) = 32
2 (40) = 2(8.5) = 17
41 (50) = 4(7.5)= 30
2f(60)=2(7) = 14
41 (70) = 4(6.5)= 26

f(80)=7 = 7
189

[ 80" 10~ 29 189) = 630
0 dqg 3

The total revenue is about $630.
17. Let fix) = distance from near to far shore at point
4
x on highway. Then area ~ .[0 f (x)dx . Using

Simpson’s rule with 2 =0.5:

583
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f(0)=05-05 =0 =
41(0.5)=4(2.3-0.3) =4(2) =
2f (1) =2(2.2-0.7) = 2(L.5)
4f(15)=4(3-1)  =4(2)
21(2)=2(2.5-05) =2(2) =
41(2.5) = 4(2.2-0.2) = 4(2)
2f(3)=2(1.5-0.5) = 2(1)
41(3.5) = 4(1.3) - 0.8) = 4(0.5)
f(4)=1-1 =0

I
&l
GO NN D DWOoO

Area ~ j: f(x)dx ~ 0—:(35) - 3—65 km?

_de
"X
leO dc q
0 dq
=¢(100) —c(0)
= (total cost of 100 units) — (fixed costs)

= total variable costs of 100 units
Using the trapezoidal rule with & = 20 and

f(q) = de to estimate the integral:

f0) = 260
2£(20) = 500
2(40) = 480
2£(60) = 400
27(80) = 480
f(100) = 250
2370
00dc . 20
9C g ~ 22 (2370) = $23, 700
Jo gq1=7 @70
b. Mr=9"
dq
[ 100 dr 4 F(100) = (0) = r(100)

0 dq
[since r(0) = 0]
= total revenue from sale of 100 units
Using the trapezoidal rule with & = 20 and

g(q) = % to estimate the integral:
q
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g(0) = 410
2g(20) = 700
29(40) = 600
2g(60) = 500
2g(80) = 540
g(100) = 250
3000
100 dr 20
jo N dg ~= (3000) = $30,000

¢. At g=100: total revenue = 30,000
total cost = (total var. costs) + (fixed costs)
= 23,700+ 2000 = 25,700

Thus maximum profit
= (total revenue) — (total costs)
= 30,000 — 25,700 = $4300.

Problems 14.9

In Problems 1-34, answers are assumed to be
expressed in square units.

1. y=4x,x=2
2 22
Area=j 4x dx =2x%| =8-0=8
0 0

104"

2. y=%x+1,x=0,x=16

2
6
Area :J'; [%x+1jdx :{3%+xj

=112-0=112
204

16

0

/

e

584
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. y=5x+2,x=1,x=4

4
Area = Il (5x + 2)dx

5x2 ) 9 87
|2 ox || =4g-2=8L
2 2

2

1
25

. y=x+5,x=2,x=4

4 X2 )
Area :~[2 (x+5)dx = ?+5X

2
=28-12=16

loy Vel

cy=x-1,x=5

5

2
Area = .[15()( -Ddx = (X?— Xj

1
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6. y=3x°, x=1,x=3 9. y=x’+2,x=-1,x=2

Area:fsxzdx:x?’f:27—1:26 2, X3
1 1 Area =J‘71(X +2)dx = ?+2X
1y

2

-1

10. y:x+x2+x3,x=1
1
2 3 A
1
Area :I (x+x? +x3)dx = X X x
0 2 3 4
1B 4, 18
12 12
34
8. y:2x2—x,x=_2,x=_1 L |
3 2\t 3
-1
Area:j (2x2—x)dx: ZL_X_
-2 3 2
__Z_(_ﬁjﬁ_?
6 6 6 11. y:X2—2X3x=_3’x=_1
' -1
16+ ,
1 e (R,
Area—JlB(X ZX)dX_(3 x]
-3
4 50
=———(-18)=—
3( ) 3
y
2-1141 5

585
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12. y=3x?—4x,x=-2,x=-1 15. y=2-x-x>,x=-3,x=0

-1 -1 0
Area = -..72 (3X2 _4X)dx - (X3 -2 )‘_2 Area = j03(2—x— X3)dx = {ZX—ﬁ—ﬁJ
=3_(-16)=13 - 2 4L
y o (12)2
4 4
404"

13. y:2—x—x2

16. y:ex,x=1,x=3

2 3 !

Area = Ez (2—x—x2)dx :(ZX—X?—X?J

-2 3 3
Area:f e¥dx =e*| =e—e
1 1
2y /
L X
ii "3
17. A=3+2x-x?
Area :Js (3+2X—X2)dx
-1
14. yzﬂ,le,x=2 3\
X :(3x+x2—?J
2
Area:j idx:4|n|x||2 =4In2)-0=41n2 -1
1x 1
_g_[_3)_32
=In 16 3 3
5-.
1 517
-
12 5 —+
5

586
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21. y=+/x+9,x=-9,x=0

1
Area = J?Q\/x +9dx = j?g (x+9)2dx

0 0

3
_2(x+9)2

3
2 ‘_9 9
=18-0=18

_ (x+9)%

22, y=x°—4x,x=2,x=6

6
Area = J.;—(x2 —4x)dx+j4 (x2 —4x)dx

4 6
3 3
X 2 X 2
=| ——+2X +| —-2X
Area=J‘1€§dX=|n|x”;=lne—ln1=1—0=l { 3 ]2 [3 ]4

{22}(5]-

204"

19. y=

,x=1,x=e

X | =

20. yzi,x:l, x =g’
X

23, y=+2x-1,x=1,x=5
5
Area :J.1 N2x-1dx

:% J.15(2x—1)%[2 dx]

2
Area :J-e 1dX = |n|x||e2
1 x 1

—Ine?-In1=2-0=2

3P
_ (2x-1)?

26
3 3

_g_1_26
3

1
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51 26. y=Xx°+4x-5 x=-5x=1

1
Area = I_S—(xz +4x-5)dx

3 1
= —[X—+ 2x° —SXJ
3

__(_§_@j
3 3
~36

2 10

-5

24, y=X3+3X2,x=—2,x=2

4
2
Area =I (x3+3x2)dx =(X—+X3J
-2 4
=12-(4)=16
25+

-2

27. y=e*+1 x=0,x=1

1
Area =j;(ex +D)dk=(e*+ )| = (e +D-1=e

y

25. y=%x,x=2

42 4
(23, (2.5 33| 3(2)°
Area—J.O\/;dX—J‘OX dX—T = 0
o ey ———
3(292 i :
:_( ):E%
4 2
28. y=|x,x=-2,x=2
y
34 2 0 2
Area :J_2|x| dx = .[_2 (—x)dx+J‘0 X dx
0 2
x? X2
| — =71 *t5
2 21, 2
=[0-(-2)]+[2-0]=4
NS
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32. y=+x-2,x=2,x=6

29. y=x+z,x=1,x=2
X

6
3
2 6 2(x—2)?
2 = —
2 Area = [ /x—2dx =222/
Area :J' (x+g)dx = X—+2In|x| Jz 3
' X 2 1 2
16 16
=(2+2In2)—%:§+2|n2:§+|n4 2?—0=?

y

2 2
5 Ji
| +—+ i + m
+ T 1 + + + ¥ 1 2 6 8
1 2 5 1

33 y=2x-x?,x=1,x=3

30. y=4+3x—x2

2 3
Area = J-fl(4+3x—x2)dx Area :.[1 (ZX—XZ)dX-‘rJ.z —(2x—x2)dx

31. y=X3,x:—2,x:4

0 4 4 0 4 4
Area :I —X3dX+J x3dx = X +X_
-2 0 4 4
-2 0
=[0-(-4)]+[64-0] =63
6ad’
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2 .
35, f(x)= 3x !f 0<x<2
16-2x if x>2

Area = j03 f(x)dx = jjsxzdx+j;(16—2x)dx

2 3
:x3‘ +(16x—x2)‘
0 2
=[8 — 0] + [39 — 28] = 19 sq units
164"

1
36. y=——
y b-a
t 1 x |
Area:I—dX:—
ap-a b-al,
t a t-—

2

1
3. a POsxsh=[xax=2 -1
08 16|, 16
" 16
41 2 1 3
b. P(2sxs4):j Sxdx=2d] =1-==2
28 6, 4 4
41 2|* 9 7
C. P(X23)=I —xdx:x_ S
38 16|, ~ 16 16

590

38.

39.

40.

ISM: Introductory Mathematical Analysis

PA<x<2) = jf%(l— x)2dx
2

RN Y __E.M

—3( 1)I1(1 X)“[-dx] = 33|
1 1

=_5(_1_0)=§

1
P(x<1)= J';%(l— X)2dx = —%(1— X

0

1 1
=—=(0-)==
g0 V=5

jg’ F(dx = | ; f(x)dx+ jf’ f (x)dx

1:1+ P(x>1)
9
8
Thus, P(x>1) =9’

PB<x<7) :.[Jédh In|x||;

:In7—ln3:InZ
3

P(x<5)= j:%dx = Inx(
=In(5)—-Ine=In(5)-1

2
P(x24):I: %dx=|n|x||22
=Ine?-In4=2-In4

2\ ¢’ 1
P(eSXSe )—L ;dx

= In|x||ez =Ine? —Ine
e

=2-1=1
rl 1" 1 1
[ Sox=—2 =—=+1=1-=
1y X}y r r
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c. lim jridx= lim [1-2] [from part (a)]
1 X2 r

r—oo r—o

=1-0=1

41. 1.89 sq units
42. 7.18 sq units

43. The x-intercept on [1, 3]is A = 2.190327947
(A (4 3 3(.4 3
Area —L —(x —2x —2)dx+IA(x —2x —Z)dx

=~ 11.41 sq units
1y

44. The x-intercepts are A = —0.3294085282 and B = 1.539613346
_(B 4\ gy ~ -
Area = J'A (1+ 3X—X )dx =~ 3.53 sq units

107

20T
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Problems 14.10

1. Area = j:(yUPPER ~ YLower )X = jfz[(XJrﬁ)—XszX

2. Area = j:( YUPPER — YLOWER ) dX = I()Z(ZX -x ) dx

3. Intersection points:

x2 —x=2x, X2 —3x=0, X(x=3)=0=>x=0orx=3

Area = j(?(yuppER — YLower ) dX +I34 (YuPPER — YLOWER )dX
= J.03|:2X—(X2 - x)} dx+I;[(x2 — x)— ZX} dx

4. Intersection points: X(x—3)2 =2X, x(x—3)2—2x:0, x[(x—3)2—2}:0, X(X2—6X+7):O:>x:0, 3+4/2

(from the quadratic formula)

32 312
Area = jo (Yupper — Yeower )X +]; 5 (Yupper — YLowER ) dX

= J's_ﬁ[x(x—B)z - 2x}dx +.[33_+\/\§[2x— x(x—B)Zde

5. The graphs of y =1-x? and y = x — 1 intersect when 1-x2=x-1, 0=x>+x-2, 0= (X-D(x+2)=>x=1or
x =-2. When x = 1, then y = 0. We use horizontal elements, where y ranges from O to 1. Solving y = x — 1 for x
: B . a2 . 2 _ _ _
gives x =y + 1, and solving y =1—x“ for x gives X“ =1-y, X==%,/1—-y . We must choose X =./1-y because
X is not negative over the given region.

Area = J-;(XRIGHT —XLgrT )y = I;[(y +1) —\/1—_)’] dy

6. The graphs of y = 2x and y = —2x — 8 intersect when 2x = —2x — 8, 4x = -8, x = -2. When x = -2, then y = 4. We
use horizontal elements, where y ranges from —4 to 4. Solving y = 2x for x gives X :% ; solving y = —2x — 8 for x

gives 2x=-y -8, X= _y2_8 .

4 4 —y-8
Area =_[_4(XR|GHT = XLerT JdY :I-J%_( y2 ﬂdy
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7. The graphs of y = x% -5 and y= 7-2x2
intersect when x%2 —5=7— 2X2, 3x2 = 12,

X2 = 4, so X= i\/z =42. We use vertical
elements.

2
Area = '[1 (YuppER — YLOWER) dX

_ LZ[U—ZXZ)—(XZ _5)]dx

8. The curves y2 =X and2y=3-x(orx=3-2y)
intersect when y2 =3-2y, y2 +2y-3=0,

O0+3)y-1)=0=>y=-3o0r 1. Weuse
horizontal elements.

1
Area = _[O(XRIGHT —XLerT) dy

= ['[3-2y) - y?1dy

In Problems 9-34, the answers are assumed to be
expressed in square units.

9. y= x2, y =2X
Region appears below.
Intersection: X = 2X, X2 —2x=0 ,X(x=2)=0,
sox=0or2.

Area = j;(Zx—xz)dx=(x2 —gj

(oo
3 3

2

0

593

10.

11.

Section 14.10

y=x,y=-x+3,y=0.Region appears below.
3

Intersection: x =—x+3,2x=3, X= E

3/2 3
Area :Jo X dx+J'3/2 (—x+3)dx

2 3

3/2 9
X +(—X—+3x]
2
0
9

y= x2 +1, x>0, x=0, y = 3. Region appears
below.
Intersection: X2 +1= 3,50 X= i\/E

Area = joﬁ[3— (x? +1)]dx = joﬁ(z— x2)dx




Chapter 14: Integration

12. y= x2 +1 , ¥ =x + 3. Region appears below.

Intersection: X2 +1= X+3, X2 _x—2= 0,
x+1Dx-2)=0,s0x=-1,2

Area = j_zl[(x +3)- (x2 +1)} dx
= j_zl(x+ 2—x2)dx

13. y=10- X2, y = 4. Region appears below.

Intersection: 10— X2 = 4, X2 = 6, so X= J_r\/g

Area =jf€[(10—x2)—4]dx

=jfé(6—x2)dx

fog

J6

594
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14. y2 =X+1, x = 1. Region appears below.
Intersection: y2 =2,y= +2

area = [0 [1-(y? -1)}“:(”‘%3]

:(m_m]_(_z@&}ﬂ
3

V2

2

3 3

51y

L
) ....X
5

s .

15. x=8+2y,x=0,y=-1, y=3. Region appears
below.

3 2 3
Area :I_l(8+2y)dy:(8y+y )

=(24+9)—(-8+1)=40

104"

i

1

16. y=x-6, y2 = X . Region appears below.
Intersection: y2 =Yy +6, y2 -y-6=0,
+2)(y-3)=0,s0y=-2,3.

Area = [° [ (v+6)- (%) by

= g+18—9j—[2—12+§j:%
2 3 6
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19. y2 =4X, y=2x — 4. Region appears below.
Intersection: y2 = 4(%+ 2), y2 -2y-8=0,

+2)(y-4)=0,s0y=—-2or4.

2

410y y
Area = ~+2|-—|d
I—ZKf J 4} d

17. y=4- x? , ¥y =-3x. Region appears below.
Intersection: —3X =4— X2, X2 —3x—4=0 R
(x+ 1)(x-4)=0,s0x=-1or4.

Area Jfl[(él —x? ) - (—3X)} dx

20. y:x3, y=x+6,x=0
Region appears below.

Intersection: X° = X+ 6, X2 —X—6= 0,
(Xx=2)(x* +2x+3)=0= x=2
x>=0=x=0
_(? 3
18. x= y2 +2, X=06. Region appears below. Area = jo [(x+6) = x"Jdx
2
Intersection: y2 +2 =06, y2 =4,y==%2 (XZ 4 ]

Area = '[_22[6_(),2 +2)]dy = .[_22(4_ yz)dy

—+6X——
2 4
2
3
= 4y_y_
3

-2

=(2+12-4)-(0)=10

y
TSI w
3 3 3

2
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21. 2y =4x- G , 2y = x — 4. Region appears below.
Intersection: X—4 =4x— X2 s X2 -3x-4=0,
(x+ 1)(x—4)=0, sox=-1 or 4. Note that the
4x—x

2

2

y-values of the curves are given by y =

22, y= Jx, y= x2. Region appears below.

Intersection: X2 = X, x4 = X, x*—x=0 s

x(x3-1)=0,s0x=0, 1.
(¥ -1)=0.s01=0.

596
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23, y2=3x 3x-2y=15 (orx:#). Region

appears below.

Intersection: y2 = S(Zy;wj,

y2—2y-15=0, (y+3)(y—5)=0,s0y=-3 or
.

2
Area = Ji{[% y+ 5) - y?} dy

L 3 5
2 y
= =y24+5y_2L_
[sy y ]

-3
:(§+25-@j-(3-15+3)
3 9
5%

24, y=2- X2 , ¥y =x. Region appears below.

Intersection: X = 2 — X? , X2 +x-2=0 s

(Xx+2)(x-)=0=x=-2 or 1.

3 2 3 2
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25. y=8—x2, y:x2

below.

,x=-1,x=1. Region appears

Intersection: X° = 8—X2, 2x% = 8, X2 = 4. s0

x==2.

Area = El[(8— X2 ) - xz}dx = J.fl(B— 2x2)dx

28\ 2 2\ 44
—ax- X =(8——j—(—8+—)=—
3 3 3) 3

-1

8

y
TN

26. y2 =6-X, 3y =x+ 12. Region appears below.
y? =6-(3y-12), y? +3y-18=0,
y+6)y—3)=0,s0y=-6,3
Area = [ [(6-y) - (By-12)ldy

3
= |7 @8-y? -3y)dy

3
3 2
:[my_y__ﬁJ
3 2

= (54—9—2—27j—(—108+72—54)

—6

2
2

10--y/
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27.

28.

Section 14.10

y = x? ,¥y=2,y=25.Region appears below.
Area
3
2
Lo ol -2
21

3P
2

4.55 4.2J2 4
=T :5(5\@—2«5)

4y
3

:

1y

y:X3+X, y=0 (x-axis),x=-1,x=2

Region appears below.

Area = Ji)l—(x?’ + x)dx +L)2 (x3 + x)dx
x* X2 ’ x*t %2 ’

=l -——-—| +|—+—
SRR
=[O—(—%—%ﬂ+[(4+2)—0]
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29, y= X3 -1, y=x — 1. Region appears below. Intersection: x3-1= x-1, X3 —x= 0, X(X2 —1) =0,

x(x+1)(x-1)=0,s0x=0o0rx==1.

Area :jf’l[x3 —1—(x—1)]dx+j;[x—1—(x3—1)]dx

Lo o
(5] 55,
Ll G2l

30. y= x3, y= \/; Region appears below. Intersection: X3 = \/;, x8 = X, X8 —x=0 , X(x5 —1) =0,x=0,1

3 1
Area :'[;(\/;—X3)dxz 2x2 _ﬁ

3 4
:(Z_lj_o:i
3 4) 12

y

0

3..

1, n

3

~17-4x 1

31. 4x+4y+17=0,y= 1 . Region appears below. Intersection: 2 =, S17x—4x% =4, 4x2 +17x+4=0,
X X

(Ax+ 1)(x+4)=0,s0 Xz—% or 4.
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2

_1/4 17—
Area = 1 (A= dx = In|x|+£x+x—
-4 X 4 4 2

:[Inl—£+ij—(ln4—l7+8) :%—an

-1/4

-4

32. y2 =—X-2, x-y=5,y=-1,y=1
Region appears below.
Intersection: y2 =—X—2 intersects y = £1 when x = —-3; x — y = 5 intersects y = 1 when x = 6;

x—y=>5intersects y=—1 when x =4
1

Area= [ [y +5)- (-2 - 2dy = [ (y+ 7+ y2)dy =| L 7y+ L
rea = [ [(y+8)-(-y* ~2)]dy = [* (y+7+y")dy =| Z-+7y+-

= l+7+1 — 3_7_1 :ﬂ
2 3 2 3 3

y

-1

5

33. y=x-1,y=5-2x. Region appears below.
Intersection: x —1=5—-2x,3x=6,s0x=2.

Area =j02 [(5—2%) — (x—1)]dx +j24[(x—1)—(5—2x)]dx =j02(6—3x)dx+j:(3x—6)dx

(6-3%)? ? , (3x=6)? I

5 8

= —%jOZ(G—SX)[—S dx]+%j24(3x—6)[3 dx] =

=[0-6]+[6-0]=6+6=12
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34, y= X2 —4x+ 4,y=10- X2 Region appears below.
Intersection: X2—4X+4:10—X2, 2X2—4X—6=0, X2—2X—3=0,(x—3)(x+ 1H=0,s0x=3,-1.

Area = j;[(lo—xz)—(xz —4x+4)}dx +I;[(x2 —4x+4)—(10—x2 )}dx
:J.;(6+4x—2x2)dx+J.:(2x2 —4x—6)dx = 2“:(3+2x—x2)dx+j34(x2 —2x—3)dx}

3 3 4
; +{%—x2—3x] :2{[9—2—:}+[—2—;—(—9)}}:2{4}:8
2 3

3
=27| 3x+x° —X—J

1
(1442 1
Area between curve and diag. Io[x (15 X X)J dx

15
3s. _ -
Area under diagonal J~1X dx
0
1
2 3
114 14 , 14 (1 ) 14( X% x 14[(1 1 141 7
Numerator = | | —X——X" |[dX=—=] (X=X |dX =—| ——— | ==—||=—=|-0|=—===—
j0[15 15 } 15 0( ) 15(2 3}0 15[(2 3} } 15 6 45
1 x21
Denominator :.[ Xdx=—| ==
0 2
0
= 14
Coefficient of inequality =42 ===
1 45

1
(11,2, 1
Area between curve and diag. jo[x (12 T X)] dx

i 1
Area under diagonal jo x dx

1
2 3
1
Numerator :Ej (X—Xz)dXZE X__X_ :E (l_lj_o :E.l:g
1270 12( 2 301223 12 6 72

36.

Denominator :% (see Problem 35).

71
Coefficient of inequality = % ===
5 36
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37. y2 =3X, y=mx
Intersection: (mx)2 = 3x, m?x? =3x
m?x% —3x = 0, x(m2x—3) =0, x=0o0r

wo S
m2
. 3 3
Ifx=0,theny=0;if Xx=—, then y=—.
m? m
With horizontal elements,

m

3

2 2 3

Area = 8/m y_y dy = y ¥
0 (m 3 2m 9 0

9 3.3 square units
om® m® 2md
Note: With vertical elements,

Area = j;lmz (\/§\/§ - mx) dx.

38. a. y=X2—1,y=2x+2
Intersection: X% —1=2X+2 s

X2 —2x—3=0, (x=3)(x+ 1), sox=3 and
—1. The area is

ji[Zx +2 —(x2 —1)}dx

= J‘i(—xz +2X+ 3)dx

3
= [—X—Jr X +3xj
3

3

Section 14.10

1
b. The area below is I 1(1— X2 )dX = % . Thus

the area above is g —i = @ . Hence the
3 3 3

percentage above the x-axis is
28

w

E-lOO =87.5%

3

39, y= x2 and y = k intersect when

X% = k, x =+Jk . Equating areas gives
J.\/R (k—xz)dx:%J_zz(4—x2)dx

K

40. 0.23 sq units
41. 4.76 sq units

42. Two integrals are involved.
Answer: 36.65 sq units

43. Two integrals are involved.
Answer: 7.26 sq units

44. Three integrals are involved.
Answer: 358.18 sq units



Chapter 14: Integration

Problems 14.11

1.

S:p=6+1.2q
Equilibrium pt. = (qo, po) = (8, 15.6)

Cs= [ °[ () po]da

=j§[(22—0.8q)—15.6] =j8 (6.4—0.8q)dq

D:p= 22—0.8q}

= (6.49-04g )‘ —(51.2—25.6)—0=25.6

PS=[,°[Po—9(@)]dg
- jf [15.6- (6+1.2q)]dq = [, % (9.6-1.29)dg

(96q 0.6q )‘ ~(76.8-38.4)—0=38.4

D: p = 2200 g?
S: p=400+ q2
Equilibrium point = (qg, pg) = (30, 1300)

Cs= jjo[(zzoo —q%)-1300]

330

= [*°(900-¢*)dq = [QOOq—%J

= (27,000-9000) -0 =18,000

0

PS = jj°[1300—(400+q2)]dq
=, (600-4%)da
30
3
q
—[900g-%L
0

= (27,000 —9000) -0
=18,000

- D: p_q+5
S:p= —+45

Equilibrium pt. = (qo, po) =(5,5)
Cs= [ °[ () po]da

(] {__5}1(1 (50Inq+5|-50)],

=[50 In(10) — 25] - [50 In(5)]
= 50[In(10) — In(5)] = 25 = 50 In(2) — 25

TCS

ISM: Introductory Mathematical Analysis

PS= [ *[po-9(@)]dg

e s -
[on-)

. D:p=400-¢?
S: p=20gq+100

Equilibrium pt. (qo, po) = (10, 300)
Ccs= j;o[(mo- qz)—SOOqu
-

3
q
~|1009-L

PS = j;o [300— (20q +100)]dq

5
=(25-1.25)-0=1.25

0

10

1000 -——|-0=——
3

( 1000) 2000
3

0

- jlo (200 20q)dg

(200q 10q )‘ — (2000—-1000) — 0 = 1000

. D:gq=100(10-2p)
S:q=502p-1)

Equilibrium pt. =(dg, pg)= (300, 3.5)

We use horizontal strips and integrate with
respect to p.

s = [° 1000102 p)dp =100(L0p— p?)°
= 51000~ 2p)dp =10000p - p*)|

=100[(50 — 25) — (35-12.25)]
=225

35 35
PS= [} 50(2p~1)dp =50(p* - )

= 50[(12.25—3.5) — (0.25—0.5)]
= 450
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6. D:q=.100-p PS = 300[10_(i+5ﬂdq

S:q=5-10 0 60

oy . 2 300
Equilibrium pt. =(dg, po)= (8, 36) _|sq 9% _ (1500~ 750)— 0 = 750
Integrating with respect to p, 120 0
CS= 100\/100 —pdp For CS we integrate with respect to p. From the

36 100 demand equation, =0= p=20.

2 3 20
=—-—(100- p)? 20 3

3 - —p?)dp= -

36 cs=J (400 P )dp 400p—
_0_(_3.512)_% 10
3 3 = (8000 - @j - (4000 - @j = 1666%

PS— 36[3—10}@

% 9. Atequilibrium,

20| 7
2 11-q _ »Qq+1 —d= _
=(p——10p] _ (324-360) — (100 — 200) 277 =2""=1l-a=q+1=0=5,50

4 " p= 215 _g4

=64 . .
100;'O Cszjs(zll—q —64)dq:[_2 _64qj

In2
11
:—E—SZO— —2——0
In2 In2

= 2542.307 hundred = $254,000

0

207

10. a. (10 + 10)(30 +20) = 1000, (20)(50) = 1000,
1000 = 1000

7. We integrate with respect to p. From the demand 30-4(10)+10=0,30-40+10=0,0=0

equation, when g = 0, then p = 100.

1000
_(loo b. (p+ 10)(¢g +20)=1000, p+10= ,
CS= j84 10,/100 - pdp q+20
100 1 1000
= [ -10(100 - p)?[-d =—_-10
gs ~10(100-p)?[~dp] P=4+20
100
20 3 30
=——(100~ p)? CS=.[ 1000 14110 do
3 84 0 [\ g+20
3 30
_ _?{0 ey } _ _2_30(_64) = [1000In(q + 20) - 20g]
=10001In(50) — 600 — [1000In(20)]
_ 4262 ~ $426.67 —10001n (@j 600
3 20
5
_ 400 p? =1000In (—j-eoo
8. Atequilibrium, p :T+5, 2
60p = 400— p? +300, p?+60p—-700=0, 11. CS = 1197; PS = 477

(p+70)(p-10)=0= p=10 and
q=400-10% =300, so equilibrium pt. is
(qO, po) = (300, 10) .
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12. Letp =f(q).
40
PS=[ 80~ f(a)]dg
40 40
=, 80da—[ " f(a)da
- 3200—](:0 f(q)dg

Use the trapezoid rule with 4 = 10 to estimate

[ f(@)da:
f0) = 25 = 25
2f(10) = 2(49) = 98
2f(20) = 2(59) = 118
2f(30) = 2(7) = 142
f(40) = 80 = 80
463

40
jo f(q)dq ~ %(463) =2315
Thus PS = 3200 — 2315 = $885.
Chapter 14 Review Problems

1. I(x3+2x—7)dx:§+2-§—7x+c

4
=X i x2_7x+cC
4

2. Idx=jldx=l~x+C=x+C

3. j( x+2x)dx J.(x/ix;Jerjdx

for
0

(\/— 2(2v2) +64j

_64 ., 256
) 3
4. jS_Sde_ (——Jj—[ ~3 dx]
:——In|5—3x|+C
3
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i

j(x+5)3 dx = 6j(x+5)’3dx

_ 6(x+ 5)’2
-2
=-3(x+5)2+C

+C

9
9 301, _ (y-6)*%
. —6 d =
[ (y->"dy 30

302 (L3302
T302 302

=)

6x2-12 . 1 2
J‘x?’—6x+ldx_2J. x3—6x+l[(sx G)dXJ

:2In‘x3—6x+1‘+C

>

8. I()zxeA_xzdx:—% joze“—xz[-zx dx]
2
:_le4x
2 0
Y PR AVE YOV
= 2(e e)—z(e 1)
1 1 1
9, J‘O\3/3t+8dtzéj‘o(3t+8)3[3 dt]
Al
1 (3t+8)°
SEN s
3 4 .
aft 3
_@eg)s) 181,
4 4

b

10. J‘4_72de=.|.(§—§xjdx_ :x—%x2+c

11. Iy(y+1)2dy :J‘(y3 +2y% + y)dy

4 3 2
:y_+2L+y_+C

4 3 2

1
1
12. j 010‘8 dx=108x =108-0=10"8

0
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13.

1%

14.

15.

wn

16.

17.

18.

19.

j\[_\[d (t1/5 tllaJdt

\/,E t1/2 tl/2
/ / t7/10 t5/6
= [0 -yt =" —+C
7 5
10 6
_ 10,7110 8508
7 5
j(05x 0"
11 (05x-01)*[05 dx]
T 04 05
_ 5
_ L OS50 o 0sx-01+C
0.2 5
2
3 3
A 3[6t dt]
1342t 31342t
“Linarad
3 ( )1

1 57
=2 n(s7) - In(5)]——|n( : j

2_
j4x de:J.(4x—1)dx:2x2—x+C
X

sz 3x% + 2dx = 5 j(3x + 2)% [gxzde

(3x3 + 2)%
L &

2

+C :2—27(3x3+2)2+c

|

j(8x3 +4x)(x4 + x2)5’2dx
=2[ (x* +x%)°"2[(4x° + 2x)lx]

4 2N\7/2
AL o L 2

2
I(ezy —e‘zy)dy
:%jeZV[z dy]—(—%)je_zy[—Z dy]

R =1(e2y +e‘2y)+C
2 2

7/2+C
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20. js—xdx :§(—1jj(7—2x2 )_% [—4x dx]

3\3/7—2x2 3\ 4
:_2.3(7_22)() +C —(7—2x2)%+C

21. J‘(—+—de:J'%dx+2.[x‘2dx
-1
:In|x|+2~X—+C
1

:In|x|—E+C
X
3X
2 2
2. | 3 X x=| [3¢3* dx]
014¢% 01+e
2
:In(1+e3x)0
=In(l+e%)—In+1)
(l+e6
=In
2
1
5 2
! 4 _ _10l Y__Y"
23. j_zlo(y y+1)dy_1o : 2+y]
-2
_10(1—1 ) 10(_%_2 2) 111
5 2 5
70
24. [ dx=x =70-7-63
7 7

2 2
25. Il 5x 5—x2dx:—%f1 G- x*)2[-2xdx]

2
N il I P2
2 3 3

2 1

1

2(13/2_43/2):_ 35

5 -
349=3
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26. j;(2x+1)(x2+x)4dx j;(x +x) [(2x+1) dx] = (— =£ _o0=2%

2 2 % 1
27. j; oy L - | dx ZZI;X dX—_[;(XJrl)_?[dx] _ z.L_@ =[X2—3(x+1)3}
(x+1)3 2

R 0
=[1-3%2]-[0-3]=4-3%2
1 3 27
28. 1273(@—2x+1)dx:3j.27( X2 — 2x+1)dx 3[\@ Exz_xzﬂj
3 3 3 ,
3 3
=3[(J§-§(3J§) —7294—27}—(J§~§(J§)-—9+3j}=3(—540)=—1620
1 1
- 2 _3 2 1
”-jJi3m=fzf—%'m=I@Z—a*)m—LT—S——+C——22+m o3 2
t 2t 1T A

30. j—dz— j(z +z+1+—1de
3 .2
=3(Z—+Z—+z+ln|z—]j]+c
3 2

0

2 2

0 - 0

31. I X+—4X1dx:j x+2-— |dx = X—+2x—5|n|x+2|
-1 x+2 -1 X+ 2 2

-1

3
=(-5In2)- (5—2 szE—SInZ

dx

x2+42
32. j( " ) d -

= J.(x2 +8+16x’2)dx

Ix4+8x2+16
2

3 -1 3
:X—+8x+16X—+C =X—+8x—E+C
3 -1 3 X

33. jQﬁ\/de 9. J‘(x2+1j{ x2dx}

3 )2

(XZ +1j . 3

=6-~—75+C :4(x2 +1J +C
2
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\/—x2
34. IJ_ \/_j g dx
J.J—XZ Ix_fdx
AR 2
:i e\/g)(% +C
V15
2 [5x
=——e""" +C
V15
Inx e
35. jee 5 dx:je%dx=.[eldx=ln|x|
1y 1y 1y X
=lne—-In1l
=1-0=

36. | 6x°+4 o [ o 12 [—(3x2 + 2)dx}

X7 +2X
3
- 2 _
=-2e (X+X)+C: 32 +C
ex +2X
@+e?)® 1 2X7\3102X
37. je_de_Ej(ue )3[2e%¥dx]
2X\3
:%+C
3
38. I—zdx

= —I(G +e X )72 [—Se‘?’xde

(6+e’3x)_ 1
-+ 7 .c-= =+C
-1 6+e X
3x
. | 3\/103X dx =3[e? 10,
37)(
_s. In10|:3|n10dx}
3In10 2
__2 50 C:ilo%x e
In10 In10
2410
"~ In10

Chapter 14 Review

40 J-5x +15x2 +37x+3d
X2 +3x+7

5x3 +15x2 +35x 2X+3
=I > + dx
XS +3X+7

X2 +3x+7

—ISde+I2—[(2x+3)dx]
+3x+7
2

:5%+In‘x2+3x+7‘+c
41. y:I(eZX+3)dx:J.e2de+J.3dx
_1 2X
_Eje [2dx]+j3dx
Lo iaic
2
11
y(0)=-= 1mphes that _E:E+O+C , SO

C=-1.Thus y :%ezx +3x-1

42. IXLSd —I(1+§)dx:x+5In|x|+C

y(1)=3 implies3=1+0+ C, so C=2. Thus
y =x+5In|x|+2

In Problems 43-58, answers are assumed to be
expressed in square units.

43. y= x2-1,x= 2,y = 0. Region appears below.
2(.2
Area _.[1 (X —1)dx

R
-

g1

607
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44. y=4e*,x=0, x=3. Region appears below.

3 3
Area = jo 4e*dx = 4e* .= 4% 1)

45. y=+/Xx+4,x=0.Region appears below.

0 0

3
_20x+42| 16 16

3 ‘_3 "3
2 ‘_4 -4

3
(x+4)2
3

Area = _[?4 VX +4dx = J.i (x+ 4)%[dx] =

46. y=X2—X—6, x =—4, x = 3. Region appears below.
Area= [ 202 —x—6)dxcs [*—(x2 —x— 6= - X 3
rea—L‘r(x —X—6) x+J‘72—(x —Xx—6)dx= -y

R
Ao o)

y

-2

10

608
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47. y=5x- x2. Region appears below.

3 55 2) gy = 5x% X3 °
Area—jo( X—X ) X = T—? )

~ [125 125}_0 125

2 3
y

6
10+

48. y= Yx,x=1,x=16. Region appears below.
5 (16

1 4
Area = jllﬁil/;dx = j116x4dx = 4%

1

_128 4_124
5 5 5

1 .
49. y=—+2, x=1,x=4. Region appears below.
X

Area = _[14[§+ 2) dx = (In x|+ 2x)|f

—[In(4)+8]-[0+2] = 6+In4

Chapter 14 Review

50. y= X —1, x =-1. Region appears below.
1
1 3 X
Area = Jll—(x —1) dx = _[T_ Xj

A

31

51. y2 =4x,x=0,y=2. Region appears below.

52. y= 3x° —5,x=0, y=4. Region appears below.
3x? —5=14,3x% =9, x> =3, s0 X =+/3.

Area = If [4- (3x2 —5)]dx
- ff[9—3x2]dx — (9% - x%‘f
:(9\@—3\/5)—0 =643




Chapter 14: Integration

53. y=X2+4X—5,y=O. Region appears below.
X2 +4x-5=0, (x+5)(x—1)=0,s0x=-5, 1.
1 2
Area _-[—5_()( +4X—5)dX

3 1
= —{X—-i- 2x°2 —5X}
3
-5

:—(1+2—5j+(—%+50+25j=36
3 3

54. y= 2x2, y= x2+9. Region appears below.

2x2:x2+9, X2=9,sox:i3

Area = J':[(xz +9)—(2x2 )} dx

:J‘i(g—xz)dx:[gx—x—jr

=27-9)-(27+9)=36

-3

55. y= X2 =X, y=10- a Region appears below.

X2 —x=10-x%, 2x?> —=x-10=0,

x+2)2x-5)=0,s0x=-2or g

610
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Area = jfz’z[(lo— x2)— (x2 = x)]dx

5/2
= J._z 10+ x—2x?)dx
5/2

2 3
= 10x+X——2i
2 3 )

= 25+§—% - —20+2+E
12 3

8

56. y= X, x=0, y = 3. Region appears below.
«/; =3,s0x=09.

9
3
9 2X2
Area:J.O(B—x/;)dX: 3X— 3
0
=(27-18)-0=9
1)
3.

57. y=Inx,x=0,y=0,y= 1. Region appears
below.

y=Inx=x=¢

1
=e-1

1
Area = J.Oeydy =eY
0

S
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58. y=2-x,y=x-3,y=0,y=2. Region appears 33 1000 B 1,33 -1
below. ) 62. jlo mdq = 1ooo-§j10 (3q+70) 2[3dq]
Area = [ [(y+3)~ (2~ y)ldy 3

02 , 1000 (3q+70)2
_ — (2 “Ta T 1
= [y @y+Ddy =y +y)| N
= (4+2)-0=6 33
\3) / 20300 [3a+70
10
2000

== [13-10] =$2000

100 100
0.008e 0008t ¢ — —j 2098 [_0.008 dt]

63I .

100

_ _e—0.00St‘
0

7 98 11~0.5507

59. r= j[loo—gx/ﬁj dg = [100dq —%ﬁl a*dq
3

2 3 5
=100q —ﬁﬁ-q?+ C =100q-+/292 +C _ 4000 o.05t|" _ 4000
23 005 |, 005
When g =0, then r=0. Thus0=0-0+ C, so

3
C=0. Hence r =100q—+~/22 . Since r = pq,

5 5
64. j 4000e%%5t dt = 4000~ j e%95t[0.05 dt]
0 0.0570

[e°-25 —1} ~$22,722

65. y=9-2x,y=ux; from x =0 to x = 4. Region
appears below. Intersection: x =9 — 2x, 3x =9, so
x=3.

1
then p=-=100-+2q? =100—./2q . Thus ; .
q Area :jo [(9-2x)-x]o|x+j3 [x—(9 - 2x)[dx

p=100-4/2q . ; .
= jo (9-3x)dx + j3 (3x—9)dx
3
60. ¢= I(q +7q+6)dq—q i q +eq+C 9x_3i 3 3L_Qx 4
When g = 0, then ¢ = 2500. Thus 2 0 2 3
2500=0+0+0+ C, so C =2500. Hence ”7
3
C=q?+%q2+6q+2500.Whenq=6,then {(27‘7} } {(24 36) - [7—27ﬂ
c=$2734. = 15 square units

25 2
61. jls (250-q-0.29%)dq

25
2 3
_ {ZSOq ~q° 02q J

2 3

15
3125)

(3750-112.5 - 225)

(6250 312.5-
~ $1483.33
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66. y=2X2, y=2—5x; from x = -1 to X:%_

Region appears below.
2x% = 2-5x, 2x% +5x-2=0,
_ 5+4/41
4

(from the quadratic formula),

x~—-2.85or 0.35.
1/3
Area = j_l [(2-5x) - 2x°Jdx

1/3
(2 _5L_2LJ
2 3
-1

(2 5 2)( 5 2]
S S I I
3 18 81 23

340 .
=—— square units
81

67. D:p=0.019°-1.1qg+30
S:p=0.01g°+8
Equilibrium pt. =(dg, pg)= (20, 12)

Cs=[ [ () po]da
- jozo[(o.omz “1.1q +30)—12]dq

_ jozo(o.qu ~1.19-+18)dg
L 12q 18qJ

_ (@- 220+360j 0-1662
3 3

20

B 0.01q
3

0

= [ [po - g(@)]dg = jozo[lz—(o.omz +8)} dq
20

(4 0.01q )dq :[4q—

Js
( 0—-) 0=-532

3

0.01¢°
3

0

612
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68. D: p=(q—5)2
S: p:q2+q+3
Equilibrium pt. =(dg, Po)=(2, 9)

3
cszjoz[(q—az ~9]dg :{@—m}
0

=(ﬂ_1gj (_H—S—Oj 3,514E thousand
3 3 3

= $14,667

2

\d
69. j;o . qq_—(u+v)j dt

In

~11%n n
=—(u+wvt
% ( )|0

Injan 4 ~Injgo — = ~(u-+¥)n
In|go — |- In|g, —d| = (U+Vv)n

qo q‘ (u+v)n
Qn—q
nzimqo—_?
u+v |g,—q

as was to be shown.

(Pl—Pz)(RZ—rz)
4zl

dr

70. Q= jOR 27zrv dr = an r-

EAZR) (R, (g2 p2)ar

27l
_™R-R) PZ)J' (Rzr—r3)dr
27l
R
_m(R-P)

R2r2 _ﬁ
2l 2 4

M(R_R_M
27l i 2 4
_n(R-P) R“]: wR* (R-Py)

27l 4

As was to be shown.
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71. Casel.r # -1

(x) _lj-llxkurdu _Il/xurdu_ ur+1 1/x
0=1h ~h T+l
NN

_r+1(x 1)

_ 1
0'00=—" [(r+1>xr ?]--—=
Case 2. r=—1

_ 1Ux1
g(x)=— j udu —j "2 du
In|u||1lx n(éj—O:—lnx
, 1 1
000=3 =

72. Two integrals are needed.
Answer: 101.75 sq units

73. Two integrals are involved.
Answer: 15.08 sq units

74. Two integrals are needed.
Answer: 32.75

75. CS = 1148; PS = 251
Mathematical Snapshot Chapter 14

1 a j; f (bt :I§(100—2t)dt :(100t—t2)z

= (500 — 25) — 0 = 475

25 (25 3 2,25
b. [ f()dt= [ (100-2t)dt = (100t t )‘20

= (2500 — 625) — (2000 — 400) = 275

R
2. a. Total revenue = IO (m+st) f (t)dt
80
= jo (50+0.2t) - (40— 0.5t)dt

=I§°(2ooo-17t—o.1t2)dt

_[ 2000tz L
2 30

80

0

51,200

=160,000—- 54,400 - ~ $88,533.33

613

Mathematical Snapshot Chapter 14

b. Total number of units sold

= [ f (0t = [° (40-0.5t)ct

2 80
- (40t —0.25t )‘ = 3200-1600 =1600

0

c. Average delivered price
total revenue

- total number of units sold
88,533.33
1600

~ $55.33

3. a. Total revenue

= [ (m-+st)f (Ddt = [} (100-+1)(900 -2t

- j03°(90,000+900t 100t —t3)dt

30
= 90,000t + 450t> 1003 144
ER 0
= 2,700,000 + 405,000 — 900,000 — 202,500

= $2,002,500

b. Total number of units sold

= [ f(odt = [ (9001 )

30
= (QOOI —1t3J
3

c. Average delivered price
total revenue

- total number of units sold
2,002,500
18,000

=27,000-9000 =18,000

0

=$111.25

4. Answers may vary.



Chapter 15

Principles in Practice 15.1

1. S(t)= j—4te°-1tdt
Let u = —4¢ and dv = et , 80 du = —4 dt, and

v=[ePdt = L 01t _g0e01t,

[-ate®tdt = (~4t) (10e°-1t )— j(lOeO-lt ) (~4)dt

= —40te” ™ + [ 40" dit

0.1t
— _40te®1 4 40‘*0—1 +C

= —40te® ! + 400%™ 1 C
S(t) = —40te®t +400e%™ +C and S(0) = 5000

5000 = 0+ 400e° + C
C = 4600

S(t) = —40te®* +400e°Y + 4600
P(t) = jo.lt(lnt)zdt

Letu= (Int)2 and dv = 0.1¢ dt, so
du = 2(In t)@ dt = gdt and

2
V= jo.lt dt =015 = 0.05t2
2

jo.lt(lnt)zdt

_ 2 2 2\( 2Int
—0.05t2(Int) j(o.o5t )(—t jdt
=0.05(tInt)? —jo.lt Int dt

For jo.1t|nt dt,letu=1Inrand dv = 0.1z dr, so

du = %dt and v = 0.05t2.

[o.1tint dt = 0.05t2 Int—j(o.OStZ)GJ dt

- 0.05t2 |nt—jo.05t dt

2
— 0.05t2 Int—0.05%+C

=0.05t2 Int—0.025t% + C

614

Thus,
P(t) = 0.05(t Int)2 —(o.o5t2 Int—0.025t2)+C

=0.05(t Int)? —0.05t2 Int +0.025t> + C

Problems 15.1

1. I f(x)dx:uv—_[v du

2 32 3
=X-—(X+5)2 — [ =(x+5)2dx
S (x+8)2 = [Z(x+5)

2 $ 22 5
=—X(X+5)2 ——-—(x+5)2 +C

3 X(x#9)2 — o (X+5)

2 3 4 5
=—X(X+5)2 ——(x+5)2 +C

5 X(x+5)7 = (x+5)

2. I xe3*+gx

If u=xand dv=e3*dx, then du = dx and

1
— g3l
3

J‘ eIy = X g3x+l _ J‘le3x+1dx
3 3

Vv

X 3x41 1 1 3x
_Ee ——~—.fe [3 dx]

X 1
_ _83x+l __e3x+1 +C
3 9

= %e3x+1(3x—1) +C

3. j xe Xdx

Letting u =x, dv= e Xdx , then du = dx,
v=—e%,

Ixe‘xdx =—xe X —f—e‘xdx

=-—xe ¥ - je‘x[—dx] =—xe *-e*+C

=—e*(x+1)+C
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4. Ixe‘5x dx 3. I(Ltj dt
e

Lettingu=x, dv= g X dx, then du = dx,

Letting u =¢, dv=e"'dt, then du = dr, v=—e

1 _s5x
v=—"e".
5 I (Ltj dt = —te™ —J—e_tdt
jxe_‘r’x dx = ——Xe_sx —j—le‘sx dx °
- g 5 =—tet-et+C=—et(t+1)+C
~ Xe—5x e—5x c
TS 9. [3x/2x+3dx
_ e (x+1J+c Letting u = 3x, dv =/2x+3dx, then du = 3dx,
5 5
v:%(2x+3)3/2.
3
5. jy Iny dy ISX\/2x+3dx
Lettingu=1Iny, dv= y3dy , then du = (lj dy, = 3xé(2x+3)3/2 —J%(Zx+3)3/2 -3dx
y
1
V:y_4 :x(2x+3)3/2—g(2x+3)5/2+C
4 1 3/2
==(2x+3 5x—(2x+3)]+C
;) d—y4|ny-y—41d 5( )™ “[5x—( )]
[Yiinydy="—"2-[ | ~dy 1 -
y ==(2x+3)7"“(3x-3)+C
ytiny y® o ytiny y* 5
:T_ITdy:T_EJFC :g(2x+3)3/2(x—1)+c
4
_y [,n( 1}
==—/In(y)-—|+C
4 4 10. [—22X_ax
V1+4x
2 _1
6. [x*Inx dx Letting u = 12x, dv = (L+4x) 2dx,
Lettingu=1Inx, dv= x2dx , then du :%dx , then du = 12dx, v :%(1+ 4x)%
3 1
X 2
v:? J- 12x dx:12x~\/1+4x—j(1+4x) 12dx
T ax 2 2
2 Cinx x3(1 3
jx Inx dx = 3 —J‘?[;dxj =6xv1+4x —(1+4x)2 +C
3 3 3 =+/4x-1[6x—-(1+4x)]+C
x“Inx X X 1
= -——+C=—|In(x)-=|+C =(2x-1)V4x+1+C
3 9 3 3
7. jln(4x) dx

Letting u = In(4x), dv = dx, then du = (lj dx ,
X
Vv =2X.
1
j In(4x)dx = xIn(4x) — j x[—dx)
X
= xIn(4x)—J.dx =xIn(4x)-x+C
=x[In(4x)- 1]+ C

615
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1. [—=——dx
j 5x+2)3

Letting u = x, dv=(5x+ 3)_3 dx, then du = dx

and v = —i(5x+3)‘2.
10

Jooa

(5x+2)

= j——(5x+3) dx
10(5x+3)
:-%.FL.M_FC
10(5x+3)c 10  5(-1)
=— X 5 ! +C
10(5x+3)* 50(5x+3)

In(x+1) 1 1
12. -[2(x+1) dx = zj‘ln(x+1)[x+1dx}

(Form: J.u "du)

Iln(x+l) OIX:|n(><+1)2 C
2(x+1) 4
13. j'“—xd

X

. _ 1
Letting u =1In x, dv =X 2dx , then du=—dx,
X

1

V=—X ".
jln—xd = Inx—j—x‘l(idxj
X X X
:_In_X.I_J.X_ZdX:_In_X_E_i_C
X X X

=—1(1+In X)+C
X

616
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4. | 3X+5 oy
er

Lettingu =3x+5, dv= e_zxdx, then du = 3dx

and V:—le_zx.
2
J-3X+5dX:_3X+5_I_le,2X_3dx
er 2€2X 2
_3x+5 3 o
- 2e2X .[ dx
_ 3x+5+3 1e_2x +C
et 2| 2

= ——2[2(3X+5)+3]+C
4e*

= —L(6x+13)+C
4%

2
15. Il 4xe®*dx

Letting u = 4x, dv =e?*dx, then du = 4dx,
1
v=—e*

2 2
I 4xe®*dx = [erzx —'[Zezxdx}‘
1 1
2
_ [ZXEZX _EZX]
1

= e4(3) —e? o= e? (Be2 —1)

2
= e2)‘(2x—1)‘1

2
16. L 2xe ¥ dx

Letting u = 2x, dv = g =3X dx, then du =2 dx and

1 _
v=——eg ¥,

3
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17.

18.

1 —X2 _ 1 1 —X2 . u
joxe dX__Ejoe (-2x dx) (Form: Je du)

et

J‘ 3X3 dx
\4- X2
1

Letting u=3x%, dv = x(4— x? )_2 dx , then
du = 6x dx,

—(4—x2)i.
e

o {a-r)

[

l\:\»—\
N[

)
—ae(4-2) -2(4-x) 4

=—ﬂ[3x2 +2(4—x2)}+C
—(x2 +8)W+C

(6x dx)

617

19.

20.

Section 15.1

23X
Ilmd

_1
Letting u = 3x, dv=(4-X) 2dx, then du = 3dx,

1 2
2

6X(4—X)% — j—2(4—x)%(3 dx)}

1
1 2
2 _

—4(4- x)% }

1

—2JA—X[3x + 2(4— x)]}‘

\/_(x+8)}‘ = -2(10v2 -93)
=2(9V3-1012)

|-
[ 6x(4—X)
-1+
-1~

j(ln x)2 dx

Letting u=(In X)2 , dv = dx, then

du:[zmx}dx,v=x
X

[anx)2dx = x(nx)? - [x {2'“ X dx}

=x(Inx)? - Zjln(x)dx
For J.In(x)dx ,letu =1n x, dv = dx. Then

du(ljdx,v=x, SO
X

1
Iln(x)dx =XxlIn x—jx(;dx} =x[In(x)-1]+C; .

Thus [ (Inx)2dx = x[(m x)2 = 2In(x) + 2} +C.
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3 31
21. IS(ZX_Z)I”(X_Z)dX 24, Ie §/§In(x5)dx:5j'e x3 In xdx
Letting u = 3 In(x — 2), dv = (2x — 2)dx, then L 1
o =3 -z
du = 3 dx and v = X2 — 2x = X(X—2). Letting u = In x and dv = x3 dx, then du < dx
_9 -
[32x=2)In(x—2)dx and v=-x3.

=3x(x—2)|n(x—2)—jx(x—2)-idx -
X=2 SI x3 In xdx
:3x(x—2)ln(x—2)—j3xdx e

- 3
3, 34 3241
=3X(x-2)In(x-2)—-=x“+C =5/|Inx-—x3 —|—=x3-=dx
(x=2)in(x=2) =5 x"+ 4 j4 X,
- 3
X 3Inx 4 3,1
22. .f xe 2dx =5 Tx3—zjx3 dx}
(x+1) L e
Letting u = xe*, dv = (x+1)72dx , then 5 [3Inx ¢ 9 gr
= X3 ——X
du = (x+1)e¥dx, v=—(x+1)~". L 4 16 |,
X X i 4 4 4 4
j € _ax=-2 4 [eXdx =5 3In333_333}{3lnee3_ie3}
(x+1)2 x+1 4 16 4 16
X a 4
=X Letic =5 233 [InB—E}—Ee{E}
x+1 4 4) 4 |4
1-x e*
=ex(1—LJ=eX(X+ j+c: +C 2
x+1 X+1 x+1 25, j(x—e‘x) dx:J(xz—er_x+e_2x)dx
3 —2X
23. Ixzexdx :X——e _ije_xdx
) . 3 2
Letting u=x“, dv=e"dx, then du = 2x dx and Using Problem 3 for J‘XE—de’
v=e®. 3 oy
2 2 —x)? X~ ¢ -X
jx eXdx = x eX—_[eX(Zx dx) I(x—e ) dx:?— +2e ¥ (x+1)+C

= x%e¥ —ZI xe*dx

26. [ x%edx
For Ixexdx et u =x, dv=e*dx. Then du = dx, -[
Letting U = XZ, dv= e3xdx, then du = 2x dx and

v=e* and )
3
jxexdx=xex—jexdx=xex—ex+cl vzge X
Xy
=e"(x-1)+C;. Ixze?’xdx:lxzesx—J1e3x-2xdx
3 3

Thus [ x%e*dx = x%e* - Z[eX (x—1)} +C
'[ :lxze?’x —z'[xeSde
:ex(x2—2x+2)+C. 3 3
For jxe3xdx, let u = x, dv =e*dx, then

3x

du = dx, V:%e and

I xedx = 1 xeX —.[Ee?’xdx
3 3

Lo Lo +Cy.
3 9

618



ISM: Introductory Mathematical Analysis

27.

28.

29.

Thus,

jx2e3xdx BN _Z(l xeX —1e3xj+c
3 33 9
L e3X(9x2 —6x-2)+C
27

Ixse dx

2
Letting u = X2 , dv =xe* dx, then du = 2x dx,

30.
Ix3e dx = I (2x dx)
2 2
—Xzzx —%+C= (x2 —1)+C
jx5ex

2
Letting U = x* and dv = xe* dx, then

2
du = 4x3 dx and v:%ex .

2
Ix5ex dx = J' eX 4 dx
_r X2 _ 3.X
=5 e 2jx e
Using Problem 27 for Ixaex
2 4 2 2
jxsex dx:X?ex —2~Eex (x —1)}+C

X 2
:—ex
2

= 1exz(x4—2x2+2)+C

_eX’ (x* -1)+C

31.

I(ZX + x)2 dx = I(sz +2x2% + xz)dx
= IZZX dx+jx2x+1dx+jx2dx

For J.X2X+1dx ,etu=x, dv= 2**1dx . Then

du = dx, v:i-ZxJrl and
In2
J‘X2x+1dxzi.2x+1_ij‘2x+1dx
In2 In2
= X222l C . Thus
In2 In“ 2

619

Section 15.1

I(ZX + x)2 dx = I22de+J.x2x+ldx+J‘x2dx

= %j 22X[2 dx] + I x2* L dx + j x%dx

3
=L. 2x+i' x+1_i.2x+1+x_+c
2In2 In2 In? 2
_ 1 p2x-1 X x+1_i.2x+1+£+c
n2 2 In? 2 3

H 1)

x+\/x +1[1+\/x2+ }
[m+xJ 1
x+\/x +1

X
\/x +1 \/x2+1

For jln(x+ x2 +1jdx, let

u :In(x+\/x2+1),dv=dx. Then

du= ! dx,v=ux, and
X2 +1
Iln(x+ x2+1)dx
_1
=xln(x+ x2 +1 —jx(x2+1) Z dx

3
Area = Ile (Inx)dx . Letting u = In x, dv = dx,

then du = (1) dx,v=x.
X

e3

J‘le3 (Inx)dx = |:(X|n X) —Jx.%dx:l

1
3

= [(xln X) —Idx}‘f =[xIn(x) - x]

1
=[e3 -3—e3J—[1~0—1]: 2¢% +1

The area is (Ze3 +1) sq units.
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32. Area= I;xzex dx.

33.

34.

Letting u = X2, dv = eXdx, then du = 2x dx and
v=eX.

szex = x%e¥ —ZI xe* dx

For J'X€x dx, let u=xand dv=e*dx, then

du =dx and v =e*,

Ixex = xe* —jex dx = xe* —e* =e*(x-1).

1
Thus I;xzex dx = (x%eX — 2[e* (x —1)])‘O

- ¥ —2x+2])‘;

=e-2
The area is (e — 2) sq units.

2
Area = .[1 X2 In x dx.

Lettingu=1Inx, dv= dex, then du = 1dX,

X
3
V=—.
3
2
3 3
jzlenxdx= X—Inx—J‘X—&d
1 3 x
1
2
3
= X—Inx——J‘xzdxj
1
2
3
= X—Inx——x3]
3
1
= §|n2_§ — 0_1
3 9 9
8 7
=—In(2)——
3 2) 9

The area is (%In(Z) —gj $q units.

p =10(q +10)e" (014D
When g = 20, then p= 300673,
20
_ ~(0.19+1) _ anna-3
cs=; [10(q +10)e 300e ]dq

20 _ _3¢20
=1ojo (q+10)e 14D gq —300e 3j0 dg

%/_J
Iy P

For Iy, letu=gq+ 10, dv=e"©9*Ddq . Then

620

35.

36.
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du=dq, v= ~10e~019+) 4ng
20
I = [—10(q +10)e" (@190 1 10] e’(o'lq”)dqﬂ
0
0.1q+1 0.1g+1 20
=[-10(q +10)e 019+ _100¢ 019+ )]
0

20
— _10e~(®19D[(q +10) +1O]‘0

20
— _10e~ 014D (g 4 20)‘0 — —400e73 +200¢?

l,=qf>) =20-0=20
Thus
CS =101, —300e31,

= 10(—400e‘3 + 200e—1) —300e73(20)

=-10,000e™2 +2000e ! ~ 237.89
CS ~ $237.89

a. Consider I p dq . Letting u = p, dv = dgq,

then du = d—pdq ,v=gq. Thus
dg

dp dp
[pdg quqdqq jqdqq
(since r = pq).
b. From (a), r:Ip dq+J'qd—pdq.
dqg

Combining the integrals gives
dp
r= +gq— |dg.
j(p q dq) q

c¢. From (b), ﬂ: p+q@.Thus
dg dq

Jo dp
[ ( p+ qaj dq
= [0 9 g = 1 (49)~(0) = 1 (00)
0 dq 0 0
[since r(0) = 0].

j f (x)e*dx

Letting u = f(x), dv =e*dx, then du = f'(x)dx,
v =e* . Using integration by parts,

j f(x)e¥dx = f(x)e* - j f'(x)e*dx . Thus
j f(x)exdx+j f/(x)e*dx = f (x)eX +C
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37. fandits inverse f -1 satisfy the equation

f(f _l(X)) = X. Differentiating this equation
using the Chain Rule we get:
£/CF L) (f 1)'(x) =1. Thus

(F71)(x) =

;1. Now to evaluate
f'/(f(x)
I f _1(X) dx we will use integration by parts,
letting u = f _1(X) and dv = dx. Then

1

T (L)
So jf Lx)dx = xf L(x) - j

dx and v = x.

fr(f 1(»

To evaluate I dx we will use the fact

X
£/(f ()
that x = f(f1(x)) and
(0=~
f'(f(x)

Hence

J

dx = jf(f L) (F LY (%) dx

= F(f(0)
since F'= f. Finally,

j fL(x)dx = xf 2(x) - F(f 1(x))+C.

f(f‘l( X))

Principles in Practice 15.2

r@ = [r(@d= | 2(q_+4>dq

+40+3
5(q+4)

Express 5
g°+4q9+3

as a sum of partial

fractions.

5(9+4)  5(q+4) A N B
q°+4q+3 (@+1)(Q+3) g+l q+3
5(g+4)=A(g+3)+Bg+1)

When g =-3, we get 5(1) =-2B,so B = >

When g =-1, we get 5(3) = A(2), so A= %

621
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5(q+4) dx

"= '[ +4q+3

q+1 da- J‘q+3
=?In|q+ﬂ—zln|q+3|+c

3
2 g+3

Since r(0)=0, 0 :Eln L
2 |3

+C so C=g|n3 and

5

3
r(@ =2 X

+3

2. V()= jv (t)dt = 300t

Since the degree of the numerator is greater than
the degree of the denominator, we first divide

300t° by t2 +6 to reduce the fraction.
300t>  300t3 +1800t —1800t
2 +6 - 2 +6

300t (t2 + 6) ~1800t

= =300t -
t2+6

1800t
246
00t

+6

t2 +6 is irreducible. To integrate 1;3
t

, let

u:t2+6,sodu=2tdt

300t3
J‘t2+6
~150t% —9001In ‘tz + 6‘ +C

dt = 1800t

V (t) =150t -900|n(t2 +6)+c

Problems 15.2

10x _ 10x _ A N B
X2 +7x+6 (X+6)(x+1) x+6 x+1
10x = A(x+1) + B(x+6)

If x=-1,then-10=5B, or B=-2.If x =-6,
then —-60 = —5A, or A = 12.
2

+6 x+1

Answer
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X+5 ~ x+5 A + B

x2 -1 (xX=-D(x+1D) x-1 x+1
x+5=A(x+1)+B(x-1)

If x=-1,then4 =-2B,or B=-2.If x=1, then
6=2A,0rA=3.

Answer i—i
x-1 x+1
2x2 ~10x-12
2 =2+
X° +5X+6 X° +5X+6

-10x-12  -10x-12 A . B
X2 +5x+6 (X+2)(x+3) x+2 x+3
—10x—-12=A(x+3)+B(x+2)

If x=-3, then 18 =-B, or B =-18.

If x =-2, then 8 = A.

Answer: 2+——£
+2 Xx+3
2 _ _ _
2); 15 =24 12)( 15 (by long division).
X< +5X% X< +5x

-10x-15 -10x-15 _é+ B

X% +5x X(X+5) X X+5
—-10x - 15=A(x+5) + Bx. If x =0, then
—15=5A, or A =-3.If x =-5, then 35 =-5B,
or B=-7.

Answer: 2———L
X X+5

X+4 X+4 A B
f(x)= 5 = 5= + 5
X“+4x+4  (x+2)° X+2 (x+2)
x+4=Ax+2)+B
Ifx=-2,then2=B.If x=0, then4 =2A + B,
2A=4-B=4-2=2,0orA=1.
2

T
X+2 (x+2)

Answer:

x2(x—1)_X x? x-1
2x+3=Ax(x—1)+B(x—1)+Cx2
Ifx=0,then3=-B,or B=-3.If x =1, then
5=C.Ifx=-1,then 1 =2A-2B + C,
1=2A+6+5,0rA=-5.

I

X2 x-1

2X+3 A B Cc
=—+—+

Answer: —E—

622
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X2 +3 X2 +3 A Bx+C
3. . =<7z
X2 + X x(x2+1) X x%+1

X° +3= A(x2 +1)+(Bx+C)x

x2+3:(A+ B)x2+Cx+A
Thus A+ B=1,C=0,A =3. This gives A = 3,
B=-2,C=0.

Answer: E— 22X
X x“+1

3x*+5 Ax+B Cx+D
22 . , 2
(x2+4) X“+4 (x2+4)

3x2+5=(Ax+ B)(x2+4)+(Cx+ D)

3x? +5= Ax® + Bx? + (4A+C)x + (4B + D)
ThusA=0,B=3,4A+C=0,4B + D =5. This
givesA=0,B=3,C=0,D=-7.

Answer: 3 — ! 5
X +4 (x2+4)

A B

5x—2 5x-2
= =—+
x-1

W2 _x  X(x-1) x
S5x-2=A(x-1)+ Bx
Ifx=1,then3=B.If x=0, then -2 =—A, or
A=2.

5x -2 2 3
J‘X;(_de=f(;+ﬁjdx

=2In|x|+3In|x-1+C :In‘xz(x—1)3‘+c

’x+6 7x+6 A B

x2 +3x  X(x+3) X x+3

Tx+6=Ax+3)+ Bx

If x =-3, then —15=-3B, or B=5.

Ifx=0,then6=3A,0rA =2.

x+6 dx=j[g+ijdx

x° +3x X X+3
=2In|x|+5In|x+3+C
:In‘xz(x+3)5‘+c
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x+10 x+10 A B
11. - _ A
2 —x—2 (X+D(x-2) x+1 x-2
x+10=Ax-2)+Bx+1)

If x=2, then 12 = 3B, 0rB—4. Ifx=—1,then9=—3A, orA=-3.

X+10 J- dx
—X— 2 x+1 X—2

Cond
=-3In|x+1+4In|x-2[+C =In (x 2)3 +C

(x+1)

12. 2x-1 2x-1 A B

= = +

x2—x—-12 (X-4)(x+3) x-4 x+3
2x—1=A(x+3)+B(x—-4)

If x=-3,then—7=-7B,orB=1.1fx=4,then7=7A,0or A = 1.

Feenriallvier

X+3
=In|x—4|+|n|x+3|+C =In|(x—4)(x+3)|+C

3x% —3x +4

3_
1. _ 3x°-3x+4

1
4x° -4 4 X2

_L 3X+ 4
4 x? -1

4 4 A N B
x2 -1 (x=D(x+1) x-1 x+1
4=Ax+1)+Bx-1)
Ifx=-1,then4=-2B,orB=-2.If x=1, then4 =2A, or A =2.

J-3X —3X+4 _- ‘.‘(3 +_+_2jdx

4x? +1

=[Z){3’; +2Infx-1- 2In|x+1|}+C
:(%j[%nn 2]+c

" 1(4-x%)  _ 7QR+x)2-X)
X=(x-2)(x+3) (x=4)(x-2)(x+3)
_ —7(x+2) _ A N B
(x=4)(x+3) x—-4 x+3
~T(x+2)=A(x+3)+B(x—4)

x—1
X+1

If x=-3,then7=-7B,or B=-1.1If x=4, then —42 =7A, or A = —6.

J‘ 7(4—X2) _J‘( de
(x=4)(x=2)(x+3) x+3
=—6In|x—4|-In|x+3+C
=—In‘(x—4)6(x+3)‘+c

623
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3x—-4 3x-4 A B C
15. - _A, B
W ox2—ox  X(X+)(x-=2) x x+1 x-2
3x—-4=Ax+1)(x-2)+Bx(x—2)+ Cx(x + 1)
If x=0, then—4=-2A,0r A =2.

If x=-1,then-7=3B,or B= —%.

Ifx=2,then2=6C, or C =

1
[P | e S
3_y2 _ox X x+1 x-2

w\\n ooll—\

X" =X

= 2In|x|—§|n|x+]4+%ln|x—2|+C

23 5
\3/(x+1)7
16. j X - a-x  _A EZJrL b
X*—x=  x“(x+D(x-1) X x° x+1 x-1

4-x = AX(X+1)(Xx=1) + B(x+1)(x—1) + Cx? (x —1) + DX (x +1)

ISM: Introductory Mathematical Analysis

Ifx=0,then4=-B,or B=—-4.If x=-1, then 5 =-2C, or C:—g. Ifx=1, then 3 =2D, or D:E. Ifx=2,

then2=6A+3B+4C+12D,2=6A—-12-10+18,0r2=6A—-4,s0A = 1.

x4 _ %2 X x2 x+1 x-1

_5 3
4-X dx= | 14,72, 2 |y
X

= In|x|+i—iln|x+]j+gln|x—q+c

x(x 1)

+C
(x+1)5

=— —In
X 2

2(3x +4x° —x)
17.
j 64 ox x=] 6+2x4 2_2

[Form: J(—j duj (Partial fractions not required.)
u

Answer: In ‘XG xtox? - 2‘ +C

x* - 2x3 4+ 6x% —11x+ 2 7x% —13x+ 2
18. R =X+lte———
—-3X° +2x X~ —3X° +2X

7x2 —13x+2 _ 7x% -13x+2 _A B C
W32 i2x X(x-D)(x-2) x x-1 x-2
7x% —13x+2 = A(X—1)(x—2) + BX(x — 2) + Cx(x —1)

[(fo’ 18 —2x)dx}

Ifx=0,then2=2A,orA=1.Ifx=1,then 4=-B,orB=4.1f x=2,then4 =2C, or C=2.

624



ISM: Introductory Mathematical Analysis Section 15.2

jx4—2x3+6x2—11x+2 I( 2)
+—+— dx
X3 —3x? +2x X—2
2
=X—+x+In|x|+4|n|x—1|+2In|x—2|+C
2

2
=X?+x+ln‘x(x—1)4(x—2)2‘+c

2x2 -5x—2 A B C
19. 3 = + + 3
(x-2)*(x-) x-1 x=2 (x-2)
2x% —5x—2 = A(x—2)? + B(x—1)(x—2) + C(x—1)
Ifx=1,then-5=A.If x=2, then4=C.
Ifx=0,then—2=4A +2B—-C,-2=-20+2B+4,orB=1.

2
j2x —5x-2 dx:J -5 N 7 N -4 dx
(x-2)%(x-1) x=1 x-2 (x—z)2

=-5In|x=1+7In|x-2|+ 4 c- |(X 2’ |
X—2 |(X 1) |
3x3 4 2x— 3 3x%4+2x-3 A B C D
20. =t —+—F—
2 1 1

x2(x2-1)  XP(x+D(x-1) X

—3x3 +2x—3= AX(X+1)(X—1) + B(x +1)(x—1) + Cx? (x —1) + Dx?(x +1)
Ifx=0,then-3=-B,orB=3.1fx=—-1,then-2=-2C,orC=1.If x=1, then -4 =2D, or D = 2. If x =2, then
—23=6A+3B+4C+ 12D, —23—6A+9+4—24,0rA=—2.

-3x% +2x— 34 ( 1 2}
T 2,02 o _I dx
X (x -1) x+1 x-1
3 X+1
_—2In|x|—;+In|x+]4—2|n|x—]j+C _—;+Inm+c

2(x*+8) _ 2x*+16 A Bx+C

21 S50 = 2
x> + 4x x(x2+4) X x°+4

2x% +16 = A(x2 +4)+(Bx+C)x

2x? +16 = (A+ B)X? + Cx+4A
Thus A+ B=2,C=0,4A =16. This givesA=4,B=-2,C=0.

2(x% +8) 4 4
Imdx=j(;+xz+4Jd —4I dx — J.x2+ [2x dx] = 4In|x|—|n(x +4)+C In{x2+4}+c

4x3 —3x% +2x-3 _Ax+B_ C D
(x +3)(x+)(x— 2) x2+3 Ty X2
4x3 - 3x° +2x—3:(Ax+B)(x+1)(x—2)+C(x2+3)(x—2)+ D(x2+3)(x+1)

Ifx=-1,then-12=-12C,or C=1.
If x=2,then21 =21D,or D = 1.
Ifx=0,then-3=-2B-6C+3D,-3=-2B-6+3,0=-2B,or B=0.

22,

625
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Ifx=1,then0=-2A+B)-4C+8D,0=-2A-4+8,-4=-2A,0rA=2.

4x3 —3x% +2x -3 2x 1 1
j > dx=.[ > + + dx
(X* +3)(x+1)(x-2) x“+3 X+1 x-2

=In(x? +3)+In|x+1|+In|x-2|+C
- In‘(xz +3)(x+1)(x—2)‘+C

x348x2-9x+2 Ax+B C D
=—+ + 5
(x2+1)(x—3)2 x2+1 X-3 (x-3)

23.

—x3+8x%2—9x+2 = (Ax+ B)(x—3)2 +C(x—3)(x2 +1)+ D(x2 +1)
= (Ax+ B)(x2 —6x+9) +C(x3—3x2 +x—3)+ D(x2 +1)

=(A+C)x° +(B-6A—-3C + D)x* +(9A—6B +C)x+(9B—3C + D)

ThusA+C=-1,B-6A-3C+D=8,9A-6B+C=-9,9B-3C+ D =2.This givesA=-1,B=0,C=0,
D=2.

—x3 +8x% —9x+2 x 0 5 . )
v[ (Xz +1)(x—3)2 o :I[Xz +1+X—3+(x—3)2JdX =—E|n(x2 +1)_E+C

5x*+9x°+3 A Bx+C Dx+E
2 2 x 2.2
X(x“+1) X x+1 (x°+)
5x4+9x2+3:A(x2+1)2+(Bx+C)x(x2+1)+(Dx+E)x
= A(x4 +2x2 +1)+(Bx+C)(x3 +X) + DX? + EX
:(A+B)x4+Cx3+(2A+B+D)x2+(C+E)x+A
Thus,A+B=5,C=0,2A+B+D=9,C+E=0,and A=3.This givesA=3,B=2,C=0,D=1,and E=0.

4 2
j5X +9x +3dx:J(§+ 2X N X de

24.

x(x2+1)2 X x%+1 (x2+1)2
:3In|x|+ln‘x2+1‘—++c

2(x“ +1)
1
2

:In‘x3(x2 +1)‘—m

+C

b5 C+24x _ Ax+B  Cx+D

2 . 2
(x2+1)(x2+2) X“+1 x°+2

14x3 + 24x = (x2 +2)(Ax+ B)+(x2 +1)(Cx+ D) =(A+ C)x3 +(B+ D)x2 +(2A+C)x+(2B+ D)

ThusA+C=14,B+D=0,2A+C=24,2B+ D =0.
This givesA=10,B=0,C=4,D=0.
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14x3 + 24x 10x  4x
j (x2+1)(xz+z)d :I(EHMJ"X

5In(x +1)+2In(x +2)+C

In[(x2+l x +2)2}+c

12x3 + 20x% + 28x+ 4 1( Ax+B Cx+Dj
26. == +

3(x% +2x+3)(x% +1) 3w 2x43 X241
12x3 +20%% + 28X + 4 = (Ax+ B)(x2 +1)+ (x2 +2x+3)(Cx+ D)
=(A+C)x3+(B+D+2C)x2+(A+2D+3C)x+(B+3D)

Thus,A+C=12,B+D+2C=20,A+2D+3C=28,B+3D=4.This givesA=4,B=4,C=8,D=0.

112x3+20x2+28x+4d :lj( 4x+4  8x de
3(x2+2x+3)(x2+1) 3 x2+2x+3 x%+1

=%[2In(x2+2x+3)+4ln( )}

(x +1)} +C

wN

=In{(x2+2x+3)

3% +8x _Ax+B+ Cx+D

(x*+2? x2+2 (x*+2)?

3x3 +8x = (Ax+ B)(X? +2) +Cx+ D
:Ax3+Bx2+(2A+C)x+(ZB+D)

Thus,A=3,B=0,2A+C=8,2B+D =0.
ThisgivesA=3 B=0,C=2,D=0.

27.

st 8 j 2x dx——In(x +2)- +C
(x +2) x? +2 (x +2) X2 +2
3x% —8x+4 1 2
28. X = |:3X —8x+4 dx]
Ix3—4x2+4x—6 J‘x?’—4x2+4x—6 ( )

(Form: J(lj duj (Partial fractions not required.)
u

Answer: In ‘x?’ —4x% 4x—6‘ +C
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2-2x  2-2x A+ B
X2 +7x+12 (x+3)(x+4) x+3 x+4
2-2x=A(x+4)+B(x+3)

If x=—-4, then 10 =-B, or B=-10. If x =-3,
then 8 = A.

J-l 2—2X J‘ ( jdX
+7x+12 X+3 x+4

= [8In|x+3|—10|n|x+4|]‘0

=8In4-10In5-(81n3—-101In4)
=18 In(4) — 10 In(5) — 8 In(3)

29.

2
30. 3x2+15x+13:3+ 23x+4
X“+4x+3 X“+4x+3
3X+4
= 9ot+t—
(x+D(x+3)
3x+4 A B

= +
(X+D(x+3) x+1 x+3
3x+4=Ax+3)+Bx+1)

If x=-1,then 1 =2A, or A:%. If x = -3, then
-5=-2B, or B:E
2

.[23x +15x+13
1 %2 4+4x+3

2
= 3+£L E 1 dx
1 2 x+1 2 x+3
2
= 3x+£|n|x+]4+éln|x+3|
2 2 0

= 6+1In3+EIn5— 3+1In2+gln4
2 2 2 2

=3+1In3+éln5—iln2—iln4
2 2 2 2

6(x2 +1)

—220 on [0, 1].

(x+2)
J-16(x +1)

(x+2)
2

6(x +l)=6+ —24x-18

(x+2)? (x+2)2

-24x-18 A B

(x+2)? X+2 (x+2)?
D4x—18=A(x+2) + B

31. Note that

(by long division)

Ifx=-2,then30=B.If x=0, then -18 =24 + B,
—-18 =2A + 30, or A = -24.

16(x2 +1)
0 (x+2)?

—I{ 30 }dx
X2 (x+2)?

[ex 241In|x+2|- ?fz}
0

=6-24In3-10—(-24In2-15)

=11+ 24|ng
3

The area is 11+ 24 Iné $q units.

n oo o 20:9 5],
q°+7q+6 22

200(q+3) _ 200q+3) _ A B
9®+79+6 (q+6)(q+1) q+6 qg+1
200(g +3)=A(g+ 1)+ B(g+6)

If g = -1, then 400 = 5B, or B = 80. If g = -6,
then —600 = —5A, or A = 120.

CS=I10 120 N 80 325 dq
0|q+6 q+1 22

10
={120In|q+6| 80In|q +q_ 325 }

{120 In(16) + 80In(11) —%} [120In(6)]

16i5 ~$161.80

=120In%+80ln(11)—

Problems 15.3

1. Letu=x, a% =9. Then du = dx.
J- dx X

= +C
©-x2)%2  99_x2
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. Letu=2x, a% =25. Then du = 2dx.
dx 1 (2dx)
.[ 3 _E.[

(25—4x2)5 [25—(2x)2F
@) e
2| 25,/25- (2x)2
X

+C

) 25425 — 4x°

. Letu=4x, a% =3. Then du = 4 dv.

J‘ dx =4j (4 dX)
x2\/16x2 +3 (4x)2\/(4x)2 +3

[ a2
(4x)° +3 LC

3(4x)

_N16x°+3

3x

C

. Let u=x2, a®=9. Then du = 2x dx.
.[ 3dx (2xdx)
3

3
B g ZI(Xz)z [x?)2 -9
—E __—"()(2)2_9+C

2 9x2

\/x4—9

B x> e

. Formula 5 withu=x,a=6,b="7. Then du = dx.
,[ dx 1 X

———==1In +C
X(6+7x) 6 |6+7X

. Formula 8 withu=x,a=2,b=5. Then du = dx.
2 2
,[ 3X dx2:3j- X dx2
(2+5x%) (2+5x)

=3 i—;—iln|2+5x| +C
25 125(2+5x) 125

. Formula 28 with u = x, a = 3. Then du = dx.

dx :l|n|x/x2+9—3|+c
xWx2+9 3 ‘ X ‘

10.

11.

12.

13.

14.

629
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. Formula 32 with u = x, % =7 . Then du = dx.

+C

J- dx _ X
(% +7)%2 o

Formula 12 withu=x,a=2,b=3,c=4, k=5.
Then du = dx.
I xdx

(2+3x)(4+5x)

:1{£In|4+5x|—gln|2+3x|}+c
2|5 3

Formula 37 with u = 5x, a = 2. Then du = 5 dx.
1 25x
——+C

1
2°%dx = = [2°%(5 dx) =
-[ 5-[ ( ) 5 In2

Formula 45 withu=x,a=5,b=2,c=3. Then

du:dx.J. dx —i )+C

PSS (3x— In‘5x+2e3x
5+2e

Formula 14 withu=x,a=1, b= 1. Then
du = dx.

IszlJr_xdx=

3
2

2(8—12x+15x2)(1+ X)
105

+C
Formula 9 with u =x, a =5, b =2. Then du = dx.
J‘ 7dx . :7J~ dx >
X(5+2x) X(5+ 2x)
I| X |}+C

1 1
=7 +—In
{5(5+2x) 25 |5+2x|

Formula 20 with u = \/ﬁx ,a= \/g . Then

du = \/1_1 dx.
dx \/ﬁdx

e
oo i g

1 V5 ++/5-11x2 .
V11x

C
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15. Formula 3 withu =x,a=2, b =1. Then du = dx.
1 xdx

—=(x—2|n|2+x|)‘l =1-2In3+2IN2 =1-In9+In4 :1+In(i)
02+x 0 9

16. Formula 4 with u =x,a=3, b =7. Then du = dx.
2 2 2
[2EH [ X, o X3, 9 ingr7x|+C
3+7x 3+7x 14 49 343

17. Formula 23 with u = x, aZ =3. Then du = dx.

I dx—z(x x2 -3-3In x+\/x2—3j+C

18. Formula 11 withu=x,a=1,b=5,c=3, k=2. Then du = dx.
,[ dx _ 1 11+5x
(@+5x)(2x+3) 13 |2x+3

19. Formula 38 with u = x, a = 12. Then du = dx.
1/12

1 1
=14z 2O 1D =

12x

1/12
.[o xelzxdx—e (12x 1)

20. Formula 46 withu=3x,a=2,b=>5.

Then du = 3 dx.
2+3x 2+3X 1

[ Bd) =] (2+3x)(5+3x)—3In(\/2+3x+\/5+3x)}+c
5+3x 5+3x 3

21. Formula 39 with u =x, n =2, a = 1. Then du = dx.
Ixzexdx = x%eX - Zj xe*dx
Applying Formula 38 on Ixexdx with u =x, a =1 (so du = dx) gives Ixexdx =e*(x-1)+C,; . Thus
szexdx = x%e —Z[ex(x—l)}C =e¥ [xz —2(x—1)}+C =e* (x2 —2X+ 2)+C

22. Formula6 withu=x,a=1, b= 1. Then du = dx.
:4[—£+In§j—4(—1+ln 2) :2+4InE
" 2 2 4

2
2 2
.[ adx_, dx :4(_1“” j

Lx?@+x) 1 x%@1+x) X
23. Formula 26 with U = f 5x, a2 =1. Then du=+/5dx.

1+X

X

\/5x2+ 5x +1
'[ 2x? 2\/_'[ 5x? (\/_d)
=£{—M+In‘\/§x+\/5x2+l]+c
2 J5x
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24.

25.

26.

27.

28.

29.

30.

31.

32,

Introductory Mathematical Analysis

Formula 17 with u =x, a =2, b =—1. Then du = dx.

2],

—X+

j dx
x2- f
Formula 7 withu=x,a=1, b = 3. Then du = dx.

j xdx (In|1+3x| )+C
1+3x

@+ 3x)
Formula 47 with u =3x,a=15, b=06. Then du =3 dx.

IW ‘ +3X+4/(5+3X)(6+3x) |+

Formula 34 with u = \/gx, a= \/7 . Then du = \/7dx

+C

A=

Pl HWWX) (zf T

Formula 24 with u = \/§x, a2 =6.Then du= \/§dx .

j?xz 3x%2 -6 dx:( 7)3 ‘[(\@x)z (\/§x)2—6(\/§dx)

L —(6x —6)\/3x -6 ——In‘fx+ 3% -
33
Formula 42 with u =3x, n=5. Then du = 3 dx.
j 36x° In(3x)dx = 36 j x> In(3x)dx = 3—2 j (3%)° In(3x)(3 dx)
3

_ 416G @0° | ¢ 861 114 C
81

6 36
}+C

Formula 10 with u =x, a =3, b = 2. Then du = dx.

3+2x
X

3+4x 4
J I- 5/- A
2(3+ 2x)2 { (3+ 2x)2 } 9x(3+2x) 27

Formula 13 withu=x,a=1, b=3. Then
du = dx.

3
— 2
[ 270xT+ 3xdx = 270] xy/1+3x dx =270 2(9x 125)(1; )% 1, ¢

3
=4(9x—-2)(1+3x)2 +C

Formula 42 with u = x, n = 2. Then du = dx.
3 In x

3
jszlnxdx:ijzlnxdx:9[ —%J+C=3X3(Inx)—x3+c

631
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33. Formula 27 with u = 2x, a2 =13. Then 38. Formula 2 with u=x°, a= 1, 5 =2. Then
du =2 dx. du = 3x? dx.
[ ==y 512 1
Va2 -13 27 \J(2x)?2 -13 jOTz—l ‘1+ 2x ‘
14 2x3 0
1 [1.2
:Eln 2X+/4x° -13[+C :E|n|3|_5|n|q:|n\/§
34. Formula 44 with u = 2x. Then du = 2 dx. 1
j _j (2 dx) 39. Can be put in the form J—du .
xIn(2x) 3 (2x)1n(2%) !
X dx j [(2x )
=In|In(2x)|+C 21 2952,
2
35. Formula 21 with u = 3x, a® =16. Then =§|n(>< +1)+C
du =3 dx.
I 20 (S)I (3 ) 40. Can be put in the form Jeudu.
x?\/16 - 9> 16 J16- (32 o2 20 2[5 a5
16 92 J‘Sx\/;e dx=3~gfe [EX dx}
©16(3x) 607
5
16 9x?
41. Can be put in the form Jundu .
36. Formula 22 with u :\/§X, a:\/i . Then IGX 2%2 4 1dx = .[(2)( +1) (4x dx)
du =+/3dx .
/ 2 2 2x? +1)5
A2 — 2 \/E - \/gx :E(—+C
j23xdx:j( ) ( )(\/gdx) 2 3
X 3)( 2
3
N =(2x? +1)* +C
NI TR NE R 5 e ( )

B

3_ _1
42. judx:j(gxz —%x 2de

37. Formula 45 with u=+/x,a=m,b=7,c=4.

3
Then du=idx X" -Nx+C
2Jx
dx 1 ( 1 J 1 1
=2 dx 43. dx = dx
j\/;(n+7e4‘/;) jn+7e4\/; 2Jx J‘x2—5x+6 J‘(X—3)(X—2)
Formula 11 withu=x,a=-3,b=1,c=-2, and
—Zi(4\/§—ln 476t Xj +C k= 1. Then du = dx.
47 1 1
I 5 dx:j(x 3)(x—2)dx
=i(4\/§—|n n+Te X)+c X" —5x+6
27 =In—— X=3 +C
X—2
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44.

45.

46.

47.

<

48.

49.
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Can be put in the form Iundu .

j eZX d
Ve 43

X = %J.(ezx + 3)_% (26%*dx)

=ve?*+3+C

Formula 42 with u = x and n = 3. Then du = dx.

4
Ix3 In x dx =X—{In(x)—l}+c
4 4

Formula 38 with u = x and a = —1. Then du = dx.

3 3 3
[ xe ™ dx=e X (—x-1)| =e 3} (-4)-1-1)
0 0

=1-4e73

Formula 38 with u = x% and @ = 3. Then
du = 2x dx.

2 2
j4x3e3x dx = ZI x2e%¥ [2x dx]

e3x2
=2~ (3x%2-1) [+C

= %esxz (Bx%-1)+C

Formula 14 with u = x, a =3 and b = 2. Then
du = dx.

jlz 35x2 3+ 2xdx =35 jlz x2\/3+ 2xdx

3|2
2

2(72—72x+60x2)(3+ 2x)
=35.
840

L

=987 - 255

Formula 43 and then Formula 41. For Formula
43, letu=x,n =0, and m = 2. Then du = dx.

Ilnzx dx = xIn? x—ZIInx dx

Now we apply Formula 41 to the last integral
with u = x (so du = dx).

jlnz xdx = x(In x)2 -2x(Inx)+2x+C

50.

51.

52,

53.

Section 15.3

Formula 41 with u = X2 Then du = 2x dx.

3
_[1 3xIn x2 dx

__ji e 2 __Ei 2 2y 2 ¢
= 2_.'1 In(x*)[2xdx] = 2[X In(x“) —x ]1

_ ;[(e2 In(e?)—€?)— (- In1-1)]

3,2
=—(e“+1

2( )
Formula 15 with u =x, a =4 and b = —1. Then
du = dx.

2

J-z xdx  2(-x-8)v4—-x
1 J4a-x 3 X
=§(9ﬁ—10ﬁ)

Formula 13 with u = x, a =2, and b = 3. Then
du = dx.

3
3/2
3 _
P’x A - 20X 9(2+3%) |
2 135 |2

_ 2 312 4 pr3/2
_135[23(11) 14(8)°'?]

2
- E(253Jﬁ -224\2)

Can be put in the form Iundu .

Il 2x dx :—J.;(S—xz)i% (—2x dx)

0\/8—x2
o |

1

2

0
1t
2

=-2(7-+8)

:—2(8—x2) 0
24
=2(22-7)
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54. Formula 39 withu=x,n=2,a=3. Then
du = dx.

J‘XZ 3x J‘XE3X dx

For Ixe3x dx, use Formula 38 with u = x and
a = 3. Then du = dx.

2 3x 3X
[x?e>d ——3 € (3x-1)
31 9

e3x

== [9x% —6x+2
27[ ]

3x In2
In2

j " %263 dx = e—[9x2 —6x+2]

0 27 0

_8 2_ 1
= [90n ) ~6In2+2] - 2]

2 2
=—[36(In2)“ -24In2+7
27[ (In2) |

55. Integration by parts or Formula 42. For Formula
42, letu =2x,n=1. Then du = 2 dx.

jlz XIN(2X)dx = % jlz (23 IN2X)[2 dx]

_ 1] (2x)%In@2x)  (2%)° i
4 2 4

1

1 1
:2|n(4)—1—5|n(2)+z
—omn(22) =Ly -2
_2|n(2) SIn@)—

1 3
:4In(2)—EIn(2)—Z

7 3
=Ln2)-2
2=

56. Can be put in the form J'k dx .

2

jfdx:jlzl dx=x =2-1=1

1

57. Formula 5 withu =¢g,a =1, and b =-1. Then

du = dq.
[n_ds S T N I I
% ql-a) [1-q, |L-d| |1-do
-In Qn(l_qo)

QO(l_Qn)

ISM: Introductory Mathematical Analysis

58. Formula 6 with u =g, a=1and b =-1. Then

du=dq.
_ 1 .[01 dq
04703 g*(1-q)
0.1
{ L.s
:—i —In9]- —E—Inz
04 3 3
__i(__q n9+InL j 20
0.4
9
59. a. For .[0 10008_0'04tdt, the form jeudu can
be applied.
9
| ) 1000e %04 gt
9
_ 1000 j e 004 (_0.04dt)
—0.04 -0
9
_ 1000 —0.04t
0.04 0
__1000 035y,
0.04
~ $7558.09

10
b. For IO 500te %%%tdt use Formula 38 with
t=u and a = —0.06, so du = dt.
10
jo 500te "% gt

10
- soojo te 006 gt

e—0.06t
=500 (~0.06t —1)
0.0036

10

0
500 . o6
= e 06(-1.6)— (-1
0_0036[ (-1.6)—(-1)]
~$16,930.75

—rt i

60. jgke-“dtzk(—ljj e " (—r dt) =— e
;

r

ke Tk [l—e‘rT ]
r r r
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10 10 _
61 a. [ 40069000 Dgt - 400["e® 600t gy 3 Fo_ 1 2 (2-3x)ox
0 0 2-(-1) 71
_ 400J‘10 006,006t ¢ 2
0 ==(2x-x3 =-1
10 __0.06t - ( B
= 400e%° j g 006t gt 1
0
1 10 _
:400e0'6(—j e 006t (_0.06 dt) T 1 32
—0.06 )30 4. = s 1h (x +x+1)dx
10 3
B 400e°® o006t _ 400e°® [9*0'6 3 1] 1(x3 %2 2
= = == —+—+X| =—
-0.06 -0.06 2| 3 2 3
~ $5481 !
b. Use Formula 38 with u = ¢ and a = —0.04, so 5 f= 1 J.S 2t0dt
du = dt. 3-(-3)°-3
5 . 0.04(5-t) 5. 0.2.-0.04t 6
j40te- ‘dt=40j te0-2¢~0-04t ¢ 1t
0 0 - .
5 63 3
_ 20692 J‘ te—004t gt 1 -
0 [36 (-3)°
0| 67004 > _ 0
=40e%? | = (-0.04t 1) -
0.0016 0
40802 6. T=—1 [*tJi?+odt
_ —[e*“ (=0.2-1) —1(—1)} ~$535 4-0

0.0016 GJ[ j [N +opat a

62. Use Formula 38 with u =t and a = —0.07, so
du = dr. 4

3
5 5 +9)?
['50,000te™%%™ dt = 50,000 't~ dit _1 ( ) _49
0 0 8 3 6
5
e—007t
=50, 000{ 5 (007t 1)} 0
0.004
° 1 o 10 3\
50,000 - 035 - ( j
1.35)—1(-1 7. f=—"["6J/xdx==|4x2 | =13
= oo00agle (L)1) 9—1j1 8 A
=$496,640
3
Problems 15.4 8. f_zij'?’idle._i 1.5 5
3-191 2 2 x|, 2\ 3
3 5
3
- 3 — ==
f:#"‘ dele.x_ =1 9__1 3
3-(-1--1 4.3/ 4 3
7 = 1 100 2
== 9. P= 3699 - 2.1q° —400)d
3 100—010( 4-°4 )q
( ) 3 )100
2 184.5q% —0.7q° — 400q
2
2. F=—[ (3 1)dx:(‘°%—x] :% ~100 0
1 — L (1,845,000 - 700,000 - 40,000) 0
100
= 11,050

Answer: $11,050
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10.

11.

12.

13.

= 1 J‘SOO

- 4000 +10q +0.19% )d
500-100 100( 4+ ) a

500
~17,333.33
100

3
_ 1 | 4000q+5¢2 + 219"
400 3

Answer: $17,333.33

2
ij 3000603 gt
2070

3000 1
- _.[

2 005
2
— 30,000e%05t ‘0 — 30, OOO(eO'l —1) ~3155.13
Answer: $3155.13

2
) e%95t[0.05 dt]

2
c 1 (T R dt:leR(lJrat) dt
T-0% Ft) T [

3 T
iif W+ at)[a di] = —— | L+
TF]_ a 0 O.’TF_L 3 0

R |[@+aT)® 1
aTFl 3 3
__R [l+3aT+3a2T2+a3T3—l}
3aTH
__R (3aT)(1+aT+la2T2)
3aThH 3
i R(1+aT +%a2T2)
R
Average value = ! jﬂdq.
do—0- dqg

=%[V(QO)4(0)]

But 7(0) =0, so avg. value =

(o)
= [price per unit when ¢ units are sold] -qg,
we have

price per unit

when gg units |- qg

are sold

%o
= price per unit when -0 units are sold.

avg. value =

636

14. f=
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dx ~ 0.32

1 J~1 1
1-0°0y2 _4x+5

Principles in Practice 15.5

1. Separating variables, we have

d—l =-0.0085I
dx

dl—l =—0.0085dx

j%dl =-jo.0085 dx

In|1] = -0.0085x + C;

To solve for I, we convert to exponential
Formula

| = g 0.0085%+C; _ cu=0.0085% gince | |,
whenx=0, g =ce’=C , SO

| (X) — Ioe—0.0085X.

Problems 15.5

1. y'= 2xy2

dy 2
— =2X
dx y
ﬂz 2x dx

y2

jy‘zdy = j2x dx

—£:X2+C
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9= [ o
y
3
_E_X_+C1
y 3
—% ~Ldiae)
1. loeéio
y
o3
X3 +C

3. %—Sx\/szrl:O
dy=3x(x2 +1)% dx
jdy:3jx(x2 +1)% dx
jdy:%[(xz +l)% [2x dx]

(x2 +1)%

3
=—- +C
y 2

Njw

Njw

y:(x2 +1) +C

g I _X
dx vy

ydy=xdx

jy dy:jx dx
2 2

y_:X_+Cl
2 2

y2 :x2+2C1
y2 =x2+C
dy

5. —=y,wherey>0.
dx

y= eXJrCl = eCleX =Ce*, where C = ecl . Thus

y =Ce*, where C > 0.

Section 15.5

i yI:eXy3

dy x.3

_:e

dx y

d—>3/:e"dx

y

[ o
y

_iz: e +C
2y
2 _ 1

2(e* +C)

y’:l,wherex,y>0.
X

dy_y

dx x

dy dx
yox

dy dx
J-r
Iny=Inx+C;

Iny=1Inx+1In C, where C > 0.
Iny =In(Cx) = y =Cx, where C > 0.

dy

. —L4xeX=0

dx

dy = —xe*dx

I dy = j—xexdx

y= j—xexdx

Using integration by parts or formula 38 gives
y=(@1-x)e*+C

!

y =i2 where y(1) = 1.
y

dy _1
dx y2
yzdy:dx
Iyz dyzjdx
3
y—:x+C
3

3
Given y(1) = 1, we obtain 1§:1+C, SO
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10.

11.

12.

C=—2. Thus y3=3 x-2)=3x-2,
3 3
y=33x-2.

y' =e*7Y where y(0) =0
dy et

dx Y

e¥dy =e*dx

jeydy =jexdx

e¥ =e*+C

Since y(0) = 0, we have e9=e4cC ,1=1+C,
C=0. Thus ey =¢*, SOy =AX.

eyy’—xz =0, where y = 0 when x = 0.
dx

eYdy = x%dx

jeydy =jx2dx

X3

ey="—+C
3

Given that y(0) = 0, we have e =0+C , SO

3 3
1:C:>eyzx?+1, ey:X ;3,50
y=In x> +3

3

X2y’+i2 = 0, Where y(l) = 2
y

Now, y(1) =2 implies C = % . Thus

3
y—=l+§, y3=§+5, y=3/§+5.
3 x 3 X X

13.

14.

638
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(3x2+2)3y'—xy? =0, where y(0) = g

3x%+2)° L xy?
dx
dy X

VY @2

dy X

Nleaar

[y 2dy= % [(3x* +2)[6xdx]
1 1

=
y  12(3x%+2)?

dx

Given that y(0) =g we have

_%:_2(;2 +C, —%:—%Jrc, so
2
C :—ﬂ. Thus,
48
1 1 _3
Yy 123x2+2)% 48
_ 4+313x° +2)°
4832 +2)?
Hence, y:M;Z)ZZ.
4+31(3x“ +2)

y’+X3y:O and y = e when x = 0.

dy 3
— ==X
dx y

ﬂz—x?’dx
y
dy 3
—L =—| x7dx
o

4
In|y|=—XT+C

Given y(0)=e,Ine=0+ C,so C=1.
4 A

Thus Iny:—XTJrl, soy=e 4+1.
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3xy/1+y?
15. ﬂ:u,where)»omd y()=+8.

dx y
y dy =3x dx
1+ y2

yz)_% [2y dy] = 3jx dx

dy 3% +2
dx /y2+ ’
ij /y + dy J‘ 3X +2

+2x+1

j(y +9) [2y dy]= J‘m[(3x2+2)dx}

16. 2y(x +2x+1) where y(0) =

202 o\ _1ilo3
E(y +9) —In‘x +2x+1‘+C

Now y(0) = 0 implies that %(27) =In)+C, so
C =18. Thus

202 o\ _ 13
E(y +9) —In‘x +2x+1‘+18.
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18.

19.

Section 15.5

ow, Y1) =0=e" =—(2)+C,so C=0. Thus
N 1) =0= e’ ;(2)c C=0.Th

1
eyzl(x2+3)2:> :In(1 X2 +3|.
2 2

x(y% +1)% 2 dx = e ydy, where y(0) =
xe ™ dx = y(y? +1)7°"2dy
J‘xe‘x2 dx = I y(y? +1)7%2dy
1p 42 L, 2 =302
—Eje [-2xdx] _Ej(y +1)732[2y dy]

_lefxz _l(yZ +1)—1/2
2 2 -l/2
Lo (y2+)Y2.c

+C

Now y(0) = i+C, SO C:—%

N

e_x2 = (y2 +l)_1/2 —% or

1
0 gives — =
gves 5

Thus E
2
e —o(y2+1) V21,

dc
G +1)2 e

d
I C I(q+1)

Using partial fractions or Formula 7 for

Joie

(a+1

Inc=1In(qg +1)+L+C . Now, fixed cost is
q+1

dg, we obtain

given to be e, which means that ¢ = e when g =
0. This implies 1 =0 + 1 + C, so C =0. Thus

In(q+1)+-1-
Inc= In(q+1)+L:c=en(q+ Hq*l,
g+1

1 N
c=eM@egad o ¢ = (q+1)e.



Chapter 15: Methods and Applications of Integration

d vy xet
Y xe* Y =

20. — —
ey

dx
jeydy =jxexdx
Using integration by parts or formula 38 gives
ey =e*(x-1)+C . Now,
f=0=1=e(0)+C,1=C,so

ey =e*(x-1)+1, y=In [ex(x—l) +1] . Thus

f(2) = |n(e2 +1).

2. Y ooy
dt
j 1 dy = —o.ozsj dt
y

In|y| =-0.025t + C
Given that y = 1000 when 7 = 0, we have
In 1000 = -0 + C = C. Thus
In |y| =-0.025t +In1000. To find t when money
is 95% new, we note that y would be
5%(1000) = 50. Solving
In 50 = —0.0257 + In 1000 gives
(= In1000 - In50
0.025

~ 120 weeks.

dr

2. U (50-4q)eS
dg

J.e%dr = I(SO —4qg)dq

5e5 =500 -2q° +C
Since r = 0 when g = 0, we have 5(1) = C, C=5.

5e% :50q—2q2 +5

egzloq—3q2+1
5
r 2 -
—=In[10g—-=q“ +
5 q 5q 4
2 2
r=5|n10q—gq +1

)
10g-—q° +1].
q5q4

. 1 5
Since r=pg, p=—r=—In
a q

23.

24.

25.

640
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Let N be the population at time ¢, where =0
corresponds to 1985. Since N follows

exponential growth, N = Noekt . Now,
N =40,000 when t =0, so Ny =40,000.
Therefore N = 40,0006kt . Since N = 48,000

when 7 = 10, we have 48,000 = 40,000¢1%K |

1.2=¢"% In 1.2 =10k k _In12
10

Thus

In(1.2)(%)

N = 40,000e *)

o0(3)

N = 40,000e

N =40, 000?018t (First form)

t
From (*), we have N = 40,000 [elnlz}m 50

t
N =40,000(1.2)%0 (Second form)
At year 2005, r = 20 and so

20
N = 40,000(L.2)10 =40,000(1.2)? =57,600.

Exponential growth applies, so N = Noekt .
When ¢ =0, then N = 50,000, So Ng =50,000.

Thus N =50,000eX . When 7 = 50, then
N = 100,000, or 100,000 = 50,000¢°%% or

k = In—2 . Thus
50
tin2
N = 50,000g 50 (*)
0.69
N = 50, 000! % !
N =50,000e%%38  (First form)

t
From (*), N =50, OOO[e'”Z]SO . 50

t
N =50,000(2)%° .
When ¢ = 100, then

100
N =50,000(2) % =50,000(2)* = 200,000

(Second form)

Let N be the population (in billions) at time ¢,
where ¢ is the number of years past 1930.

N follows exponential growth, so N = Noekt .
When ¢ =0, then N=2,s0 Ny =2. Thus

N = 2eX . Since N=3 when 7 = 30, then
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26.

27.

3= 2e30k
3 _ (30
2
30k = InE
2
3
_In3
30
L'ng
Thus N =2e30 " 2,

In 2015, t = 85 and so

85
N =203 "2 ~ 2¢114882 pipjion,

3
In2

Let N = population at time ¢ and
Ng = population att =0. Then N = Noekt.
When 7 = 100, then N =3Ng, so

3Ng = Noe100k or k :In_3.
100
Setting N =2N; and solving for 7 gives
th3
2Ng = Nge 10
th3
2 —g100
N2 — tin3
100
. 100In2 ~63.
In3

The population will double in approximately
63 years.

Let N be amount of sample that remains after ¢

seconds. Then N = Noe_/It , where Ny is the

initial amount present. When ¢ = 100, then
N =0.3Ng. Thus

0.3Ng = Nge 1004

0.3 = 100
-1004 =1In0.3
LK
100
Thus A ~0.01204 . The half-life is
'”72 -2 100 I'”023 ~57.57s.
~ 100 n
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28. N =Nge ™
After 100 s, 70% remains.
0.7Ng = Nge 1004

0.7 = g~1002
-1004 =1In0.7
__In07

100

A ~0.0035667

The half-life is

2 _ I|:§7 = -100, '”02 ~194.3s.
7100 no.7

29. Let N be the amount of *4C present in the scroll

t years after it was made. Then N = Noe_}Lt ,

where Ng is amount of ¢ present when ¢ = 0.

We must find # when N =0.7Ng.
0.7Ng = Nge ™

07=eH

-At=In0.7

otl= _In% . By Equation 15 in the text,
2{ = In_2 , SO

5730

In0.7 _ 5730In0.7

In2
5730 In2

t=- ~ 2900 years.

30. N=Nge ™
0.1Ng = Nge ™

0.1=¢ M
—Jt=1n(0.2)
In0.1

t=———

A
In2

By Equation 15 in the text, A =
5730

, SO

to In0.1  5730In0.1
" TIn2 T
5730 In2

~ 19,000 years.
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31. aN =kN By Equation 15 in the text, 8 = In_2, A= In—2
dt A 8
N = Aekt In3 8ind

Kt Thus t=- =— ~5.9 days.
Np = Aekb 2~ 2
_No
Tkt
e 3s. ‘3-?:200—0.50A
Thus N =&(ekt ) = Noekt_kto , or
ekl Id—A [t
_ 200-0.50A
N = Noek(t tO), where t >t . 1
———In(200-0.50A) =t +C;
In2 0.50
32. a. From Equation 15 in the text, 140 = = In(200 - 0.50A) = —0.50t — 0.50C;
= -050t+C,
Thus A = :ILrITé Thus
It _th2 _365In2 A
b. N-= Noe_ — Noe 140 — Noe 140 200_E _ Ce—O.SOt
N = e_%ﬁllg2 ~0.164 Given that A = 0 when 7 = 0, we have C =200,
No Tt
SO 200—§= 200e 2
33. N=Npe™ t
0 . 200-200e 2 = 2
When ¢ =2, then N = 10. Thus 10 = Nge =", 2
Y A
Ng = 10e%* . By Equation 15 in the text, 200(1— e 2 j =3
512 t
) Thus A=4OO(1—e_2j.Ift= 1,
,_n2 1
6 A =400 (l— ezj ~157 grams per square meter.
In2 In2
Thus Ny =10e” ¢ =10e 3 ~12.6 units.
i 36. 9P k(@50,000-2P)
34. N =Nge dx
We want to find 7 when J‘d—P = '[k dx
3 150,000 2P
N=[=INg 1
5 —I[150,000-2P] = kx+C
( 3 j No = Noe—" Since P(0) = 15,000, we have
5
L 1n[150,000-30,000] = C, so
3 2
5-° 1 1
5 ~—In[150,000~2P] = kx ~~In[120,000]
At = In(éj
5
3
L
A

642
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Since P(1000) = 70,000,
—% In[L50, 000 —140,000]

@)

L|
b. 14,000 = 60,0005 (5%

. % _ o95(E)
= 1000k - -In[120,000] |n(ljzi n(ﬁJ
 _ 1 In[120,000] - In[10,000] _ In12 30) 95 (600
2 1000 2000 9.5In ( )
Thus t=—+—"--%31.903
In12 In(23)

——In[150 000-2P] =

1
_E In{120,000] This corresponds to about 31 years and

In[150,000 — 2P] = :ILrg)z.)é X+ In[120,000] 11 months after July 1, 1996 = June 2028.

150,000—2P =& iz XIn[120,000] Problems 15.6
MX M
150,000 2P =120,000e 1000 1. N=
1 iz, 1+be ™
P= (150 000-120,000g 1000 J M = 100,000
2 Since N = 50,000 at ¢ = 0 (1995), we have
_75, ooo_so,ooo[lz—mooj 50.000 100000 . 100,000,
+ 50,000
If x = 2000, then b=1.
P =75,000-60,000 1272) ~ 74,583. ,
( )=3 Hence, N = M If t =5, then N = 60,000,
1+e™@
dv
Teoa Sy ” 100,000
1 60,000 = ’_5C
[=dv =k dt 1+e
\Y 14075 _ 100,000 _ 5
InV =kt+C; 60,000 3
V =eklgCr go¢ :%_ ==
or V =Ce!. Nowr=0 corresponds to o\L/5
July 1, 1996 where e’ = [—)
V=0.75 - 80,000 = 60,000, so 3
60,000 = C(1). Thus V = 60,000e" . Also Hence, N = &0?/05_ In 2005, £ = 10, s0
V =38,900 for t =9.5, so 1+(%)
9.5k
38,900 = 60,000e 100,000
389 (95 = . ~ 69, 200.
600 1+(3)
9.5k =1In (389j M
600 2. N=
1, (389 1+be ©
95 600 Since M = 500, and N = 200 when ¢ = 0, we have
tIn( 38 B 500
Thus V = 60,0005 (65, 200="—
1:5=20_5_p_3
200 2 2
Hence N = _ %00 . When ¢ =1 we are given
1+%e‘Ct

643
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N = 300. Thus
500
1+3e™°
—c_500_5
300 3
Ee_c = 2
2

300 =

1+§e
2

500

Hence N = N . When ¢t =2, then
3(4
1+3(5)

3. N= —
1+be®

M = 40,000, and N =20 when =0, so
20— 40,000

~ 1+b
40,000

1+b=
b =1999

=2000

40,000

Hence N =——— .
1+1999¢

40,000

Since N=100 whent=1, 100 = ————,
1+1999¢~°¢

1+1999% € = 40,000

(¢ _ 399
1999
40,000

1+1999(%)t .

Ift=2,then N :ﬂzsoo.

1+1999(%)2

=400

Hence N =

M

1+be™®
Since M = 30,000, and N = 400 when ¢t =0, we
have

4. N=

644

ISM: Introductory Mathematical Analysis

30,000
1+b

30,000

400

400 =

1+b= 75

b=74
30,000

Hence N =
1+74e™%

If =1, then N = 1200.

Thus
30,000

1+74e”°
1474¢7¢ 230000 _
1200

1200 =

74e7¢ =24
e_c — ﬁ — E
74 37
30,000

Hence N = T
1+74(£2)

M

1+be™®
M = 100,000, and since N = 500 when ¢ = 0, we
have

N =

100,000
1+b
100,000

500 =

1+b= =200

bh=199
100,000
1+199¢~%
N =1000. Thus
100,000
1+199e ¢
100,000
000

Hence N = Ift=1, then

1000 =

1+199° ¢ = =100

199e7¢ =99
e_c — ﬂ
199
100,000
t
99
1+199(@)
N = 100,000

) 1+199(%)

Hence N = Ifr=2, then

~1990.
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dN

6. a. N _Na-nN

2 a AN
dN

——=dt
N(@-N)
J‘ _dN I dt
N(@L-N)
Using Formula 5 in the Table of Integrals,

, we get In

for =M e get |
N(1-N) 1-N
1
2
1

Since N(O):%, In =In1=0=C.

Also, N> 0, and since M =1, N < 1. Thus

o)

N
1-N
N = (1- N)e'
N(e' +1) = et
t
N = te _ 1t
e+1 1+e

b. ﬂ\—'=N(1—N):N—N2
dt
d?N
=—=1-2N

—N =0 when N = 1
dt? 2
1-2N>0when N <% and 1 -2N <0
1 . . . .
when N > E' so there is an inflection point

when N = 1
2
1

1_
2 1+e7
1+et=2

et=1
t=0

Thus the point (O, %) is an inflection point

on the graph.
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1 1

o= 1+et 2
o 2-(+ et
C2@+e)
_1-et
C21+e™)
el
2t 1)
Replace ¢ by —¢ then multiply numerator and

denominator by el.

e'-1  1-¢t -1
2+1) 2@+el)  2(et +1)
Thus, f(¢) is symmetric about the origin.

- —f(t)

The graph of N(¢) is the graph of f(¢) shifted
% unit upward. Thus, since () is

symmetric about (0, 0), N(¢) is symmetric

about (O, lj
2

1
N@ = O+

1
NG = )+

1
=1+

:—[f(t)+%}+1
=1-N(t)

1.5"N

;////*

3

N__ 375 35
1+ e5.2—2.3t 1+ 65'26_2'3t
375

T 1+4181.27¢ 2%

limN=— 3 _375
too  1+181.27(0)
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8 a N- . 1280.2524
e =+2%% 1 0.005125
0.2524
___ 0.005125
e2128¥10,005125
0.005125
4925 4925
T e2128x = —2.128x
5005125 +1 1+195.1e
b. Ifx=0,then N~ 4925 62511 em?.
1+195.1
9. O(Ij_-lt— =Kk(T —a) where a =-10.
dT =k dt
T+10
j dT :jkdt
T+10

Thus In(T + 10) =kt + C. At t =0, we have
T=28,s0In(28 + 10)=0+ C, C=1n 38, and
In(T + 10) = kz + In 38.

In(T + 10) — In 38 = kt

Hence In T+10 = kt.
38

If t =1, then T = 20. Thus |n(20+10j:k-1, SO
k:ln@:mE, Hence
38 19

T+10 15
Inf| ——|=|In— |t
38 19

If T=37, then In ﬂ = InE t
38 19

In4Z
t=—38~-090 hr
Inis
which corresponds to 54 minutes. Time of

murder: 4:15 AM. — 54 min = 3:21 AM.

dp
10. — =kp(l —
ot p(l - p)

This is logistic growth, so the maximum rate of

formation (growth) occurs when p = 12, which

is when there are equal amounts of both
enzymes.
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9% _ 1 (200,000-x)

dt

J‘L - jk dt
200,000 x

~In(200,000 - x) = kt +C
(200,000 — x) = —kt — C

200,000 - x = K=C — g Cek _ Ae™ here
A=eC . Thus x=200,000— Ae ™ 1f7=0,

then x = 50,000, so
50,000 = 200,000—- A= A=150,000. Thus

x = 200,000 150,000 ¥ . If £ = 1, then
x = 100,000, so
100,000 = 200,000 —150,000e
150,000e ¥ =100,000
ok _ 100,000 _ 2

150,000 3

t
Thus x = 200,000—150,000(%) LIf 1 =3, then

x =200,000-150,000 (%} ~ $155,555.56.

d_N:sz
dt

d-'i:jk dt
N

—izkt+C
N

If t=0,then N = Ng. Thus —Ni:C,so
0

N
N No

1 —kNgt+1

N Ng
__No
 1—kNqgt

As t > 1 , then 1—-kNgt — 0", so
kNq
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dN

o0
13. —=k(M —-N 2. dx = lim 3x—1)"“[3dx
KM -N) Il(le) ij( ) *[3dx]
jl\/ldNN:Jkdt —Iim{— ! }r
In(M—-N)=ki + C r—oo 3(3X—1) 1
If 1= 0, then N = Np,s0 ~In(M ~Ng)=C. _ lim {_ 1 +1}
Thus we have roo| 3(3r-1) 6
~In(M - N) =kt —In(M - Ng) _o+l
In(M - Ng)—In(M - N) = kt L0
nM=No _ 6
M -N
nM=N _ 3. I Lox= Ilmf L ax = tim In|x|
M —Ng r—o r—o
M —-N _ = lim (In|r
on - lim (n]r|-0)
M — N,
Kt = lim In| | o = diverges
M—N=(M-Ng)e r—c0
N=M-(M-Ng)e™
4, I x_Ilmj (x+2) 3dx
2 3/
Principles in Practice 15.7 (x+ 2 o
1 r
© . (x+2)8
L[ (37t -3 0% ot  jim **2
r—oo 3 )
lim [ (3e70% 3¢ ot Cim3[¥ria_3
HJ —rligo3[\/r+2 Y@ |
r = o0 = diverges
= lim (—30e_0'1t +1Oe_0'3t)
r—o0 0
o 30 10 0 0 5. | e Xdx=lim—| e *[-dx] =
= lim {_e‘T+e0-3r -(-306” +106 )} N am I o
T Y 10 = lim (—e_r +e‘1): lim [—i+1j
- r—o eO.lr e . r—oo roo\ ef e
=0+0+20=20 _osl 1
The total amount of the drug that is eliminated is e e
approximately 20 milliliters.
© X
Problems 15.7 6. -[0 (5+e )dX—r“_r)TJOJ. (5+e )dX
r
I —dx_ ||m.[ X3 = lim (5x—e‘x) = lim [(Sr—e‘r)—(O—l)}
r'—)oo r—o 0 r—oo
X2 1. 1 = lim 5r—i+1 = = diverges
=lim — =—-=Ilim = r—o er
r—oo — 2 r—o0 X2 3
-1 lim 11 ——E(O—lj—i 7. —dx=lim | x 2dx lim ZX%F
2 r—oo r2 9 2 9 18 -[ \/_ B I’—)oo'[ B r—o i
= lim (2(—2):003 diverges
r—ow
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0 0 0
dx = [im ‘f X +9) [2 dx] 12. |7 (5-3dx=]" (5—3x)dx+j (5—3x)dx
I’~>oo
(2 *9 [° 6-3xdx= tim [°(5-3x)dx
r——o0
1 0
= lim {—(x2+9) 2} = lim |- L +1 = lim 5X—§X2
r—oo 4 r—oo r2+9 5 >0 2 ;
1 1 . 3,
=0+=== = lim | (0-0)—|5r——=r
5 5 H_w{( ) ( 2 ﬂ
. 3,
-3 = — — =
9. j 2dx_ lim j (x+1)‘2dx ririo( 5r+2r ] *
P (x+1) r——oo
b 113 Thus J (5-3x)dx diverges
oo X+1|,
101 © k
= |lim | =+— 13. a. —dx=1
H_w[z ’ r+J IBOO X2
_l . r -2 _
_E+0 rI|_r>rlok a00 ¢ dx=1
_1 r
2 lim-=| =1
r—oo X800
3 1 K k
10. dc= lim —[3(7-x)"Z[-dx] lim (__+_]:1
j—w\/f r——oo ‘[ r—oo r 800
13 K
= lim —=2(7-x)2 0+——=1
r—-m 800
= lim (—4+2\/7—r)=oo:> diverges k=300
r——o 800
2 0 2 2 b -[1200 2 dx = lim 800 1200 X “ox
11. Jm 2xe* dx=I 2xe* dx+‘|'002xe‘X dx e
— lim 800|"
2 2 — lim =22
j 2xe dx_rin_woo j e " [-2xdx] Y
- ~ jim [ -390, 8901 _4,2_2
"t . ol T 1200 3 3
. 1
= lim |-1+—|=-1+0=-1 ®
Hw{ erz} 14. [ ke dx=1
j oxe ™ dx = lim — j e [ 2xdx] I|m——j e X [-2dx] =1
r—o0 r—oo
2|" _ox |l
= lim —e* lim K€ i =1
r—o 0 r—o0 2 X
= lim {—%+1}:0+1:1 lim[——% . K |4
el e roo\ 2?7 2e?
') 2
Thus [~ 2x™ dx = ~1+1=0. 0+L2=1
- 2e
Thus k = 262,
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15. j;°240,000e—°-°6tdt
. 240,000

= lim
rx» —0.06

r
_ jim _ 240,000 005t
r>o  0.06 0

. 240,000 1
= lim-——r| ——-1
ro>o 006 | g006r
240,000

= (~1) = 4,000,000
0.06

jor e 008t[_0 06 dit]

16. o= jexdx—nm je [dx]

r—oo
r
= lim-e ¥
r—oo Xe
: 1 —X, —X, —X,
=lim|—+e 7 |[=0+e =g "c
r-o\ gf
= I —e 8dx_I|m j e s ——dx
r—oo
X r
=lim-e 8
r—oo Xe
1 (3%
= lim|-—+e (&)«
r—oo eg
_(1
=0+e ()
1
=e—(g)xc

17. Areaz—ﬁ) eXdx = lim Ie3x[3dx]

r—— oo
0
= lim =-¢%| = lim F—ler}
r——ow T 3 3
1
=——0==sqg units
3 q

Chapter 15 Review

18. V :noj'ooeme’ptdt Ilmj' e@=P)tqt

I’—)oo
=mp lim j e@=Pl[(g - p)dt]
r—w 0
.

— Jim —T0_a@-pt| _ |im _T0_ [ e@-p)r _ ]

r—o0 Q—p 0 r—ow 6 — %

o (since d—p<0)

O0-p

7o

O0-p

Thus V = ——0_ = "0
0-p p-06
19. J-oo40,00(2) i J»r 40,002dt

0 (t+2) r—x0 (t+2)

. 40,000|"
= lim————

roo t+2 0

. { 40,000 40,000}
= lim|——+

r—o r+2 2
=0+ 40,000 = 20,000 increase

Chapter 15 Review Problems

1. Use Formula 42 with u = x and n = 1. Then
du = dx.

2 2
Xx“Inx X
-—+C

4

jxlnxdx=

2. Use Formula 27 with u = 2x, a® =1. Then
du =2 dx.

I;dlej;
Vaxl el 27 Jex)? +1
2x+\/4x2 +1

(2 dx)

2
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3. Use Formula 23 with u = 3x, a? =16. Then
du =3 dx.

[9x® +16 x :%joz,/(sx)2 +16(3 dx)
_ %E((w)\/gxz +16+161n[3x+9x2 +16m
= [2@+§In(6+2x/ﬁ))—[0+%ln4)
:2@3.”(%J
3 4
= 2\/E+§In(3+\/f3j

2

2
0

4. By long division, [ —X—dx = [[ 4+ |dx = —4x—3In[3-4x+C
3-4x 3-4x

Or, by Formula 3 with u = x, a = 3, and b = —4. Then du = dx.
[ 16x dx =16[ - dx:le[i—

3-4x 3-4x -

%In|3—4x|}+c =-4x-3In|3-4x|+C

5. | 15x -2 dx:j( 15x 2 jdx
Bx+1D(x-2) Bx+D(x-2) (Bx+H(x-2)

For J.lS—XdX, use Formula 12 withu=x,a=1,b=3,c=-2,and k= 1. Then du = dx.
(Bx+1)(x—-2)

_[15—de 15[ —dx =15{i(—2|n|x—2|—1|n|3x+qﬂ+c
(Bx+1)(x-2) Bx+D(x-2) -7 3

For J— dx, use Formula 11 with
(3x+1)(x-2)

u=x,a=1,b=3,c=-2,and k= 1. Then du = dx.
j 2 dx=2j dx _ in3x+l
Bx+1)(x-2) (3x+1)(x-2) -7 | x=2
J 15x-2
T Bx+1)(x-2)

J+c

3x+1
X_

+C

=@In|x—2|+éln|3x+]j+zln
7 7 7

:@In|x—2|+§In|3x+]j+2In|3x+1|—gln|x—2|+C
7 7 7 7
=4In|x—2|+|n|3x+]4+C
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1
6. The integral can be put in the form I —du with
u

10.

11.

u=1Inx.

jez ! dx = e [ dx} In||nx|
e xInx e Inx

=In‘|ne2‘—ln|lne|=In2—|nl =In(2)-0=In2

eZ

e

Use Formula 9 with u =x, a =2, and b = 1. Then
du = dx.

dx 1 1 X |
j 5= +=1In +C
X(X+2) 2(x+2) 4 |X+2|

Use Formula 35 with u = x and a = 1. Then
du = dx.

X1
|x+l|

J.le_ +C

Use Formula 21 with u = 4x and a2 =9 . Then
du =4 dx.

dx
'[ x2\/9 ~16x2 )

4[

/ 2
:_ﬂ_;_c
9x

(4 dx)

4
/ (4x)%4/9— (4x)?
V9-16x2 ]+ c

9(4x)

Use Formula 42 with u = x% and n = 1. Then
du = 2x dx.

1
jx3 In x2dx :Ej(xz) In(x?)[2x dx]

1{ (x3)%Inx?  (x%)?
:E[ 2 2 e

:lx“lnx2
4

—lx4+C
8

Use Formula 35 with u = x and a = 3. Then
du = dx.

j 9dx —9_[ dx 9 lln X—3 LC
)( x2_9 6 X+3
:§|nx_3 C

2 |x+3

651

12.

14.

15.

16.

17.

18.

Chapter 15 Review

Use Formula 15 withu=x,a=2,and b =5.
Then du = dx.

J- q :2(5x—4)\/2+5xJrC
V2 +5x 75

Use Formula 38 with u = x and a = 7. Then
du = dx.

I49xe7x dx = 49j xe'* du

e7x ;
=49 E(?x—l) +C=e*Tx-1)+C

Use Formula 45 withu =x,a=2, b =3, and
¢ =4. Then du = dx.

J.Lzlzl[4x—ln(2+3e4x)]+c
2+3™ 8
. 1
The integral has the form j—du .
u

I dx zzlj 12Fdx}:iln‘lnx2‘+c
2xInx 47 Inx°LX 4

Use Formula 5 withu =x,a=2,and b = 1. Then
du = dx.

I o =1In| X |+C
X(2+x)

2 |2+x]|

Long division or Formula 3. For long division,

2X 3
I3+2x dx:j{l_sux}dx

1 1
=X-3-—|—[2 dx
2J3+2x[ ]

:x—gln|3+2x|+C )

For Formula 3, use u = x, a = 3, and b = 2. Then
du = dx.

2X
j3+2de: I3+2x

= Z(E—EIn|3+2x|J+C = x—Eln|3+ 2x|+C
2 4 2

dx

Use Formula 30 with « = 2x and a® =9. Then
du =2 dx.

J‘ dx =2J‘ (2dX)
2Jax? =9 7 (2%)%4/(2%)% -9

X

+C
9(2x) 9
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19.

20.

21.

Partial fractions

5x° +2 5x2 +2 A+BX+C

Bax x(x +1) X

5x2+2:A(x +1)+ (Bx+C)x
=(A+B)x2+Cx+A

Thus, A+ B =35, C=0, A =2. This gives
A=2,B=3,C=0.

2
5X +2dx=j g+ 3X dx
8 X x241

X° + X
In(x +l)+C

x2 +1

—2In|x|

Partial fractions

333 +5x% +4x+3  3x3 +5x% +4x+3

x*+x2 + %2 xz(x2 +X+1)
A B  Cx+D
X x? x%+x+1

3x° +5x% +4x+3
= Ax(x2 +x+1)+B(x2 +X+1)+(Cx+ D)x2
=(A+C)X +(A+B+D)x? + (A+B)x+B
Thus,A+C=3,A+B+D=5,A+B=4,

B=3.
This givesA=1,B=3,C=2,D=1.

I3x3+5x2+4x+3
2X+1

4 3,2
_I[ —}dx
X“+x+1

X+ X7 + X
:In|x|——+ln(x2+x+1)+C
X

dx

Integration by parts
u=In(x+1)

_1
dv=(x+1) 2dx

1
2

Then du ——dx and v=2(x+1)2.
x+1

Iln(x+1)
NoEE

= 2(x+1)? In(x+1)— Zj(x+1)_%dx

= 2(x+1)% In(x+1) —4(x +l)% +C
=2X+1[In(x+1) -2]+C
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22,

23.

24,

25.
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Integration by parts

u= X2

dv = e*dx

Then du = 2x dx and v =e*,

szexdx = x%e* j2xe

For '[2xexdx, use integration by parts again.
u=2x

dv = e*dx

Then du =2 dx and v =¢*.

Ierde = 2xe* —IZede =2xe* —2¢* +C
Ixzexdx = x%e*

— eX (X2

—(2xe* —2e*)+C
-2x+2)+C

f =i :(sz +2x)dx=—

= %[(64+16) ~(8+4)]=34

— 1
f :Lj t2et dt
1-070
For jtzet dt, use Formula 39 withu=1¢,n=2,
and a = 1. Then du = dt.
jtzet dt =t%! —zjtet dt
For jtet dt, use Formula 38 with u =fand a =
1. Then du = dt.
jtzet dt =t%e! —2[e! (t-1)]+C
:et(tz -2t+2)+C
Thus,
— 1
f :.[ t2e! dt = ¢!
0
=e—-2.

(2 -2t + 2)‘1 —e()-1(2)
.

y’:3x2y+2xy,y>0

d; (Sx + 2x)dx

J‘ﬂzj‘(sz +2x)dx

Iny= 3 + X2 +C,, from which y = eX X +C1

X3+X

y =Ce , where C > 0.
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26. y'—2xeX V=0, y(0)=3
% — oxeX 3V
eVdy = 2xeX +3dx
jeydy = I2xexz+3dx

2
eY =eX*34C
y(0) = 3 implies €% =e>+C, C=0. Thus
x2+3

oY =eX* or y=x%+3.

27. widx_ lim Irx_z'de
1

r—oo

Il
§.

Il
§.
|

I

fan
e
|
w
—‘»—\N
o

+
w| N
N—

2. [ eXdx=

|
3
—

(0>}
N
<

(@8

x

I

3

1]
3
1
[E=N
[E=N
@D
N
5
| |
|
[S=Y
o
Il
N~ T

2. ["Zax=lim [ = dx= lim SIn|«
1 2x 12x

r—o r—o 2

r

1
11 .

= lim |:E|n|r|—0}:oo:> diverges

r—oo
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30.

31.

32.

Chapter 15 Review

0 2 0 2 0 2
xel X dx:j xel X dx+J.0 xet ™% dx
—00

—00

0 _y2 . 160 1,2

I xe' X dx = lim ——J' e [-2x dx]

—© ro—wo 297

0
2

~ lim -1t

r——o0

r

“im | —tes et o _teoo_Le
2 2 2

r—-o 2

0 2 2
[ % dx = lim —ijreH [-2x dx]
0 2Jo

r—o0

r
. 1 142

= lim - =X
r—oo

0
—im | tet 1 le|corte=te
r—o 2 2 2

2
Thus j_ww xel X = —%e+%e =0

N = NgeX

Since N = 100,000 when 7 = 0 (1985),
No =100,000. Thus N =100,000e*".
Since N = 120,000 when ¢ = 15, then
120,000 =100, 000e™*

1.2 = 1ok

In 1.2 = 15k, or k :Inﬁl Thus
15

Inl2 t
N =100,000¢" = ~100,000(e"™*? )

t
=100,000(1.2)*s
For the year 2015 we have ¢t = 30 and

30
N =100,000(1.2)35 =100,000(L.2)? =144,000

N = NgeX

When ¢ =0, then N = 40,000. Thus Ng = 40,000
and N = 40,0006 . When ¢ = 10, then

N = 80,000, so

80,000 = 40,0006

2 — olOK

In2 tin2
10k=1In2, or k:E.Thus N = 40,000e 10 .
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33.

34.

35.

N = Noe_lt , where Ny is the original amount
present. When 7 = 100, then N =0.95N, so we
have

-1004
0.95Ng = Nge

0.95 = g~1004
~1004 =1n0.95
_In0.95

~ 0.0005 (decay constant). After

200 years, N = Noe_ZOM . Thus

N _ g~2004 _ e—zoo[—'nlg»gﬂ _ p2In0.95
No
= 0.90 = 90%

dg _
dt

99 kat
q

[
q
Ing=-kt+C
When =0, g=0g, so Ingyg =0+C =C. Thus
Ing=-kt+Inqq
q=e e =o€

_kq

kt

When t = % 9 7 ~0.09%.

Jo

450

N=_"%Y
1+be

450

1+b’

:ﬂ:225,b=224,s0 N = 450

If t=0,then N=2. Thus 2=

1+b

If t = 6, then

1+224e7Ct

36.

37.

ISM: Introductory Mathematical Analysis

450
1+224e75¢
450 3
300 2
3 1

224675 =" 1=~
2 2

N =300= 300 =

1+224¢75¢ =

e—6C — i
448

e8¢ — 448

6¢ = In 448

_ In 448 ~1.02

450

Thus N~ ——>— |
1+ 224¢71.02t

2000
1+be ™
When ¢ = 0 (last year), then N = 1000. Thus
1000 = @
1+b
2000 5
1000

N =

1+b=

b=1
2000

1+e €

So N = . When t=1 then N = 1100.

Thus
2000

C

1100 =

l+e
¢ _ 2000 20

l+et=22 o2
1100 11

. When ¢ = 2, then

d
_dar
T-25

d_T:J’k dt
T-25

In(T-25)=kt +C

=k dt
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Ift=0, then T=35. Thus In 10 = C, so
T —25) =kt . If
0

In(T —25) = kt + 1In 10, or In(

t=1,then T =34 and In[%j: k . Thus

In [T_—%j =(n0.9)t . If
10

T=37,
12
In=—==(In0.9)t
10( )

In1.2=(n0.9)z,
_Inl2
In0.9
Note that 1.73 hr corresponds approximately to
1 hr 44 min. Thus
6:00 PM. — 1 hr 44 min =4:16 PM.

~-1.73

38. Use Formula 38 with u = ¢, and a = —0.06, so
du = dt.

0 06t 12

j 10te 0 06tgt = 10| &
0.0036

(~0.06t —1)}

0

0072
00036[ (-0.72-)-(-1)]

~ $452

39. j°° f (x) dx

= lim j (0.007e7%9 . 0.0000560-0092%) g

r—o0
— lim (~0.7¢~00 _ g 5¢-0.0002x)"

r—oo 0

0.7 0.25

- rlf;[_ 001r  ,-0.0002r ~(=0.7-0. 25)}
:0—O+0.7+0.25
=0.95

t

40. j_lw At dt = lim j Agedt

r——oo

lim Ay - jl ek (k dt)

r——ow
t
kt 1
) e .
— lim 2% jim i(ektl—ekr)
r——oo r——o
r
AO kr

:Tektl since ° — 0 as r — —oo for

k>0.
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Aoe A (ekt2 _ektl)

kt
IAO dt = >

I’}

:%ektl (ektze—ktl _1)

_ %ektl [e"(tZ‘tl) —1} G
If Age2 = 2A0e"% | then €2 = 264 |
0 & " _ Mt Substituting into (1) gives

ie"t1[2—1] _ Do gy
k k

12
41. a. Total revenue =r(12)—r(0) = IO %d

dr
f(q) = —
(@) aq
n=4,a=0,b=12
_b-a_12-0_,
n 4
Trapezoidal
f(0)= 25
2f(3)= 44
21 (6)= 36
2f(9)= 26
fl2)= 7
138

TR ~ %(138) =207

Simpson’s
f(0)= 25
4f(3)= 88
2f(6)= 36
4f(9)= 52
fl2)= 7
208

~ 2(208) =208

b. Total variable cost ¢(12) —c(0) = _[0 —dq

f(Q)—
dg

a=0,b=12

Using as few data values as possible, we
choose n = 1 for Trapezoidal and n = 2 for
Simpson’s (n must be even).

Trapezoidal (n = 1)
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hob-a_12-0_,, VC ~ 3 (142) =142
n 1 3
f(0)=15 Using these results and those of part (a), we
_ have:
f(12) __7 Trapezoidal
22 P(12) = 207 — 141 - 25 = 41
12 Simpson’s
~?(22)=132 P(12) ~ 208 — 142 — 25 = 41
Simpson’s (n =2) Mathematical Snapshot Chapter 15
_b-a 12-0 6
n 2 1. C=2000, wy =200
f(0)=15
0) Vg = ~C 2000 ~114
4f(6) =48 175 175
= 7
fa2)= 7 W(t) = C (Wo _C j 50005t
70 175 175
6 _ 2000 (200_ ZOOOje_o_ooa
VC ~ 5(70) =140 175 175
To each of our results we must add on the Letting w(r) = 175 and solving for 7 gives
fixed cost of 25 to obtain total cost. Thus for 175 = 2000  (5qq_ 2000 ) ~0.005t
trapezoidal we get TC = 132 + 25 = 157, 175 5 17.5
and for Simpson’s we have 2000 2000
~ - 175 =| 200 == |¢ 70005
TC =~ 140 + 25 = 165. 175 ( 175 j
i 2000
c. Weuse the re:jatlorzj 175—ﬁ _ o-0.008t
P(12) = J. {—r——:} dg-25. First we 200— 21(;050
determine variable cost for each rule with B %
b-a 12-0 —0.005t =1 5000
n=4and h= =3 0-175
n 2000
Trapezoidal In [175 = }
£(0) = 15 P v P
o
ot Egg - Thus Weq =114 and 7 = 69 days.
f(12)= 7
94
; 2. ?jw —~_(C-17.5w)
VC ~ 3 (94) =141 t 3500
2 aw 1 dt
Sin;rz;;)n’s 5 C-17.5w 3500
41(3)= 56 [ [ L
2f(6)= 24 C-17.5w 73500
41(12)= 40 1
f12)= 7 ——In|C -17.5W|=——t+C;
142 17. 3500
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In|C -17.5w| = —%t ~17.5C; =-0.005t +C,

|C —17.5W| _ e—0.005t+C2 _ eCZ e—0.005t _ C3e‘0'0°5t
Thus C-17.5w = C4e—0.005t , where C, is a constant and C4 = +C3. When ¢ =0, then w =W, so
C -17.5Wy = C4. Thus C —17.5w = (C —17.5wq )e 000

-175w=-C+ (C —17.5w, )e—0.00St

wo C (. C 175 1 oo
175 \ 175 175

we S W - C )g-0.00t
17.5 17.5

which is Equation 2.

3. W(t)=£+ WO—L g 0005t
17.5 17.5

. C _0.005t «:  jep - .
Since —— =W,y , we have W(t) = Waq + Wy —Weg | . Simplifying the equation
175 ed (t) eq ( 0 eq) pliifying q

W(t+d):w(t)—%[w(t)—weq] gives W(t+d):%[w(t)+weq].Thus

| 1 |
o-0.005(t+d) =_[ o0.005t

Weq +(W0—Weq) 5 Weq+(WO—Weq) +Weq:|,0r

-0.005(t+d) _ ~0.005t

1
Weg +(Wo —Weq ) eq +§(W0‘WeQ)e
Solving for d gives
o-0.005(t+d) _ % o0.005t

~ ~ 1
e 0.005te 0.005d e 0.005t

g-000sd _1
2
1
-0.005d = InE =-In2
d- In2
0.005

as was to be shown.

4. BMI = hﬂz ,sow=BMI - h2 with w in kilograms and / in meters. 5 feet, 8 inches equals 68 inches, or

1.7272 meters. The upper BMI limit then corresponds to a weight of 24.9(1.7272)2 ~ 74.28 kilograms, or about
163 pounds. So the woman would need to lose 27 pounds. On a 2200 calorie-per-day diet,

Weq = 2280 ~125.71 Ib and the weight function is

w(t) = 125.71 + (190 — 125.71)¢~0-0057 = 125 71 + 64.29¢0-0057,

The solution of the equation 163=125.71+ 64.29¢ %90 i ¢ ~ 109. It would take about 109 days.

5. Answers may vary.
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Chapter 16

Principles in Practice 16.1

1. The uniform density function is given by

1 ifo<x<
F(x) =1 60° |f0_x-_60
0, otherwise.
The probability of waiting between 25 and 45
minutes is
45
45
P(25< X <48) = [0 —dx =
25 60 60|o5
45 25 20 1
60 60 3

2. The exponential density function is given
X
L1a70
by f(x) = 108 ifx=0
0, if x<0.

The probability that the break pads will break
down after the warranty period is
P56<X)=1-PO <X <Y5)

5

5 _X _X

=1- ie dx=1-| —e 10
010 0

5 -1 -1
:1—[—e 0 4e j:1+e 2_-1=e 2 ~0.607

3. The exponential density function is given by
£(x) = 0.2¢79% forx>0
0, otherwise.

1 1
The mean is given by py=—=

k 02
The standard deviation is given by
1 1

o=—=——=25,

k 02

Problems 16.1

(x+1)
1. a. P(l<X<2 —(x+1)dx = —
( )j (x+dx ===
1
_9_ 4.5
12 12 12

658

(x+1)
P(X <25 —x +Ddx =
( )= [ (e 5
1
_49 4 U — =0.6875
T 48 12 16

3) 31 (x+1)
P[ngj_jme( +1)dx = 5

16 25 _13_ o0
T12 48 16

3/2

cl 1
jlg(x+1)dx=E

(x+1)°
12

_1
2

1
C+)? 1 1
12 3 2
(c+1)%>-4=6
(c+1)% =10
c+l=i\/ﬁ
c=-1+410

We choose ¢ = —1+\/E since 1 <c < 3.

4000
P(3000 < X < 4000) = jmo 1000,
X

4000 __l_(_lj_i

P(X > 2000) = jzooo 1000
X

. r 1000
= lim I —_—
I —s00 92000 X2

. [ 1000 1) 1
= lim|-—+>|==
2000 r—o0 r 2 2

1000
X

1000/
= lim - ——

r—o X
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3. a.

L]

1 ifi<x<4
f(x)=13
0, otherwise

f(x)

[y
'
1

le—r
' X
1 4
7.3
p[3ox 272 2
2 2) " 4-1 3

P@<X<D:E0m:0

P(X £35)=P(@1< X £3.5)

351 255
4-1 3 6
P(X >3)=PB<X <4)=2"3_1
173
P(X=2)=0
HX<5:Pa§Xs®=i%:1
24
:'[4)([1 dX:X_ :E_EZE
TR T e 2
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J.

e

]

@

=

Section 16.1

X

If1<x<4, Fu).[_m_

3l
0, ifx<1
x-1 .
Thus F(x) = 3 ifl<x<4
1 if x > 4.
-1 1
P(X <2 FZ_—:—
( )=F(2) 3 "3

Pa<X<$:F©—F®:§—0:§

F(x)

1 jfo<x<s
f(x)=1<°
0, otherwise

P(X=4)=
3
P(X >2)=P(2< X <5)= :g
P(X <5)=PO<X <5)=_
NX>5yﬁ?0m=o

2°
u=fox(3 o151 -
05 100

% 5
10 2

3
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5
3 2 2 _(bo2f 1 2
. 2 5 5(1 2 X 5 c. O =I X (—)dx—y
i = x| =|dx—pu =—| —-|= _
GIO(SJ”B @ * \b-a
° X3 | a+b)
15 4 3 4 12 3b-a)|, | 2
Thus o= |25 _ 5 _5V3 _p*-a® (a+h)’
12 V12 6 ° 3(b—a) 4
« _b2+ab+az_a2+2ab+b2
j. fo<x<S5, F(x):jg%dt:% =§ 3 4
0 b’ -2ab+a’ (b-a)?
0, ifx<0 = 12 = 12
Thus F(X) = % if0<x<5b Thussz—a
1, ifx>5 V12
35 1
PAl<X <35)=F@B5)-F1)=""-= 6. a. Ib Kdx =1
5 5 a
kx|2:1
k(b-a)=1
1
b-a
Thus X is uniformly distributed.
b. Ifa<x<b
X
F(x):j:bl dtzbl t =;‘_a
5 ifa<x<b -2 “2la D-a
5.a f(x)= ) 0, ifx<a
0, otherwise
Thus F(x) = ﬁ ifa<x<b
2 |b 1 ifx>Db

b 1 X
b. =| x dx =
u=, (b—aj 2(b-a)| ;
a 3 ifx>0

7. f(x):{

2 .2
_b"-a” a+b 0, ifx<0
2(b—-a) 2
4

a. Pl<X<4)= jl 3e X dx

_ _e—3x 4

1
= 12,¢73

~ 0.04978

b. P(X <4) =j;3e‘3xdx
4
0
=241
~0.99999

_e—3x
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c. P(X>6)=1-P(X <6)
6
:1—.[ 3e~3¥dx
0
=1-(-e 8 41)
= e~ £0.00000

d. From the text, y:a:lzl.
k 3

Plu-2c< X <u+20)= P(—%< X <1j

= jl3e‘3xdx
0
1

. f’w f()dx = g°3e—3x dx

R r. _

= lim I 3e~ dx
r—w”0

r

= lim (—e%%)

r—o0

0

= lim (e %" +1)
r—o

=0+1=1

f. F(X)=P(X < x):j_xwf(t)dt
If x>0,

X
F(x) = jg?:e‘st dt = —e‘3t‘ — e ¥4

0
0 if x<0

Ths Fx)= {—e‘3x +1 if x>0

—0.5x :
8. f(x)= 0.5e , ifx=0
0, ifx<0

a. P(X>4)=1-P(X <4) =1—j§0.5e‘0'sxdx

—1— (_e—O.5x ) 4

0

2.6
b. P(05<X <26)= j o5 0.56 705X x

26
_ _e—0.5x

05

- 1—(—e_2 +1) =e2~0.135

=13 4+e79% £ 0506
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Section 16.1

5 5
P(X <5)=] . 0.5e 0% dx = —g~0-5X

0
- e2%41~0018
PX=4)=0
1
ICO.Se‘O'Sde _1
0 2
_e—0.5xC=l
0o 2
e 050 g1
2
e—O.SCZE
2
—O.SC:In1
2
-0.5c=-In2
c=2In2
4
I kxdx =1
0
4
2
Ll
2
0
8k =1
k=1
8
3 2 g 4
P<X <3)=[ Tdx="-f =~
28 16|, 16 16
_5
16
i x . el
P(X > 2.5) =J‘2.5§dx=ﬁ
2.5
21-22_39 0609
64 64
PX>0)=P0O<X<4)=1
34
:J.4x Xdx=2 _6 5 8
#=Jo "8 24| 24 3
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We choose ¢ = 2«/5 since 0 < ¢ < 4.

h. P(B<X<5=P@B<X <4)=j;§dx

4
K16 9 7

163 16 16 16

10. a. PR<X<4)=1

I4(5+kjdx:1
2{ 2

4
2
(X—+ kx]
4
2

(4+4K) - (1+2k) =1
2k =2
k=-1

=1

b. PX=25=PR5<X<4)

4 2 !
:J. [5_1jd)(:[x__x}
25\ 2 4
25

{(4—4)—(@—5]} 5 09375
16 2)| 16

ISM: Introductory Mathematical Analysis

71 X 7
11. P(X g7)=jOEc|x:EOZE
10 (1 2[10
EQ) =] x| = |dx=>—| =5 min
o “(10 20}

12-11.93 007 1

12. P(X <12)= 2002
12.07-11.93 0.14 2
PX=12)=0
2.0
E(X) = [ 20 x|
1193 12.07-11.93
1207 X
11193014
12.07
2
—% =12 oz
7h1.93

13. PX>1D=1- PX < 1)

=1- I;3e‘3xdx =1- (—e‘sx )j)

:1—(—e‘3 +1) ~0.050

662
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3 _2 _
14. P(X s3)=j0—e " dx=—e °

2,3

2

5 0
_6

=—¢ 5+1~0.699

5 _2
P(X >5)=1-P(X 35)=1—j0§e 5™ dx

5
=1-(—e2+1)

- 1_(_e—§xj

~0.135

0

Problems 16.2

1. a.

b.

P0<Z<1.7)=A(1.7)=0.4554

P(0.43< Z < 2.89) = A(2.89) — A(0.43)
=0.4981-0.1664
=0.3317

P(Z >-1.23) = 0.5+ A(L.23) = 0.5+ 0.3907

=0.8907

P(Z <2.91) = 0.5+ A(2.91) = 0.5+ 0.4982
=0.9982

P(-2.51< Z <1.3) = A(2.51) + A(L.3)
=0.4940 +0.4032
=0.8972

P(Z >0.03) = 0.5— A(0.03) = 0.5-0.0120
= 0.4880

P(-1.96 < Z <1.96) = 2A(L.96)
= 2(0.4750)
=0.9500

P(-2.11< Z < -1.35) = A(2.11) — A(L.35)
=0.4826-0.4115
=0.0711

P(Z < -1.05) = 0.5— A(1.05)
=0.5-0.3531
=0.1469

P(Z >30)=P(Z >3)=05-A(3)
=0.5-0.4987
=0.0013

®

= 2[0.5- A(2)]
=2[0.5-0.4772]
=0.0456

]

P(Z <29)=0.5517

0.5+ A(zy) = 05517

A(zg) = 0.0517
2=0.13

P(Z < z)=0.0668
05— A(~z9 ) = 0.0668
A(-25) = 0.4332
—Zy =15
Zp=-15

P(Z > ZO) =0.8599
0.5+ A(~zg) = 0.8599
A(-z5) = 0.3599
-25=1.08
y = -1.08

P(Z > 25)=0.4129

0.5-A(z)=0.4129

A(zg) = 0.0871
2=0.22

P(-2p <Z <12y)=0.2662
2A(z) =0.2662
A(zy) =0.1331

7o =0.34

P(|z|>29)=023174

P(Z > 1) = 0'3;74 =0.1587

0.5— A(zy) = 0.1587
A(zg) = 0.3413
2 =1.00

Section 16.2

P(|z|>2)=P(Z <-2)+P(Z > 2)

(ot 4o -2

= 2(0.1915)
=0.3830
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9. a. P(X <27):P[Z<27;16j

= P(Z <2.75) = 0.5+ A(2.75)
= 0.5 + 0.4970 = 0.9970

b. P(X <10)= P[Z <¥j

= P(Z <-1.5) =0.5— A(L5)
=0.5 - 0.4332 = 0.0668

c. P(0.8<X <12.4)
(10.8—16

=P

<7< 12.4—16)

=P(-13<Z<-0.9)=A(1.3) - A(0.9)
=0.4032 — 0.3159 = 0.0873

40
=P(Z>-125)=05+A(.25)
=0.5+0.3944 = 0.8944

10. a. P(X >150)= P[z >MJ

b. P(210< X < 250)

_ P[ZlO—OZOO <7

250 - 200}
<
40

=P(0.25<Z<1.25)=A(1.25) - A(0.25)
=0.3944 - 0.0987 = 0.2957

11. P(X >-2)= P(Z >_2_T(_3)j

)]

=0.5-0.1915=0.3085

12. P(X <3)= P(Z <%)= P(Z <2)

=05+ A(2) = 0.5 +0.4772 = 0.9772

13. Since o =100, o =10. Thus
35=65-30=u—-30
95=65+30 = u+30

Thus P(35< X <£95)=P(u—-30 < X < u+30)
=0.997 (99.7%)

4. P(X > u-0)=P(X >7)= p(z >$j

=P(Z>-1)=0.5+A(1)
=0.5+0.3413 =0.8413

ISM: Introductory Mathematical Analysis

15. P(X >54)=P(Z > z)=0.0401
0.5- A(zg) = 0.0401
A(zg)=0.4599
29 =1.75

5440

o

Since =1.75

14 =1.75
o

SO o-=£:8.
1.75

16. Case 1.  Suppose Xy >16. Then

P(16< X <X)= P(O<Z < X‘;;?j

_ Al %0718 _ 04641 Thus
2.25

X0 -16
2.25

=1.8,s0 Xy =20.05.
Case 2.  Suppose Xg <16.Then

X0 -16
P X <16)=P
(X0 < X <16) ( 528

<Z<0)

Al X018 04641 Thus
225

B X0 -16
2.25

=1.8,50 X9 =11.95.

Therefore, Xy can be either 11.95 or 20.05.

17. Let X be score on test. Then the probability that
X lies within 2o = 2(100) = 200 points of 500 is
0.95. Thus, 95% of those who took the test had
scores between 300 and 700.

18. Let X be score on test and let X; be least score a

person could get and yet score in about the top
20 percent. Then

Xo —65

P(X2xg)= P(Z >

05-A[ 2075 _020 or Al 2% _020.
10 10

X -65

j =0.20. Thus

Hence ~ 0.84.

S0 Xg = 713.4~T74.

664
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19.

20.

21.

22,

Let X be height of an adult. Then
P(X <72) = P(Z < 72;68

j =P(Z<133)

=0.5+A(1.33)=0.5 +0.4082 = 0.9082
90.82% are over 6 feet.

Let X be the yearly income (in dollars) of a
person in the group.

a. P(X <46,000) = P(Z <WJ

5000
=P(Z <-2.8)
=0.5- A(2.8)
=0.5-0.4974
=0.0026

0.0026(10,000) = 26 people have yearly
incomes less than $46,000.

b. P(X >75,000) = p[w)

5000
=P(Z>3)
=0.5-A(@3)
=0.5-0.4987
=0.0013

0.0013(10,000) = 13 people have yearly
incomes over $75,000.

Let X be IQ of a child in population.

a. P(X >125)= P(Z >Mj

11.6
=P(Z>212)=05-A2.12)
=0.5-0.4830=0.0170.

Thus 1.7% of the children have 1Q’s greater
than 125.

b. If Xg is the value, then P(X >Xq)=0.90.

Xo —100.4]

Thus P(Z > =0.90 or

Xo —100.4
116
A(— Xo —100.4

116
Xp —100.4
116

0.5+ A(— j =0.90. Hence
j =04, so
=1.28 or Xy =85.552~85.6.

Since P(4< X <16)=P(uu—-30 < X < u+30)

=0.25 # 0.997, X cannot be normally
distributed.
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Section 16.3

Principles in Practice 16.3

1. X is the number of winners and X is binomial

with n =60 and p :%. To find
P(X = 20), use the normal approximation to the

binomial distribution with g =np = 60[%) =15

and o =/npq = /60&)(%):\/4;5%.35.

Converting the correct X-values 19.5 and 20.5 to
Z-values gives

, 219515 o,
45
4

2y = 205715 )6
45

4
Thus P(X=20) = P(1.34 < Z < 1.64)
=A(1.64) — A(1.34) =0.4495 - 0.4099 = 0.0396
The probability of 20 winners out of 60
contestants is 0.0396.

Problems 16.3

. n=150,p=04,4=0.6,

4= np = 150(0.4) = 60,
o = /npq = /150(0.4)(0.6) =~/36 = 6
P(X <52) = P(X <52.5)

,_525-60 _ .

P(X < 52)=P(X < 52.5)

~ P(Z < -1.25)= 0.5 - A(1.25)
=0.5-0.3944 = 0.1056

P(X = 74)=P(X = 73.5) ~ P(Z zmj
=P(Z = 2.25)

=0.5-A(2.25)

=0.5-0.4878 =0.0122
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2. n=50,p=03,¢=0.7, u=np="500.3) = 15,

o =Jnpq =/50(0.3)(0.7) =~/10.5 ~ 3.24
P(X =19) = P(18.5< X <19.5)
. P(18.5—15 <7< 19.5—15}
Jios ~ 7 105
=P(1.08<Z <1.39)
= A(1.39) - A(1.08)
=0.4177-0.3599
=0.0578
P(X <18) = P(X <18.5)
18.5—15)
J105
=P(Z <1.08)
=0.5+ A(1.08)
=0.5+0.3599
=0.8599

zP(ZS

3. n=200,p=0.6,q=04,
4= np = 200(0.6) = 120
o =/npq =/200(0.6)(0.4) = /48 ~ 6.93
P(X =125) = P(124.5 < X <125.5)
N P(124.5—120 <7<
/48 a8
=P(0.65<Z <0.79)
= A(0.79) — A(0.65)
=0.2852-0.2422
=0.0430
P(110 < X <135)
= P(109.5 < X <135.5)

109.5-120 135.5-120
~P <Z<
[ 48 48 j
=P(-1.52<Z7<2.24)
= A(1.52) + A(2.24)
=0.4357+0.4875
=0.9232

4. n=25,p=0.254g=0.75,
H1=np=25(0.25) =6.25,
o =Jnpq = /25(0.25)(0.75) =/4.6875 ~ 2.17
P(X =7)=P(X =6.5)
N P(Z N 6.5—6.25]
\/4.6875
=P(Z>0.12)
=0.5—-A(0.12)
=0.5-0.0478
=0.4522

125.5 —120)
<
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. Let X = no. of times 5 occurs. Then X is

binomial with n =300, p = % , 0= % s

12
u=np =50, o =,/npq = TS ~6.45.
P45 < X < 60)=P(44.5 < X < 60.5)
445-50 60.5-50

~ P <Z<
[125 [125
3 3

=P(-0.85 = Z < 1.63) =A(0.85) + A(1.63)
=0.3023 + 0.4484 = 0.7507

. Let X = no. of heads that occurs. Then X is

binomial with n =200, p = 0.4, g = 0.6,
pu=np =80, o=./npq =~/48 ~6.93.
P(90 < X <100) = P(89.5< X <100.5)

89.5-80 100.5-80
~ <Z<

) ( J48 Jas j
=P(1.37 < Z < 2.96) = A(2.96) — A(1.37)
=0.4985 - 0.4147 = 0.0838

. Let X = no. of trucks out of service. Then X can

be considered binomial with n = 60, p = 0.1,

q=09, u=np=06, c=/npq =+5.4 = 2.32

P(X 27)=P(X >6.5)~ P[Z > 6255)

=P(Z = 0.22) = 0.5 - A(0.22)
=0.5-0.0871 = 0.4129

. Let X = no. of defective items in sample. Then X

is binomial with n = 200, p = 0.05, g = 0.95,

1 =200(0.05) =10, o =+/npq =+/9.5 ~3.08

P(X>7)=P(X=>6.5)

,_65-10
Vo5

P(X >7)=P(X > 6.5)~ P(Z > -1.14)

=0.5+A(1.14) =0.5+0.3729 = 0.8729

~-1.14
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9. Let X = no. of correct answers. Then X is
binomial and p = 0.5, g = 0.5. If n = 25, then
u=np=250.5)=12.5,

o =+/npq =/25(0.5)(0.5) =+/6.25 = 2.5 and

P(X >13) = P(X >12.5)
N P(Z N 12.5-12.5}
25
= P(Z 20.00)
=0.5— A0.00)
=05-0
=05
If n = 100, then x= 100(0.5) = 50,

o =+/npg = /100(0.5)(0.5) =+/25 =5
P(X > 60) = P(X >59.5)
_ P(Z N 59.5-50}
5
=P(Z>19)
=05-A(L.9)
=0.5-0.4713
=0.0287

10. Let X = no. of correct answers on last 20
questions. Then X is binomial with n = 20,

p=0.25,4g=0.75, p=np =20(0.25) =5,
o =+/npq =/20(0.25)(0.75 = /3.75 ~1.94
P(X >10) = P(X >9.5)

. . 9.5—5]

P(Z * s

=P(Z >232)

=0.5- A(2.32)

=0.5-0.4898

=0.0102

11. Let X = no. of deals consisting of three cards of
one suit and two cards of another suit. Then X is

binomial with n = 100, p = 0.1, g = 0.9,
i =np =10, G=M=\/§=3.
P(X >16) = P(X >15.5)
N P(Z S 15.5—10)
3
=P(Z >1.83)
=0.5-A(1.83)
=0.5-0.4664
=0.0336
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Chapter 16 Review

12. Let X = the number of subjects that choose the
cola from the sponsoring company. Then X is
binomial with n =35, p=0.5,¢=0.5,

u=np=117.5, oc=,npq =+8.75 ~ 2.96
P(X > 25)=P(X > 24.5)

- P(Z . 24.5—17.5}
875

=P(Z>2.37)

=0.5- A(2.37) =0.5-0.4911

=0.0089

Chapter 16 Review Problems

1. a.  PO<X<l=1

I1(1+ kxzjdx =1
0{3

o

Il
[EEN

~ W= w|x
D wWN

=a
o

7~ N\
| =
AN
>
AN

~lw
Il

4
jS/ (l+2x2jdx
1/2\ 3

314

w
=
S

3
:{§+%J :%(x+2x3)
1/2 1/2

SEEHE

c. P(lejzj.l (1+2x2jdx
2 1/2\ 3
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d. Ifo<x<1, F(x) =jox(%+ 2t2)dt 7. P14< X <18)= P(M"ZO <Z< 18;20)
t 2‘[3 X X 2X3 = P(—15 < Z < —05)
= [§+?J =3t 5 =A(1.5) - A(0.5) = 0.4332 - 0.1915 = 0.2417
° 10-20
0, ifx<0 8. P(X >10)=P(Z> ; )
_ 2
Therefore, F(X) = %4—%, if0<x<1 _ P(Z > _25) =05+ A(25)
1, ifx>1 =0.5 + 0.4938 = 0.9938
2 103 {%e—(m)& ifx>0 9. P(X <23):P(Z<23;20j
. X) =
0, ifx<0 =P(Z <0.75) = 0.5+ A(0.75)
2 = =
P(X >2)=1-P(X 2) =1- [ 2o/ ax 0:5+0:2734=07734
23-20 33-20
2 _
:1_{_6(1/3))( }:1_[_e_2/3+1] 10. P(23< X <33) = P( <Z< ]
0 =P(0.75< Z < 3.25)
—e2/3 20513 = A(3.25) — A(0.75)
=0.4994-0.2734
5 (2 253 10 =0.2260
3. a. ﬂ:I X| =x |dx=—+ ==—
0" 25 75 3
0 11. n=100,p =0.35,g=0.65, u=np =35,
5 ) o =Npq =~/22.75 = 4.77
b. &%= jo G (Exj dx — 12 P25 < X < 47)=P(24.5 < X < 47.5)
245-35 475-35
43 2 ~P <Z<
_x _[Ej J22.75 J22.75
50/, (3 =P(-2.20 < Z < 2.62) = A(2.20) + A(2.62)
0 9 18 12. n=100,p =035, g=0.65, u=np =35,
Thus o = |22 ~118, o =+Inpq =+/22.75 ~ 4.77
18 P(X=48)=P(47.5 < X < 48.5)
475-35 48.5-35
5 ~ P( <Z< j
5 5
4. P(X <5)212de:j2£dx:1 J22.75 J22.75
6-2 4 45 =P(2.62 < Z < 2.83) = A(2.83) — A(2.62)

=0.4977 - 0.4956 = 0.0021

Nl o
|
NG N
|
Nlw

13. Let X = height of an individual. X is normally
j distributed with 4 =68 and ¢ = 2.

22-20 72-68
P(X>72):P(Z> _ j

5. P(X >22)= P[z >

= P(Z >0.5)=0.5— A(0.5)

=0.5-0.1915 = 0.3085 =P(Z2>2)=05-A(2)

=0.5-0.4772 =0.0228

6. P(X<21)= P(Z < 21‘20)

= P(Z <0.25) = 0.5+ A(0.25)
=0.5 + 0.0987 = 0.5987
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14. Let X = number of heads that occurs. X is
binomial with n =500, p =0.5, ¢ =0.5,

p=np =250, o =/npg =+/125 ~11.18.
P(X > 215) = P(X > 214.5)
214.5—250)
J125
= P(Z >-3.18) = 0.5+ A(3.18)
=0.5+0.4993 = 0.9993

zP(ZZ
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1. The result should correspond to the known

distribution function.

. The derivative of the logistic function should

roughly coincide with the normal probability
density function used to generate the values.

. The list of earthquake magnitudes will appear to

have a normal density function. This is
surprising, since one would expect something
more like an exponential density function, with
most earthquakes being very low-magnitude.
Presumably, the explanation for the normal
density function is that as magnitude declines,
the likelihood of a quake’s being reported and
thus appearing on the list also goes down.



Chapter 17

Principles in Practice 17.1

1.

a. ¢(500,700) = 160 + 2(500) + 3(700)
=160 + 1000 + 2100 = 3260
The cost of manufacturing 500 12-ounce
and 700 20-ounce mugs is $3260.

b. (1000, 750) = 160 + 2(1000) + 3(750)
=160 + 2000 + 2250 = 4410
The cost of manufacturing 1000 12-ounce
mugs and 750 20-ounce mugs is $4410.

Problems 17.1

10.

11.

12.

13.

f(1,2)=4(1)-(2)2+3=4-4+3=3
f(2,-1)=32)*(-1)-4(-) =-12+4=-8
9(0, 3, -1) =e*°[3(3) + (-1)] =¢°(8) = 8

93,1 -2)
= (32(0)(-2) +3(1)?(-2) + 3(1)(-2)?
=-18-6+12=-12

3@ -9 -9

h(-3, 3,5, 4) = = =
( ) 52_42 25-16 9

h(1,5,3, )=In(1-1)=In1=0

9(4,8) = 2(4)(42 —5) = 2(4)(11) =88

9(8, 4) =84 +10=8(2) +10=16+10 = 26
F(2,0,-1)=3

FL0,3=-—20 _2
O+nE) 3

f(xo+h, yO):e(Xo+h)+Yo :eX0+h+YO
f(r+t, r)=(r+t)%r-3r’ = r(t2 +2rt—2r2)

400(400)

f (400, 400, 80) = = 2000

670

14.

N

15.

16.

17.

18.

19.

20.

-3
o MOTET GG s
49 314-3)! 3L 64
A plane parallel to the x,z-plane has the form

y = constant. Because (0, 2, 0) lies on the plane,
the equation is y = 2.

A plane parallel to the y,z-plane has the form
x = constant. Because (-2, 0, 0) lies on the plane,
the equation is x = —2.

A plane parallel to the x,y-plane has the form
z = constant. Because (2, 7, 6) lies on the plane,
the equation is z = 6.

A plane parallel to the y,z-plane has the form
x = constant. Because (-4, -2, 7) lies on the
plane, the equation is x = —4.

X +y+z=1can be put in the form

Ax + By + Cz+ D =0, so the graph is a plane.
The intercepts are (1, 0, 0), (0, 1, 0), and
0,0, D).

2x +y + 2z = 6 can be put in the form

Ax + By + Cz+ D =0, so the graph is a plane.
The intercepts are (3, 0, 0), (0, 6, 0), and
(0,0, 3).
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N

21. 3x+ 6y + 2z =12 can be put in the form

Ax + By + Cz+ D =0, so the graph is a plane.
The intercepts are (4, 0, 0), (0, 2, 0), and
(0, 0, 6).
z y
6 / ; ;
X /
25. 7=4-x%.The x,z-trace is z=4-— x2 , which is
2 Y a parabola. For any fixed value of y, we obtain
4 the parabola z =4 - x2.
X

22. 2x+ 3y + 5z =1 can be put in the form
Ax + By + Cz+ D =0, so the graph is a plane.

The intercepts are (%, 0, Oj, (0, %, Oj, and

ond) x

Z

26. y= 2%, The y,z-trace is Y = 22, which is a

% parabola. For any fixed value of x, we obtain the
y parabola y = 22,
1
3 z

1
X0 2

23. x+ 2y =2 can be put in the form
Ax + By + Cz+ D =0, so the graph is a plane.
There are only two intercepts: (2, 0, 0) and
(0, 1, 0). The x,y-trace is x + 2y = 2, which is a
line. For any fixed value of z, we obtain the line
X+2y=2.

27. X%+ y2 +22=9. The Xx,y-trace is x2 + y2 =9,
which is a circle. The x,z-trace is x2 472 = 9,

which is a circle. The y,z-trace is y2 +22=9,
which is a circle. The surface is a sphere.

X

24. y =3z + 2 can be put in the form
Ax + By + Cz+ D =0, so the graph is a plane.
There are only two intercepts: (0, 2, 0) and

[0, 0, —%) . The y,z-trace is y — 3z = 2, which is

a line. For any fixed value of x, we obtain the
liney —3z=2.
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28.

3% +2y? =1

The x,y-trace is 3x% 4+ 2y2 =1, whichis an
ellipse. For any fixed value of z, we obtain the
ellipse 3x% +2y? =1.

<
)

X

Problems 17.2

1.

f(x, y)=4x2+3y2—7
fu (X, y) =4(2x)+0+0=8x
fy(x, y)=0+3(2y)+0=6y

f(x,y)= 2x? +3xy
fo (X, ¥)=2(2x) +3(1)y = 4x+3y
fy(x, y) =0+3x(1) =3x

f(x, y)=2y+1
fy(x, y)=0+0=0
fy(x, y)=21)+0=2

f(x,y)=In2
fX(Xv y):O
fy(x,y)=0

a(x, y):3x4y+2xy2—5xy+8x—9y
gx (x, ¥) =3(4)x>y +2(1)y* ~5(1)y +8(1)
:12x3y+2y2 -5y+8
gy (x, ) =3x" (@) + 2x(2)y -5x(1) -9(1)

:3x4+4xy—5x—9

a(x, y)= (x+1)2 +(y—3)3 +5xy3 -2

9y (X, y) =2(x+1)+0+5(1)y3 -0
=2(x +1)+5y3

gy (x, ) = 0+3(y—3)° +5x(3y* )0

=3(y—3)% +15xy?

ISM: Introductory Mathematical Analysis

1

7. 9(p, 9) =+/pq = (pq)?
9p(p, ) == (pg) 2-q=—0
) 2pq

1 -1 p
gq(p, ) ==(pq) 2-p=——
! 2 2,/pq

8. g(w, 2)=w?+2 :(w2+22)%

1242\ % 2w
gw(w, 2)==|W"+z (2w) = :
3( ) 3(W2+22)§
(w24 22) % 22
g;,(w, 2)==(w"+z (2z) = :
3( ) 3(W2+22)§
9, h(S, t) _ St2_+34
hs(s, t) = %(25) =t2__s3
Rewriting h(s. 1) as (52 + 4) (t-3)"1, we have
ol
2
10. h(u,v) = ugu-:—lvz
(u2+v2)2
o)
i (u2+v2)2
hy(u, V) =8 (u?+v?) @) -v*@)
u, v)=au
(u2+v2)2
__1euv
(u2+v2)2

672
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1 1
11. u(qy, q2)=EIn(q1+2)+§In(q2 +5)

u (qu qz)zl. 1 +0= 1
% 2 g +2 2(qq +2)
1 1 1

u , =0+=- =
R N T

12. Q(l, k) = 21938179 _ 3103 4 5013
Q (I, k) =2(0.38)1%38 4179 _3(1.03)1932 4 0 = 0.761 7062179 — 3,091 003
Qu (1, k) = 21938 1.79)k> %1 — 0+ 2(0.13)k %131 = 3,581 938079 1 . 26K 08

2 2
X +3xy+y
13. h(x, y)=> X+ Y
X2 +y?
1 1
(x2 +y2)2 [2x+3y]—(x2+3xy+ yz){%(x2+y2) 2 (ZX)}
hy (X, y) =

]

(x2 + yz)_% [(x2 + yz)(2x+3y)—(x2 +3Xy + yz)x}

x2+y2
B 2x3 +3x2y+2xy2 +3y3 —x3—3x2y—xy2 _ x3+xy2 +3y3

(Xz+yz)% (xz+yz)%

(x2 +y? )% [3x+2y]—(x2 +3xy + yz){%(xz +y? )_% (2y)}

1]

(x2 + yz)% [(x2 + yz)(3x+2y)—(x2 +3xy + yz)y}

X2+y2

hy (X, y) =

3

_ 3x° +2x2y+3xy2 +2y3 —xzy—3xy2 -y 3x3 +x2y+ y3

(Xz+yz)% (Xz+yz)%

673
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VX+9
4. h(x, y)=———-
XY+ y“x
1 1
(x2y+y2x)%(x+9) 2—(x+9)2(2xy+y2)
hX(X’ y)= ) ’ 2
(x y+y x)
1
2(x+9) 2[x2y+yzx—2(x+9)(2xy+y2ﬂ
- 2
(x2y+y2x)

y[x2 + Xy —2(x+9)(2x + y)}

2(x+9)% [xy(x+ y)]2
y[x2 + xy—4x2 —36x—2xy—18y} —(3x2 + xy+36x+18y)

2(x+9)%x2y2(x+ y)? 2x%y\/x+9(x+y)?

Since h(x, y) :M(xzw yzx)_l, then
hy (x, y) = M(—l)(xzy + yzx)_2 (x2 + 2xy)

2
- X+9(X +2Xy)_—x\/x+9(x+2y)_—\/x+9(x+2y)
(x2y+y2x)2 x2y2 (x+y)? xy? (x+y)?

15. z=¢>

L _ 65 (5y) =5ye5 ; TZ — 65 (5x) = 5xe™
1704 oy

? — (XZ + y2)[e2X+3y+1(2)]+er+3y+1[2X] — (2)(2 + 2y2 + 2X)82X+3y+1
X

? _ (X2 + y2)[62x+3y+1(3)]+er+3y+1[2y] _ (3X2 +3y2 + 2y)62x+3y+1
y

17. z=5x|n(x2+y)
%z {x{xziy(Zx)}Hn(xz+y)[l]}=5{x'§x2 +In(x2+y)}

+y
P | 1] | ==
ay X“+y X°+y
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18. z= In(5x3y2 + 2y4)4 = 4In(5x3y2 +2y4)

2.2 2.2 2
g, 3 21 4[5(3x2)y2+0]: SO;( ! 4= 2 60):; ! N SOX 2
OX 5x°y< +2y 5x°yS +2y*  yo(5x°+2y°) 5x°+2y
oz 1 410x3y +8y%)  8y(5x° +4y?) 8(5x° +4y?

oy 5x3y2+2y 5x?’y2+2y4 - y(5x3y+2y3) - 5x3y+2y3

1
19. f(r,s)=(r+2s)2 (r3 —2rs+52)

fo(r,s)=(r+ 23)% [Br2 —25J+(r3 —2rs+sz)B(r + 25)7% (l)}
:\/m(Br2 —23)+m
2Jr+2s
fo(r, s)= (r+2s)% [—2r+25]+(r3 —2rs+sz)B(r+2s)%(Z)}
2

3
r°—2rs+s
=2(S—rVJr+2s + ———
Nr+2s

20. f(r,s)= (rs)%e2+r
f (r,s)= (rs)% [ez”(l)}+e2+Ir B(rs)_é(s)} :[\/E+ > }ez”

2Jrs
_ e[k et
(rs)=e [z“s) (r)}—wE

21. f(r,s)=€e>"In(7-5)
f(r, s) = |n(7—s,)[e3—r (—1)] -3 In7-3)
3-r

o3
s—7

e pylo
fy(r.s)=e [7_5(1)}

22. f(r,59) :(5r2 +3s3)(2r-5s)
f(r, s) :(5r2 +3s3)[2]+(2r—55)[10r] - 2(5r2 +3s3)+10r(2r—5s)
fg(r, s) = (5r2 +3s3)[—5]+(2r—55)[952J :—5(5r2 +353)+952(2r—55)
23. g(x Y, z):2x3y2 +2xy3z+4z2
Ox(X, Yy, 2)= 2y2(3x2)+ 2y3z(1)+0 = 6x2y2 + 2y32
gy(x, y, 2)= 2x3(2y) + 2xz(3y2)+0 = 4x3y+6xy22
g;(x, Yy, 2) :O+2xy3(1)+4(22) = 2xy3 +8z
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24,

25.

26.

27.

28.

29.

g(x, y, z)= 2xy226 —4x2y3z2 +3xyz

9x(x, ¥, 2) = 2()y*2° - 4(2x)y°2® +3() yz
= 2y226 —8xy322 +3yz

gy(x, Yy, 2)= 2x(2y)z6 —4x? (3y2)z2 +3x(1)z
= 4xyz6 —12x2y222 +3xz

g,(x,y,2)= 2xy2(6z5)—4x2y3(22)+3xy(1)
:12xy225 —8x2y3z +3xy

g(r, s, t) =" (r2 +7s%)

gr(r, s, t) =e*"[2r + 0] = 2re®™

0s(r, 5, 0 =e*[0+215% [ +(r? +75%) [ |
= (733 +215% + 12 )e5+t

gi(r, s, t) = (r2 +7s3)[eS+t (1)] ="t (rZ +753)

g(r, s, t, u) = rs In(2t + 5u)
g, (r, s, t, u) = MsIn(2t +5u) = sIn(2t +5u)

gs(r, s, t,u)=r@)In(2t+5u) =riIn(2t +5u)

1 2rs
r,s,t,u)=rs 2) | =
o ) [2t+5u( )} 2t +5u
1 5rs
r,s, t,u)=rs 5) | =
9 ) {2t+5u( )} 2t+5u

f(x,y)= x3y+ 7x2 y2
fy (X, y) = 3x2 y +14xy2
fo (1, —2) =3(1)%(-2) +14(1)(-2)> =50

z =\/2x3 +5xy+2y2

J1 6x°+5y

X 2/2x3 +5xy + 2y?
01 _ 5

Z(OV i) _m

g(x, y, 2) =e*\Jy+2z

X

x| 1 Sy |- &

g;(x, y,2)=e [2(y+22) (2)} YT
1 1

9.069=="T2

676
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3x2y2+2xy+x—y

30. g(x,y,2)=
Xy — YZ+ Xz
gy (X y Z):(xy—yz+xz)(6x2y+2x—1)—(3x2y2+2xy+x—y)(x_z)
' (xy — yz + x2)?
9,(115) = (L1-5+5)(6+2-1)-(3+2+1-1)1-5) ___

(1-5+5)?

31. h(r,s, t,u)= (52 +tu)|n(2r+7st)
7t(s2 +tu)

2r +7st
hs(2,0,0,1)=0

hy(r,s, t,u)= +2sIn(2r + 7st)

2.2
32 h(r, s t, u) =3
h(r,s, t,u)=0
h(4 3,21 =0

33. f(r,s,t)= rst(r2 +° +t4) =r3st +rs*t + rst®

fs(r, s, t) = r3(1)t+ r(453)t + r(l)t5 = r3t+4rs3t+ rt®
fs(, -1, 2)=2+(-8)+32=26

x2+y2

2.2
4. z= Ty = (X% +y2)e (YY)

eX

% = (202”0 4 (62 1 y2)e 0 (Lax)
X

= 2xe Y- (62 + y2)]

oz _ Op .
= o =20e"L-(@]=0

y=0

By symmetry, %: 2yef(xz+y2)[1— (X2 + y2 )l

0z

o] 2=

y=1

35. z=xe*Y +ye¥*

% = [xex‘y + ex‘y] + [yey‘x (—1)}
j—; = [xex‘y (—1)} +[yey‘x + ey_XJ

Thus ﬂ+£ =eX Y +e¥* as was to be shown.
ox oy
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1-z
36. u=f(tr, 2= _IAED

@+rt?—t
N naen-Z - {%}
In@+1) [0t gaen e {4 e |-
=In(1+
[(l+ r)t-? _tT
=In(l+ r)M
(L+r) 7 -t
[ I
e e 0

[(1+ ryt —tT
_t+nt? In?(L+r)
[(1+ r)t-2 —tT

37. Fp,C T, iy IC
c 2

JoF O [bT} o |:IC:| bT i
- = | — |+ — _ 4 —
oC oJC|C oC| 2 c? 2

or r
, we have —— = —— . Substituting into Equation (3) gives
D D g q (C)Fs

n

, as was to be shown.

38. From 7=

SR

r dC
n=r+D-—+—
Dp dD

r dcC
r|_—r+ +—
n dD
1] dc
n=r{l+—|+
/A dD

_77+l dC
N/ dD
[1+77| ,ac
N/ dD
which is Equation (4).

39. R=f(r,a,n)—1+aE ) {1+a(n21ﬂ

I
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Problems 17.3

1. c=7x+0.3y?+2y+900
2 _06y+2
ay

When x = 20 and y = 30, then

2C _0.6(30)+2=20.
ay

2. C=X{/X+Yy+5000
ac X
— =Xty
OX  2x+y
Whenx—40 and y = 60, then

ﬁc
+\/10 =12.
ﬂx 2\/

3. ¢=0.03(x+Y)> —0.6(x+Yy)? +9.5(x+y)+7700

jc —0.09(x+y)2 ~1.2(x+y) +9.5

When x = 50 and y = 80, then
o

4. P =15k —312 +5k2 +500

P — =15l +10k
k

P _15k—6l

al

5. P= 2.314|0'357k0'643

667 = 2.314(0.357)| 08430643

K 0.643
= 0.826098[|—j
oP

= 2314(0.643)1 B0

I 0.357
=1.487902 (E)

6. P=AI%kS

a. P poa s =(ZJAI“kﬁ _abP
ol | |

; — 0.09(130)% ~1.2(130) + 9.5 =1374.5.

7.

10.

679
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b. P _ Aﬁl“k/}’l :(ﬁjAlakﬂ _bP
ok k k

c. From parts (a) and (b),
S ()
ol ok | k
=aP+pP=P(a+p)=PQ)=P

9n _ g5 99 _, 9B _, 9B _ o

pa " Opg OOa pg
Since %G >0 and s >0 the products are
ps pa
competitive.
é’qAZ—l, é’qA:—Z, é’qB :_2, é’qB:_?’
pa IPg apa P
Since %9a <0 and il < 0 the products are
P Pa
complementary.
1. -1
ga =100pa "pg 2

-1 -1
dg =500pg~p,p°

0 o -1 100
A - 100(-1pR’pg’ =——
A pA P3
e PAP3
4 _
jgs _500[_§j palps = 500A
A 3psPA
0 -1 500
5?)5 =500(-1p3pp’ =——
B PEPA
Since ) <0 and 7% <0, the products are
P IPa
complementary.
opP _15.18] 054, 0.52
P

Ifl=1and k=1, then %zlS.lS and

P =17.16
ok
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11.

12.

13.

14.

. a. —=-1.015;
0

P 0.01A027g-0990.010.23£0.09 £0.27
apP _ 0.01A0-27 g0-01~~0.99 50.23 £0.09 £ 0.27
o__K
2k + 3l
o P _1(2Kk+3)-K() 312
ok (2k +31)? (2k +31)?
0P k(2k+3)-KI(3) 2k
al (2k +31)2 (2k +31)2
b. When k =, then
P P _ 312 212
ok al 2" 2
" T @432 (21+31)
_51°
2512
_1
5
oz .
% = 4480 . If a staff manager with an M.B.A.
X

degree had an extra year of work experience
before the degree, the manager would receive
$4480 more per year in extra compensation.

11

Sq =75387
Pq 71353 (1145
S \3)° " \3)3s2
e

ﬁ = 7(3) Se%Si_% - (ZJ Se
oS 2 2)si
If Sg =125 and S; =100, then
_(ZJE_Z
2)10 4

T _ (ZJE 1 e Do
7Se \3)52 15 oS;
Thus if Sg increases to 126 and S; remains at

14
100, then Sy increases by approximately E; if
S; increases to 101 and S, remains at 125, then

Sy increases by approximately %

W s
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b. One for which w=w, and s=5; since

increasing w by 1 while holding s fixed
decreases the reading ease score.

_1 1
16. o=b1L1 i:i\ﬁp R R
o bl bL \ zp

17.

18.

o _1 1(1},—1_1 T
or  bL 2 2bL\ 7ot
29

—= L >0 for Vg >0. Thus if x increases
OX V|:

and Vg and Vg are fixed, then g increases.

da = (PA*Pe) and gp = =16pp’ g’
DA pB
a. a0 e (pPatPg) <0
opB
o0 -3 -2
=-32pp”pg~ <0
A
Since both are < 0, A and B are

complementary.

b. Note that pa and pg are in units of

thousands of dollars. When pa =1 and

pa =2, then aq—A:—e’3 :_is.
opg e

A decrease in the price of B of $20 is a

decrease in pg of

20 =0.01. Thus the
00

change in Qg is approximately

——( -0.01) = 0—21 So demand increases
e e

. 0.01 .
by approximately —5~ unit.
€
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_3
19. a. ﬂzloq/pB(—%pAzj

pa

Section 17.3

é,qA _ 10 (1[)_%)
Sh. [ |o"B
9P pa\2
When pp =9 and pg =16, then %:10(4)(—l~ij:—§ and
apa 2 27 27
“u _L11) 5
opg 3\24) 12
0”qA 5 . .
b. From (a), when pp =9 and pg =16, then > :—2. Hence each $1 reduction in pg decreases (p by
Ps

approximately % unit. Thus a $2 reduction in pg (from $16 to $14) decreases the demand for A by

approximately %(2) :% unit.

1
qi(q%JrqA)z 1
20 c=—— 7+ qaQ3 +600
17
oc 1] , 1 -1 i 1
2 17 (B raa) (e o) (2qA)}+qé
1 5 3 -3 3 3| 1
:E_EqA(qB+qA) +ZQA(QB+QA) +08
oc 1| 5 13 2 5 1 -2
E—E_QA'E(QB"'QA) (3QB):|+qA'§QB
13 <11
= 15| 5 9A03 (a8 +aa 2}+§quB :

b. When gp =17 and gg =8, then

oc 1

oqn 17

EPERIR _(1gpn L <
_5(17) (E} 2(17)(23)}2 = {2 7)o+ 2(23)} 2~48.37.

c¢. From (b), if gp is reduced by one unit (from 17 to 16) while gg remains at 8,
then the cost will decrease by approximately $48.37.

21. a. oR

r

If E, =18.8 and I, =10, then R

= 2.5945-0.1608E, —0.02771,

=-0.70564. Since R

r EI’

<0,

such a candidate should not be so advised.
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b. R =0.8579-0.0122N
ON

If @<O,thenN>70.3 = T70%
JN

LA'SO . Note: A is expressed in hundreds of dollars.
A+T?

22. S=
(A+T2f(A)—(AT+45m{%(A+T2)é(2T{

S
T 2
(VA+T2)

(A+T2)"§[(A+T2)A—(AT+450)T}:Az_450T

A+T? (A+T2)g

as was to be shown.

b. We want to find when ;_—S <0 and A= M =90. First we find when % =0 and A =90:

902

—=18.
450

2_
=0T _ 902 4507 =0T
(90+72)°

() >0 for T< 18, and () <0 for T> 18. Thus 18 months elapse before the sales volume begins to

decrease.
23. g =1000-50pp +2pg

PA |99a [ij
Mo, =| = |=—=—=| — |(-50)
Pa (QAjé’pA aa

Pe | 2da (pBJ
Mo =| — |—==| —=|(2)
Pe [QAjé’pB da

. 5
When pp =2 and pg =10, then ga =920, from which Mo, = s and 77, m

24. aa :60—3pA _ZpB

PA |0da [ ij
Mo, =| = | == — |(-3)
P [ aa j opa  0a

Pe |9dA [pB]
Mos =| — |—=| — |(-2)
Pe EQAJGPB da
:—i and Mpg =~

When pp =5 and pg =3, then ga =39, from which Mo 13

2
13
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25. Qp = 100 6. 322 % 10« (2 oz )+222(2x)—y:0
Pa+ PB OX ; OX
Z
n _[ pAJﬁIA _[ DAJ -100 (322 +4x22)&: y—4x22
on =| A | SR = A
A \da Jdpa (aa )| pa/ps oz y —4xz?
) 2
Ps)d9a [ Ps _50 OX  3z°+4x°z
IlpB aa é’pB aa p p3 Az
ANTEB 7. 0+e¥+e?===0
When pp =1 and pg =4, then ga =50. This ay
- 1 oz _ ¢ y-2
gives 7p, =—1and 7p_ :—E. 0”y _e_z =—e

Probl 174
roblems 8. xyz +3y3x2 ~Inz®=0 so

1. 4x+0+102g:0 XyZ+3y3x2—3Inz:
o loz
2,2 Z
xz+xy +9yx -3.=—==0
& __Ax_ 2 > o
OX 10z 5z ( 3}62 .,
Xy —— |—=-X2-9y“X
oz z)oy
2. 22— -10x+0=0 Xyz—3
ox ( j —XZ— 9y
Jdz 10x  5x z
ox 22z a _2(-xz-9y*x%)
oy xyz—3
3. 62222 _0-8y =0
' y= 102 oz
9- + y:o
ﬂ 8y ﬂ 0% Ox
é)y 62 322 (14—9)2 =y
z OX
1+9z\ 0z
4. 0+2y+6zzﬁ:0 ( + j_z
oy zZ )ox
oz —2y Yy Jr _ yz
2y 622 372 OX 9412
10z
5. x2-2y-72 272)=20 10. =+0-=22=0
X y—z +y(x z ) - o
2x—0—22£+y[x2-22£+22-2x}=0 _lﬂ 21
ox X 70X X
& az z
2x2yz — 27 — —2x—2xyz2 —
( ! )é’x Y OX X

o2 —2x(1+ yzz) x(y22+1)
ox 22(x2y—1) :z(l—xzy)
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1. [ 2:9% vex Wx@+5=0
oy

22£+6x=0
ay

oz _—6x_ 3

oy 2z z

12. xz(1+y)-5=0
[x£+z-l}(l+ y)—-0=0
OX

xﬁ+z:0
X
Jr__z
OX X
0z 1
Ifx=1,y=4,z=1,then —=--=-1.
Y OX 1

13. 3x(22@j+322+2y[22@j—7y(4x3):0
OX OX
oz 3 2
(6xz+4yz)a—=28x y-3z
X

oz _ 28x3y —37°
OX  bxz+4yz

al  _280°0)-31) _-3_ 1
Xl 0, 6MD-40)D) 6 2
14, e*.x 7% _y yﬂ+z~1
ay ay
7x or
(xe —xy)ﬁ—y_ Xz
2 x
ay x(ezx —y)
Jt 1
oy e*_y
Ifx=1, y:—efl,zz—l, then
oz -1 e

ay e 1—(—e’l) 2
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15.

16.

17.

18.

ISM: Introductory Mathematical Analysis

eV’ -y%:—y{x%Jrzi}

(yeyz + xy)% =-yz

r___ yr
2 y(eyz+x)
ot z

ox eV ix
e2
If X:—?,y=1,z=2,then

or___ 2 _ 2__4
Ox 2.t & g2
2
_1
—(xz+y2) 2[x—+2y}—x:0
2
X 0T y Xy XZ+YyT -y

2\/xz+y25_y_x_\/xz+y2_ \/xz+y2
57 2(x~/xz+y2—y)

oy X

Ifx=2,y =2,z=6, then ?:w:

y 2

6.

1oz
0x
or
P

4+0

47

Ifx=5,y=-20,z=1, then g—)z(=4.
(52 +t2)[4rs2 %]—Zrzsz[Zt] »
(2+82)

2
4rs? (52 +12 )% = 4r?s?t +(52 +t2)

2
or 4r252t+(s2 +t2)

E_ 4rs? (52 +t2)

2
fr=1,s=11=1 then 2 =2¥2" _1.
2t 42)
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(rs)[Zt%]—(s2 +t2 )[s]

19.
(rs)?

0

2rst%—s(s2 +t2)=0

2rst%= 5(52 +t2)

2,42
ﬂ_S(S +t )_52+t2

or 2rst 2rt

Ifr=1s=21=4 then SL-3%16_20_5

or 214 8 2

20. 1 (1+gj+ yzZ + xyﬁ
X+Yy+1z OX oX

:@ex+y+z 4 zeXtY+2 (1+QJ
OoX oX
When x =0, y=1, and z =0, then

1 oz oz
I(1+ &J + () (0) + (0)(1)&
_ag +0(e1)(1+g)
oX OX

1+ 2 e Py Eo
0 OX

o
21. c++/c=12+0a\9+03

a. If gp =6 and gg =4, then
c+Jc=12+6(5)=42, Jc=42—c,
c=(42—c)2 =422 _84c+c?,
c?-85c+1764=0,

L85 J(-85)2 - 4(1)(1764)
2

8544169 85+13

2 2
¢ = 36. However ¢ = 49 is extraneous but
¢ =36 is not. Thus ¢ = 36.

1
e-1

. Thus ¢ =49 or

Section 17.5

b. Differentiating with respect to qp :

oc 1 oc _ ,9+q§.

+ .
0a  24Jc Aaa
1 oc 2
1+——= |——=+/9+05 .
( 2«/5)0"% °
When gp =6 and qg =4, then ¢ = 36 and

(l+ij£= 5, E-ﬁzi or
12 ) 0qp 12 Jgpa
oc 60
qa 13’
Differentiating with respect to gg:

oc N 1 Jc —q O
. =qp-
d9g  2\c Idg J9+a3
(1+ 1 JO"C __Oa0s
2Jc ) oag J9+a3
When g =6 and gg =4, then ¢ = 36 and
( 1jac 24 13 oc 24
1+— =—, o T

)

12)3qg 5 12 dgg 5
dc _288
Agg 65

Problems 17.5

fy (%, y) =61)y* =6y?
fuy (X, Y) =6(2y) =12y
fy(x, y) =6x(2y) =12xy
fyx (X, y) =12QQ)y =12y

fu (X, y) = 6x2y2 +12xy3 -3y
fo (X, ) =12xy? +12y°

fy(x ¥) =3
fy (% ¥) =0
fyyx (X, y) =0
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4 £ 00 9) = (X0 0+ y2 J2x+ Y1+ (5% v +1)[2x+ V]
— (2x+ y)[(xz oxy+y? )+ (2 +xy+1)}
- (2x+ y)(zx2 +2xy + y2 +1)
foy (X ) = (2X+ y)[2X+ 2y]+(.2x2 1 2xy + y2 +1)[1]
= (4x2 +6xy+2y2)+(2x2 +2Xy + y2 +1)

= 6x° +8xy+3y2 +1
5. fy(x y)= Q[ezxy (2X):| =18xe?X
fux (X, y) = 18[x(e2"y -2y) +e2% (1)] =182 (2xy +1)

foy (% Y) = 18[e2xy (2x) +(2xy +1) (ezxy . ZXH

=18e2 (2x)[L+ (2xy +1)] = 186%™ (2x)[2 + 2xy]

= 72x(1+ xy)e?Y
1 2X
b X2 +y? 2= x2 +y?
(xz + y2)[2]—(2x)[2x] 2(y2 ~ Xz)
fax (X, y) = S _ /
(x2+?) (%)
-2
fry (X, ¥) = (2)()(—1)(X2 + y2) [2y]=— 4xy .
X2 + yz)

7. f(x, y)=(Xx+ y)2(xy) = (x2 +2Xy + yz)(xy) = x?’y+2x2y2 +xy3
fr(X, y)= 3x2y+4xy2 + y3
fy(x, y)= X3 +4x2y+3xy2
Frc (X, y) = 6xy +4y?
fyy (X, y) = 4x2 +6Xy

8. fu(x Y, 2) :2xy3z4
fur (X, Y, 2) :8xy3z3
f, (X, Y, 2) :4x2y323
f(X, Y, 2) :8xy3z3
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9. 7=V

oz x2+y? 2y ye oyt zy
_:e . = =
2\/x2+y2 \/x2+y2 \/x2+y2

, Xy {e‘/xzﬂ’z y-eV Xy -LJ— yeV Xy’ [ ; z]

0°z x2+y2 X +y
-2 2
oy ( X2+y2j
(X2+y2)[e«/x2+y2 Ly ~yzj—y28 x2+y?
2 2
X"+y

(2 +y2)e2

I S M A L et
(@ +y2)e/2

B Wx2+y2«/x2+y2

=€ (2 +y2)e2

x2+y2 /X2+y2

= (2 +y2)3/2
0. 221 21 @2x) = — 2%
IX Yy x“+5 y(x2+5)

0% _o2x [ 12X
oyox  x%+5( y? yz(x2+5)
11. fy(x,y,2)=0

fyx (X, ¥, 2)=0

fyxx (X, Y, Z) =0

Thus fyy(4,3,-2)=0.
12. fy(x,y,2)= 22(6x—4y3)

fuy (X, Y, 2) = 72 (—12y2) = —12y222

fayz (%, ¥, 2) = —24y?z . Thus fy, (1, 2, 3) = 24(4)(3) = —288.
13. i (1, k) =181%5 —141%k®

fi (1, k) =541%k> — 28IKk®

fai (1, k) = 2701%k* ~168Ik>
Thus fiy (2, 1) = 270(4)(1) —168(2)(1) = 744.
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14. f,(x,y)= 9x2y2 + y—2xy2
frx (X, Y) :18xy2 —2y2
fay (X, y) =36xy -4y
fyy :18x2y+1—4xy
fyyx = 36Xy =4y = fy (X, Y)
Thus fyyy (5, 1) = fyx (5, 1) = 36(5)(1) — 4 =176.

15. f(x, y) = y%e* ;L
X

fry (X, y) = 2ye”

Fryy (X, y) = 2¢%
Thus f,,(1,1)=2e.

16. f,(x,y)= 3x2 —6y2 +2X
fyy (X, y) =-12y
Thus fy, (1, -1)=12.

wn

oc 1 2 3 -
17. = ==(39% +qd +4
%8 3( Ja +0B )

(o)
o} (3R +a3 +4)
o%

2 9(02 . 3. N3
B - 4) (8
T 3QB( Ja +QB + ) ( QA)

_5
~ ~4qa (303 + 0 +4)
When pp =25 and pg =4, then
ga =10-25+16=1and qg =20+25-44=1,

and % = —4(8)7% = —3;42 = —% .
18. f,(x,y)= 4x3y4 +9x2y2 -7
fuy (X, y) = 16x3y3 +18x2y
frx (X, Y) =12x2y4 +18xy2
nyX(x, y)= 48x? y3 +36xy
fay (X, Y) = 48x2 y3 + 36Xy
Thus fyyy (X, ¥) = fry (Xy)-
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19. f,(x,y)= 24x? +4xy2
fy(x, y)= 4x2y+20y3
fuy (X, y) =8xy
fyx (X, y) =8xy
Thus fyy (X, y)= fyx(x ).

20. f,(x, y)=ye

Fx (% ¥) = y2e®

fry (% y) = y(xe¥) +e? (1) =e¥ (xy +1)

fy(x, y) = xe™

fuy (X, y) = x2eY

fux (X, Y) = x(ye)+e¥ (1) =& (xy +1)

Thus, fy (X, ¥)+ fry (% V) + fyu (X, )+ fyy (X, Y)
=y2e + e (xy +1) + e (xy +1) + xeY
—eY (P +2xy+y2+2)
= £ V)(x+y)* +2)

21. %=X22+Xy2
527 B (x2 +y2)(2)—(2x)(2x) ~ 2(y2 —x2)
ox2 (Xz+yz)2 _(X2+y2)2
ot __ 2y
3y x24y?
222 (Cy7)@-@ey 2(x-y)
oy? (x2+y2)2 (x2+y2)2
P 2(y2—x2)+2(x2—y2) iy

ox% oy? (x2+y2)2 (x2+y2)2

2. 622 _6x2=0
OX

o7 6x° _ x?

ox 6z z

2 2 200 2 —x2(% 2_ 4
o%z 12 -x"5 2] 2xz° —x
x> 22 72 22
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23.

24,

Zzﬁ+2y =0
ay

9t_2y_ ¥

oy 2z z

0%z __z(l)—y-%__z—y(—%) __22+y2
ﬂyz 72 72 28

From the original equation, 2% + y2 =3x2. Thus
5%1 3x?

0”y2 o

22° =x2+2xy+xz (Eq. 1).
Differentiating both sides of Eq. 1 with respect to
y:

4zﬁz2x+xﬂ, (4z—x)£:2x,
oy oy oy

o1 __ax

oy 4dz-x

Differentiating both sides of Eq. 1 with respect to
X:

422: 2x+2y+[x£+ z(l)} ,
X OX

(4z—x)ﬁ:2x+2y+z, ﬂ:w
X OX 4z —X

. ... 0T .
Differentiating oy with respect to x:
y

o 5 (42— -x[ 452 -1]
OXay (42 - x)?
(4z—x)—x[M—lJ

4z—x

=2

(4z —x)2

_o. (42— X)? — X[4(2x + 2y + 2) — (42 — X)]
(4z- x)3

1622 —8xz — 8x? —8xy

(4z - x)3
222 —xz - x? — Xy
(4z- x)3
2

x2+2xy+xz)—xz—x — Xy

=2.

=16-

el
- (4z—x)3

_ l6xy
(4z - x)3 '
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Problems 17.6

1. z=5x+3y,x=2r+3s,y=r—2s

0z 010X 012 éy
= 4+ — 7 =(5)(2)+(3)(1) =13
; X or y o ( )( ) ( )()

o1 Ji1ox Jz10y
—=———a4———=0B)R)+B)(-2)=9
s Oxos 2y os @+

x=r2—-s% y=r’4+s?

2. z=2x° +3xy+2y2,
a_ax ay

o oxor oy or

= (4x+3y)(2r)+ (3x+4y)(2r)
=14r(x+Yy)
a_ox a2y

8 0Oxos oy os

= (4x+3y)(-2s) + (3x + 4y)(2s)
=-2s(x-y)

3. 2= x=t?+3, y:\/t_3
dz _otdx ozdy

dt oxdt oy dt
:ex+y(2t)+ex+y (Etllzj
2

=Xty [Zt +§«/fj

4. 7=8x+y, x:t2+3t+4, y=t3+4
d2 _ozdx ozdy

dt oxdt Oy dt
4 1 2
= 2t+3)+—(3t
1/8x+y( ) 2\/8x+y( )
_ 3t2 116t + 24

2,/8X+Yy



Chapter 17: Multivariable Calculus

S. W=x222+xyz+yz2 x=5t,y=2t+3,z=6-1¢
dw ow dx+&w dy ow dz
dt ox dt oy dt At dt

=(2xz? +vyz)(5)+ Xz + 22 (2)+ 2x22+xy+2yz (G
(2 ye) @)+ o2+ 222 o )

= 5(2xz2 + yz)+2(xz+22)—(2x22+xy+2yz)

6. W=|n(X2+y2+22),x=2—3t, y:t2+3,z=4—t
dw oJwdx Jwdy oJwdz

dt ox dt oy dt gz dt

2X 2y

= (-3)+
X2 +y2 422 w24 y2 42

_ —2(3x—2yt+7)
=

x2+y%+z

2 2\
7. Z=(X + Xy ) ,X=r+s+t,y=2r—3s+ 8t

01 J1 OX ﬁzﬂy
2t ox ot ﬁy&t

= 3(x2 + xy2) (2x+ yz)[l]+3(x2 + xy2 )2 (2xy)[8]

= 3(x2 eryz)2 (2x+ y2 +16xy)

8. z=w/x2+y2, x=r2+s—t y=r—s+t

ﬂ az 5x Jz é’y (2r)+ y 1) = 2Xr+y
o oxor o”y or X2 Iy /X2 + y2 /X2 4 y2
2 2 2 2 2,2

9. W=X"+Xyz+2°, X=r"-s,y=rs, Z=r"+s
OW OWIX JOwdldy OJOwdz
Os OxOs Oy ds 010s
= (2x+ yz)(=28) + (xz)(r) +(xy +22)(2s)
=-25(2X+ yz) + r(xz) + 2s(xy + 2z)
10. w=eY?, x=r2%s% y=In(r—s), z=+rs
OW Owox Owoy ow oz

or oxor oyor

2
= yzeY% (2rs°) + xze™? (ij xye?| 2
r—s ors?

2
=" [2rs3yz PRI L J
r—s 2

2
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11. y=x2—7x+5, x =19rs + 2s°t?
2y _dyox

=(2x-7)(19s) =19s(2x -7
or dx ar (2x=7)(19s) s(2x=17)

12. y=4-x2 x=2r+3s—4t
gy _dyox

ot " ax o A =8

13. z=(4x+3y)3, X=I’23,y=r—2s;r=0,s=1

—= +

or oxor 2y or

=12(4x +3y)? (2rs) + 9(4x + 3y)> (1)
= 3(4x+3y)2(8rs+3)

Whenr=0,s=1, thenx=0,y=-2, and %=324.
r

14. z=.2x+3y,x=3t+5, y:t2+2t+l; t =1
dz Jdzdx OJzdy

E:ax dt Ay dt

2 3
= 3)+ 2t+2
2 2x+3y() 2w/2x+3y( )
3(t+2)
A 2X+3y
dz 9 9
Whent=1,thenx=8,y=4and —=—=—+
Y dt 28 247

15. w=e>+3y (X2 +422), x=rs,y=2s—-3r,andz=r+s;r=1,5s=0.
OW_OWX OWdy owor
0S OXO0s oyos 0z0s
=[262F3Y (x2 +422) + 2+ (2x)](r) + 3623 (x? + 42%)(2) + 2+ (82)(1)
Whenr=1,s=0,thenx=0,y=-3and z= 1.

%stz[%_g (4)+e ()] +3e°(4)(2) +e 2 B))
40

= °[8+24+8]=—
e

16. y:Ls, x:2t2—3rs—r2t;r:O,s:Z,t:—l

gy _dyox -5 (4t_r2)
ot dx ot (x-5)?

Whenr=0,s=2,and t =-1, then x =2 and %z%
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oc  oc o”qA ac Jdgg
opa JGp Opa 5QB IPa

_ {g(gq,a vag+4) " (san )} (-1+ { (30 + B +4) qé)} o

17.

2

~(30A+aB +4) *(-20a +08)
Jc  oc ﬂqA ac dgg
Jpg  Jdp Opg 5QB P

:{g(sqmaw)§<6qA>}<2pB) { (adh b +4) °[3 qé)}-“)

_2
~ (304 + 3 +4) * (494 pg ~1103
When pA =25 and pg =4, then gp =10—-25+16=1, g =20+25-44=1,

¢ -5
B=(8) ®)=7

0
nd =(8 3 -1 —— and
: ﬂ ( ) ( ) : o

18 8 MW_Owdx owdy
dt oJxdt Jy dt

b. Since ﬂ—l from (a), d_Wzﬁwder@
dt dt oxdt Jy

19. 2. =229

b. w=2x? In[3x-5y], x=sVt?+2 and y=t—3e%"S.

ow | 2203 s 2x
— =/ 4xIn[3x 5y|+3x_5yL\/t2+2 |:3x 5y( 5)}(1)

When_s: 1 and ¢ =0, then x=~/2 and y = 3e.
M _| 432 In[3VZ - 5(-ge)|+ 22 }(0) { 22) (_5)}

32 -5(-3¢) 32 -5(-3e)

___ 20
3V2 +15¢
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20. p =aP —whL, where P =f(l, k) and [ = Lg(h).

op oP P ol JOP ok
—=a—-wh=a| ——+——|-wh
JL JL ol oL Jk AL

[ oP oP oP
=a|—g(h)+—-0|-wh=a-—g(h)-wh

a9 } a9
op P JP Jdl  OP Jk
—=a—- =al ——+ —— | —
oh oh Jl oh  Jk oh

[oP P
=a|—VLg'(h)+—-0|—-wL

o oM }

oP
=a—VLg'(h)-wL

g g'(h)

Problems 17.7

1. f(x, y)=x2+y2—5x+4y+xy

fu (X, y)=2x+y-5=0
fy(x, y)=x+2y+4=0

Solving the system gives the critical point
55
3° 3)
2. f(x,y)= X2 +4y2 —-6x+16y

fy(X, y)=2x-6=0
fy(x, y)=8y+16=0

Critical point: (3, -2)

53 2 3 15 9
3. (X, yY)==X"+—y  ——XxX"+
(X, y) 3 3V 75

fy (X, y) = 5x% —15x =0
fy(x,y) :2y2 +2y-4=0

Both equations are easily solved by factoring.
Critical points: (0, -2), (0, 1), (3,-2), (3, 1)

y2—4y+7

4. fx,y)=xy—x+y
fu(x, y)=y-1
fy(x, y)=x+1

Critical point: (-1, 1)

5. f(x v, z)=2x2+xy+ y2 +100-z(x+ y—200)
fy(X, y,2)=4x+y-2=0
fy(X, ¥, 2)=x+2y-2=0
f,(X,y,2)=—x-y+200=0

Solving the system gives the critical point
(50, 150, 350).
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f(x,y,z, W)=x2+y2+zz—w(x—y+22—6)
fu(X, Yy, z, W) =2x-w=0

fy(x, y, z, W) =2y+w=0

f,(x, y, 2, w)=2z2-2w=0

fw(X, ¥, 2, W) =-X+y—-22+6=0

Solving the system gives the critical point
1,-1,2,2).

f(x,y)= G +3y2 +4x-9y+3
fy(X, y)=2x+4=0
fy(x, y)=6y-9=0
. . 3

Critical point (—2, E]

Second-Derivative Test
fXX(Xv y) = 2 ’ fyy(xl y) :6’ ny(X’ y) :0 . At

(—2, g} D =(2)(6)-0?=12>0 and

fux (X, Y)=2>0. Thus at (—2, g] there is a

relative minimum.

f(x, y)=—2X2 +8X—3y2 +24y+7
fy(X, y) =—4x+8=0
fy(x, y)=—-6y+24=0

Critical point: (2, 4)
Second-Derivative Test
fXX(Xv y) =-4 s fyy(X, y) =-6 s

fuy (X, ¥)=0. At (2, 4),
D = (-4)(-6)—0% =24 >0 and

fux (X, ¥) =—4 < 0; thus there is a relative
maximum at (2, 4).

f(x y)=y-y>—3x-6x

fy (X, y)=-3-12x=0
fy(x, y)=1-2y=0

Critical point (—1, lj
4 2

Second-Derivative Test
fXX(Xv y) = _12 ’ fyy(X, y) = _2 ’ ny (X! y) = 0

At (_%, %) D = (-12)(-2)— 0% = 24> 0 and

fux (X, ¥) =-12<0. Thus at [—%, %) there is a

relative maximum.
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10.

11.

12.

13.

f(x, y):2x2+gy2+3xy—10x—9y+2
fy (X, y)=4x+3y-10=0
fy(x, y)=3y+3x-9=0

Critical point: (1, 2)
Second-Derivative Test

fXX (X’ y) = 4! fyy (X! y) = 31 ny(Xl y) = 3
At(1,2), D=(4)(3)-3>=3>0 and

fyux (X, ¥) =4 >0; thus there is a relative
minimum at (1, 2).

f(x, y):x2+3xy+ y2+x+3

fy (X, y)=2x+3y+1=0
fy(x, y)=3x+2y=0

Critical point: (z, —Ej
5 5
Second-Derivative Test
2 3
fou (X, Y)=2, f,u, =2, f,, =3. At| =, —— |,
xx (X, Y) vy xy (5 5)
D=(2)(2)- (3)2 =-5<0, so there is no

. [ 2 3}
relative extremum at | —, —— |.
5 5

3
f(x, y)=x?+y2—2x+2y—2xy

fy (X, y)=x2—2—2y=0
fy(x, y)=2y+2-2x=0

Critical points: (2, 1), (0, -1)
Second-Derivative Test

fc (X, Y) =2x, fiy (%, y) =2, fyy(x, y)=-2.

At(2, 1), D=(4)(2)-(-2)> =4 >0 and
fux (X, ¥) =4 >0, so a relative minimum at

(2, 1). At (0, 1), D =(0)(2)—(-2)*> =-4<0;
thus neither at (0, —1).

f(x,y) =%(x3 +8y3)—2(x2 + y2)+1

fy (X, y)=x2—4x=0
fy(x, y)=8y* -4y =0

Critical points: (0, 0), (4, %) , (0, %j ,(4,0)
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Second-Derivative Test

fuc (X, Y) =2x-4, fyy(x, y) =16y -4,
ny (X1 y) = 0 At (0’ 0)’

D = (-4)(-4)-0% =16 > 0 and

fux (X, ¥) =—4 < 0; thus a relative maximum.
At (4, %) , D=(4)(4)-0%=16>0 and

fux (X, ¥) =4 >0 thus a relative minimum.
At (o, %j , D =(-4)(4)-0? =—-16 <0 thus

neither.
At (4,0), D = (4)(-4) - 0% =-16 < 0, thus
neither.

f(x, y):x2+y2—xy+x3

fy (X, y):2x—y+3x2:0
fy(x, ¥) =2y -x=0

1 1

Critical points: (0, 0), | ——, ——
ritical points: ( )( > 4)
Second-Derivative Test

fux (X, y) =2+6x, fyy(x,y)=2,

fxy(X’ y)=-1. At (0, 0),
D=(2)(2)-(-1)?>=3>0 and
fux (X, ¥) = 2> 0; thus relative minimum.
At (—3, -ij, D = (-1)(2) - (-1)* =-3<0;
2 4
thus neither.

2
f(, k) :'?+ 2k +3k? — 691 —164k +17

f(l, k)=21+6k-164=0
Critical point: (43, 13)
Second-Derivative Test
fud, k) =1, fi (1, k)=6, fi (I, k)=2
At (43,13), D=(1)(6)-2%=2>0 and
fii (1, k) =1> 0 ; thus there is a relative

{ﬁ(l, k)=1+2k-69=0

minimum at (43, 13).
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16.

17.

18.

f(1, k)=1% +k? - 2lk

fi, k)=21-2k

fid, k) =2k -2l
Critical points: (r, r) where r is any real number.
Second Derivative Test

f||(|, k):2, fkk (l, k) =2, and flk (l, k):—2.

At (r,r), D=(2)(2)- (—2)2 =0, thus we cannot
make a conclusion.

11
f(p,q)=pg-——-=
P q

fo (P, q)=q+#=0

fq(p, q)=p+q%=0

Critical point: (-1, —1)
Second-Derivative Test

2 2
fop(P, Q) =——%, fgq(P Q) =——,
pp qq

p? q®

qu(p! Q):l At (_13_1)3
D=(2)(2)-1*=3>0 and fy,(p, q)=2>0;

thus there is a relative minimum at (-1, —1).

f(x y)=(x=3)(y-3)(x+y-3)
= (y—3)(x2 +Xy—6x—-3y+9)
=(x=3)(xy —3x+ y2 -6y+9)

{fx(xl y)=(y-3)(2x+y-6)=0
fy(x, y) =(x-3)(x+2y-6)=0

Critical points: (2, 2), (3, 3), (3, 0), (0, 3)
Second-Derivative Test

fox (% ) =2(y=3), fyy (X, y)=2(x-3),
fuy (X, y) =2x+2y-9. At (2, 2),
D=(-2)(-2)-(-1)?>=3>0 and

fux (X, ¥) =—2 < 0; thus relative maximum.
At (3, 3), D=(0)(0) —3%2 =-9<0; thus neither.
At (3,0), D =(-6)(0)— (-3)? =—9<0; thus

neither. At (0, 3), D = (0)(-6) - (-3)> =-9<0;
thus neither.

19. f(x,Y) =(y2 —4)(eX —1)

v =e*(y*-4)=0 @
f, (% y)=2y(ex—1)=0 2)

695

20.

21.
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Critical points: (0, -2), (0, 2)

[Note that y = 0 does not give rise to a common
solution of (1) and (2).]

Second-Derivative Test

o Y) =€ (¥2 = 4), Ty (x, y) =2(e* 1),
fry (X, y) = 2ye”. At (0,-2),

D = (0)(0) — (~4)? = —16 < 0 ; thus neither. At
(0,2), D =(0)(0)—(4)?> =—16 <0 ; thus neither.

f(x,y)= In(xy)+2x2 — Xy —6X
fy (X, y)=l+4x—y—6=0
X

fy (X, y):i—x=0
y
The only critical point is (g, %) .

1 1
fXX(XI y):__2+4’ fyy(X1 y):__z’
X y

3 2
ny(X’ y)z—l.At (E,gj,

D= (gj(_—gj - (—l)2 =-9 <0 thus neither.
9 )\ 4

P=f(k)
=1.081%2 —0.0313 +1.68k* —0.08k>

R =2.161-0.0912 =0

P, =3.36k —0.24k? =0
Critical points: (0, 0), (0, 14), (24, 0), (24, 14)
Second-Derivative Test
R, =2.16-0.181, By =3.36-0.48k , B, =0.
At (0, 0), D =(2.16)(3.36)—0° >0 and
Ri =2.16 > 0 ; thus relative minimum.
At (0, 14), D = (2.16)(~3.36) = 0° < 0 ; thus no
extremum. At (24, 0),
D =(-2.16)(3.36) —0? <0; thus no extremum.
At (24, 14), D = (~2.16)(-3.36) -0 > 0 and
R =-2.16<0; thus /=24, k=14 gives a
relative maximum.
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22,

23.

24,

Q =18¢ +20d — 2¢? —4d? —cd
{QC =18-4c-d =0
Qg =20-8d-c=0
Critical point: c =4,d =2
Qec =4 Qug =8, Qg =-1
When ¢ =4 and d =2, then D = (—4)(-8) - (—1)2 >0 and Qg =—4 <0; thus relative maximum at ¢ = 4,
d=2.

Profit per 1b for A= pp —60.
Profit per 1b for B= pg —70.
Total Profit =P = ( Pa —GO)qA +( P —70)qB

P=(pa-60)[5(pg—Pa)] +(Ps —70)[500+5(pa-2pg)]

Thus
oP
~=—=-10 —pg+5)=0
ETN (Pa—Pg+5)
JP
=10 -2pg+90)=0
T (Pa —2pg +90)
Critical point: pp =80, pg =85
2 2 2
5—Z=—10, 5—22—20, Lle.When pa =80 and pg =85, then
Opa 2pg 2Pl Pp

2 o%p
D = (~10)(-20) - (10)? =100> 0 and *—
IPA

=-10 < 0; thus relative maximum at py =80, pg =85.

Profit per b for A= pp —a.
Profit per 1b for B = pg —b.
Total Profit =P =(pa —a)qa +(Pg —b)as
P=(pa—a)[5(Pg~Pa)] +(Pg —b)[500+5(pa —2pg)]
JP

< =-5(2pp —2pg +b—a)=0

ETN (2pa-2ps )

JP

< —=5(2pp —4pg +2b—-a+100)=0
T (2pa—4ps )

-, . a b
Critical point: pA=50+E, pB=5O+E

2 2 2
OPa Pk 2Pl Pa
a b 2 ﬂZP .
When pp = 50+E and pg =50 +E , then D =(-10)(—20)—(10)“ =100 >0 and 5= —10 < 0; thus a relative

opa

maximum at Pp =50+%, P =50+%.
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25. pp =100—0a, pPg =84—0g, C=600+4(qs +0g)-

26.

27.

Revenue from market A =rp = pa0a =(100—0p )qa - Revenue from market B = rg = pgag = (84-0g )0p .-
Total Profit = Total Revenue — Total Cost

P=(100-0a )qa +(84—0g)ds —[ 600+4(ga +0s) ]

JP
£ -96-20p =0
20n aa

JoP
~—=80-205 =0
o0s OB

Critical point: g =48, qg =40
SR, TP, P
o9 Ogh  J9BIOA

2
At gp =48 and gg =40, then D = (-2)(-2) - 02=4>0 and ﬁ—zp = —2 <0 thus relative maximum at
2L

ga =48, qg =40. When gp =48 and qg =40, then selling prices are pp =52, pg = 44, and profit = 3304.

da =3-Pa +2pg, O =5+5pa —2pg
Revenue from A = paga. Revenue from B = pgQg.
Total cost of producing p units of A and Qg units of B is 30 +20g.
Total Profit = Total Revenue — Total Cost
P =pada + Peds —(30a +208)
P =—PA —2P§ +7PaPg —4Pa +3Pg 19
oP

a=—2PA +7pg —4
% =7 pA -4 pB +3
Critical point: pp = —E, Pe =£
41 41
’P_ , %P _ _, &P _
A ' op3 " OpgdpA
5 22 2 .. . .
At pa = “ar P = a’ then D = (-2)(-4)—7° = -41<0, so this is not a relative extremum. Thus the profit

cannot be maximized.

3 2 2 2 2
C=>0a +30g, Pa=60—-0a, P =72-2q5
Total Profit = Total Revenue — Total Cost
P =(pada + Pglg)—C

3
P =60q, — 034 + 7295 — 203 —(Eq/i +3Q§j

9P _60-3qs —393 =3(5+0a )(4—0a)
aqa

JP 2
L —72-60g —605 =6(4+ 3-
208 Og —90p ( QB)( QB)

Since we want gp =0 and gg > 0, the critical point occurs when gp =4 and gg =3.
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2 2 2
5—2P=—3—6qA, ﬁ—?z—G—quB, L:O.When ga =4 and gg =3, then D:(—27)(—42)—02 >0
ELTA A9 Z01Y20IN

2
and 2P =—-27 < 0; thus relative maximum at qa =4, gg =3.
o9a

28. c=2(qa +9g +daUB),
Total Profit = Total Revenue — Total Cost
P=(pada + Pgds)—C
= pa(20-2pa) + pg(10—pg) —[20—-2pp +10— pg +(20—-2pA) (10— pg)]
=—2DA — P& —2Pa P +42pa +31pg +230
oP

——=-4pp —2pg +42
IpA
oP
—:—ZpA—ZpB +31
opB

Critical point: pp = 1—21, pg =10

opa " op3 ' OpgpA
11 ) 8%p
When pp = > pg =10, then D = (-4)(-2)-(-2)° =4 >0, and — = -4 <0, so the maximum profit occurs
pA

when pp =5.5 and pg =10. At these prices, ga =9, gg =0, and the total profit is 40.5.

29. Refer to the diagram in the text.
xyz=6
C=3xy + 2[1(x2)] + 2[0.5(yz)]

Note that z = i Thus
Xy

C=3xy+2xz+yz :3xy+2x(£J+ y(ij :3xy+E+§
Xy Xy y X

C _3, 6 _

ox X2 0

d—C:ZBX—E:O

dy y2

A critical point occurs at x = 1 and y = 2. Thus z = 3.
2°C 12 d°C_24 o°%C _3

oxt 3 oy? 3 oxdy

2
When x =1 and y = 2, then d = (12)(3) - (3)2 =27>0 and oC
OX

=12 > 0. Thus we have a minimum. The

dimensions should be 1 ft by 2 ft by 3 ft.
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30.

31.

p=92-0a —0g . Ca =1004 , Cg =0.503
Since Profit = Total Revenue — Total Cost,
then

Profit of A = pga —Cp and

Profit of B = pgg —Cg -

Thus profit P of monopoly is

P=pga —Ca +Pgg —Cp

=p(da +d8)—Ca —Cg

=(92-da —0g)(da + 0 )~100a —0.503
=820, +920g — 04 — 2040 —1.503

JP

2F -82-205 -20g =0

20A Ja — <0

OoP

<ZF ~92-2qx —-30g =0

o0s da —°0B
Critical point: g =31, gg =10
9 o959

When ga =31 and gg =10, then
D=(-2)(-3)-(-2)2=2>0 and

5°P
—— =-2 < 0; thus relative maximum at
2
Z0)
qa =31, o]} =10.
3x-7
y =

2
f(x, y)=—2x2+5(3xz‘7] +7

Setting the derivative equal to O gives

—4x+5(2)(3xzf7}[g)=0,

—4x+%(3x—7) =0, -8x+15(3x-7)=0,

37x=105,0r Xx= % . The second-derivative is

37 . ..
> >0, so we have a relative minimum. If

1 2
X= E ,then y = 3—? Thus there is a relative

37
. 105 28
minimum at | —, — |.
37 37
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32,

33.

34.

Section 17.7

x—-10

y:

2
f(x y)=X2+4(X_410J +6

Setting the derivative equal to O gives

2“4(2)()(_10)(%} =0, from which x = 2.

.. .5
The second-derivative is E >0,s0 we have a

relative minimum If x = 2, then y = 2. Thus at
(2, =2) there is a relative minimum

¢ =0 +303 +24a0s +aga +bag +d
We are given that (qa, 0g ) =(3, 1) is a critical

point.
oc
== =20p +20g +a=0
20 Oa 20
Jc
<= =60g +20p +b=0
20s O +20a

Substituting the given values for g and (g
into both equations gives a = -8 and b = —12.
Since
¢ =15when gp =3 and gg =1, from the joint-
cost function we have

15=32 ¢ 3(12 ) +2)0) + (-8)(3) + (-12) + d,
15=-18+4d,33=d. Thusa=-8, b =-12,
d=33.
D(a,b)>0

fux (@, b) fyy (@, b) = (fyy (a, b))2 >0

fx(@, ) fyy (a, b) > (fyy (a, b))* >0

a. Since the product fy (a, b) fyy (a, b) is
positive, fyy(a, b) and fyy(a, b) musthave
the same sign. That is fy,(a, b) <0 if and
only if fyy(a, b) <O0.

b. Since the product fyy (a, b) fyy(a, b) is
positive, f,,(a, b) and fyy(a, b) must
have the same sign. That is f,,(a, b) >0 if
and only if fyy(a, b) > 0.
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35. a. Profit = Total Revenue — Total Cost
P =pada + pgdg — total cost

1
~(35-203 +0g 4 +(20~ 45 + ) d —(—S—Zq}i +30a0p +3005 +120g +Eq/§]

1
P =50a —Eqﬁ ~QaQg +80g — 03 +8
JP

£ =5-gp-0g =0
20n A — OB
JP
£ =—qp+8-2g5 =0
o0s aa U
Critical point: gp =2, 0g =3
P _ P, P
o094 " 593 " 04gada
2 5%p
At ga =2 and qg =3, then D=(-1)(-2)-(-)“=1>0 and 5= —1<0; thus there is a relative
Z)

maximum profit for 2 units of A and 3 units of B.

b. Substituting gn =2 and gg =3 into the formulas for pa, pg, and P gives a selling price for A of 30, a
selling price for B of 19, and a relative maximum profit of 25.

36. P= 250{i+ﬂ}-x— y

2+X 54y
oP 2500
i 5 -1
X (2+X)
oP _ 2500
3  (5+y)?

Critical point: x =48, y =45
%P 5000 %P 5000 %P

2 (2+x)° ay?  (5+y)? oyox
2
Atx=48 and y = 45, then D:(—iJ[—i)—oz s0ad 2P L o
25)\ 25 a2 25

Thus relative maximum profit at x =48, y = 45.

37. a. P=5T(l—e_x)—20x—0.lT2
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b. % - 5(1—e‘x)—0.2T

oP
OX
At the point (7, x) = (20, In 5),

é’P_ _o—In5) _
E_S(l e ) 0.2(20)
=5(1-3j—4:0

5

Thus (20, In 5) is a critical point. In a similar fashion we verify that (5, In %j is a critical point.

=5Te X -20

P 52005 _20= 100(% ~-20=0
X 5

2 2 2
c. 5—';):—0.2,0”—'::—5%"‘, P =5g X

oT Ox IT ox

At (20,1n 5),

D = (-0.2)[ -5(20)e "5 |~ (5e"5)* = 20( 1 )| 5[ L 2 3>0
= (-0 -5(20)e " |(5e™"*)" =20[ = || 5| ;|| =3>0.
5°pP

and —= —0.2 < 0. Thus we get a relative maximum at (20, In 5).
a7

At (5, Inij,

4

2 2
_In(& _In(2
D=(-0.2) {—5(5)8 n(“)} - {Se n(“)} = 5(£] - {5(%)} =-12 <0, so there is no relative extremum at

o) |

Problems 17.8

1. f(x,y)= X2 +4y2 +6, 2x—8y =20
F(X, Y, 1) =X? +4y% +6— A(2x—8y — 20)
Fy =2x-21=0 @
Fy=8y+81=0 2
F,=-2x+8y+20=0 (3)
From (1), x=A; from (2), y =—A . Substituting x=4 and y =-4 into (3) gives -24-81+20=0,
-104 =-20,5s0 A =2.Thus x =2 and y = -2. Critical point of F:
(2, -2, 2). Critical point of f: (2, -2).

2. f(x y):—2x2+5y2+7,3x—2y=7

F(X, Y, ) =—2X? +5y2 + 7= A(3x—2y—7)

Fy =—4x-31=0 @
Fy =10y +24=0 (2)
F,=-3x+2y+7=0 3
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From (1), X:—%;from 2), y:—é

Substituting X = —37/1 and y = —g into (3)

gives %—2+7 0, from which 4 ——w
4 5 37

Thus x = 105 and y = % Critical point of F:
& @ —@ . Critical point of f:
37 ' 37’

105 20)
37°37)
3. f(x,y,z):x2+y2+22,2x+y—z=9
F(X, Y, 2, A)=x?+y>+2%2 —A(2x+y—2-9)

F, =2x-24=0 )
Fy=2y-4=0 ()
F,=2z+1=0 3)

F,=-2x-y+z+9=0 (4)

From (1), x=A4; from (2), y :% ; from (3),

Z= —g . Substituting into (4) gives

2a-2[2)49-0, 2624180, 0
2 2
3 3 . .
A=3.Thusx=3, y—E :—E.Crltlcal point

of F: (3, g, —g, 3). Critical point of f:

£

4. f(X,y,Z)=x+y+z,xyZ=8
F(x,y,z, A)=x+y+z2-A(xyz-8)

Fy =1-1yz=0 @
Fy=1-Axz=0 (2)
F,=1-Axy=0 3)

F,=-xzy+8=0 4)
From (1) and (2), Ayz =Xz, soy =x. From (2)
and (3), AXZ = AXy, so y = z. Therefore

x=y=2z,so0from (4), x =y =z =2. Hence,
Critical point of fis (2, 2, 2). Note that it is not
necessary to determine A .

ISM: Introductory Mathematical Analysis

5. f(xy, z):2x2+xy+y2+z, X+2y+4z=3
F(x,y,z, 1)
=2x% + Xy + y2 +Z—-A(X+2y+4z-3)
Fy=4x+y-4=0
Fy=x+2y-21=0
F,=1-42=0
F,=-x-2y-4z-3=0
From the third equation we have 1 =—
Substituting this value into the first two equations
and then eliminating y givesx=0and y=—
Finally, solving for z in the last equation gives
7

Z=——.
8

Critical point of F: ( E, _Z, lj
Critical point of f: [O % —Z)

6. f(x, v, Z):Xyzz,x—y+z=20 (Xy22¢0)

(X, V, 2, A) = xyz2 —A(x—y + 2 —20)

Fe=yz2-1=0 @)
Fy=xt?+1=0 )
F,=2xyz—-41=0 3)

F,=-Xx+y-2+20=0 (4)
From (1) and (2), y = —x, From (1) and (3),
z=2x. Hence from (4), x =5, so y=-5 and
z =10. Critical point of fis (5, -5, 10). Note that
it is not necessary to determine A .

7. fix,y,2) =xyz, x + 2y + 3z=18 (xyz # 0)
f(X, y, 2, 1) = xyz— A(x+2y + 32 -18)

Fy=yz-4=0 @
Fy=x2-24=0 2
F,=xy-31=0 (3)

F,=-x-2y-3z+18=0 ()]
From (1) and (2), y :g . From (1) and (3),

X
Z:§.Hencefr0m(4),x=6, soy=3andz=2.

Critical point of fis (6, 3, 2). Note that it is not
necessary to determine A .



ISM: Introductory Mathematical Analysis Section 17.8

8. f(Xy, 2)=x2+y>+7% x+y+z=3

F(X Y, 2, A)=x*+y? +22 —A(x+y+2-3)

Fy =2x-1=0 ()]
Fy=2y-4=0 (2)
F,=2z-41=0 3)
F,=-Xx-y-z+3=0 4)
A o A A A
From (1)-(3), x=y = Z:E. Substituting into (4), _E_E_E+3:0’ so A=2.Thus x=1, y=1,2z=1.

Critical point of F: (l, 11, 2) . Critical point of f: (1, 1, 1) .

9. f(x,y, z):x2+2y—22,2x—y=0,y+z=0
Since there are two constraints, two Lagrange multipliers are used.

F(x Y, 2, A4, 4) =x%4+2y—7% 4 (2x—y) - A (Y +2)

Fy =2x-24 =0 ()]
Fy :2+ﬂl—ﬂ.2 =0 (2)
F,=-2z-4,=0 3
Fp, =—2x+y=0 (4)
Fp, =-y-2=0 (5)

From (1), x=/4;. From (3), z = —%. From (4) and (5), 2x =—z,80 4 = /%2 Substituting 4 = }jTZ into (2)

yields A, =g . Thus 4 = %, X =§, and z = —% . From (§), y = —z and hence y =§ . Critical point of f:

10. f(x vy, z):x2+y2+z2

Since there are two constraints, two Lagrange multipliers are used.

F(X Y. 2, 4, /12)=x2+y2+22 X+ Y+Z-4)—Ap(X—y+2-4)

, X+y+z=4,x-y+z=4

Fo=2X—-A1—Ap =0 )
Fy=2y—A+4=0 )
F,=21-4 -4y =0 ®)

Fp =—X-y-2+4=0 (4

Fr, =—X+y-2+4=0 (5)
From (4) and (5), y = 0. From (1) and (3), z = x. Substituting into (5) gives X=2.Thus z=2.
Critical point of f: (2, 0, 2)
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11. (% y, z)=xyzz, xX+y+z=1Lx-y+z=0(xyz #0)
Since there are two constraints, two Lagrange multipliers are used.
F(x Y, 2, 4 &)= xyzz—/il(x+ y+Z-1)—p(Xx-y+2)

Fe=y'2-2=2=0 ()
Fy=2xyz-4+4, =0 2

Fo=xy’-h-2=0 (3
Fp =—X-y-z+1=0 (4)
F@:—x+y—z:0 (5)

Subtracting (3) from (1) gives yzz - Xy2 =0, sox =z (since Xyzz #0). Subtracting (5) from (4) gives
-2y+1=0,s0 y= % Substituting z=x and Yy :% in (5) gives —2x+% =0, so X= % Thus, z= % Critical

111
intof £ | =, =, = |.
pomof(4 > 4]

12. f(x, v, z, W):3X2+y2+222—5W2, X+6y+3z+2w=4
F(x, vy, z, w, /1)=3x2+y2+222—5W2—/i(x+6y+32+2W—4)
Fy=6x-1=0
Fy=2y-61=0
F,=4z-31=0
Fy =-10w-21=0
F,=-x-6y-3z-2w+4=0

Solving the first four equations for x, y, z, and w in terms of A gives X = %, y=34,2= T and w= —g.

40 y 720 180 48

= , L= and W=—-———.
1201 1201 1201

Substituting into the last equation gives A = 2— Thus X = ,
1201 1201

40 720 180 48 240
1201’ 1201 1201’ 1201 1201)
40 720 180 48

1201’ 1201° 1201’ _1201j

Critical point of F: (

Critical point of f (

13. We minimize ¢ = f (qq, 0p) = 0.102 + 7qy +15, +1000 subject to the constraint gy + 0, =100
F(og, gp, 4)= 0.1q2 + 70, +15q, +1000- 40y + 0, —100)
Fo, =0.200+7-4=0 @
Fg, =15-4=0 (2)
F,=-0,-0,+100=0 (3)

From (2), A =15. Substituting 4 =15 into (1) gives 0.2¢) +7-15=0, so ¢y =40 . Substituting ¢ =40 into (3)
gives -40-0, +100=0,s0 gy =60. Thus 4 =15, ¢ =40, and g = 60. Thus plant 1 should produce 40 units
and plant 2 should produce 60 units.
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14. We minimize C = 3q12 + 00y + 2q§ subject to the constraint ¢4 + 0, =200.
F (0, 2, 2) =30 + 0z +205 — 2(aq +dp — 200)

Fo, =601 +d2 —-4=0 )
Fg, = +402 -4 =0 (2)
Fr=—t -0 +200=0  (3)
Eliminating 4 from (1) and (2) yields ¢, = ng. Substituting g; = ng into (3) yields g, =125 and thus

Gy = 75. Thus plant 1 should produce 75 units and plant 2 should produce 125 units.

15. We maximize f(l,k)=121+20k —1? —2k? subject to the constraint 47 + 8 = 88.
F(, k, A) =121 + 20k —1% — 2k? —A(4l +8k —88)
R =12-21-41=0 @
F« =20-4k-81=0 (2)
F,=-41-8k+88=0 3)
Eliminating 4 from (1) and (2) yields k = — 1. Substituting k = — 1 into (3) yields [ = 8, so
k = 7. Therefore the greatest output is f{8, 7) = 74 units (when [ =8, k=7).

16. We maximize f(I,k) =201+ 25k —1? —3k? subject to the constraint 27 + 4k = 50.
F(, k, A) = 201 + 25k — 1% —3k? — A(2l + 4k —50)

F=20-21-21=0 1)
F =25-6k—44=0 )
F,=-21-4k+50=0  (3)

From (1), | =10— A and from (2), k = %—%l . Substituting these expressions for / and k into (3) yields
A= —Q. Thus | = %0 and k = @ Therefore the greatest output is f %, 85)_3725 ~133 units (when
7 7 7 14 28
150,28
7 14
13
17. We maximize P(X,y)=9x4y4 —x—Yy subject to the constraint x + y = 60,000.
13
F(x, y, 1) =9x4y4 —x—y—A(x+y—60,000)
g _3 3
FX:ZX 4yt -1-1=0 (0]
11
Fy=—x*y ¢*-1-2=0 (2)
F, =-x-y+60,000=0 3)
9 33 927 1 _1 g 33 27 1 _1
Solving (2) for A and substituting in (1) gives ZX dy4 _TX4 y 4=0, ZX iy4 = TX“y 4,y =73x.

Substituting for y in (3) gives —4x + 60,000 = 0, so x = 15,000, from which y = 45,000. Thus each month $15,000
should be spent on newspaper advertising and $45,000 on TV advertising.
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18.

19.

20.

2 3
We maximize f(l, k) =61°5k® subject to the constraint 25/ + 69k = 25,875.

23
F(, k, 1) =6I5k> — A(25I + 69k — 25,875)

3
5

_3
H:%I 5k5 —251=0
2 _2
sz%ﬁk 5_691=0

F, =-251 —-69k + 25,875=0

. . 12 -8 3 18 2 -2 5 .
From the first two equations, EI 5k5 =254 and glsk 5 =694. Thus, >—— _:E’ from which
8

k= ?I. Substituting this for & in the third equation and solving for I gives [ = 414 so k = 225.
414 units of labor and 225 units of capital should be invested.
We minimize B(X, y, z) = X2 + y2 +22° subject to x + y =20 and y + z = 20.

Since there are two constraints, two Lagrange multipliers are used.
F(X Y, 2, A1, Ap) = X2+ Y2 +22% — 4 (x+y—20) A, (y + 2 —20)

Fo=2x—4 =0 O
Fy :Zy—ﬂl—iz =0 (2)
F,=4z2-1,=0 (3)

Fp, =—Xx-y+20=0 (@)
Fp, =-y-2+20=0 (5)
Eliminating y from (4) and (5) gives x = z. From (1) and (3), 4; = 2X and A, =4z . Substituting in (2) we have
2y—2x-4z=0,2y - 2x—4x =0, 2y — 6x = 0, y = 3x. Substituting in (5) gives —(3x) —x + 20 =0, so x = 5. Thus
z=5and y = 15. Therefore, x=5,y=15,z=>5.
a. P=TR-TC=064q - (8] + 16k)
65— 4(1 — 4)° —2(k —5)?
16

=64

}—8I—16k

P = 1961612 +1201 —8k? + 64k

b. R =—32|+120:0:|:E
4

R =-16k+64=0=>k=4
Thus there is one critical point: (I, k) = [%, 4}
Second-Derivative Test: Bj =-32, By =-16, B, =0.

Thus D(I, k) = Ry R —[Rk |* = (-32)(~16)—0? =512. At (% 4], D(%, 4}:512>0 and B =-32<0.

. . . 15 . . ) . .
Thus there is a relative maximum at | = 7 k = 4. Substituting these values into the profit function gives a

relative maximum profit of $157.00.
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c. F(, k g 1) =64q-8l —16k—,1[16q—65+4(| —4)? +2(k—5)2J

R =-8-84(1-4)=0 @
R =-16—-44(k-5)=0 (2)
F, =64-161=0 ©)]

F, =-16q+65-4(1-4)> —2(k-5)> =0 (4)

From (3), A =4. Substituting 4 =4 into (1) gives -8 —32(I-4)=0,s0 | = % . Similarly, from (2)

we get k = 4. Substituting for / and & in (4) gives ( =§. Thus (I, k, q) = g, 4, 251 .
64 4 64
21. U =x3y3, Px =2, py=3,1=48 (x?’y3 ¢0)
We want to maximize U = x° y3 subject to 2x + 3y = 48.
F(X,y, 2) = x°y® — 2(2x+3y — 48)
F =3x%y°-22=0 )
Fy =3x%y?-31=0 )
F,=-2x-3y+48=0 3
From (1), A =gx2y3 and from (2), 4 = X3y2 . Thus gxzy3 = X3y2 , S0 X =gy .
Substituting this expression for x into (3) yields y = 8. Hence X = (%)8 =12.
22. U =40x-5x% +4y-2y®, p,=2 p, =3 1=10
We want to maximize U = 40X —5x° +4y— 2y2 subject to 2x + 3y = 10.
F, =40-10x-24=0
F(x, y, A) = 40x-5x* + 4y —2y® - A(2x+3y-10) { F, =4-4y-31=0
F, =-2x-3y+10=0
) . A . 31
From the first equation, X =4 s and from the second equation y = 1—7.
Substituting these values into the third equation gives A = % Thus x = % and y = %

2’3' U:f(x’ysz):xyz
Px =Py =P; =1, 1=100

(xyz # 0)

We want to maximize U = xyz subject to
x+y+z=100.

F(X, Y, z, A) = Xyz — A(x+y + 2 -100)
Fy=yz-1=0 @
Fy=xz-4=0 (2
F,=xy-4=0 (3)

F,=-Xx-y-z+100=0 (4)
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24.

From (1) and (2), yz = Xz, so y = x. Similarly,
from (1) and (3), z = x. Substituting
y=xand z=X into (4) yields x= % Thus
100 100
y=—and z=—.
3 3

To maximize U = f(x, y) subject to the constraint
Xpy +ypy = |, we consider
F(x, ¥y, 4)=f(x y)—ﬂ(xpx +ypy —1 )

For maximum satisfaction,

szfx(x,y)—/le:O @

and
I:y:fy(xy y)_lpyzo (2)
From (1), A:M and from (2),
Px
£y (X, £y (%,
Sy L Ry) ()
Py Px Py

Since f, (X, y) represents change in total utility
from a one unit change in X (which costs py ),

then —fx (x.¥)
Px

is the marginal utility of a dollar’s

fy (x
Py

utility of a dollar’s worth of Y. Thus maximum

satisfaction is obtained when the consumer

allocates the budget so that the marginal utility

of a dollar’s worth of X is equal to the marginal

utility of a dollars worth of Y. Similarly, for

U =f(x, y, z, w) subject to the constraint

Xpy +YPy +2p, +Wpy, = |, U is maximized

worth of X. Likewise

is the marginal

when

Ry, zw)  fy(xyz,w)
- Px - Py
fxyzw) fu(xy,z,w)
B P - Pw .

That is, U is maximized when the marginal
utility of a dollar’s worth of each of the products
is the same.

A
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Problems 17.9

1. n=6, ZXi =21, Zyi =18.6, ZXi Yi =75.7,

inz =91.

a=0.98

b=0.61

Thus § =0.98+0.61x . When x = 3.5, then
§=3.12.

5..

2. n=17, ZXi =28, Zyi =29.3, ZXi Vi =154.1,

3.

3x? =140. a=-1.09, b=1.32. Thus

¥ =-1.09+1.32x . When x = 3.5, then ¥ =3.53.

104

n=5, EXi 222, Zyi 237, ZXiyi 2189,

sx? =1125. a=0.057, b=1.67 . Thus
§=0.057+1.67x. When x = 3.5, then §=5.90.
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4. n=6, Ix =27, Ty; = 21.6, Tx;y; =105.8,

sx? =139. a=1.39, b=0.49. Thus

§=1.39+0.49x. When x=3.5, then §=3.12.
1y

X
8

5. n=6, Ip; = 250, =q; =322, Tp;q; =11,690 ,

>p? =13,100.

a=80.5

b=-0.643

Thus §=80.5-0.643p.

6. n=4, ) x =80, Y y; =239, > xy; =4984,
> x# =1920, a = 4.7, b = 0.06.
Thus § =4.7+0.06x. When x = 20, then
§=5.9.

7. n=4, 3% =160, Ty; = 420.8, x;y; =16,915.2,

sx? = 7040 . a = 100, b = 0.13. Thus
§ =100+0.13x. When x = 40, then §=105.2.

8. n=4, ) ¥ =539, D y; =569,

> %iyi = 76,736, > x? =72,691, a=1095,
b= 1.04.

Thus § =1.95+1.04x.

Year (X) |1 2 3 4 5

Production (y) [10 15 16 18 21

n=>5, x =15, Ty, =80, Tx;y; = 265, Ix? =55.
a=8.5

h=25

Thus § =8.5+2.5x
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Year(x) | 1 3 5 7
Index (y) | 77 100 126 134

n=4, ZXi =16, Zyi =437, ZXi Yi = 1945,

3x? =84 .a=69.85,b=9.85. Thus
§ =69.85+9.85x .

Year (x) |1 2 3 4 5

12 Quantity (y) [35 31 26 24 26
n=>5, EXi =15, EYi =142, ZXi Vi = 401,
sx? =55.a =359, b=-2.5. Thus
y=35.9-25x.

b Year (x) |2 -1 0 1 2

Quantity (y) | 35 31 26 24 26
n=35, Xx =0, Zy; =142, Xxy; =25,

5x? =10, a=Y-28.4 and
n
X Yi ;
b=""Y _ 25 Thus §=28.4-25x.

2xi2

Year (x) | -2 -1 0 1 2
Index (y) [357 380 403 434 462

n=>,, ZXi =0, Zyi = 2036, ZXi Yi = 264 ,

12.

X2 =10. a=Y-407.2 and
n
X Yi ;
b=""Y1 _26.4. Thus § =407.2+26.4x.
ZXi

Problems 17.10

3.4 3 3 3

1. IOJOxdydx=j0xy0dx=jo4xdx=2x20=18

4.3 4y23 49 . ox[* 27

2. J.lj'oydydx:L?de:'flzdx:?l:7

1,1 1x2 y 2[4

3. J‘Oj.oxydxdyzj'o dy I dy—— -
0

4. J.2J.3x2dydx:j2x2y3dx:jz3x2dx:x32:8
0Jo 0 0 0 0
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2

3
6. fzjoz(yz —2xy)dy dx = fz(y?_xyZJ
0
—I K——MJ }dx:ﬁz(%—mjdx
3
:[gx—szJ =(8-18) - (—g—sj
3 P 3
10
BE)
2
7. J.J. (x+y)dydx = J[xy+y—2] dx
0
_t _ (2 1:
—I0(2x+2)dx (x +2x)0 3
8. jogj;(xz+y2)dydx=.f§(x2y+y?3j dx
0
3 34x° 43_
=[]+ |dx _j =27

0

dx _J'4225 2d

4 (5x ay? >
9. .[1 jo ydydx=jl70

4

_5. 5

1 2

10. jlz j:_12y dy dx = Jf y? ‘Xl dx

_L

(x-9)° 1)
_j (x-1)%dx = . .

1

dx

11.

12

13.

14

15.

710

R e [

. I;j;lz ydxdy:j;xy jz

ISM: Introductory Mathematical Analysis

2

1px? 1 X
J‘oj‘:jx 14x%y dy dx :_|‘0(7x2y2 ) . dx

1
:I;(7 —63x )dx_[x7 —?J -

XZ

612

2x° X 16
=| —dx=—| =—
02 12 3
0
3 (V92 3y o
—X
J.OJ.O ydydx:JO— dx

=, [9 X —OJ :—jo(g x2)dx

3

3
= l{gx_x_]
2 3
0

1
==(27-9)-0=9
5 (27-9)

1
dy = [ (v* - y*)dy

(¥
3 4
1 p1-x 1 y2
Llj‘x 3(X+y)dydx:‘|'713 Xy +
2 2
an oo
-1 2 2

2 2
:jl 3 x— 2%, L=07 1gy
-1 2 2

1-x
dx
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33y _ 35x
16. IO.[yZ 5xdxdy—_[0— dy
y2
2 4
3
:I 45_y_5L dy
of 2 2
3 5)°
_| 1y yT | 405 243 o
L2 2 0_ 2 2

1

<

. j;joye“ydx dy= j;e”y

1
2y
2

0

foloe? "anay= ;¢ oy

18.

o0

1
- J‘;(—ey‘1 +e¥)dy = (-e¥ 1+ ey)‘O

=(—e%+e)—(-et+el) =-1+e+e

=—2+e+e!

1

°

2
dz

- If)lj_zlgyzz3dy dz :If)13y3z3 |

0
217" 27

4

=If)127z3dz =

-1

B o L

x+y

20.

=]

= Iojo [x (x+y)-0]dydx = jojo (x3 + x2y)dydx

2.2
Y 3, XY
_J‘O(xy+2]

1
13x% 3x°
iy
02 10
0

X 4
dx = jll[x4 + X
0 2
0

_30° ,_3
10 10

j?lj_zljlz 6xy2z3dxdy dz = jf)lj_213xz y223

o= ey

_l—l

dydz

1

dy dx

o
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Section 17.10

dy dx

2 X
Rl

X

5354

1
_ L

24

22. Ile.[l);\x.[oy oz dy dx = Jle.[l)r(\x Z|()J/ dy dx

_ eﬁ_(lnx)zd

12 2

e

X
:Lem ydydx:jley_z dx
" Inx

3
= X——l(xlnz X—=2xInx+2x)
6 2

1

23. P(0<x<2,1<y<2)= jlzj()ze_(x+y)dx dy

_ .[12 _g=(x+y) (2) dy = J‘lz[_e—(2+y) +e_y]dy

2
= [e_(zﬂ’) - e‘y] —et_e?_e 34t
1

24. P(3<x<4,2<y<6)= J.Zaj‘;lze“"x‘Sydx dy

oo oy

- j;(—3‘16‘3y +3e712 3y)dy

6
_ ( o—16-3y _ o—12-3y )‘

2
34 _g 30 _ 22 18

1 1
25. P(XZE 5) jllgjllzldxdy

1 1
1/3(1_§jdy

1 1
= L/3X|1/2 dy =

_tlgty) _1[1_1j_1[zj_1

IRTEY) y_2)’1,3_2 3) 2\3) 3

Lo

26. H Zdxdy —j dy j dy_y‘ =2
0
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Chapter 17 Review Problems 2

4. x2 + 22 =1. The x,z-trace is X“ + 72 =1, which
is a circle. For any fixed value of y, we obtain

1. x+y+z=1 can be put in the form . s 2
Ax + By + Cz+ D =0, so the graph is a plane. the circle x +2z° =1.
The intercepts are (1, 0, 0), (0, 1, 0), and
0,0, 1).

X

5. fy(x, y)=4(2x)+6(1)y+0-0=8x+6y
fy (X, y) =0+6x(1)+2y-0=6x+2y

2. z=xcan be put in the form

Ax + By + Cz+ D =0, so the graph is a plane. OP 2 2

Every point on the y-axis is an intercept. The 6. a =31 +0-(Dk =31" -k

x,z-trace is z = x, which is a line. For any fixed

value of y, we obtain the line z = x. @ —0+3Kk? -1() = 3k2 |
ok

g 02 _(Y)O-xQ) __y
% (x+y)? (x+y)?

Because z = Xx(x+ y)_l,

oz - X
N DO |-
ay (xX+Y)
3. z= y2
The y,z-trace is z = y2, which is a parabola. For 8. pr ( PA pB) =0+51-0)=5

any fixed value of x, we obtain the curve

2=y 9. f(x y)=Inyx®+y? =%In(x2+y2)

o 1 1 y
—[fx, == (2y) =
ay 2 x24y2 X%+ y2

Y 1

10. w:;zx(x2+y2)_E
X2 +y?
X

ow 1 -3 X
—=x[——(x2+y2> 2(2y>}=——y3
v oLz 0 +y°)?

11wy (X, Y, Z)=2xyzeXzyz
WXy (X| y, Z) = 2X2|:y(eX2yZ . X22)+eX2yZ 1i|

— 2xzeX V2 (x2 yz +1)
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12. f,(x,y)= y{x(xiy-yjﬂn(xy)i} = y[1+In(xy)]

fuy (X y) = y{x—ly x} +[L+In(xy)]-1 =1+1+In(xy) =2 + In(xy)

13. %[f (%, Y, 2)] = (x+y+2)(22) + (<% + y? + 22)(1) =32% + 22(x+ y) + X2 + y?

2
ﬂ—z[f(x, Y, 2)]=62+2(Xx+Yy)=2x+2y+62
oz

14. z= (x2 - y)(y2 —2xy) = x2y2 —2x3y— y3 +2xy2

ﬁ: 2x2y—2x3 —3y2 +4xy
ay

2
§—§=2x2—6y+4x
ay

15, w=e"Y"ZInxyz=e""Y*"(Inx+Iny+Inz)

W _ oxry+z (Inx+Iny+Inz)+e*y*? (lj
y

=" ty*? {In Xyz +i}
y

1
By symmetry, w_ gity+e [In Xyz +—}.
OX X

2
Pu_ g ingn oL agsnra 1]
020X X z

=Xty [In Xyz +£+1]
X z

16. % ~100[ (0.12)1%H [0 —11y 0890

2
O°P 14089 [(0.89)k0.89—1J _ 979|089 -011
kol

17. f(x,y, z):u:£+l
X2 7 Xz

fX(Xv Y, Z) :_%
X"z

1
fuy (X, Y, 2) = ~ 5
Xz

1
foys (X, Y, 2) =——
Xyz X222
1 1
22.42 64

fxyz (2, 7, 4) =
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18, f,(x, y, 2)=6e¥ N+
fxy()(y y, ) =12ylIn(z +1)ey2 In(z+1)

fuz (X, Y, 2) =12y| In(z +1) e3’2"‘(”1)~y—2 SO
e z+1 z+1

f2(0, 1, 0)=12[0+1] =12

oW OwIx owday r 1
E=EE+§—yE:(2x+2y)(e )+(2x+6y)(mJ
2(x+3y)

r+s

OW OWIX JOwaly 1
£:§%+a—y%:(2x+2y)(0)+(2x+6y)(rsj
2(x+3y)

T res

19.

=2(x+y)e" +

20. ﬂ=ﬂﬂ+ﬂﬂ=(l+ye"y—yj(25)+ “Lixe —x (2(r +59))
s OXxJs Iy Jds \X y

21. 2x+2y—4z£+[xﬁ+ z(l)}LO:O
OX X

(—4z+x)ﬂ:—(2x+2y+ z)
X

01 _ —(2X+2y+17)  2x+2y+z
ox  —Az+x  41-X

22. 22+In(yz)+lnz+x+z:0 or 22+Iny+lnz+lnz+x+z=0, thus 22+Iny+2lnz+x+z:0.
oz 1 1az+g_

21—+—+2-—— 0
y zoy oy
g[22+E+1}:—l
oy z y
az|2f+2+z|_ 1
oy z y
oz z

5_y__y(222+2+z)
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23.

24,

25.

26.

27.

28.

P =201%7k%3. Marginal productivity functions

are given by % = 20(0.7)|70.3k0.3 and

P _ 20(0.3)1%"k %7 . Thus P 14170303
ok e
and @ =607k 07

ok

c=3x+0.05xy + 9y + 500
Marginal cost with respect to x is

% =3+0.05y. When x =50 and y = 100, then
X

L_g
OX

da =100 pa +2pg, Gg =150+3pa —2pg.

Since 29 250 and 2% -350, A and B
PB 2N

are competitive products.

o sa0: 22

— =0.530;
oP oS

=-0.027

f(x,y)= X2 +2y2 —2xy—4y+3
{fx(x, y)=2x-2y=0
fy(x, y)=4y-2x-4=0

Critical point: (2, 2)

fc (X ¥) =2, fyy (X y) =4, fyy (X, y)=-2
At(2,2), D=(2)(4)-(-2)>=4>0 and
fux (X, ¥) =2 >0 thus relative minimum at
2,2).

f(w, Z)=2W3+223—6WZ+7

fo (W, 2) =6w?> —62=0
f,(w, 2) =622 -6w=0
Critical points: (0, 0), (1, 1)
faw (W, 2) =12w, f,,(w, z) =12z,

fz (W, 2) =—6
At (0,0), D =(0)(0)—(-6)?> =—36 < 0; thus

neither relative maximum nor relative minimum.

At(1, 1), D = (12)(12) - (-6)® =108 > 0 and
fow (W, 2) =12 > 0; thus relative minimum at

(1, 1.

715

29.

30.

Chapter 17 Review

y

X
xyz =32 (xyz # 0). Let S be the amount of
cardboard used.
S=xy+2yz+2xz7

= xy+2y[i—ﬂ+2x{%}

o5 _y B os 8
x Nl y2

The critical point occurs when x =4, y =4, and

z =2, which gives a minimum. The dimensions
are 4 ft by 4 ft by 2 ft.

f(x,y)= ax? +by2 +cxy —10x — 20y

fy (X, y)=2ax+cy—-10;

fy (X, y) =2by +cx—20

At(1,2), fy(x,y)=0 and fy(x, y)=0.
Thus

2a+2c-10=0 @

and

4b+c-20=0 (2

From Eq. (1), a =5 - ¢; from Eq. (2),

b 20—c'
4

fux (X, y) = 2a, fyy(xi y) =2b, fxy(xi y)=c
At(1,2), D =(2a)(2b)-c® =0.

Thus 4ab—c% =0, 4(5—c)[204_0)—c2 _0,

100-25c+c2 —c2 =0, 100 = 25¢, or ¢ = 4.
Soa=5-c=5-4=1and
20—c:20—4:4.

4 4
Thusa=1,b=4,c=4.

b:
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31. Profit =P = ( Pa —50)qA +( Ps —60)qB
P =(pa—50)[250(pg — Pa) | +(Pg —60)[ 32,000+ 250( pp —2pg) ]

% = (pa ~50)(~250) +[250( pg — Pa )] (1) + 250( pg — 60)

=-500pa +500 pg —250(10) = 500(~pa + Pg —5)
Also, % =(pa —50)(250) +( pg —60)(~500) + [ 32,000+ 250( ps —2pg ) | (1)
B

—500pa —1000pg +49,500 = 500( p —2pg +99)

Setting P =0 and oP =0 gives
PA pg

—Pa+pPg—5=0 @

and

PA—2pg+99=0 (2
Adding Equations (1) and (2) gives —pg +94=0. So pg =94 . From Equation (1), pa = pg—5, so
°p &*p %P

Opa op3 IPsIPA

Pp=94-5=89. At ps =89 and pg =94, D= = (~500)(~1000) — (500)? > 0 and

2
0”_!23 =-500<0.
IPa
Thus there is a relative maximum profit when the price of A is 89 cents per pound and the price of B is
94 cents per pound.

32. f(x v, z)=xy22, xX+y+z-1=0
F(X, Y, 2, ) =xy’z— A(x+y+2-1)

FX:yzz—ﬂ:O
Fy=2xyz-1=0

F, =xy?-21=0
Fp=—x-y-z+1=0

From the first and third equations, we have A = yzz = xyz, s0 x = z (since xyz # 0). With x = z in the second
equation, we have A = 2x2 y. Combining this with 4 = xyz, we get y = 2x. Substituting y = 2x and z = x in the

fourth equation gives —x —2x—x+ 1=0so4x=1and X = % Thus y = 1 and z = % The critical point is

111)
4’2" 4)
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2

2,2, 52 -
33. f(X,y,0)=x"+y"+2°,3x+2y+z=14 1ey? " 1x2yy ;
F(x, ¥, 2, 4) 37. Iojo Xy oX y=j07 y
:x2+y2+22—/1(3x+2y+z—14) 4 0
1 y*-y 1c1 5
F =2x-31=0 ) =[,| 750 dy == [ v®dy
Fy=2y-22=0 ) 21 2
FZ=22—/7,=0 (3) _ly_G _l.l_o_i
F/l =—3X—2y—Z+14=0 (4) _2 6 0_2 6 _12
31
From (1), X =? ; from (2), y =4, from (3),
2X
2
4 ¢2x 4y
Zz%.SubStituting into (4) gives 38. ,[1 JXZ ydydx=jl P , dx
X
—3(%)—21—%+14:0,ﬂ0m which 1=2. :I“(ZXZ _ﬁjdx
1
Thus x =3, y =2, and z = 1. Critical point of F: 4
(3, 2, 1, 2), so the critical point of fis (3, 2, 1). {2X3 XSJ
13 10
34. n=5,
St =104, Tp; = 381 Tt; p; = 7482, St2 = 3102 _ (%_%j _(Z_ij
) 3 5 3 10
a_(Zti J(zp0) - (z6) (2t i) 61t 603
= > =85. -2
n=t? - () 10
Nzt pi — (2t ) (2p;
b: Ipl ( I)(Zpl):—043 39 1 X27 2 2 3 2 d d
nzt? - (3t o708 - 2xy-3y? oy x
Thus  =85.15-0.43t x?
P —7I (x2y+xy2—y3) dx
X
35Year(x) |1 2 3 4 5 6 /4 5 6\ (5 o, 3
" Expenditures (y) [15 22 21 26 27 34 =7 0{(x + X7 =X )—(XZ +X —XZde
n =06, Xx =21, Zy; =145, Zx;y; =565, 1
2 5 6 7 o3 W3 o
in =91 =7 X_+X__X__£_X_+£
2 56 7 7
=) (2yi ) - (2% ) (2X Vi
a:( ) y'z) (X')E ) 67 L1121 9 L0
N - (24) =7[3 6_7_7_?3}0:%
b nZx Y — (2 )(Zy;) 329

nEx? — (X )2 Mathematical Snapshot Chapter 17

Thus §=12.67+3.29x

10 20 y
w. [P eytaxay - [0 oo 220
.Iljoxy Xy_.[l 3 y_.[l?y .
0
6|2 T
_y | 64 1 63 7 )
18| 18 18 18 2
1 X

y=Ce® +5 y-5=Ce® In(y-5)=ax+InC
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X Yy y-5 In(y-5)
0 15 10 2.30259
1 12 7 194501
4 9 4 138629
7 7 2 069315
10 6 1 0.00000

n=5, 2% =22, 2In(y; -5)=6.32794,
=[x In(y; -5)]=12.34312, 27 =166
. nZ[ % In(y; =5) |- (2%)[ZIn(y; -5)]
n(Exiz)—(Exi )2
_ 5(12.34312) - 22(6.32794) _
5(166) — (22)?

(2 )=In (i =5)]—(2x ){=[x In (s -5) }

—0.22399

InC =

2 2
n(in )—(in )
_ 166(6.32794) — 22(12.34312)
5(166) — (22)°
C~e>®M2 950
Thus y = 9.50e70-22399 | 5

~ 2.25112

y=£. Inyzlng, Iny=InC—-Inx",
d x"

Iny=In(C)—rlInx.
Thus r(In x) + (In y) — In(C) = 0. Since In C and r
are constants, In x and In y are linearly related.
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T
. Newton’s law of cooling: ?j_t =Kk(T —a), where

=45 Thus - k(T —45), 9 _kat,
dt T -45
dT
—:jkdt, |n|T—45|:kt+C . Because
T-45

T-45>0,In(T - 45) = kt + C. Thus
T-45=eC or

T =eK*C 4 45=¢Cek 1 45=C X + 45, where
C,=e%.S0 T =Cek +45. When r =0, then
T'=124. Hence 124 =C; +45, or C; =79. Thus
T =79e" +45. When ¢ = 128, then 7= 64, so

64= 792 1 45, 19=70¢128¢  gl28k _ 19
79
In(12
128k =2 k= (%) ~-0.01113. Thus
79 128

T =79¢ 00113t | 45

. Using a graphics calculator on the points

displayed in Fig. 17.25 produces the same result
as in the snapshot. Performing an exponential
regression on the points shown in Fig. 17.24,
however, does not produce the right curve,
because the exponential model lacks a constant
term. This difficulty can be overcome by
subtracting 45 (the long-term temperature) from
every temperature value, running the exponential
regression, and then adding a constant term of 45
to the resulting model.
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